
PH YSICAI. RE VIE% C VOI. UME 16, N UMBER 3 SEPTEMBER 1977

0 0+ beta decay and muon capture in the A = 16 nuclei*
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The muon-capture process LLf, + ' O(0+)~' N~{0 )+ v and the p decay ' N*(0 )~"O(0')+ e + v, are
analyzed in the elementary particle treatment. Theoretical results are shown to be consistent with experiment
and do not support any necessity of a significant upward renormalization of the nucleon form factor gp in

nuclei as suggested by a previous analysis by PalAy et al. Slight downward renormalization of gf, is

consistent with experimental data.

NUCLEAR HEACTIONS ' O(p, v„) 6N*(0 ); calculated capture rate. ' N*(0 ),
calculated p-decay rate.

I. INTRODUCTION

Application of the partially conserved axial-vec-
tor current (PCAC) hypothesis' to the nuclear ma-
trix element of the axial-vector weak current leads
to a relationship between the axial-vector form
factor E„(q') [or g„(q') for nucleon transitions] and
the induced pseudoscalar form factor E~(q') [or
gJ,(q ) for nucleon transitions]. This relation pro-
vides us with theoretical predictions on the values
of E~(q'), which are compared with observed val-
ues usually obtained from muon capture rates.
This serves as a test of PCAC. The contribution
of the induced pseudoscalar term in the muon cap-
ture rate, however, is typically of order of 10%
for allowed transitions. Therefore, the test of
PCAC is not a, sensitive one.

On the other hand, in the case of the forbidden
transitions, in particular, the 0'-0' transitions,
the capture rate is much more sensitive to E„(q')
than in the allowed transitions. This is due to the
suppression of usually dominant axial-vector
terms. Earlier attempts' to obtain the value of the
nucleon induced pseudoscalar form factor g~(q'
=m„') from the observed rates of p + "O(0')- "N*(0 )+ v„, 1'„, had to rely on various nuclear
models because of the lack of the experimental
rate, 1"~, of the corresponding P decay "N*(0")
-"O(0')+e +'P, . Palffy ef al. ' measured the rate
of this P decay and obtained a value of g~(q' = m„')
in more or less model independent way from the
observed ratio 1" /I'z. The range of the values of
g~(q' =m„~) obtained from this analysis was

13 ~
j g~(q' = m „') j

s 20. (1)

These values are considerably larger than the
value jg~(q'=m„') j=9 predicted by PCAC for the
nucleon process, JLt, +P-n+ u„. The discrepancy
is even more serious in light of the recent works'

II. CALCULATIONS

We start with the most general matrix elements
of the vector and axial-vector currents, V "(x)
and A "(x), for the 0"-O' P transition

("O(o')
j
& "(o)

j
"N*(&))= o

P6O(0') jg&"&(0) j~6N+(Q-)) =E (q2)q

(2)

2M&M+, E,(q')q. ;
P Pl g

q =(Pg I;), 0 =(Pg+P-f), (~)

where M is the nuclear mass [M=-, (M, +M&)] and
+M 3f Mf p f and pf are, respectively, the mo-
menta for the initial ('6N*) and final ('60) nuclei.
From Eq. (2), we obtain the following P-decay
rate

which have suggested that jg~j as well as g„ in the
nuclei have tendency to be renormalized dozvnuaxd.
For example, in the A = 16 system, one expects,
according to Ref. 4, the effective value of jg~ j in
the nuclei to be about jg~j=5 —6.

Contrary to the work by Palffy et al. , Donnelly
and Walecka' have shown that the observed values
of I'„and I'~ can be reasonably well reproduced in
the impulse approximation with the use of the un-
renormalized values of g„and g„within uncertain-
ties of experiment and theory.

In this paper we present an analysis of the muon
capture process, p, + "O(0')-"N*(F)+~„, and the
corresponding P-decay process in the elementary
particle treatment' in order to minimize uncer-
tainties due to the use of the impulse approxima-
tion. In our analysis, a recourse to the impulse
approximation is made only in estimating the ratio
of two unknown nuclear form factors. Our con-
clusion supports the work of Donnelly and Walecka.
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I'g = = — ~f @MS=8 E~ 0 2 1+C

(4)

where G is the Fermi coupling constant and 8~ is
the Cabibbo angle. In Eq. (4),

f(one, z = a) = j'"(z( «((z)' (z), z)u E
f1l4«

=1«88&& 105m 5,

where the Fermi function F(E,Z) contains the
usual Coulomb corrections and the numerical val-
ue has been obtained in a standard way. The Cou-
lomb correction through the induced term FJ,(q')
which is not included in F(E,Z) is given in the last
factor in Eq. (4). It has been demonstrated' that in
the al.lowed transitions, the induced Coulomb cor-
rection is of order of aZ/m«R which is roughly the
same order of magnitude as the usual. finite size
Coulomb correction. However, in the 0 -0 tran-
sition, the contribution of the induced pseudoscalar
term becomes, as mentioned already, comparable
in magnitude to that of the leading axial, -vector
term, and hence, the induced Coulomb correction
is dramatically enhanced. The quantity C in Eq.
(4) is given by'

~10nz nMm, F,(0}=
m~ "' =

m, ' F„(0)'
where R is the nuclear radius.

