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Cluster spectroscopic factors for the p-shell nuclei

Yu. F. Smirnov and Yu. M. Tchuvil'sky
Institute of Nuclear Physics, Moscow State University, Moscow 117234, Union of Soviet Socialist Republics

{Received 29 April 1976)

A convenient method of calculation has been developed to determine the cluster spectroscopic factors for the
ejection of excited and complex fragments {'He, Li, 'Li, 'Be, etc.) from the low-lying levels of the p-shell
nuclei followed by transition both to the states of the lowest shell configuration of the daughter nucleus and
to its hole states. The method can be used to analyze the cluster knock-out, transfer reactions induced by
heavy ions, etc.

NUCLEAB STRUCTURE p-shell nuclei; calculated cluster spectroscopic factors.
Harmonic oscillator shell model.

I. INTRODUCTION

In order to analyze various nuclear reactions
involving the nucleon clusters, one should know
the cluster spectroscopic factors (CSF) for the
nuclear states. A shell model for calculating these
quantities was proposed in Refs. 1 and most de-
tailed description of the method was given in a
monograph. ' Subsequently, this approach was
generalized to include the reactions induced by
heavy ions. ' Calculations of the d, t, and e spec-
troscopic factors in the intermediate coupling
scheme for the p-shell nuclei have been made by
many authors, 4 the results of Kurath being the
most complete so far. In Ref. 5 the above method
has been modified and applied to the sd-shell nu-
clei. Within the nucleon cluster model, the theory
of CSF has been developed in Ref. 6. Almost all
of these papers, however, dealt with the transfer
or emission of clusters d, t, and z in their ground
states.

In connection with the study of quasielastic clus-
ter knock-out reactions at high energies, ' there
arose an urgent need for the CSF calculations for
excited clusters, as well as for transitions to the
highly excited hole states of the final nucleus.
These quantities are required also for the theory
of y quanta and pion capture by nuclei. No less
interesting is the problem of calculating CSF for
complex clusters with a mass greater than 4 (both
excited and unexcited). This problem is of im-
mediate importance for the theory of reactions in-
duced by heavy ions. ' It should be mentioned that
the formalism developed in Refs. 1-5 and based
on the usual shell model is unsuitable for solving
such problems, since in considering the decay of
a nucleus into highly excited fragments it is of
fundamental importance to eliminate from the
wave functions for these fragments the "spurious"
states associated with nonphysical oscillations of

their centers of mass. Thus, there arises a prob-
lem of deriving such expressions for CSF charac-
terizing the nuclear decay into highly excited frag-
ments which, on the one hand, would correctly
describe the motion of the centers of masses and,
on the other hand, would retain their former
mathematical structure, i.e. , would include usual
fractional parentage coefficients (FPC) tabulated
in Refs. 12 and the various symbols from Racah's
a,lgebra. In the present work the problem stated
above has been solved for all cases when the initial
nuclear state with A & 16 belongs to the s4p" con-
figuration. The consideration is within the frame-
work of the translationally invariant shell model
(TISM)'" in which spurious states are absent. In
the course of the consideration, the relation be-
tween the FPC in the TISM and the corresponding
coefficients in the usual shell model is obtained.

Some aspects of the problem have already been
dealt with in the literature. Thus, in Ref. 3 the
transfer of a nucleon grouping from one nucleus
to another ha, s been considered in all possible
states of this grouping. In Ref. 9 the CSF for the
'Li transfer (the isobaric analog of excited cluster
'He) have been calculated; in Ref. 10 the effective
numbers for the complex clusters "Liand'Be in the
p-shell nuclei have first been obtained. The prob-
lem of CSF for transitions to "hole" states of re-
sidual nuclei has been discussed recently in Ref.
13. These papers, however, discussed, as a rule,
the sum of CSF for a set of excited states of a,

cluster or a final nucleus. The problem of CSF
calculation for the transition resulting in the for-
mation of two highly excited fragments in separate
fixed states has not yet been solved.

