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Cross sections for electroproduction and photoproduction of charged pions on "Al and "V have been

measured in the energy region 130-580 MeV by use of the activation method. Special care has been taken to
subtract out background yields. Photoproduction cross sections have been calculated from the region just
above threshold to the tail of the (3,3) resonance, n-nucleus final state interactions are taken into account
through optical potentials. Calculated photoproduction cross sections are decomposed into multipoles which

are used to derive relative bremsstrahlung-induced to electron-induced yields. The pronounced effect of final

state interactions is pointed out and discussed.

NUCLEAR REACTIONS Al(y, n'+), ~A1(e, e'7i+), 5~V(y, 7i+), ~ V(g, g'7i.+),
V(y, 7i ), ~V(e, 8'7i ). Activation method. Eo =130-580 MeV; measured o and

cr, deduced oz, calculated o~ and o /o, . Ge(Li) detector.

I. INTRODUCTION

The processes of pion electroproduction and
photoproduction on nuclei are of interest from
two points of view. First, they can shed light on
various structural features of the nuclei involved
and, second, they can provide information on the

g -nucleus interaction supplementary to that ob-
tained from pion scattering experiments. Within
the energy range of the outgoing pion, two regions
have come in for careful study. In the region just
above threshold the reaction is dominated by s-
wave production. ' In addition, details of the weak

g -nucleus final state interactions (fsi) are obtain-
able from low-energy scattering and mesonic atom
data. In spite of these simplifications, the situa-
tion at threshold is far from clear since signifi-
cant discrepancies often occur between theory and
experiment. " These discrepancies have been
attributed to incorrect application of soft-pion
theorems4 in deriving the single-nucleon produc-
tion amplitude, ' to errors in the determination of
nuclear form factors from electron scattering, '
to experimental inaccuracies, ' and to other
sources. '

The second region of interest is that of the (3, 3)
resonance. In contrast to threshold production,
in which the residual nucleus is almost trans-
parent to pions, there exists in this region a
strong p-wave reabsorption which considerably

attenuates the pion wave function. Furthermore,
the analysis is complicated by the need to include
momentum-dependent terms in the single-nucleon
production amplitude and an often considerable
number of pion partial waves. These difficulties
are more than offset, however, by the possibility
of elucidating details of the g-nucleus interaction
in the energy region in which it is strongest and
changes most rapidly.

In this paper we will calculate pion photoproduc-
tion cross sections from the region just above
threshold to the tail of the (3, 3) resonance, taking
into account fsi between the pion and daughter nu-
cleus. All momentum-dependent terms in the pro-

~ duction amplitude and all contributing pion pa.rtial
waves will be retained. The calculated photopro-
duction cross sections will then be decomposed
into contributing multipoles from which relative
yields of bremsstrahlung-induced to electron-in-
duced reactions will be calculated using the method
of Dalitz, Yennie, and Barber. ' Our results for
the reactions 27AI(y, m')"Mg, "V(y,m')"Ti, and
"V(y,m )"Cr and the corresponding v, /o, ratios
will be compared to the results of activation mea-
surements which we have carried out at the elec-
tron linac at Deutsches Elektronen Synchrotron
(DESY). In such measurements only those reac-
tion channels are open which lead to bound states
of the residual nucleus. It is worth pointing out
that although a number of photoproduction experi-

988



ELECTROPRODUCTION AND PHOTOPRODUCTION OF CHARGED PIONS. . . 989

ments were carried out earlier in these mass and
energy regions, ""the results were seldom con-
sistent with each other. The most likely source of
disagreement lies in the neglect or underestima-
tion by earlier authors of background reactions
within the target. In the present work we found
that these background yields were of the same
magnitude as the pion -production yields. It was
possible, however, to separate out the background
contributions by measuring the yields of separate
foils in stacks with varying total thicknesses. Our
final results often differ substantially from other
recent measurements.

Details of the experiments and a summary of the
findings will be described in Secs. II and III. An
outline of the theory and calculations is contained
in Sec. IV. Comparison between theory and ex-
periment is given in Sec. V. A final summary and
conclusions are contained in Sec. VI.

II. EXPERIMENTAL DETAILS

A. Irradiations and measurements

The experiments were carried out at the electron
linear accelerator LINAC II at DESY in Hamburg.
The electron beam was directed into a side room
of the accelerator building by an energy-defining
transport system. The beam intensity was 5 x 10"
e/s with &E/E- 1/o. The vacuum pipe terminated
40 cm in front of the target. Before reaching the
target, the beam had to penetrate the vacuum foil
[5 x 10 'cm of steel, corresponding to about 2.8
x 10 ' radiation lengths (r.l.)], a fluorescent
screen (3.5 x 10 ' r.l.), and the air gap (1.4 x 10 '
r.l.). The beam intensity was measured by a
secondary emission monitor placed behind the
target. This monitor was in turn calibrated by a
Faraday cup. The beam diameter was about 1 cm.
By measuring the activity of aluminum foils ex-
posed perpendicular to the electron beam, we
determined the profile to distances at which the
intensity had dropped to 10 ' times peak intensity.
From this determination we concluded that the
room background could be safely neglected.

The targets consisted of stacks of square foils
(3 x 3 cm') of Al and V, having thicknesses of 1.7
x10 ' r.l. and 4.V &&10 ' r.l. , respectively. The
target materials were of high purity (~ 99.9%%up).

The aluminum samples were irradiated at 20
electron energies in the energy range 131-5V7
MeV, the exposures lasting about 15 min. Vana-
dium was irradiated at 14 energies in the same
energy range, both 10 min and 3 h exposures being
carried out at each energy. After the irradiation,
the Z activity in the foils was measured with a
60 cm' Ge(Li) detector. The first measurement
began within 5 min of the end of the irradiation.

