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Three-body calculation of Li and d-a elastic scattering
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The Faddeev-Lovelace, equations have been solved for the A = 6 system with the use of new N-a separable
interactions. The Li spectrum is given and the (d-a) elastic scattering observables (angular distributions,
vector and tensor polarizations) are calculated and compared with recent experimental data. A noticeable
improvement on Shanley's results is obtained.

NUCLEAR REACTIONS 6Li; d-e elastic scattering E„=O-25 MeV, do/d&, vector
and tensor polarizations, three-body calculation; separable interactions.

I. INTRODUCTION

The Faddeev-Lovelace equations are mainly
applied to the three-nucleon system and recently
important work has been done concerning the n-d
elastic scattering observables. Other physical
systems like m-d or d-n can be described by these
equations and some work on the m-d system is re-
ported in the literature. For the A =6 system, the
three-body model is constructed by considering
two nucleons and a structureless n particle. Most
of these studies deal with 'Li and 'He bound states
and we can mention a recent paper by Ghovanlou
and Lehman' where an extensive study of the 'He
ground state is given.

The d-& system was studied by Shanley' in 1969
and we first point out the main features of his
work. The isospin states I = 0 and I= 1 are deter-
mined and the d-& scattering is considered. Shan-
ley uses Amado's quasiparticle formalism for the
(N-N-o') system. Coulomb effects are neglected
and the three particles interact by pairs through
simple separable interactions of the Yamaguchi
type. The N-N system is described by the 'S, and
'S, partial waves while some calculations include
the D state of the deuteron. The parametrizations
used are those of Phillips. ' The N-& interaction
proceeds through the S&i2& &&y2& and P3(2 partial
waves, and only the S», interaction is repulsive.
Shanley's fits to the N-& phase shifts were correct
only up to 2 MeV, and his calculations lead to a
fair fit of d-& elastic scattering observables exist-
ing at that time in the 0-30 MeV energy range.

Recently, two experimental groups have exten-
sively studied the d-n scattering observables.
(i) The Los Alamos group' ' gives the differential
cross sections and the analyzing powers at 12,
14, and 17 MeV, ~ and the analyzing powers and
polarization transfer coefficients between 4.8 and

9 MeV. '
(ii) The Zurich group' "presents a phase shift
analysis of the (d-o'. ) scattering between 3 and 17
MeV starting from the measurement of differential
cross sections and vector and tensor analyzing
powers. This group also makes some predictions
on the polarization transf er coefficients. "

Let us mention the recent work of the Berkeley
group" on the vector analyzing power in (d He)
scattering between 15 and 45 MeV.

It thus appears interesting to test the theoretical
calculation with these new experimental results.
In some aspects our study is similar to Shanley's.
However, we improve the description of the N-N
and N-& separable interactions. On the other
hand, the exact resolution of the three-body equa-
tions is done with the "Pade approximant tech-
nique" previously used in (n-d) elastic scattering.

The second part of the paper is devoted to the
formalism. We give an explicit description of the
coupled integral equation system including the
partial antisymmetrization coming from the identi-
ty of two among the three particles. We present
in Sec. III the N-N and N-& separable interactions
which we have constructed. The results are pre-
sented and discussed in Sec. IV: (i) the 'Li spec-
trum obtained with our interactions; (ii) The (d-o')
elastic scattering observables. Primarily, we
study the effect of the two-body parametrizations
on (d-n) observables. For this purpose we com-
pare our interaction results obtained at E~(lab)
=12 MeV with those given by the simpler interac-
tions of Shanley and Ghovanlou-Lehman. We then
present an extensive study of the angular distribu-
tion and vector and tensor polarizations given by
our new interactions in the 0-25 MeV energy
range. The last part contains our conclusions
while the three appendices define the Born term
and the numerical method used in this paper.
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II. THEORY

A. Three-body formalism

We consider three pairwise interacting particles
with masses m „nz&, and mk, and we take the
usual variables:

p; = —p,q; —q&, p,- =m~/(m&+ m, ),
(1)

p;=q;+ p&q» p&=m,./(m~+m&),

where p,. is the relative momentum of the (jk) pair
and q,. the momentum of particle i relative to the
(jk) subsystem. We also define the corresponding
reduced masses:

p, ,
' =mq '+m„', 9R) '

m(—-'+ (mq+m~) '. (2)

The Alt, Grassberger, and Sandhas (AGS)" equa-
tions for the three-body processj + (ki)-i+ (jk)
are written as

to nucleons, while the & is particle 3. We must
consider the three following processes:

3 + (12)- 3 + (12)

-1+ (23)

-2+ (13) .
The first one corresponds to d-0'. elastic scatter-
ing, while the two others are settings for d+ +
-N+ (N&) Tak. ing into account Eq. (6), one can
write the corresponding three-body equations:

Xs., sm- s., le &leXle, sm

3n, 2eR2e 2n, 3m &

Xle 3m 1e 3m+ let20 20 20~3m

~),(s) = (1 —&),)(s -&,) Q Zj.~ ~Ra„X

k=1

1 —5,.k Tk S Go S U» S
2e, 3m 2 e, sm+ 2eslB lg 10,3m

Here, s refers to total energy, U,.&
are the transi-

tion operators, Tk the two-body scattering ampli-
tude for particles i and j, and G, the resolvent of
the free Hamiltonian:

G,(s) =(s-H, ) '.
By choosing separable two-body interactions, the
corresponding scattering amplitudes are made
separable, and we get

+ Q Z2~, 3~R3~Xs~, sm ~

The n and m labels refer to (N-N) pairs, and n
and P to (N-n) pairs. The identity of nucleons 1
and 2 leads to symmetry properties for the Born
terms:

le& Sm 2eq Sm &

(4a) le 2Q 2e 10&

T,(s) = Q ~in).R,.„(s)(in ~, (4b)
and allows us to define the (N-&) propagator as

(10)

where n stands for the interacting pair quantum
numbers. Using the separable form (4b) in Eq.
(3), some classical algebra" leads to the equation
for the three-body scattering amplitudes X,.„& .

X&„,. (s) =Z&„. (s)+ g Z;„z„(s)R~„(s)X~„&„(s).
k, r

Here, R~„ is the propagator for the (ij) pair in the
three-body Hilbert space and the Born term is
given by

Using Eqs. (9) and (10), the three coupled equa-
tions (8) can be combined into the following new
set:

X„=QZ„R X„,

X =Z „+QZ qRqXq + QZ „R„X„
n

where we have introduced the antisymmetric am-
plitudes

Z,„,.„(s)= (1 —6,~)(in ~G, (s) ~jm) . (6)
1

Xnm —2Xsn sm ~ (12)

We now move on to the d-& system and we follow
the procedure of Afnan and Thomas" for the 71'-d

system. Particle labels 1 and 2 will always refer

1
Xa, =2( ~~ S~-X20, ~~).

The Born terms and propagators in Eq. (11) are
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defined as

XQ,&=Z of+ ZQAkXk, l ~

k

(14)

This last equation will be solved to obtain the
physical scattering amplitudes X3 3 2X„.

B. One-dimensional equations

On the next step, we have to write Eq. (14) in
three-body Hilbert space. We can thus use the

Z p
~ Zy 2p

Z0m Zln, sm ~

R„=2R3„.

We notice that it will be more convenient to write
Eq. (11) in the compact form

results obtained in the case of three interacting
nucleons (i,j, k), where we assume a cyclic per-
mutation of the (i, j, k) labels. We define the spin
and isospin coupling schemes as follows:

s,-+ J,. =Z, , 1 ~ + lk = I-,

L,.+S,.= J, , 1,.+ Z, =J, i,. + I,. = I .

The particles i, j, and k have spin (isospin) s, ,
si, and s~ (i,, ii, andi, ), and J,.(I,.) is the total
spin (isospin) of the (jk) subsystem, the orbital
momentum of which is denoted by L, J(i) is the
total spin (isospin) of the three-body system,
while Z,. is the channel spin and l,. the orbital angu-
lar momentum of particle i relative to the (jk)
pair. Using the usual procedure for angular mo-
mentum reduction, "we obtain the one-dimensional
integral equation describing the process j+ (ki)
-i+ (jk),

zr(q, , q, . ,,s) =z, , (t&, , t&, , s) & g g f d& t& 'z, , (q, , t&, s)&&, (& —&,'/2&R )x &, (q, q& ~ );
k

s is the c.m. total energy, c,.=(J,.S,.I,.}are the quantum numbers for the (jk) pair, and the w,.=(c,.l, Z,.j
specify the i(jk) three-body channel.

The partial wave Born amplitudes have the explicit form

(16)

C (I,I,Ii)

C g (p. )g (p )C
i ij( )

P
I.i(s 2/2ii 2/2jj q q /iii )P~& (qi& qi& (17)

where u=cos(q,.qj), [x]=(2x+1)'~', and p,. and pi
are expressed in terms of q, , q, , and u by Eq.
(1). The isospin coefficient C(I, I, Ii) and the func. -
tion G(q, , q, , u) can be found in Appendix A.

ln Eq. (17), C, .~. and g, .~.(P,.) represent the
strength and form factor of the separable poten-
tial describing the (jk) pair in the c,. partial wave.
ln fact, Eq. (17) stands for rank-1 separable inter-
actions. However, a matrix notation allows a
straightforward extension for the case of higher
rank interactions.

In the d-o.'system, the o.'particle (label 3) must
be distinguished from the two nucleons, so that
the coupling order must be the same in the two
(N-&) pairs as written in Eq. (7). We have there-
fore to deal with noncyclic Born amplitudes which
are evaluated in Appendix B.