II. CLUSTER SPECTROSCOPIC FACTORS IN TRANSLA-
TIONALLY INVARIANT SHELL MODEL

In the TISM, the state of a, nucleus consisting of
A nucleons is described by the antisymmetric os-
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cillator wave function

4'„—= iAN( f](Xp)a. LS TJMM r),

where N is the total number of oscillator quanta;
[f] is the Young scheme determining the permuta-
tional symmetry of the orbital part of the wave
function; (Xg} is the Elliott symbol defining the
SU(3) symmetry of the state; L, S, 2, and T are
the orbital, spin, total angular, and isospin mo-
menta, respectively; M and M~ are the projections
of the total angular momentum J and of the isospin
T; the n are the quantum numbers required for a

complete labeling of the nuclear states. The spec-
troscopic amplitude (SA) for the transition from
the state (1) to the state

4', —= iA —bN, [f,](X,p, )n, ,L,S,T,/PI, Mr, )

of the daughter nucleus A —b with the emission of
a cluster "b" in the state

IbN—,[f2](X,p,,)n, L,S,T,Z,M2Mr )

which carries off the orbital angular momentum
J], has the form'"

1 /2
(4„~4„nA, 4, )

I~ 8, J~
1/2

Q U(AL, J~S, ; ~jo) 2 S2 Z~ [(2J,+1)(2J'o+1)(2L+I)(2S+ I)]'~'
b

S J

x (AN[ fJ(ki )aLST ~A-bN, [f ](~, i „)n,L,S,T, ; nA, bN, [f J(X,p,,}u,L,S,T,fZ]). (2)

Here we assumed for simplicity that the oscil-
lator parameters S~ for the nuclei A, A —b, and
the cluster b are the same. Therefore, the num-
ber of quanta for a degree of freedom of the rela-
tive motion of the nucleus A —b and the cluster
b isn=N N, —N, -In the.expression(2) we have
used the ordinary coefficients of Racah and 9j
symbols, as well as the standard FPC in the TISM
described in Refs. 2 and 11. The spectroscopic
factor is the squared amplitude (2) ~

Thus, owing to the use of the relation (2) the
problem of calculating CSF has been reduced to
the calculation FPC in the TISM. In what follows,
we confine our consideration to the nuclear states
of the p shell (A ~ 16) belonging to the ground con-
figuration s4p" 4. This implies that in the TISM
we shall be considering the states of the initial
nucleus (1) corresponding to the minimum number

of quanta N =N "permitted by the Pauli principle,
which for nuclei with A ~ 16 is N "=A —4. The
further consideration aims at expressing the FPC
of TISM contained in (2) through the usual FPC.
We note that the wave functions in the TISM and in
the traditional shell model are related, according
to the Elliott-Skyrme theorem, "as follows:

'p"(~&)[f]LST)= e«o(R„) IAN "[f](Xq)LST ),

(3)

where 4«, (R„) is the wave function for zero oscil-
lations of the center of mass of the nucleus A. For
those cases when the state of the final nucleus
A —b also belongs to the lowest configuration
s'p" ~ ' (or N, =N, "=A —b —4), from this rela-
tionship there follows the expression for the FPC
in TISM":

(AN "[f](~i} S IA-b N, "[f,](~,p.,}L,SxT, ;nA, bN, [f,](X,p,,)L2S,T2(&])

= -'(." j '(" '}"(")"
&&(p" (Xp)LST

~

p" (X.,i,)I,S,T„p'(X i,)ZS,T~) (p ('Ami, )ZS~TI ~nA, bN, [f~](X,p2)L,S,T,). (4)

We call the last factor on the right-hand side of
Eq. (4) the "cluster coefficient" (CC) for the con-
figuration p~; in general, the overlap integral of
the shell-model wave function 4 ~""' and the wave
function of TISM ~bN, [f,](X,p,,)L,S,T,) times

P„«(R,) =- ~nAM(R, )) will be called CC for the
g:""' configuration:

A(Rn) bN2[ f2](X2p2)L2S2T2).
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III. NUCLEAR sp STATES IN THE TISM

In the usual shell model the hole states of the
p-shell nuclei are the states such as

~s"p" '[fj(XV)LS T), v&4. (6)

Because they contain only s and p nucleons, they
will be referred to as the sp states. In the general
case, the sp state (6) contains not only the compo-
nents with zero oscillations of the center of mass,
but also the spurious excitations

is"p" "[fj(zu)LST)

= 0~4' (Rz) ~AN =A. —v[ f](Xp)LST)

+ spurious states. (7)

The state ~AN=A —v[fj(XV)LST) contained in the

Here we mean that the orbital angular momentum
A of the center of mass of the cluster "b" and
internal orbital angular momentum L, of this clus-
ter are vector-coupled into the total orbital angu-
lar momentum L of the above shell-model configu-
ration

X+K, =L.

The calculation of CC will be considered at length
below and for the present we note that formula (4)
is basic for all the methods of calculating CSF
developed and used in Refs. 1-5. Its validity is
however, limited by the transitions N "-N, ".
Meanwhile, in knocking out clusters from the p-
shell nuclei not only the states of the s4p" ' con-
figuration may be excited but also the states with
holes in the s shell, to give just one example. The
intensity of excitation of such states in the pro-
cesses of quasielastic cluster knockout is high
enough. Before we extend formula, (4) to such
transitions, we should look at the structure of the
hole states in the p-shell nuclei.

first term of the expression (7) for the hole state
(6) will be referred to as the sp state in the TISM.
Let us introduce the projection operator Popp having
the properties

Pooo EI s(RA) 6NLN 000( A) &

(Pooo) = Pooo» Pooo = Pooo~
(8)

where

= —Pooo ~

s'p" "[fj(X V, )LST),
A

(9)

&„'= (s"p" "[fj(Xg)LST IPo~ I s"p "[f](&V)LST).

By Ref. 15

P„,=:exp(- A'A):.

A
Here At=(1/vA)Z, , at, where at and a, are the
usual operators for the creation and annihilation
of an oscillator quantum in the single-particle
variable r, for the ith nucleon; the symbol of the
normal product "::"means that in the expansion
of the exponent '(ll) into a power series all the
operators A~ should be placed on the left, while
the operators A are on the right. Substituting (11)
in (10), we can calculate the normalization O„by
using the usual shell-model methods. This will be
done in Sec. IV. Now it is important that using
expressions (9-11)we may write explicitly the
structure of the hole state in the TISM. We expand
the function (9) in the shell states with the total
number of quanta N=A —v:

i.e. , the operator cuts off from an arbitrary wave
function a component corresponding to zero oscil-
lations of the center of masses. Acting with this
projector upon the both sides of the expression (7),
we obtain

oooo(A„) iAN=A —v[fJ(XiJ)LST)

Oooo(R~) ~AN =A —v( fj(XV)LST) = O~
~

s"P "[f](XP)LST) + C~
~

s""P"" (2s —2d): [f](yg)LST)+ ~ (12)

where dots stand for the terms containing two or more of the (2s —2d) nucleons or nucleons from higher-
lying shells. The coefficients of the expansion C, and the other ones are calculated as Eq. (10). For in

stance, for C, we have

C, =—(s""p"" '(2s —2d): [fj(&V,)LST
~ P„,

~

s"p" "[f](Xp)LST).
1 v+i ~-v-2

A
(13)

Having calculated the coefficients O„,C„.. . , we obtain the explicit form of the sp state in the TISM in the
shell-model representation (12). It should be mentioned that the sp states, with N=A —v of course, do not
exhaust all the states in the TISM for the nucleons A with the number of quanta N =A —v. These are only a
part of the complete set of the states. It is important, however, that the remaining states (we call them
C states) do not contain the component

~

s"p" ")(0„=0):
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(l(000(R„) ~AN=A —v[ f)(Xp)LST)c = C,
~

s""p"" (2s —2d): [f](](.p)LST)+

in their shell-model representation (12). Because of this, the C states are absent from the fractional
parentage development of states with N =N "of the p-shell nuclei.