Decay data were taken from Ref. 18.
The solid angle between foil and detector was

measured by use of a radioactive sample of known
activity.

Y(E„r) = (r, (E,) + a, (E,)C(E,)r, (2 1)

where a, is the electron cross section, o, the
bremsstrahlung cross section per equivalent quan-
tum, and v is the target thickness in r.l. The cor-
rection factor C(E,) depends on the shape of the
bremsstrahlung spectrum and certain corrections
in the expression for the radiation length. " Its
magnitude was found to be 0.8-0.9 in our energy
region. From Eq. (2.1) it follows that o, and o,
can be determined simultaneously by studying the
yield versus target thickness.

This technique has been used in the past by many
authors. However, for pion photoproduction and
electroproduction measurements, Eq. (2.1) must
be modified to take into account the background
from (n, p) and (p, n) reactions induced by neutrons
and protons produced in the target stack. By mea-
suring the yields of successive foils in stacks
with various total thicknesses (~ 10 foils) at the
same energy E„we are able to separate out the
background contribution. For m' production reac-
tions it is possible to calculate analytically the
amount of (n, p) contamination in every foil. Cal-
culations were carried out for circular foils having
the same area as the square target foils. This
substitution should constitute a good approximation
and the geometry is easier to handle.

The following assumptions were made in the cal-
culations (details of the calculations are given in
Ref. 19):
(1) The electron intensity is constant over the
irradiated area.
(2) Neutron yield in the stack varies with stack
depth according to Eg. (2.1).
(3) The neutrons produced have an angular distri-
bution proportional to (1+p cos8), where 8 is the
lab angle between the neutron direction and the
incident electron beam.
(4) The mean free path of the neutrons is suffi-
ciently long that the number of (n, p) reactions in
a given foil is proportional to the total distance
the neutrons have to pass through in that foil (i.e. ,
multiple scattering effects are ignored).

The calculated background will therefore con-
tain two free parameters. One is the scale factor
gotten from the (y, n), (e, e'n), and (n,p) cross

B. Analysis of experimental data

When a stack of thin foils is irradiated with
electrons of energy E„ it can be shown" that the
yield Y is a linear function of the target thickness
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sections in the nucleus under study; the other is
the angular distribution parameter p. These
parameters can be determined from a least-
squares fit to the measurements below pion .
threshold where only the (n,P) reaction contri-
butes to the yield. Figure 1 shows the yield of
"Mg for successive foils in stacks of various
total thickness at E,= 131 MeV. Open circles are
experimental data and solid curves are calculated
background yields fitted to the experimental
points. It is seen that both relative yields and
variation of yields with depth in the various stacks
are well reproduced.

To extrapolate the (n, j) background to energies
above pion threshold it is necessary to determine
its energy dependence. Since the neutron produc-
tion is dominated by the giant resonance and the
(n,P) reaction peaks at low neutron energies, "it
is reasonable to assume that only the scale factor
changes when the electron energy is increased
above pion threshold. We therefore made a least-
squares fit of o, and a, and calculated a scale fac-
tor for the background at each electron energy.
Since the scale factor was found to increase lin-
early with electron energy we fitted a straight
line to the scale factor versus energy curve to
eliminate small fluctuations. The o, and 0, for
the pion production reactions were then deter-
mined with the background constrained to this

I I I I I 1 l I

line. Figure 2 shows the different contributions
to the measured yield from the "Al(e, e'm'),

(y, m'), and (n, p) reactions at 300 MeV. The "zero
point" occurs at —2.3 foils since, in addition to
the target foils, the beam must also penetrate the
material in front of the foils (vacuum foil, fluores-
cent screen and air gap).

For m production we found a considerable con-
tamination from the (p, n) reaction at 131 MeV
and, within the errors, the yield increased linear-
ly with target thickness. This is not unexpected
because of the short range of the protons, which
are produced chiefly in the giant resonance re-
gion. In this case it was not possible to calculate
the (p, n) background. The energy dependence of
the background was assumed to be the same as for
the comparable (y,j) reaction. With this assump-
tion the background yield was calculated as above.

III. EXPERIMENTAL RESULTS

In Figs. 3-5 we have plotted as a function of in-
cident electron energy the measured cross sec-
tions o, and o, for the reactions 27Al(y, m'),
27Al(e, e'm') and "V(y,m'), "V(e,e'm'). The error
bars represent random errors. In addition, there
are systematic errors arising from uncertainties
in decay data, sample-detector solid angle, detec-
tor efficiency, beam monitoring, and background
subtraction, the last of which is the most impor-
tant. Total systematic error is estimated to be
about 15/g.

The ratios o, /o, for 27Al(y, m'), "Al(e, e'm') and
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FIG. 1. Yield of Mg versus number of foils for stacks
of different thicknesses at incident electron energy
Ep = 131 MeV. Open circles are experimental data. The
curves give the calculated yields.

FIG. 2. Contributions to total reaction yield from the
reactions Al(e, e'x+), (p, r+), and (+,p) at Ep=300 MeV.
Open circles are the present experimental data.
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"V(y,m'), "V(e,e'&') are also shown in the figures.
Our value of this ratio for Al is approximately
three times that of Noga et a/. ,

"who found a ratio
of 23 + 7 in the energy region 150-270 MeV. We
return to this point shortly.