C. Bound-state and scattering calculations

For practical calculation, we l.imit the number
of two-body partial waves. In the N-n system

we include only the S,&„P,&„and I',&, partial.
waves, and in the N-N system we take into ac-
count the 'S, and coupled 'S,-'D, partial maves.
The parametrizations used mill be described in
Sec. III. We are now in a position to specify the
quantum numbers of the various channels occur-
ring in Eq. (16). In Table I, we set the possible
values for v=(L' S'Z'I' /Zj corresponding to a
given value of the total three-body angular mo-
mentum J. Set A refers to positive (negative)
parity if J is even (odd), and reciprocally for Set
B. Parity conservation leads to two independent
s ets of equations. We can note here that, due to
conservation of isospin, the 'S,-'D, partial waves
of the N-N interaction contribute only if the total
isospin I of the system is 0 (e.g. , for d-o.'elastic
scattering), and the 'S, wave only if I= l.

The binding energies of the (1', 0) ground state
and (0', 1) excited state of 'Li are obtained by
searching the zero value of the Fredholm de-
terminant of Eq. (16) written in matrix form for
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given J' and I values. The continuum states
(above the d n-elastic threshold) with total iso-
spin 0 are studied by performing the phase shift
analysis of d-Qt elastic scattering.

Evaluation of the d-a elastic scattering observ-
ables requires the knowledge of the physical scat-
tering amplitudes which are the on-shell solutions
of Eq. (16) with I=O and v„vj = a„v, (cf. Table I)
for each J' value. We have to solve a system
of at most 10 coupled channels, and the classical
method of matrix inversion cannot be used. As
in the n-d case, there are two possibilities: we
can solve exactly a part of the system, 'the re-
maining part being treated in a perturbative
scheme"; we can also use the Pade approximant
technique which allows us to take into account
all the channels exactly. " We shall employ this
last method, and some details are given in Ap-
pendix C. According to Table I, we get five phys-
ical amplitudes (four of them being independent)
when J& 0, and only one when J=0. From the
physical amplitudes we construct the scattering
matrix M(8) in the channel spin representation:

( Z,. v, i M(8)i Z& v')

X . , (g lpga S) g*(~)E))eTp(0() Q(~gE~)el p(1$)J I" l &t~

(18)

where '9 is the usual coupled spherical harmonic,
and q, =

q& = [-,'(s+~D)]'I' (E~ is the deuteron binding
energy).

The channel spin Z is 1, and Eq. (18) thus de-
fines a (3&&3) matrix. For the practical calcula-
tion, we use the Madison convention" and take
l, (l &) = 8 as the upper limit. The differential cross
section o(8) and analyzing powers T„, are finally

evaluated, using the following traces of matrix
products:

o(8) =Tr(M(8) M'(8)),

T„,= Tr (M(8)7', M'(8))/c(8),
(19)

where the v'~, are the spherical tensor operators
relative to the deuteron.

III. TWO-BOD Y INTERACTIONS

The partial wave expansion of a two-body in-
teraction V is given, for the coupled case, by

(pl Vlp'&= Z i J).@.„(P)V:..(P, P')
cLL' p

x &(r, s)' p(P')&g ~ (2o)

Here, c =(JSI) describes the quantum numbers
and P, projects onto the isospin subspace. The
separable approximation concerns the "radial"
part V" (P, P'). For a rank-1 interaction, we
write it

V~~ (p, p') =k~(p)C~AC~ gs. (p'). (21)

Tcs, '(~, p', s) =tz, (P)CzR(s)C~ g~ (p').

The two-body propagator R(s) has the form

R(s) =[A ' —G(s)]

(22)

(23)

CL, and C~ are strength parameters, A is + 1
(-1) when the corresponding partial wave is re-
pulsive (attractive), and gz, (P) and gz (P') are
the form factors. In the uncoupled case, we only
set L=L' in Eq. (20).

We perform a similar expansion for the two-
body T matrix and, according to Eq. (21), we
get

TABLE I. Possible values of the quantum numbers for a given value of the total three-body
angular momentum J.

PS, ~D, )n
1 2

(Spy 2)N
4 5

(P«, )N
6 7

(P3(2)N
9 10

LI 0, 2

Z„1
4
Zg 1 1 1

J+1 J-1 J+1 J-1 J+1 J—1"

lp J-1 J+1 J+ 1 J-1~ J J+2 J-2b

These cases do not appear for J=0.
These cases do not appear for J=0, 1.
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with

G(s) =g C ' dqq'
r "p S —g

(24)

factors are similar to those introduced by Dole-
schall' and have proper threshold and asymptotic
behavior in momentum space:

We note that the above expressions can be easily
extended to the case of rank &1 separable poten-
tials by introducing a matrix formulation. "

A. Nucleon-n interactions

One can find many papers describing rank-1
separable potentials for S,&„P,&„and P,&, par-
tial waves. All. of them use form factors of the
Yamaguchi type:

(25)

with (m, n) =(1,2), (1, 1), or (2, 2). These dif-
ferent forms are labeled', B, and C in the
Ghovanlou-Lehman paper, ' where the situation
is clearly restated.