Indeed, let us separate "b" nucleons in the shell-model wave function (3) (partly from the s shell and
partly from the p shell). Then the remaining nucleons correspond to the configuration s"&p"&(v, +n, =A —b).
According to (7), this fact, expressed in terms of TISM, means that the fractional parentage development
of the wave function in TISM for A & 16,

)AN "[f](](.i])LST)= P (AN '"[f](Xp)LST )A —bN, [f,](X,]J,,)L,S,T, ;n&, bN [f ]{]( p, )I,S T,(gj)

x ~A —bN, [f,](](., p, ,)L,S„T,; nA, bN, [f,)(](,p, )L,S,T,jS):LST), (15)

contains only the sp states of the A- b nucleons
~A —bN, [f,](X,p, }L,S,T,). Taking account of the
fact that the states of the nucleon groupings A —5
and "b" enter in the development (15) symmetrical-
ly, we conclude that (15) contains also only the

sp states of the cluster "5". It is on this account
that we are especially interested in the sp states.
We note that in view of (6) and (12) the construc-
tion of the sp states is given unambiguously by
the quantum numbers L, S, T; [f] is the complete
scheme of Young; (](,i],) is the symbol for the SU(3)
symmetry which at the same time defines the
Young scheme for p nucleons f f~) = f f~,f~,f~ ],
(&=fp, -fp, u=f„-f~ f„+fp,+f„=A- v}.

The sp states with different values of these
quantum numbers are evidently orthogonal to one

another. The number of the sp states is either
equal to the total number of the shell-model states
of the configuration s"p " or less than this number.
This occurs when some of the states (6) are en-
tirely spurious. We do not pay special attention to
them, for the calculation by formula (10) will
automatically yield for them Q„=O. Finally, let
the phases of all sp states be chosen so that
n„o.

IV. FRACTIONAL PARENTAGE COEFFICIENTS FOR
TRANSITION TO HOLE STATES OF FINAL NUCLEUS

We now extend formula (4) to the case when the
final nucleus A —b is formed in the sp state with
Ny K y To do so consider the subsidiary
integral

I= (4'000(R„),AN "[f—](]( p)LST
~

4',00(R~ ~),A —bN, [f,](&,i],,)L,S,T, ; (1'„~(R]),bN, [f J(X, i]2)L,S2T2(gj: LST).

(16)

If we take R„and the Jacobi coordinates for the nucleus A as the variables of integration, we have'"

-n/2
&=(-()"( (&& "(f](&wP~&l& —» (f ](" u )~A» ~~ &&.(f ](qv.laAr {('}& (16')

On the other hand, if we substitute Eq. (3) for the left-hand side of the integral I and substitute the expan-
sion (12) for the nucleus A —b in the right-hand side, then, integrating over the single-particle variables
Fg F2 p ~ ~ ~

p r~ we find that

I =&„,Q (s'p" '[f](&p)LST ~(]s" p" [f, )(X, ]J.,)L,S,T„s"'p"""[f, ](X,'g,')ZS, T,)

x (s"2p 2' "[f,](X,' p,,')ZS,T,
~
nA, bN, [f,](](.,p, )L,S,T,), (17)

where v, +N, =A —b, v, +N, +n = b. The right-hand side of (17) contains a two-shell FPC of the type
(s'p" ~~s"&p"&;s"2ps2'"), and CC for the configuration is s"2ps&'". The second and remaining terms in the
development (12) do not contribute to the integral I, because the configuration in the left-hand side of the
integral does not contain nucleons in the 2s-2d and higher shells. Comparing (16 ) and (17},we obtain the
formula relating FPC in TISM to the usual FPC:
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&AN "[f](Xp)LSTIA- bN, [f,](X,p, ,)L,S,T, ;nA, bN~[ f, ](&2p,)L,S,T,($]&