The cross section per photon, 0~, is related to
o, by

oq(Eo) = (r~(k)S(Eo, k)dk,
0

where S(E„k)dk is the number of bremsstrahlung
quanta in the interval between k and 0+dk per
equivalent quantum produced in the target. The
cross sections cr~ were obtained from this equa-
tion by use of the Tesch smoothing method" and
are shown as solid curves in Figs. 6 and 7 for
"Al(y, m') and "V(y,m'), respectively. Errors of
+ 20% are indicated.

Our cross section for 27Al(y, w') is approximately
half that found by Nydahl and Forkman" and Noga
et al. ,"but is in rough agreement with the earlier
data of Walters and Hummel. " Above the reso-
nance, our cross section drops rapidly with in-
creasing energy whereas the Nydahl cross sec-
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FIG. 4. Same as Fig. 3 for the reactions 5 V(p, &+)~ Ti
and V(e,e' 7(+) 5 Ti.

tion remains constant in the energy range 300-
500 MeV. For "V(y,m') we find a resonance size
and shape similar to that of Nydahl. Again, how-
ever, in the tail region, our cross section is fall-
ing to zero while the Nydahl results remain at

0.2—

b

O.I—

IO-

4P

Cl 5—

b

LTx5 4
J gX I

E, (Mev)

I I I I I
I I I I I

I I I I I

500 IOOO

Cl

I—
b

IOO-
CP

CF
0)

JD 50-

b

I I I I

I I I
I I I I I

I l I I I

FIG. 3. Bremsstrahlung cross section per equivalent
quantum 0~ and electron cross section (T~ and ratio
0, /o~ as a function of electron energy for the reactions
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oretical curves.
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FIG. 5. 0, and &~ for the reactions V(y, & ) Cr and
5~V(e, e' ~ ) Cr. See Fig. 3.
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almost peak value to 500 MeV. This "post-peak
constancy" is also found in the more recent re-
sults of Blomqvist et al. ,"although here the peak
is 40% higher and occurs 50 MeV lower than for
us. The most likely explanation of the disagree-
ment between our data and those of earlier work-
ers is the underestimation or neglect by the latter
of background reactions within the target. Even
in the case of very thin targets, we showed above
that these effects can be quite significant.

For the reaction "V(y,m ), no accurate cross
section could be deduced because of the large er-
rors in the yield curve arising from the long half-
life and short irradiation time. In Fig. 11, we
plot the cross section ratio o(m )/o(m') which can
be obtained directly from the 0, and o, curves.
From either photoproduction or electroproduction
a mean ratio of 4a 2 is found for the energy re-
gion studied.

Iv. THEORY

In this section we outline the calculation of the
total cross section for charged pion photoproduc-
tion to bound states of the residual nucleus. %e

will work in the framework of the distorted wave
impulse approximation and include fsi through an
optical potential.

The lab cross section is given by" (h= c= l)

(4.l)
in terms of the pion momentum p, photon momen-
turn k, and momentum transfer q=k-p, all in lab
coordinates. The excitation energy and mass of
the final nucleus are denoted E& and M& and p, is
the pion mass.

In the impulse approximation the transition ma-
trix may be written

~„(i,e= g J ~v'f'(f, F)

x [y &i(|T-y') ~ at (pl)4/ ] (4 2)

where @, (4'z) are the initial (final) state nuclear
wave functions and where

f"(p,p')=
(2,),~ dr 8*"0' '(r, p)* (4.3)

is the Fourier transform of the m-nucleus scatter-
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FIG. 6. Experimental cross sections per photon for
the reaction "Al(y, &')~'Mg. The solid curve with error
bars is the result of the present work. Circles with
error bars are the data of Ref. 17. The dashed curve is
the work of Ref, 13. The full squares are the work of
Ref. 12. Reaction threshold is 142 MeV.

I I I I I I I I I I I

l80 220 260 300 340 380 420
Incident Photon Energy(MeV)

FIG. 7. Experimental cross sections per photon for
the reaction Vh', &+) Ti. The solid curve with error
bars is the result of the present work. The dashed curve
is the work of Ref. 13. The histogram represents the
data of Ref. 14.
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E,= Eo, + E, +3 co s8( E,,+ M2),

E,= 2M,,+M, ,

E =3E, —3M, ,

E = —3E

(4.5a)

(4.5b)

(4.5c)

(4.5d)

where the individual multipoles including isospin
are found in the tabulation of Berends, Donnachie,
and Weaver (BDW)." Before we can use the BDW
results we must Lorentz transform to the lab sys-
tem and also take into account the difference in
definition between our S matrix and that of BDW.
We have used the definition

ing state wave function. The free AN amplitude
t is written in the m-nucleon c.m. system"

f=io &E, + (o'k)o' (K&& e)E,

+i(o K)(k. e)P, +i(~ k)(k e)P„(4.4)

in terms of the photon polarization &, nucleon spin
o, and unit vectors k and K in the direction of pion
and photon c.m. momenta. We have chosen the
gauge E' K= 0 and suppressed isospin. In these
variables, the c.m. scattering angle is given by
k K=cose.

The amplitudes E,. are decomposed into electric
and magnetic multipoles, only those components
being retained which are likely to contribute at
photon energies less than 500 MeV. We find

where the (Lorentz-invariant) total energy W is
given by

W= [m(m+ 2E„)]'" (4 9)

e'"'=4m g i j~(kr)Y~~„(k)Y» (r),
IMg

(4.10)

and where all energies E, are now in the lab.
At this point we make two approximations.