The matrix elements appropriate for the 0'-0
muon- capture process are'

& W (0-)
~
v.'-'(0)

~

"o(0')&=0,

( W«(0.) ~A(-}(0)
~
"0(0 )&

= ("0(o') IA "(0)
~

"N*(o ))*( I)"«

=F,(q')Q.+, F,(q')q. , (7)
2M '

PPl g

where we have used Eq. (2). We note that q in
Eq. (7) is, as defined in Eq. (3), [P("0)—(})("N«)] .
If we redefine q for the muon-capture process as
[P(}6N«)-P("0)], then Eq. (7) becomes

&''N*(0 )
~
I".'(o)

~

"0(o')&= o,
&"N*(0)~A( '(0)

~

"0(0')&=F (q')0

2M t)M

t

q. = [p("N«) —p("0)]. (8)

implying a sign change in the I ~ term. We note
that F„(q') and F~(q') in Eq. (8) are the same form
factors that appear in the P-decay matrix elements
in Eq. (2).

The muon-capture rate calculated from Eq. (8} is

I' = o " " C [F (0)]'1+m

x(«„(q'=0.8 „')}'((—
2M

2M' Fp(q = 0.&m„)
m, ' F„(q'= 0.&m„') '

C„=0.84,

E„=94.9 MeV,

Fg(q')
F„(0)

(10)

the transition mean square radius, (r') = l2/M„'
depends mostly on the sizes of the nuclei involved
and is insensitive to other nuclear properties such
as spin and parity. This is also confirmed experi-
mentally. For example, the experimental values
of I„'obtained, as described above, from the cor-
responding electron scattering data are""

2.&m, ' for 1'—0' in A=12 system, (12a)

2.2m, ' for 2 —0' in A = 16 system. (12b}

In spite of quite different nature of the two transi-

In Eq. (10), the factor C„ is a correction factor'
in the muon wave function arising from the nonpoint
charge distribution of the '6Q nucleus.

In the expressions (4) and (9), we have two un-
known form factors F„(0}and F~(0), and their q'
dependence. When the ratio I"„/I's is considered,
the F„(0) is canceled, leaving P„(q' =0.8m„') and
F„/F„as unknown.

In the elementary particle treatment of muon-
capture processes in nuclei, it is customary to
obtain the q' dependence of F„(q'), F„(q'), empir-
ically from data on the corresponding inelastic
electron scattering. This is done with the help of
the impulse-approximation-based relation F„(q')
= 0s(q ), where F„(q } is the weak magnetism
form factor normalized to unity at q'=0. The
P„(q') is further related, by the conserved vector
current hypothesis, to a measurable electromag-
netic form factor. Unfortunately, this method fails
to apply to the present case because the 0 - 0'
electron scattering process is forbidden, as the
first equation in Eq. (2) suggests.

In order to obtain an estimate of the value of
6:„(q'=0.&m„'), we use the following result which
can be verified by the impulse approximation:
when P„(q') is written as

1
6:„(q')= --- for

i
q'

i
& m,
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tions, the values of M„' are about the same, In
fact, the slight decrease of I„' from the A = 12 to
A = 16 systems is consistent with the increase of
the sizes of the nuclei. More specifically, the
ratio [M„(A = 16)/M„(A = 12)]= 0.92 obtained from
Eq. (12) agrees with the ratio of the radii [R(A
= 12)/R((4= 16)]=(12/16)' 2= 0.91 (since R- 1/M„).
Therefore, it is justified to use the experimental
value of M„' given in Eq. (12b) for the 0 - 0' tran-
sition in the A= 16 system to obtain

1 2m'�„
g (q)= r-,(q)1, ./ f f

9 for q'= 0.8m„'. (18)

Expanding the exponential factor and keeping the
first nonvanishing terms in the expansions, we ob-
tain

&fe'~'~& =~2&if r&f(q2),

&~,e"'& = &r,&0(q'),

P„(q2= 0.8m„') = 0.69. (13)
&y y e"'& = &fe'~'& ~ q

1 (19)

Taking the ratio of Eqs. (4) and (9) and using Eq.
(13), we obtain

44x 10 1
I'~

' 1+C (14)

The above ratio now has the two unknown param-
eters, C [Eq. (6)] and (2 [Eq. (10)] which depend on
the values of the ratio E~(q')/E„(q') at ~q'

~
™m,'

=0 (P decay) and at q'=0. 8m„' (i(, capture). The
ratio of E2,(q2)/E„(q2) at q' =0 has been estimated
in Bef. 11 to be