I

n/2
= (- 1)" A„~ g (s'p" '( f](Xg)LST Is"&p»&[f )(X,p, )L,S,T, ;s"P»""

(A,
&

p»')

(18)

x [f2](X2p2)ZS2T2& (s",p», "[f2](X2p2)ZS2T2 InA~ bN2[ f2](X2p2)L~S2T2&

The expression (4) is a particular case of this relationship. The two-shell FPC in (18) can be factorized
into the orbital and spin-isospin parts:

x ((sf)"[f]ST
I
(sf)"""'[fg]SiTi~(sf)"""""[f.]S.T2&.

Here nz is the dimension of the irreducible representation [f] = [f„f„.. . ,f„]for a permutation group of
A particles

AtS(f f '''f )
n

h, th, t h t
h,.=f, +m —i, h(f,f, f ) = '

(f, —f&+j —i)
f( j

(20)

(see, for example, Ref. 16). The sum over & occurs when [f] is contained more than once in the outer
product of Young's schemes [f,] x [f,]. In the case of the p-shell such combinations of Young schemes
are, for example, [f,]=[f,]=[21], [f]=[321]. The Young scheme [f] in the spin-isospin FPC in (19) is
derived from [f] by substituting columns for rows. The orbital two-shell FPC in (19) may be expressed
through the orbital for the p shell if we use the formula proved in Ref. 2:

&s'0" '[fj(~»L Is"'e"'[f ](~.»)L s"'P"""[f.](~l&l)&&,

4 / A-4 / A / 1.,N, np, nfp. n /

The last factor is the 9j symbol for the SU(4) group. '~ The relation between (Xy,), (&, p,,), (X', p,,') and

[f ],[f ],[f ] has been described above. The index & labels the degenerated Young's schemes [f] ([f ])
in the outer product [f,] x [f,] ([f~ ] x [f~ ]). We note that CC is independent of the quantum numbers S„
and T„so they may be omitted from the notation of this coefficient. Also, let us isolate the SU(3) scalar
part of ~C:

(s'2p»2'"[ f,](A' p,')g I
nA(R~), bN2[ f2](X2p2)L2&

= ((n0) A x (X, p,,)L, I (&2 p2) 2& (s "2p»2+ "(X2I p2) [f ] I
(n0), bN, [f ](k, p,,)&. (22)

The first factor of this expression is the Clebsch-Gordan coefficient for the SU(3) group, while the second
factor is the scalar part of CC. Now it remains only to consider the computation of the coefficients Q and

CC, and the problem of finding the complete set of FPC in the TISM for the low-lying states of the p-shell
nuclei will be solved.

V. CLUSTER COEFFICIENTS AND COEFFICIENTS Q

In the expression (22) for CC we represent the wave function for the center of masses of a cluster in the
form"'.

(23)
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Q ~ = u'4w (- 1)'" ' '[(n —A)!!(n+ A+ 1)!!] '
bA'=~+ a', . (24)

(25)

Here 'L„(At) is constructed from the operators At, A~„and At just as the function r~I'»(e, y) is
constructed from x, y, and z. Making use of the development (12) for the cluster "b", we write the CC of
Eq. (22) as

A,(s"2P"2'"[f,](X,' p,,')2 iQ„(A, A )'" ' ' J (A ), s"2'"P"2[f,](X,p,,)L,).
Again, the second and remaining terms of the development (12) do not contribute to CC, since they gener-
ate configurations that are not contained in the left-hand side of the matrix element [Eqs. (22), and (25)].
In Eq. (25) it is implied that the angular momenta A and L, are coupled to angular momentum L. The op-
erators a~ transfer p nucleons into the 2s-2d shell, but there are no such nucleons in the left-hand side of
(25). Consequently, only those terms will be nonvanishing which correspond to the transition of nucleons
from the s shell to the p shell. The final expression for the SU(3} scalar part of CC has the form

(s'&p'2'"(~.'!I.') [f.] ~
(«), &&.[f.](~.v.))