First, we neglect the zero-point motion of the
nucleons in the nucleus. Second, we replace f (p')
in E(l. (4.2) by its on-shell value t (p). Concerning
approximation 1, it would clearly be preferable to
write the nuclear wave functions in momentum
space and carry out the required averages expli-
citly. For reasons discussed in Sec. V we feel
that this procedure is premature at the present
time. A second alternative to the inclusion of Fer-
mi motion is to use various fixed choice(s) of
average momenta in evaluating E(l. (4.2). This
method is arbitrary, however, and it is not clear
to what extent it represents any real improvement
over our approach. Concerning the second approx-
imation, it has been shown" that t is a very
slowly varying function of momentum even in the
neighborhood of the (3, 3) resonance. Going on
shell should therefore not be an unreasonable
approximation.

We now expand the wave functions for the photon

S~,.= 5y,. —2mi5'(P~ —P()T~;,

while BDW use

(4.6)
and distorted pion

(f&( '(r, p) *= (2m) '~'47r(pr) '

W

(2~)'(E~,E„E,,)'" ' (4.8)

m2
S~; = 5~, —(2))') i5 (P~ —P, ) Z'~n))(.

4EQ E„E„.
(4.7)

P, and Pz are initial and final four-momenta, m
is the nucleon mass, and the E's are the c.m.
energies of photon, pion, and initial and final nu-

cleon. We find from invariance of the total cross
section that use of the BDW amplitudes requires
that each multipole contribution above must be
multiplied by the factor

xg i'e"&'&)(t), (pr) Y(„(-p)Y,„(r).

(4.11)

The pion radial wave function vanishes at z = 0 and

goes asymptotically like sin[pr —2 (hr) —)7ln2pr
+ o, + 5,]. Here o, and 5, are the Coulomb and
strong interaction phase shifts. Inserting Eqs.
(4.3), (4.10), and (4.11) into (4.2), performing the
p' integration, and averaging over photon polariza-
tion and nuclear spin, we find for the total cross
section (including recoil):

4M'(2m)' m+ 2k p M ~nn
2Z,.+1 O' J p[p'+ ((j,']' '[m' —2M (E k+(p'+ p, ')' ')]' ' ~ "p' ' 2K+ 1

2

x g 1 [( 1 e)( 2e 2)]'22+"„(', ecc™~ee"c&"&' (, )0) eeeQ)), (0e„)j (2e )2 eee 2, ) . (4.(2)
fyL Q

All indices in this expression except n and X take
on all values allowed by angular momentum cou-
pling. The index n assumes only the values 0 and

1 and for each value of n, X takes on the integral

values -n~X. ~n. We have used S„~ to represent
the tensor product [Y„(r)o„]" with o = 1 and o,
=0. The operator w' is the usual isospin raising or
lowering operator.
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—sin'8 cos 8 Be(E,*E,)],
M;, = .'sin 8-[~F,+F,

~

+.os 8~F,
~

(4.13b)

+ 2 cos 8Be(E,F,*+E,F,*)], (4.13c)
(4.13d)1 I ™11'

The angle g&= cosa,. is given by

k
u,.= ~ +E~ -k+ (P'+ p.')'~' . (4.14)

This value arises from the 5 function in Eq. (4.1).
Equivalently, one could go slightly off shell, using
a value of u,. derived from energy conservation in
the single-nucleon process. We have done the
calculation both ways and find that the two ap-
proaches lead to results differing by a few percent.

The reduced matrix element in Eq. (4.12) in-
volves the pion distorted waves as well as all the
nuclear physics. The pion wave functions R, (Pr)
= P, (pv)/pr are assumed to arise from a potential
having Coulomb and strong interaction components.
The Coulomb potential is that of a uniform sphere
of charge of radius 3.90 fm (A= 27) and 4.63 fm
(4=51). Three of the most commonly used forms
were taken for the v-nucleus optical potential: (1)
standard Kisslinger"; (2) local Laplacian"; (3)
modified Kisslinger. " Woods-Saxon matter den-
sities were used for all three potentials. For
A = 27 a half-density radius of 2.93 fm and skin
thickness of 2.78 fm were assumed; for A = 51, the
corresponding numbers were 3.94 and 2.22 fm.
In all cases proton and neutron distributions were
assumed equal. For T, » 50 MeV, the s- and p-
wave scattering amplitudes were taken from Stern-
heim and Auerbach, "who Fermi-averaged the
1968 CERN phase-shift data. Higher-order partial
waves were included there by renormalizing the
s-wave amplitude. For T, & 50 MeV, the ampli-
tudes were determined by extrapolating to the
mesonic atom data. ' Finally, with the potential
fixed, the resulting Klein-Gordon equation was
integrated numerically by use of the program
PIRE,29

Although we will take up in the next section the
explicit evaluation of the reduced matrix element
for the cases of interest, we would like to make
one point here concerning the sum over ~ in Eq.
(4.12). That sum goes, in principle, over both
valence and core nucleons. However, transitions
out of the core will leave the residual nucleus ex-

The term M~~ contains information on the single-
nucleon production amplitudes. The four contri-
buting combinations are found to be

Moo= p sin'8~E,
~

', (4.13a)

M" = &[ ~E, ~.

'+ cos'8~E, ~'+ & sin48~ E,('
+ sin'8Be(E,*E4) —2 cos8Be(E,E,*)

cited above particle threshold. Although transi-
tions to continuum states do occur and, in fact,
are favored over transitions in which the final
nucleus remains bound, they will not contribute
to cross sections measured by activation methods
which effectively sum only over particle-stable
states. As a result the n summation in Eq. (4.12)
is taken only over valence nucleons.