In our calcu1.ations, we use two existing
parametrizations elaborated by Shanley' (denoted
S) and by Ghovanlou-Lehman' (GL), and a third
one (CFL) which we have constructed, as will be
described hereafter.

We give firstly some comments about the S and
GL interactions. Shanley introduces a separable
one-term interaction for each of the S,&„P,&„
and P,&, partial waves, with parameters chosen
to fit an effective range analysis of low energy
n-e scattering carried out by Pearce and Swan. "
The form factors are given by Eq. (25) with

(m, n) = (1, 1). The S«, interaction is repulsive
so as to simulate the Pauli exclusion principle,
and for P waves Shanley gives priority in fitting
the lower energy in order to reproduce the P,&,
resonance at 1.3 MeV.

In their 'He ground-state calculations, Ghovanlou
and Lehman use various combinations of existing
interactions, and also construct new one-term
S,&, and P,&, parametrizations referring to Amdt
et al."'"experimental phase shifts. We denote
as GL the following combination: the S,&, wave
is from Shanley, ' the P,&, parameters are from
Alessandrini et al. ,

"and the P,&, interaction is
from Ghovanlou and Lehman' (Table II, form B
in Ref. 1). In fact, it is clear that the S and GL
parametrizations cannot give theoretical phase
shifts which are in good agreement with +-a ex-
perimental data in all the energy range, because
there are only two parameters in each partial
wave. Moreover, a crucial problem consists of
the choice among the existing experimental phase
shifts which have to be fitted in order to get the
potential parameters. We therefore construct new
one-term separable interactions (denoted CFL)

Sl/2 P1/2 and P,&, partial waves. The form

L+]
gi(P) =P '(I +yi p') (I + P,i P ') (26)

The P and y parameters (Table II) are determined
by a least squares fit of the experimental data.
We choose to fit the phase shifts obtained by
Satchler et al."from a real opticaI. model po-
tential of Woods-Saxon form fitting a large num-
ber of experimental. neutron-n phase shifts below
20 MeV. Figure 1 shows the comparison between
CFL, S, and GL phase shifts. Clearly, the CFL
interaction, which is overparametrized, lead to
the best fit of Satchler's data for each partial
wave in all the energy range.

B. Nucleon-nucleon interactions

TABLE II. CFL parameters for the N-+ interaction.
The strength Cl is in MeVfm+~, y and P in fm .

ACI 2

8294
—67.917
—43.540

5.071
31.521
6.245

2.988
0.775
1.535

2.981
0.808
0.001

23.541
4.985

In our calculations, we only take into account the
Sp and coup led 'S,—'D, partial wave s .

(i) In the 'S, partial wave, the separable poten-
tial must reproduce the experimental phase shift
and the singlet low-energy parameters a, (scatter-
ing length) and &, (effective range). The usual one-
term or two-term interactions use form factors of
Yamaguchi type [Eq. (25)] and lead in fact to a very
poor description of the 'Sp channel. By example,
the one-term Yamaguchi potential (m, n=1, 1) is
purely attractive and the 'S, phase shift is always
positive. Moreover, the two parameters C~ and P
are fixed as soon as we choose the a, and &, value s,
and the phase shift is therefore also fixed and has
correct values only at low energy. We will use a
Yamaguchi n-p potential (denoted &„~) correspond-
ing to Shanley's singlet interaction with the values
a, =-20.34 fm and &, =2.7 fm. Some people have
then constructed two-term potentials as a super-
position of attractive and repulsive parts with the
corresponding form factors as given in Eq. (25).
The four parameters are determined by minimiza-
tion referring to the low-energy parameters and to
the experimental phase shift. In fact, the number
of parameters is still too small, and the results
are better than Yamaguchi's only in the sense that
the 'S, phase shift goes through the zero value at
about 250 MeV (see for example Ref. 26).
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TABLE III. CFQ& parameters for the ~SO partial wave.
The strength C is in Mev fm3, y and P are in fm .

100 !
AC

Attractive -38.651 24.420 0.4532 25.055
Repulsive 2.261 1 0.0692 0.0693

50

-50

I

1510

Eqaf, (MeV)

FIG. 1. Theoretical &-e phase shifts given by the
parametrizations CFL (—), S (---), and GL (- ~ - ~ ).
The experimental values are from Ref. 25.

scribe as constraints the &-P low-energy param-
eters a„~ =-23.671 fm, &„~=2.74 fm. We get a 'S,
phase shift which is very close to experiment up
to 200 MeV, as can be seen in Table IV.