=Q 2 2 — f&2 U V n ', g+n ' K„,
fp

where

(2'l)K„=(p"[n]A ~nA, A =n0[n](00)) = (n! /n")' ',
[f~ ] and [f~ ] are the Young orbital schemes for the configurations p"' and p""", respectively, whose
form is given unambiguously by the values of (X, !I,,} and (X2p2). The derivation of Eq. (26) is given in Ap-
pendix. It will be noted that atn=0 CC of Eq. (26) is equal to Q~. In the general case, the coefficients 0
may be calculated in the following manner.

Let us expand the exponent (11) in a power series, representing each term of the expansion as

X/2
:(A~A}":=4m(- 1)"Q G(v, l)(A~A~)'" " ' x ['JJ (A~)'g (A)]„(AA)'" " '

(2l+ 1) (28)

where

G(r, l) = (21+ 1)r!Q„,'/4v . (29)

A similar transformation for the usual scalar product (r, r, ) is performed in Ref. 19. However, it is
valid for the normalized product of the operators (A~A)", too. Taking into account the relation (28) and
using the closure properties of shell-model wave functions we may write Eq. (10) as follows:

( I)lQ 2(s pA-v[f](yp)I
~

(AtAt)tr-I)/2' (At)
~

sv+v'pA-v-r[f](1 !I )L )2
r, l, r', ()e y')

= 2 (-»'( „)( )(—)~,'„"&(l~]f~lff]ffll I~+~lff 1). (30)

Here the antisymmetric states
~s"'"p" ""[f](&'!I,')J ') have been used as the
intermediate states. Therefore, the sum over x
is finite: v+r ~ 4. In the process, we have come
to the matrix elements of type (25), for which
formula (26) has been used. As before, [f~]
= [f~,f~, ,f~ ] is the Young orbital scheme for the
configuration p" ", which is defined by the symbol
(&! ):1=f, f... ! -f„f-, , A-~-=f~ +f~, +f&.
Similarly, from the symbol (X'p, ') we determine

the Young scheme [f'~] for the configuration p"
Formulas (18)—(21), (26), (27), and (30) settle

the question of calculating the complete set of
FPC in the TISM for nuclei with A & 16 and
N =N ", and as a result the corresponding CSF
can be found. As an illustration of these formulas,
we give an explicit expression for the FPC for the
separation of one particle in the state of zero
oscillations relative to the remaining A —1. nu-
cleons:
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(AN "[f](Xp)L(A —1N [f,)(Xp)L;00)

n, "'U([f,][3][f][1][fij[4)) 1-
A 1

' U'([3)[1][fi)[fp,) [4)[f~])
n~

"p (31)

The Racah coefficients for the unitary groups are
calculated by the standard methods. " It is helpful
to note that the first Racah coefficient in this
formula is equal to (N~ /4N~ )' ' and the second
one is equal to (Nt /4'~ )'~~, except for the phase
factor +1. Here N, is the dimension of the irre-
ducible representation [v] = [v, v, v, v, ] for the
group SU(4) (Ref. 16):

( V~ V~V3V~)

$(QQOQ)
(32)

The Young schemes [f~] and (f~ ] in (31) are ob
tained from [f] and [f,] by eliminating the upper
row consisting of four squares. In these calcula-
tions it is important to bear in mind the following
properties of the nj symbols for the unitary
groups: (1) The value of any nj symbol for the
group U(m) is independent of the group rank m,
but depends only on the form of the Young schemes
it contains. (2) Any nj symbol for the group U(m)
coincides with the element of Kaplan's transforma-
tion matrix for the permutation group including
the same Young schemes, "while the squared

elements of these matrices remain unchanged
when all the Young schemes [f] are replaced by
the conjugate schemes [f], where columns have
been substituted for rows. (As regards the choice
of phase factors, see the work by Kramer. ")