F~(0) m, ' 1
y (0} nM 1

for g decay

1 1
q~&if ~ QrF(q'),

3 2m

where we have assumed, as we have previously
justified, that the q' dependence of the above three
matrix elements are about the same and denoted
them by 6'(q2) with P(q2 = 0) = 1. A comparison of
Eqs. (16) and (19) with Eq. (8) gives

ZP(q') f( 2)
2m2m, g„(q')

3 AaZ
2BMf'

(15) )",(e*)—( ) F,(s')

where A= 1 to 2 depending on the detailed models
used. When the energy difference between states
differing by a neutron-proton substitution is dom-
inated by the Coulomb energy difference (Pursey's
estimate"), A =2 is expected. On the other hand,
a partial cancellation of the electrostatic force by
the nuclear force effects based on the semiempir-
ical formula for the stable nuclear masses
(Ahrens- Feenberg estimate") yields A = 1. Vari-
ous examples" tend to support the value of A close
to 2.

In order to estimate the ratio E2,(q')/I"„(q') at
q'=0. 8m„', we have to generalize the method of
Bef. 11 to finite values of q'. We write down the
impulse approximation expression for the matrix
element of the axial-vector current

&"O(0 ) ~~."«)
~

"N*«.)&
=g„(q')( &fe' '&, i&r,e' '&)

&r,r,e"'&(q, iq.), (16)g2 q)

where we have used the definitions

= (A, iA,),

AM (io~ Qr ~' 1= &y,&g„(q') 1+
3 ( &

q

gpss(q ) cp( 2)
g, (q')

Solving Eq. (20) for F~(q2)/E„(q2), we obtain

+&(q') m. ' 1 1 g~(q')
F„(q ) ref 1 + X 2m2m„g„(q2)

(21)

where we have used the mell-known relation'4

for P' decay.(y,& A(2Z

io ~ r

Equation (21) is a generalization of Eq. (15) to the
case of ~q2

(
& m, 2.

If we ignore possible renormalizations of the
nucleon form factors g~(q2) and g„(q2) in nuclei,
the ratio ge/g„ is given by Eq. (18) and Eq. (21)
reduces to

+~(q') +~(0)
&, (q') & (o) 1+q'/

A

&ee"'& = &(I),
~ g 6"'7'"e""'

~ y &

I~1

The PCAC prediction for g~(q2) is

(17) where we have used q' =q~ which is valid for muon-

capture processes. In the muon capture, the pos-
itive sign in Eq. (15) and (21) should be used.

It should be remarked that although the ratio
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F~(q')/F„(q') has been calculated using the im-
pulse approximation, our estimate of the ratio
should be valid better than the limit of the impulse
approximation indicates. Possible meson- ex-
change contributions are canceled in the ratios to
a large extent.

The results of numerical calculations of the
ratio I'„/I'~ are given in Table I. In view of the
fact that the numerical values of F~/F„, and
therefore the ratio I'„/I'~, are sensitive to the
value of A, theoretical values are given for three
values of A. Experimental values of (I'„/I'I) are
also listed in the last column of Table I.

III. DISCUSSION

The four values of (I'„/I'~)„, listed in Table I
are based on the following measurements:

(I'~)„,=0.43+0.10 sec ', Ref. 3

850" sec ', Ref. 15,

I 1100+200 sec ', Ref. 16,
~y exy=&

!

~~1560+170 sec ', Ref. 17,
'1600+200 sec ', Bef. 18.

First, our result (I'„/I'z), h„,=1.9x10' for
A=1.5 is in agreement with the result ob-
tained by Donnelly and Walecka, ' (I'„/I"J„„,
= (1.9-2.0) && 10'. Due to a wide range of the ob-

2 0.51
i.5 0.60

0.70

6.5
7.4

8.7

1.4
1.9

2.6

1.98
2.56
3.63
3.72

served values of I „, it is difficult at the present
time to draw a definite conclusion. However, our
theoretical predictions are consistent with ex-
periment. This implies that the present analysis
as well as that of Donnelly and %alecka do not in-
dicate any necessity of an upward renormal. ization
of ~g~~ as reported in Ref. 3. The downward re-
normalization of the g„and g~ as suggested by the
recent works4 tends to increase the ratio (I"„/
I'~),„„,. For example, if we use the results'

-g~(q, =0.6~,,)
-

0 6-g~(q, =0.6m

the values of (I'„/I'~), ~„would increase by 20%,
further improving the agreement between theory and
experiment. If we take the choice A=2 seriously,
our analysis favors the lower experimental value
of Bef. 15 over the higher values such as in Befs.
1V and 18.

TABLE I. Theoretical and experimental values of
(r„/r, ).

A C a{m„l'M) (r„/r, )~,~ io-' (r„/r, )~«0"
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