V. COMPARISONS BETWEEN THEORY AND EXPERIMENT

In this section we will compare the results of
theory and experiment for the three photoproduc-
tion reactions 27Al(y, m')27Mg, "V(y,~')"Ti, and
"V(y, m )"Cr. The relevant nuclear physics will
be taken up for each case separately. Calculation
of the quantity o,/o„ the ratio of the bremsstrah-
lung-induced to electron-induced yields, will also
be described and compared with experiment.

A. "Al(q, ~'~»M~

The mass-27 isobars occupy a transition region
between nuclei having prolate and oblate deforma-
tions. Over the years several models have been
used to explain the experimental data with varying
success. Although most of these models are col-
lective in nature (strong coupling, "weak cou-
pling, " rotation-vibration coupling" ), reasonable
success has also been achieved by shell model
calculations carried out in large dimensional
spaces. "

In principle, any or all of these approaches
could be used to describe the states in which we
are interested. What we shall do however is as-
sume that the low-lying states of "Al and "Mg
can be well represented by a small number of val-
ence nucleons coupled to an inert "Si core. In
view of the findings presented below, it will be
clear that no qualitative changes in our conclu-
sions are likely to result from this choice.

More precisely, we assume that Si contains
filled d, &, proton and neutron single-particle
states. Transitions can then occur from the "Al
ground state, represented by a d, &, proton hole,
to the bound states of "Mg, represented as anti-
symmetric combinations of the configuration

~
(d, g,p) '[J]Imj„;J&). Only the single-neutron levels

j„=s, ~, and d, &, can be populated since only they
will yield states in "Mg lying below threshold. If,
for the moment, we assume that all states J&
formed by all allowed couplings of J and j„=s, &,

and d, &, lie below threshold, we find that the total
cross section is a sum over 14 separate contri-
butions arising from transitions to final states of

(&&'spin & —Jf ——, .
Denoting R, (Pr, )j~(kr )S„"„rr as 0,»„», we find

for the reduced matrix element in Eq. (4.12)
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J& Qo& x„J, 8&j.l
olla i.&. J=o,

j„ J~ J
= (-)" '"'[2(2J~+»(2J+1)]'" ~ ~ &j. ll

o
2 2

(5.1)

The single-particle matrix element is
l.

60(2j + 1)(2l + 1)(2K+ I)(2&+ 1)(2tl + 1)

y

!

(I. »&
(0 00)

n K

&n*) &&) P& jl, ~R&2&
0

(5.2)

Oscillator wave functions of length b = 1.84 fm
were used.

It is possible that inclusion of all allowed final
states J& may tend to overestimate the cross sec-
tion. This conclusion is based on a shell model
calculation we have carried out on "Mg, again
assuming an inert "Si core. In this calculation,
single-neutron levels were taken from the experi-
mental spectrum of "Si and proton-hole-proton-
hole and proton-hole —neutron matrix elements
were derived from the spectra of "Mg and "Al,
respectively. Although it is clear that such a cal-
culation cannot yield detailed results to be com-
pared with experiment, it may give some indication
as to how much of the (d, &»)

' strength lies in par-
ticle-stable states. We find that all of the s, &, neu-
tron strength and all of the

l
J= 0, 2d, &,„) strength

lies below threshold. In contrast, almost all
(- 85%%uo) of the

l

J'= 4d, &,„) strength resides in un-
bound states. This finding will be taken into ac-
count shortly.

It will be interesting to compare our results
with those for which fsi are absent. In the present
formulation, the pion plane wave limit is obtained
by making the replacement in Eq. (4.12)
e'"~"~'R, (px)-j, (px). A far simpler approach
lies in reformulating the problem in terms of the
momentum transfer q, in which case the infinite
sum over pion partial waves can be performed
analytically. This equivalence was used in earlier
work by two of us'4 to investigate convergence of
the sums in (4.12).

In Fig. 8 we compare our measured o~ [curve (e)]
with the theoretical results [curves (a)-(d)] for
the case of plane wave pions. Curve (a) is the
sum of all transitions proceeding to the sy/2 neu-
tron state while curve (b) represents the sum of
all d, ~»-d, &,„ transitions. The sum of (a) and (b)
(not shown) is far greater than experiment over
the whole range of photon energy. In curves (c)
and (d) we consider the possibility that some of the
(d, ~») strength lies in unbound states. Curve (c)

is the sum of curve (a) and that part of (b) invol-
ving only final states

l
OIad, &,) and

l
28d, &,). In

curve (d), 25/p of the cross section to states
l
4

I8Id, &,) has been added to (c). It is consistent with
our rough shell model calculation that the predic-
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FIG. 8. Comparison of theory and experiment for the
reaction ~A1(y, 7{+) ~Mg. Curves (aI-(d) represent theore-
tical curves calculated under several assumptions (see
text). Curve (e) is the result of the present measure-
ments. All theoretical curves are calculated with fsi
absent.
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ted cross section for no final state interaction lies
between curves (c) and (d).

We see from the figure that curves (c) and (d)
are reasonably consistent with experiment (e) for
E„~250 MeV. The agreement at lower energy,
however, is quite poor, both with respect to the
size and shape of the cross section. We find that
although the magnitude of the cross section is pro-
portional to the number of final states populated
in the reaction, the shape of the cross section to
any single state is relatively state-independent.
We would therefore be unable to achieve a signifi-
cantly better fit to the shape of the experimental
curve merely by summing over fewer final states.