(ii) For the 'S, 'D, c-oupled partial waves, the
situation is much more difficult, because the in-
teraction must reproduce the 'S, and 'D, phase
shifts, the mixing parameter e„ the deuteron
properties and the triplet low-energy parameters
a, and &,. In fact, separable interactions do not
yet give a correct description simultaneously of
all aspects of the 'S,-'D, state, and there only exist
interactions describing some of the properties. In
this paper, we will use the parametrizations of
Doleschall" (rank-1, one term), Serduke" (rank-2,
one term), and Mongan" (rank-2, two terms).
We now briefly recall some properties of these
rather simple interactions. All of them use, form
factors of Yamaguchi type [Eq. (25)]. The rank-1
parametrization is the most simple and gives
therefore a rough description of the properties:
the 'S, phase shift is always positive and agrees
with experiment only at low energy, the 'D, phase
shift has the wrong sign, and the mixing param-
eter is badly reproduced. The interaction denoted
Y7, with D-state percentage value Pn = 7%, is ex-
tracted from Ref. 17 and corresponds to Shanley's
tensor potential. The rank-2, one-term parametriz-
ations of Serduke give good deuteron properties and
low-energy parameters, with PD values in the range
1% to 7%. These potentials will be denoted ACSx

In order to improve this situation, we have there-
fore constructed a new two-term potential (denoted
CFL„~}with the following attractive (A) and repul-
sive (R}form factors:

E (MeV)
Sp phase shifts (deg)

Experiment CFL

TABLE IV. So phase shift for CFQ& interaction (a~
=-23.671 fm, ~„&——2.74 fm). Experiment is from Ref.
27.

(27)

The parameters (Table III) are determined by mini-
mization in such a way that the repulsive part of
the interaction contributes only as a corrective
factor at small P values where the attractive part
must predominate. For the minimization proce-
dure we refer to the McGregor, Amdt, and
Wright" experimental phase shifts and we pre-

1
10
20
30
50

100
160
200
280
360
420

62.41
60.85
54.79
50.10
43.02
30.83
20.04
13.96
3.43

-5.49
-11.37

62.10
61.44
55.53
50.66
43.01
30.14
20.04
14.91
6.73
0.23

—3.96
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where x specifies theP~ value. Compared with Y7, the
main advantage of the ACS parametrizations is to
give a negative 'D, phase shift. At last, the rank-
2, two term potentials of Mongan provide good 'S,
and 'D, phase shifts in the energy range 0 to 200
MeV, but the mixing parameter is rather unreal-
istic since it becomes negative above 150 MeV, and
the P~ value is too small (&1.4%). We shall use
the type IV parametrization of Ref. 26 denoted
M1.4.

(iii) To check the influence of the tensor force
in the d-e system, we also performed some cal-
culations by neglecting the 'D, wave, the 'S, wave
being described by a two-term Mongan interaction
(Ref. 26). This parametrization (denoted MO) en-
sures the deuteron binding energy and triplet low-
energy parameters, and gives good 'S, phase
shift up to 200 MeV.

We end this section with Table V where we give
the N-N and N-n interactions mainly used in our
study. The name of the calculation is written as
follows: the first label denotes the N-N para-
metrization and the second one refers to the N-n
par ametr ization.

IV. RESULTS AND DISCUSSIONS

A. 6Li levels

Our purpose is not to do an exhaustive study of
the (N-N n) bound sy-stem, but only to give results
obtained with some interactions described in Sec.
III. In our calculations, the energy reference is
fixed at the breakup threshold of the three parti-
cles (n-n-p). We choose the following N-N and
N-n parametrizations given in Table V: for I =0

levels, we use the Y7-S and ACS4-CFL potentials,
and for the I =1 level, we consider the Y„~-S and
CFL„~-CFL interactions. The bound states and
continuum states are obtained as described in
Sec. IIC.

In a first step, we determine the binding ener-
gies of the (1', 0) ground state and of the (0', 1)
excited state of 'Li. In order to check our calcu-
lations, we use the Y7-S and Y„~-Sparametriza-
tions which are almost identical to those of Shan-
ley. With Y7-S, we find the ground state at an
energy of 0.68 MeV, and with Y„~-S, we obtain the
(0', 1) level at 3.69 MeV relative to the experi-
mental ground state, while the corresponding val-
ues of Shanley are 0.53 MeV and 3.59 MeV. Using
the ACS4-CFL and C FL„~-CFL parametrizations,
we obtain respectively 0.51 MeV for the ground
state and 3.69 MeV for the (0', 1) state. A more
detailed study concerning the sensitivity of these
two levels to the N-N and N-e parametrizations
can be found in Ref. 28. It is shown that the bind-
ing energy of the ground state decreases when the
D-state percentage value increases, and that all
N-a partial waves play an important role. In
particular, the contribution of each N-n partial
wave to the binding energy of the (0', 1) level is
found to be similar to those given by Ghovanlou-
Lehman for 'He ground state (cf. Table V of Ref.
1). In a second step, we perform the phase shift
analysis of d-n elastic scattering in order to get
the levels of 'Li with isospin I =0 located above
the d-n elastic threshold. With the ACS4-CFL
interaction, we find a triplet of resonances D„D„
and D, at 2, 4.4, and 6.6 MeV deuteron energy
values in the lab system. These values corre-

TABLE V. K-N and N-& parametrizations mainly used in our calculations. The parame-
ters are given in the quoted references, and the labels are defined in the text.