VI. EXAMPLES

a. SPectroscoPic factors for the excited & clus
teys. In analyzing the cluster knock-out reactions
it is important to know the CSF for both the ground
state and excited clusters. Table I shows CC of
n particles in all allowed sP states and the other
quantities required for calculating CSF, as well
as numerical values of the latter for the 0" nu-
cleus. From the table one can see that, if we take
into account the excited cluster states, the number
of virtual clusters taking part in the process of
knock-out increases from N, ff 13.7 to X,ff 35.0.
(N, « is equal to the sum of CSF for all allowed
states of the cluster and final nucleus. ) The TISM
FPC defining the structure of the Q. -particle sP
states are given in Table II. The fractional paren-
tage development of these states has the form

IA = 4N, [4](Xy )) = P (4N, [4](&p)II2¹;(n0), 2N,':(X'g'))
~
2N,'(r„);(n0) (R„—R„),2N,'(r„)(X'g '):(Xp, )) .

Let us illustrate the technique of calculating these FPC by taking the P' configuration as an example. The
sP state of an n cluster with four quanta of the internal excitation has, according to (9), the form

40«(R ) A=4N=4[4](Xp)= (40)L) = P«oip [4]L). (34)

Here only the orbital parts of the corresponding wave functions are indicated. Let us perform a scalar
multiplication on both sides of this equality by the function

qi, oo(R ) ~N, L,(r»); nA(R» — R,,), N, L(r,~) 2{:}L), (35)

and let us apply the projection operator P,«of (34) to the function 4«, (R ) in (35). Then we have

(A=4N=4[4](Ap. )L ~2N~L„'nA, 2N2L2{2})

1
n (p~[4]L ~p [2]L', p [2]LJ(11,1 1:L2~N"L",N2L2 Jg(1 1,11:L~~N'L' N~L~:L~)(-1)~&1P &

' 2 & 2 2 &
' 1 & 1 1' 1

Ot ge gl ~ Ill
gag~~ y

x(N'L', N"L":A
~

00, nA:A) U(L',L"LL„L,L,')U(L,L'L,L";L',A) U(L,ALL„L,Z) .
The right-hand side of this equation contains the generalized Talmi coefficients. " Table II shows the
SU(3) scalar parts of FPC related to the FPC in (36) as follows

(A = 4N[4)(Ap)L
~
2N, L„nA, 2N, L2{2})

(36)

(A = 4N[4](Ap )()2N„(nO), 2N, :(X'y. '))((n0)A && (N 0)L2
~

(X'y, ')2)((N~O)L~ x (A, 'p, ')g
~

(Ap )L) . (3'1)
0.' u')
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TABLE I. Cluster spectroscopic factors for transi-
tions "0-"C+~+.

TABLE II. SU(3) invariant part of FPC in TISM for z
cluster (4N~[4](ku)~2N&, (n0)2N2. (Vu')).

Q(2 CC N) n N2 ¹2 N=4

10

Z/V2

1
2

~vs

-', vs

-', vY
1
2

9

5

m2
32

2

4

16

0 0 0
2 0 0
0 2 0
0 0 2
2 1 0
0 1 2
2 0 2

2 2 0

0 2 2

0 4 0

Z/&2

1/T3
1/%3

1/T2
1/T2

~~8

1/T5

12 ~v'm
12 2

~19
288

b. Cluster coefficients for the unexcited com-
plex clusters Li, ~Li, ~Be in the p configuration.
Consider CC in (4) for the ground states of clus-
ters, belonging to the P shell such as the nuclei
'Li, 'Li, and 'Be, which are of interest for the
theory of transfer reactions induced by heavy ions.
Measurements of CSF. for the ejection of clusters
'Li and 'Li from the nuclei "8, "C, "0, and "F
in the reactions (p, 'Li), (p, 'Be) have recently
been made by Kato et aE.22.