In the single-nucleon process y+P-~'+v, M1
production from the (3, 3) resonance dominates
the spectrum to the extent that the s-wave peak
appears only as a small shoulder on the low-energy
side of the resonance. " The total cross section is
similar in shape, if not in magnitude, to the ex-
perimental curve (e). In contrast, the electric
dipole and magnetic dipole contributions to the
present calculation are of comparable size if fsi
are neglected. This relative reduction of M1 ver-
sus E1 strength arises from the nuclear kinemat-
ics and results in the characteristic two-hump
pattern shown in Fig. 8 which is not observed
experimentally (a similar pattern has been ob-
tained in virtually all prior calculations which do

not include fsi}.
These problems pale into insignificance, how-

ever, when fsi are included (Fig. 9). Although

our calculations were carried out for the three
optical potentials mentioned earlier, we illustrate
in curves (a)—(d) (curves have same meaning as
in Fig. 8) the results using the Coulomb plus
modified Kisslinger" potential. The other two

potentials yielded very similar results.
The effect of including final state interactions

is a far too strong P-wave absorption in all final
states. This effect is so pronounced that curves
(a)-(d) may be reproduced to with 2-3 pb by re-
taining in all calculations only the E,+ amplitude
in Eqs. (4.5). Moreover, the slight vestige of a
magnetic dipole resonance which remains is shift-
ed away from the measured peak by + 50 MeV.

Faced with such a striking discrepancy, it is
clear that we cannot look for a possible resolution
in any of the higher-order effects (Fermi motion,
binding energy corrections, etc.) which must be
included in any final theory but which we have
neglected here. It is also unlikely that the diffi-
culties lie in our admittedly crude nuclear wave
functions. First of all, these wave functions
yielded results for plane wave pions which were
reasonably consistent with experiment over a wide

range of energy. Secondly, in spite of very differ-
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F7G. 9. Same as Fig. 8 but with fsi included. See
text.

ent descriptions used for the nuclear states, fsi
were found to cause the same overly strong sup-
pression of the total cross section in three other
recent calculations. The first calculation is that
of Handel and Weise, "who used independent parti-
cle model wave functions in a calculation of
"B(y,v )"C. The second is that of Nagl and Uber-
all,"who used Helm model wave functions in a
ca,lculation of "C(y,v )"N. The third is our own

work on "V(p,v')"Ti (reported in the next sec-
tion), which uses realistic shell model wave func-
tions. None of these calculations, including our
own, has taken explicit account of particle-hole
correlations. The existing evidence, "however,
is that although correlations can sometimes have
a strong influence on the magnitude of a cross
section, they have very little effect on its shape.

We are led, therefore, to attribute the discrep-
ancy to the optical potentials. The reactions we
are studying occur on valence nucleons and for
that reason take place chiefly in the vicinity of the
nuclear surface. The potentials used by us and
others"'" have all been of the Kisslinger form in
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containing terms in T pV'. Such potentials induce
unrealistically large high momentum components
in the pion wave function which could distort any
type of production process, "especially one which
peaks in the surface region. Since the gradient
terms make up a large part of the absorptive com-
ponent of the optical potential, their unphysical
enhancement could be reflected in the too strong
absorption we find here. This matter is currently
under investigation. "

It is interesting, in view of our below-resonance
results, that a recent calculation on n'-nucleus
elastic scattering on light nuclei" indicates that,
at low energy, Kisslinger-type optical potentials
based on the free n -N phase shifts require a much

stronger s-wave repulsion if the scattering ampli-
tude is to remain unitary. This need for an en-
hanced s-wave interaction has also been pointed
out in pionic atom studies. More generally, it is
usually found that optical potentials which give
good fits to the elastic scattering data in the reso-
nance region do very poorly at lower energies. 4'

Whether this can be corrected by a more accurate
set of m-Ã phase shifts coupled with corrections to
Kisslinger-type potentials" or whether a less re-
strictive potential form is necessary is not yet
clear but, in either event, there are many impli-
cations here for photoproduction and electropro-
duction studies.

To the extent that the electron-nucleus interac-
tion occurs via a spectrum of virtual photons, '4 the
relative effects of photons and electrons in initia-
ting photoproduetion and electroproduction reac-
tions can be evaluated given only the multipolarity
of the nuclear transitions involved. ' In the general
case one can write for the electron-induced reac-
tion cross section

Similarly, the bremsstrahlung-induced reaction
cross section o, is related to a~ by Eq. (3.1).

In the present case we have calculated e, by
carrying out the multipole decomposition of cr~

[Eq. (4.12)] explicitly. We emphasize this point
because in previous applications of this approach
to pion-production processes (e.g. , Ref. 17), in-
formation on the multipolarity of 0~ was unavail-
able, thereby necessitating the assumption that
the reaction proceeded via only one multipole at
all energies. By comparing the calculated o', /c,
with experiment, it was hoped that information
regarding the multipolarity of the interaction
could be obtained. It is clear, however, in view
of the dominance of E1 transitions at threshold
and M1 transitions in the resonance region that
such an approach is doubtful for pion-production
reactions.

We illustrate in Fig. 3 the results of our calcu-
lations for v, /o, . For cr, [Eq. (3.1)] we have taken
S(E„k) to be the standard Bethe-Heitler distribu-
tion with complete screening. " The 0~ used cor-
responds to curves (c) in Figs. 8 and 9 for the
"no fsi" and "with fsi" cases, respectively. We
see, in marked contrast to a„, that o, /a, is quite
insensitive to the presence of fsi, the two results
differing by a uniform 10% over the entire energy
range. Again in contrast to the ease of o~, the
results are in reasonable agreement with experi-
ment. Although comparison of bremsstrahlung-
and electron-induced cross sections may in gen-
eral enable one to establish consistency between
photon-induced and electron-induced energy dis-
tributions, the insensitivity of o, /o, to details of
the photoproduction cross section makes this quan-
tity of limited usefulness in pion production reac-
tions.