Isospin of
the system

Name of the
calculation Sp

3 3S(- D(

I=0

Y7-GL

Shanley
(Ref. 2)

Doleschall Shanley Ghovanlou Alessandrini
(Ref. 17) (Ref. 2) -Lehman et al.

(Ref. 1) (Ref. 23)

Y7-C FL

ACS4-CFL

MO-C FL

Serduke
(Ref. 19)

Mongan
(Ref. 26)

CFL

Y„p-S Yamaguchi Shanley
(Ref. 2)

, CFQp-CFL CFL CFL
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spond to levels located at 2.81, 4.41, and 5.88
MeV above the experimental ground state. The
corresponding results obtained by Shanley without
tensor force are 2.35, 5.8, and 7.5 MeV.

In Fig. 2, we compare the experimental low-lying
levels of Li with two theoretical spectra, one ex-
tracted from Shanley's paper (without tensor
force), and the other corresponding to our ACS4-
CFL calculation. We must point out the fact that
the theoretical results do not take into account the
Coulomb energy correction which is repulsive of
about 0.8 MeV. Concerning the (0', 1) level, our
model gives a too small binding energy, and if we
substract the Coulomb correction, the predicted
level for 'Li is not bound. In other words, the
ground state binding energy of 'He is predicted
to be too small (-0.01 MeV) compared with ex-
periment (0.969 MeV). The two theoretical spec-
tra of the I =0 levels are shifted in the upward
direction, and this will be enhanced by the Coulomb
correction. Nevertheless, the energy spacing
between the levels is correctly reproduced, except
for the (8', 0) and (2', 0) states. However, the
ACS4-CFL results for the (2",0) and (1,0) con-
tinuum states appear to be better than those of
Shanley which are strongly shifted in the upward
direction with a too large spacing. For this rea-
son, we shall mainly use the ACS4-CFL interac-
tions in the study of (d-o.) elastic scattering ob-
servables.

B. (d-n) scattering observables

To our knowledge, the only theoretical results
concerning a three-body model of the (d-n) scat-
tering are due to Shanley. ' This calculation uses
very simple separable interactions and does not
clarify the influence of the parametrizations on the
(d-n) observables, except for the effect of the
tensor force. We have then focused our interest
on the influence of the two-body description on the
(d-n) observables calculated with 12 MeV incident
deuterons. It is thus possible to choose a correct
parametrization of N-o and N-N interactions. We
then study the behavior of angular distribution and
polar izations in the 0-25 MeV energy range where
numerous experimental data are now available,
and we examine some possible improvements.

1. Effects of two-body parametrizations

In a first step, we tried to clarify the effect of
the tensor force on the d-z observables. For that
purpose various calculations were performed with
the same N-n interaction (CFL) and different
'S, -'D, potentials with various P~ values (cf.
Table V): Y7, ACS1, ACS4, ACS7, and Ml. 4. In
one calculation, we neglect the tensor force by

7.5

5

5.8 i 5.7

4.30 2+0 4 41

4
3698 359

u-n-p

2.35

3.562 0, 1

2.81
//

2.185 3)P'

1474

0.34
0.51

1,0~

Theory

(shanley)
Exp Theory

(Acs4-ceL j
FIG. 2. Energy levels of Li. The experimental levels

are from Ref. 32. Shanley's results are without tensor
force (Ref. 2).

considering the only 'S, wave (MO). All these cal-
culations lead to results which appear to be not
fundamentally different, the more sensitive ob-
servable being the iT» vector analyzing power.
The effect of the tensor force is small for the ten-
sor polarizations, but is important in the forward
part of iT» and in the backward part of the angular
distribution, where the amplitude increases with
the P~ value, as was reported by Shanley. More-
over, ACS1 and M1.4 results (which are located
between MO and ACS4 results) are almost identi-
cal, and so are Y7 and ACS7 results, which indi-
cates a small sensitivity of observables to the
description of the tensor force for given PD value. We
give in Fig. 3 some significant results concerning
the iT» and T» analyzing powers obtained with
ACS7, ACS4, and MO interactions. We conclude
that the presence of tensor force is not essential
to get the differential cross section and the analy-
zing powers in d- n scattering. Nevertheless, we
noticed a greater sensitivity of the polarization
transfer coefficients to the tensor force, and more
experimental data would make a further study pos-
sible.