In analogy with Eq. (25) we may write the fol-
lowing expression of CC for the shell-model wave
function 4 ~~'~~ ~

(@shell
l
q (~+~+)(n-A)/2 cg (~+) soph e()„~)L gT)-

Here N is the total number of quanta correspond-
ing to +;"„~"~~ and I., S, and T are the orbital an-
gular momentum, spin, and isosyin for this state,

ls'p' 'pp)LPT) —the shell-model
function for the ground state of the cluster "b".
Making use of the standard shell-model formalism,
we can readily calculate the matrix elements (25)
from combinations of the operator A' for the wave
function O'""'. Especially simple is the case when
the cluster is ejected from the P shell, i.e. , 4'8"' '
= lP [f]LST). Then we may resort to formula (26).
The results of relevant calculations are presented
in Table III.

The authors are thankful to Professor V. G.
Neudatchin for stimulating discussions.

APPENDIX

The derivation of formula (26). We calculate the
matrix element (25) using the complete antisym-
metric wave function. Let us represent the anti-
symmetric two-shell wave function in the right-
hand side of the matrix element (25) as

TABLE III. Cluster coefficients for a nonexcited com-
plex cluster for the p~ configuration.

Nucleus CC

Li
'Be

[42]
[43]
|44]

1/W10
2W15/49
M15/1 ed%

The above examples show that the formalism
developed in the present work is an effective tool
for calculating the structural factors for various
nuclear reactions in which nucleon clusters take
part. Although most of the specific formulas
given above refer to the P-shell nuclei, the ap-
proach of this work may be extended to the heavier
nuclei as well.
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s'2'"p"2(][.,]],,)1-,:[f,]L pT)

{[s+s]ST„[f ]S T, [[f]ST)( ) A~s" *[sss]{)ST„S"[f ]{SS)I,S T.SST), {A1)
1 I 2 2

where A is the antisymmetrization operator, the functions on the right of it being no longer antisym-
metrized; s" '" depends on the arguments r„r„..., r„,,„, whereas p"2 depends on the variables of the re-
maining particles. The first factor in the right-hand side of (A1) represents the Clebsch-Gordan coefficient
for the group SU(4), which coincides with the spin-isospin fractional parentage coefficient. " Let us apply
the operator A to the function standing on the left of it, taking into account that the operator in the matrix
element is symmetric over all particles. We begin the calculation of Eq. (25) by integrating over the vari-
ables r„, ,...r...~ .„, bearing in mind that those terms in the operator R= (A'A4'){" )f'~J~(A')Q„~ which
change the state of P nucleons do not contribute to Eq. (25). Therefore, the state of the grouping of nu-
cleons p"2 in (Al) is not changed by the operator and it is easy to integrate over their variables. As a
result Eq. (25) takes the form

Ab
' v2+n S1Tlp p S2T2 2 S

S1 T1S2T2

&& (s"p" '2"( '][p. ,'):[f,]R STs"'p"[n]:[v,+n]AS,'T,';p"'(X p )I S Tg

x (s'2p" [n]:[v,+ n]A S~T~ [8 [s"2'"[v2+n]OS~ T~) .
In the left-hand side of the last matrix element we again resort to the representation in terms of the non-
antisymmetrized functions of type (Al) and we take into account that the operators a', acting on the left
thus annihilate the states of s nucleons to zero.

Then we have

(s'2p"[n]:[v, +n]AS, T, R s"2'"[v, +n)OS, T,)
v+n "'

&[v.]STT'„[n]S,'T', [v, +n]S,T,&{p"[n]AS,'T,' R s "[n]OS,'Tg. (A&)
SipiS ipi1 I 2 2

Now the operator R actually contains not A~

= (1/Mb)Z, .,an't but At= (1/~bg", ,a~, therefore,
the last matrix element in (A3) coincides with the
CC A"„of Eq. (27) except for the factor (n/b)"f '.
If we now substitute {AS) in (A2) and separate the

FPC into the orbital and spin-isospin parts, the
latter may be transformed into the Racah coeffi-
cients for the group SU(4) indicated in Eq. (26).
Finally, we separate out the scalar part of the
CC, thus obtaining the general formula (26).
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