Ep
g (Eo)=g g~(k, Z)N, (Eo, k, Z)dk, (5.3) B. 5'V(y, n')5'Ti

(5.4)

where n is the fine structure constant, E is the
energy of the scattered electron (k=E, —E), m,
is the electron mass, and where

2E/Eo, for E1 transitions,

C, = 0, for M1 transitions,

—8E'/3k', for E2 transitions.

(5.5)

where o~(k, 2) represents the multipole decomposi-
tion of the photoproduction cross section and where

1V,(E„k,Z) is the energy distribution of the virtual
photon spectrum associated with the electron.
Assuming a point nucleus we have'

Because of the rigidity of "Ca, shell model cal-
culations based on an inert "Ca core should be
highly reliable. With this in mind, we write the
"V ground state wave function as (f,&»)';~2 ) and

perform a shell model calculation on "Ti, using
elements of the configuration

~
(f,~»)'[J]Sj„;Jz) as

a basis representation. The allowed neutron
states j„are p, &2, p, &„ f,~„and g, ~, . Neutron
single-particle energies and proton-proton matrix
elements are taken from the experimental spectra
of "Ca and "Ti; neutron-proton matrix elements
were obtained from shell model calculations in the
6'= 28 region. " The resulting wave functions have
been tested"" on a wide variety of nuclear prop-
erties (energy levels, spectroscopic factors, mag-
netic moments, electromagnetic transition rates,
p -decay rates, electron scattering form factors)
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and found to be in good to excellent agreement
with experiment. The results of the present sec-
tion are therefore relatively free of the wave func-
tion ambiguities which occurred for A = 27.

If we write the wave functions for any of the
final states

l J~) as
l J~) =Z~ ~b(j,JJ&)

x
l (f,&,)'[J]Sj„;J&), where the amplitudes result

from the shell model calculation, we have that

J Zo;. ~ J =(-)"""'[24(2J,+I)]'"Z~(J)b(j JJ) '"
I &n~ 7

2

(6.6)

The a(J) are cfp s arising from the antisymmetrization of (f,~,) . The single-particle matrix element is

ll„-. j„
6(2j„+1)(2l„+1)(2K+ 1)(2y+ 1)(2n+ 1)

2 2 Q Q 0

y x K

x R„*, xR, px j~kvRi3 (5.7)

Oscillator wave functions of length b= 2.03 fm
were employed.

Before illustrating the results, we would like to
reemphasize4' the possible need for detailed shell
model calculations in photoproduction reactions
which proceed to bound states. When all single-
particle strength lies below particle threshold, it
is sufficient to calculate only the amplitude for the
corresponding single-particle transition. For ex-
ample, our calculations show that virtually all the

p 3 /2 single -neutron strength resides below thresh
old (6.4 MeV) in "Ti. It would therefore be a good
approximation and far simpler to calculate the
cross section for the single-particle reaction
f,&»-p, &,„rather than sum the cross sections to
those three-particle states in "Ti which contain
varying amounts of p, /, strength. Approximately
half of the f, &, and g, ~, strength lies, however, in
unbound states and must not be included in the cal-
culation of o~. This is especially important in
"Ti since, as we have pointed out earlier, "most
of the contribution to the cross section comes
from transitions to these two states. The full
shell. model calculation tells us what fraction of
the single-particle strength lies in bound states
and must be included in cr~ and what fraction lies
in unbound states and should be ignored.

In Fig. 10, we show the theoretical cross sec-
tions without [curve (a)] and with [curve (b)] fsi
and compare them with experiment [curve (c)].
Although the fsi are somewhat more effective at
low energy in "Ti than in "Mg, the resemblance
between the two sets of results is immediately
apparent. It is, in fact, possible to transpose the
discussion of the last section to the present case
virtually iv toto. It is encouraging that the simi-
larity between corresponding theoretical curves
for A=27 and A=51 is duplicated by the measured

cross sections. Because the nuclear ingredients
are so different in the two cases, our conclusion
that nuclear factors are not the cause of the dis-
crepancy is made more plausible.

The calculated cross section ratios v, /v, are
shown in Fig. 4. The no fsi and with fsi curves
were calculated using the values of o„correspon-
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FIG. 10. Comparison of theory and experiment for
the reaction V(y, &+) Ti. Curve (a) is calculated with-
out fsi. Curve (b) is calculated with fsi. Curve (c) is
the result of the present measurements.
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ding to curves (a) and (b) in Fig. 10. With respect
to the effect of fsi and agreement with experiment,
the results and conclusions are virtually identical
to the 4=27 case,

o (y, w )/(y, w+)

~ (e,e'w )/(e, e'w+)

0
100 200 500 400 500

Energy (Mev)
600

FIG. 11. Ratio of negative to positive pion electropro-
duction and photoproduction cross sections on V. The

dashed line is the calculated ratio with fsi absent.

C. »V(~,~ ~»Cr

Because no accurate experimental cross section
could be determined for this reaction, we content
ourselves here with calculating only the non-fsi
case and comparing our results with the cross
section ratio o(m )/o(g ) of Fig. 11.