The second step of our study at 12 MeV con-
cerned the influence of the parametrizations of

xl2 +i/2 and +A e partial waves. Three N- n
parametrizations are tested (S, GL, and CFL)
with the same N-N parametrization (Y7). The re-
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FIG. 3. Influence of the &-& tensor force on»&& and

&22 at 12 MeV. The &-~ interaction is CFL, and the
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suits concerning do/dQ, iT», and T» are shown in

Fig. 4. Important discrepancies appear in the re-
sults, the most obvious effect being exhibited on

T» between 40' and 90 (and so for T»). As the
tensor force is the same in the three calculations,
we can attribute these discrepancies to the differ-
ences between the used N-a parametrizations. If
we refer to Fig. 1, the large difference between
Y7-S and Y7-CFL results is easily understood.
However, even if the GL N- n phase shifts are
closer to CFL phase shifts than S (Fig. 1), the
Y7-GL and Y7-CFL results are still different,
and this points out the great sensitivity of d-n
elastic scattering observables to the description
of N-n partial waves. Moreover, it appears in
Figs. 5-9 that the calculation with ACS4-CFL at
12 MeV is in good agreement with experimental
data and this is a good indication that C FL para-
metrizations are more suitable to d-n scattering
calculation than S or GL.

2. Evolution of observables with energy

We have thus used these N-n interactions (CFL)
and ACS4 for the 'S, -'D, wave. The calculation
has been performed for eight energy values, and in
Figs. 5 to 9 is reported a comparison of the theo-

0 30 60 90
Oc.m.

120 150 180

FIG. 4. Sensitivity of the d-& observables to the N-n
interaction at 12 MeV. The tensor force is Y7, and the
N-n parametrizations are CFL (—), S(-—), and GL
(- —~ ).

retical values with the available experimental data.
The differential cross section (Fig. 5) is in very

good agreement with experiment at all energies.
We note that the backward enhancement becomes
too strong when energy increases. However, this
defect is much smaller than in Shanley's calcula-
tion. We also note some deviations at small angles
at low energy because of the lack of Coulomb in-
teraction in our model.

The iT» analyzing power (Fig. 6) is in general
poorly reproduced, especially above 20 MeV where
the calculation gives only the backward maximum.
Below this energy the shape of theoretical curves
corresponds with experimental data, but the ex-
trema are shifted to the left about 10' and their
amplitudes are incorrect.

The tensor analyzing powers (Figs. 7-9) present
a good agreement with experiment (at our disposal
up to 17 MeV). The experimental evolution of T„,

and T» with energy is well reproduced, the
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only obvious defects being the lack of amplitude of
the first minimum in T,o (except at 4.81 and 1V

MeV) and the too high maximum in T,o and T» be-
low 12 MeV.

3. Possible improvements

First of all, we tried to simulate Coulomb ef-
fects. Following Shanley, we added Coulomb scat-
tering amplitudes to the pure nuclear amplitudes.
This improves the differential cross section up to
40' and brings some small changes for the analyzing
powers in the range 0-90 .

In a second step, we have to consider the effect
of higher two-body partial waves which were
neglected in our calculations. Concerning the N-N

interaction, we know from previous studies of
n-d elastic scattering that all I' partial waves
must be included to get correct vector polariza-
tions. Expecting such an effect in d-n scattering,
we introduced in an exact way the 'P, N-N partial
wave, the only one which occurs because of the
conservation of total isospin. We thus get two
coupled channels more for parity A and one for
parity B. We performed the calculation at 12 MeV
with the previous ACS4-CFL interactions and with
a simple one-term 'P, interaction. " Only the
J =1' three-body scattering amplitudes exhibit
appreciable modification, leading to small changes
in d-a scattering observables especially in the
regions of extrema. In Fig. 10 the results for
~ ~j y p ~gpss and &» are compared with the previous
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ACS4-CFL results. Even if the effect of the 'P,
wave is small, we notice an obvious improvement
of the results. However, as the computing time is
increased by about 30%, it seems to be reasonable
to neglect the 'P, contribution in a first approach.
The D,~, and D, ~, N-n partial waves may become
important when energy increases. Nevertheless,
they introduce at most 10 coupled channels in the
system for each parity, and this leads to prohibi-
tive computing time.

V. CONCLUSIONS

The results presented in Sec. Dr' show that a
three-body model using separable N-N and N-e
forces is able to predict diverse bound-state and
scattering properties of the six-nucleon system.
Concerning the bound states, the lack of Coulomb
repulsion allows us to only compare with experi-