In this reaction, a neutron makes a transition
out of a closed f», shell into any of the single-pro-
ton levels f»„p,&„p,&„ f,&„ or g, &,. Even with
the three protons in "V constrained by the single-
particle nature of the process to remain in the

(f,&,
)' configuration, the number of allowed cou-

plings of four-proton to one-neutron-hole states
in "Cr is extremely large. In order to keep the
calculation within bounds, we observe the follow-
ing. First, the neutron configurations in the low-
est-lying excited states of "Cr differ from the

(f»,)' configuration by more than one particle and

will therefore not contribute to the cross section.
Second, the —, ground state will certainly contri-
bute as will some of the higher-lying excited
states, which arise from complicated couplings
of extracore particles. Actual calculation shows
that of the latter states the dominant contributions
to O„originate in those configurations having a
resultant spin of —,

'
Following these observations, we allow two types

of transitions to take place. In the first,
l
J,) =

l"Vground state)-l(f, ~»&'[v, J]8(f,~,„) ';—', ); in
the second,

I J;& - lOf, g;)'[I l ]N'~p}[J](f. ~"&
'

—: &

In the second transition, only the seniority-1 spin
intermediate proton coupling can connect to the

"V ground state. The allowed proton single-par-
ticle states j& are p, &„p,&„and f,&, , the g, &, is
excluded from parity considerations.

In allowing only a subset of final states (those

with Z&= —', ) to contribute to the cross section, we

are ignoring the much smaller contributions from
states having different spin. This is balanced, at
least in part, by the assumption that a full shell
model calculation would show that for all final
states all the single-particle transition strength
lies below threshold. To the extent that these two
factors cancel each other, our restriction to two

types of transitions represents a good approxi-
mation. Subsidiary calculations have been made
to check this point and indicate that our results
are valid to within + 30%, well within the experi-
mental error.

After some algebra, we find for transitions of the
the first type (T - r' in the definition of O,»„z)

K
= 8[2J+ I]'~' '

2 2

x((l ) [1 l 1;l l}(l)'vJ&&f.s. ll oil f.(.&.

For the second type

y QO"„„„z J,.

(5 9)

The single-particle matrix elements are given by
expressions similar to Eq. (5.2&,

Our results for the o(v )/o(v') ratio are indicated
in Fig. 11 by a dashed line. %e find the ratio to
be almost energy-independent, ranging from a low

of 1.45 at 410 MeV to a high of 1.85 at 170 MeV.
This is slightly lower than the experimental ratio
of 4+2, but in view of the approximations made
we consider the agreement quite reasonable.

Since the elementary cross sections o(yp-n'n)
and o(yn-m p) are approximately equal in this
energy region, any differences between the cross
sections for "V(y,m')"Ti and "V(y,m )"Cr should

be due almost entirely to structure effects. Two
such effects are immediately apparent. In the
former reaction, it was found that the g, &, single-
neutron state contributed substantially to the cross
section even though some of the strength lay in un-
bound levels. Partly because of kinematics, the

f,&»-g, &,„ transition was actually favored4' over

f»»- f,&,„even though the corresponding J3 decays
were first forbidden and allowed, respectively.
In the m reaction, parity considerations forbid
the g», proton state from making any contribution.
On the other hand, the f,&, neutron shell is closed
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to protons in the m' reaction while the f,&, proton
shell can be populated in the m reaction. In par-
ticular, the strong transition f, ~» f,&,„ is forbid-
den for "V(y,m') while the reverse transition is
allowed for "V(y, m ). Although other considera-
tions certainly enter, the rough equality of the
m' and m cross sections is an indication that these
two effects, going in opposite. directions, are of
approximately equal importance.

VI. SUMMARY AND CONCLUSIONS

Total cross section measurements for the reac-
tions "Al(y, m')"Mg, "Al(e, e', w') "Mg,
"V(y v')"Ti "V(e e'w')"Ti "V(y m )"Cr and
"V(e, e'm )"Cr were carried out in the energy
range 130-580 MeV. Activation methods utilizing
a Ge(Li) detector were employed to measure y
activity in the target foils. Great care was taken
to subtract out the considerable contributions
from (n, p) and (p, n) reactions originating from
neutrons and protons produced in the target. The
strong disagreement between our results and
those of earlier studies stems chiefly from the
neglect or underestimation of these background
yieMs in the earlier work.

Photoproduction cross sections were calculated
in the impulse approximation from the region just
above threshold to the (3, 3) resonance tail. All
pion momentum-dependent terms in the AN am-
plitude and all contributing pion partial waves
were retained. The individual multipoles were
taken from Berends et al."m-nucleus final state
interactions were included through a variety of
optical potentials whose scattering amplitudes
were taken largely from Sternheim and Auer-
bach." Theoretical cross sections were decom-
posed into multipoles which were used to calculate
the ratio of bremsstrahlung-induced to electron-
induced yields.

Comparison between theory and experiment in-
dicates that all the optical potentials employed

result in an s-wave repulsion that is too weak and
a p-wave absorption which is far too strong for
calculated photoproduction cross sections to be
consistent with experiment. It is suggested that
the gradient terms contained in the Kisslinger-
type optical potentials used may artificially distort
the pion wave function in such a way as to over-
emphasize the absorptive part of the m-nucleus
interaction. The photon/electron yield ratios,
although in agreement with experiment, were
found to be insensitive to details of the photopro-
duction cross section and therefore of limited
value as a critical parameter in pion-production
reactions.

In contrast to coherent m' photoproduction,
charged pion photoproduction takes place pre-
dominantly in the nuclear surface region. For
this reason, it had long been felt that the effects
of &-nucleus final state interactions would be min-
imal for charged pion processes and couM be
calculated quickly and subtracted out judiciously
so that nuclear structure information could be
obtained. Quite apart from its value in determin-
ing structural features, we have shown here that
the sensitivity of pion photoproduction to final
state effects makes it a potentially very effective
testing ground for ~ -nucleus optical potentials.
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