ment the relative spacing of the 'Li levels. An

extensive study of 'Li done in Ref. 28 shows the
great sensitivity of the bound states to the N-N
and N-a parametrizations, as it was found by
Ghovanlou and Lehman for the 'He ground state.
For the scattering calculations, in order to get the
d- n spin-dependent effects, such as polarizations,
we have included spin-dependent N-N and N-n
interactions. Nevertheless, the N-N tensor force
is not essential, and the d-n polarizations arise
solely from the N-n spin-dependence. The de-
scription of the N-a interaction is therefore of
prime importance and it would be useful to have
more unambiguous neutron-e experimental results.
The main interest of this three-body approach is to
reproduce quite well the evolution of the scattering
observables with energy. The defects appearing in
do'/dQ and iT» at energies above 20 MeV clearly
emphasize the limitation of a model supposing a
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FIG. 7. &2o tensor analyzing power. The experimental
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FIG. 8. &22 tensor analyzing power. The experimental
data are from Ref. 8 (4.81, 7.86, and 9.89 MeV) and
Refs. 4 and 5.
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structureless e particle (the inelastic channel
'He d-+'He to+ccurs at 21.5 MeV). The most
striking fact is the systematic discrepancy between
theory and experiment for the vector analyzing
power iT». Here, we are in the same situation as

FIG. 10. Effect of the P& &-& partial wave on the
analyzing powers at 12 MeV. The solid curve is the
ACS4-CFL calculation, and the dotted curve is obtained
when we add the P& wave.

for n-d elastic scattering where the deuteron vec-
tor polarization is badly reproduced (in the maxi-
mum and dip regions) with three-body calculations
using separable as well as realistic local N-N
interactions.

We would like to thank Professor E. Elbaz for
many helpful and stimulating discussions and for
his final reading of the manuscript.

APPENDIX A

The isospin coefficient is the usual "6j"coefficient:

g(1 g g ) ( )2i +ii+ 'y+I
[g'I ]

i~ i~ I,
The function G(q„qi; u) has the following expression:
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where

s; S~
Z~ f Z)a(~)=Q[f'](-)' ' '

Z, s, Z, f 1
f l,- I, S, s)

(L, I, Z) (L, t, Z), L, I., f
x [z']

l

'
I

I

' (-)' &, (~).
g I0 0 0) (0 0 0) l, i,

In these relations, the coefficients for Racah algebra are defined as in Ref. 30, and ('fP) is the binomial
coefficient.

APPENDIX B

We have to evaluate the three Born amplitudes
defined in Eq. (13), e.g. , Z,„,s, Z,„,,„, and Z, „,,„.
We start with the cyclic Born amplitude Z, ,
= (i (j&)l G, (s)l j(&i)) which is given by Eq. (1V) and

Appendix A: (i) For Z,„,,„=(3(12)lGJ1(23)),we
have z =3, g =1 and thus & =2, so that we can use
the cyclic form. (ii) For Z, „»——(1(23)lGJ2(13)),
we have z =2, g =2 and thus & =3. We come to a
cyclic form by writing

(1(23)lG,l2(13)) = (-)~(1(23)lGol2(31)) ~

The cp phase comes from the fact that the direction
of the momentum p, of the pair (13) and their spin-
isospin coupling is reversed:

y —I 2+ $2 s~ s +I2 —z

As particle 1 is the nucleon and particle 3 the e,
we get (-)~=(-) 2, (iii) For Z, , = (1(23)lGJ3(12}),
we have z =1, j = 3 and thus & =2. We come in the
same way to a cyclic form:

The f are the physical amplitudes for d —n elastic
scattering.

To deal with the singularities of the kernels, we
use the method of contour deformation. " The in-
tegrals are evaluated with a Gauss-Gegenbauer -',

quadrature with 16 or 20 mesh points. The linear
system can be solved in two ways:

(i) Equation (C1) are written on matrix form and

the solution of the system is given by:

f 0 K, ' 0

However, the use of this method is constrained by
the dimension of the matrix to be inverted.

(ii) The system (Cl) can be also solved by itera-
tion with the method of Pade. Nevertheless the
(C1}form is ill-conditioned because of the lack of
an inhomogeneous term in the first equation. This
fact yields the nonconvergence of the Pade approxi-
mants, and we must reduce Eq. (C1) to a single
equation by reporting f =K, g into the second equa-
tion:

(1(23)l GJ 3 (12)) = (-)"&' ~2(1(32)l GJ 3(21)) .
g= g +K g+K, K, g. (C2)

APPENDIX C

The coupled system (11)can be written in the
abstract form:

f=Kg,
g =a, +K, g+K,f. (C1)

The y, phase is due to exchange of particles 2 and

3, and we get as in (ii) (-) ~& = (-)~~. Finally, the

~ phase comes fr om the exchange of nucle ons 1
and 2, and (-)~2 = -1.

The Pade process applied to Eq. (C2) is now con-
vergent and leads to g, so that we obtain the physi-
cal amplitudes f =K, g. For the practical calcula-
tion, we use diagonal Pade [N/N]. To obtain a good
convergence, we must choose N=7 for the lowest
values of the total spin ~=0, 1, and for higher ~,
we can decrease the N value. The system is so
solved up to ~=6, and for ~)6 we take the Born
approximation f =K, g,. The calculation is stopped
at ~=9, so we get the physical amplitudes up to
l =8.
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