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Deuteron-carbon elastic scattering is studied within the framework of the Glauber approximation. The full
Glauber multiple scattering series is evaluated with simplified nuclear wave functions. An approximation in
which deuteron-nucleus scattering is expressed in terms of nucleon-nucleus scattering amplitudes is shown to
be accurate for small momentum transfers. The eA'ects of the Coulomb field and the deuteron D state are
investigated. The impressive fit to the 650 MeV d-"C elastic scattering data, obtained in a recent calculation,
is shown to be due to additional approximations made in that analysis.

NUCLEAR REACTIONS Cj'd, d), E = 650 Me V; calculated o (E, 8) and 0'z (E),
compared ', with measurements.

I. INTRODUCTION

The multiple diffraction theory due to Glauber
has been successful" in describing hadron-nu-
cleus scattering measurements at medium and high
energies. The theory also describes well deuteron-
deuteron elastic scattering. "A calculation has
been recently presented' for 650 MeV d-"C elastic
scattering and compared with the data. ' That cal-
culation involves a number of additional approxi-
mations and simplifications within the framework
of the Glauber theory. For example, only terms
up to fourth order in multiple scattering were in-
cluded. As pointed out by the authors themselves, '
this is inadequate except at very small angles. The
effects of the Coulomb interaction and the quadru-
pole deformation of the deuteron were neglected
and an unrealistic deuteron form factor was used.
The Coulomb interaction is important in collisions
between nuclei" and the deuteron quadrupole form
factor is known to have a significant effect in deu-
teron-nucleon collisions. ' Mean values were used
for PP and Pyg scattering amplitude parameters;
this is justified only when the pP and Pn parameters
are roughly equal, which is not the case at nu-
cleon energies of 325 MeV. In this work we
examine the above-mentioned approximations and
present results of somewhat more realistic cal-
culations.

II. SCATTERING AMPLITUDE

In the Glauber approximation, the scattering
amplitude operator for collisions between the deu-
terons and nuclei with mass number A can be
written as

d'b e" bI'&&(k, 6, r, r„.. . , r„}, (1)2'
where Sk is the momentum of the incident deuteron,
hq is the momentum transferred to the target nu-
cleus, 6 is the impact parameter between the deu-
teron and the target nucleus, r is the internal deu-
teron coordinate, and r„.. . , r„are the nucleon
coordinates of the target. The deuteron-nucleus
profile function I'„„is related to nucleon-nucleon
profile functions I"» by

where I'» and I'„, denote, respectively, I'»( —,'k, 5
+-,'s —s~) and I'„~(-,'k, 6 ——,'s —s~), s and s& being the
projections of r and r, on the impact parameter
plane. The elastic scattering amplitude is obtained
by taking the expectation value of the scattering
amplitude operator in the ground states of the
deuteron and the target nucleus. If the wave func-
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tion of the target nucleus is described by an inde-
pendent particle model, i.e. ,

lc ( ) I'=. I'.[Ie ( )I' (3)

and if all nucleon-nucleon (NN) amplitudes, for
simplicity, are taken to be equal, we obtain for
the elastic scattering amplitude:

&",„%&=-x&q&& a'b~"'&y, I~+(,)p(~)&-&&'»&&' 'p(&)&-&r»&&' '&&r»r»&&'Il&', &,

with

(4)

(I„;)=—„zo(qlro. l) f~g(2'k q)s~(q)qdq, N=p, n

( I'» I'„,) = . , d'q' exp[-iq'(6+-,'s)]f»(-,'k, q') d'q exP[-iq (5- —,
' s)]f ~(—,'k, &l)S„(&i+&I'),

where K(q) is a center of mass correlation function and S„(q) is the form factor of the target nucleus. For
harmonic oscillator target wave functions, K(q) =exp(q'R'/4A). In order to obtain analytic results, let us
assume that the deuteron wave function can be approximated by"

(r}~2 Q (4~P )-3/8 e-&' /48t (6)

that the NÃ amplitude may be written as

( )
ko(s+o) 2/,e

and that the nuclear form factor may be represented by

S„(q) =e s"'/4.

Equation (4} may then be evaluated analytically with the result

A ~ j ~ k -o(l —ip) ' ' o'(1 —ip)' ' ~ a exp[-q E(j,k, l, m)]
27&(R'+2a) 16m a(R +a) ~ A(j, l)E(j, k, l, m)

(8)

where

1 P D(j, k, l)
2A( j, l) Z( j,k, l, m) '

B'(j, k, l) 2(j-k) l(R +2a)
A(~, I) (R'+2a) 2a(R'+ )

(10)
1 B(j,k, I)

D(j, k, l) —
2 A(' I)

B j,k, l)=; +2(j —k) I
(R'+2a) (R'+a) ' A(j, l)=(, 2 )

.

This simple expression for F„„is most useful for investigating the structure of the scattering amplitude
and the significance (or insignificance) of the higher order terms in the multiple scattering series.

The exact Glauber amplitude given by Eq. (4) is difficult to evaluate for general forms of nuclear wave
functions and /+ amplitudes. We shall therefore, also consider an approximation in which the deuteron-
nucleus scattering amplitude is expressed in terms of nucleon-nucleus amplitudes. " In this approxima-
tion the effects of the Coulomb fieM and of the deuteron D state can also be included with relative ease.
The deuteron-nucleus scattering amplitude operator, in this approximation, can be written as

E~„(&l,s) =2e '&'' '[Ec(—,'k, q) +e'" &'E (—'k, q)]+2e' ' ' e'"c"E„„(—,'k, q) +—e'"e&'~

x d &e' " F,„-,'y, ~-q F„„-,'y, —:q+q

where y~~, XC„, and y~~„are average Coulomb phase shift functions" and F~, the proton-nucleus Coulomb
amplitude, is given by'

Ec(k, q) = — exp(-2i[nln(q/2k) —argI'(I +in)]j 6:„(q)F~(q). (12)
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P„and 5:~ are the charge form factors of the target nucleus and the proton and n =Ze'/ku is the usual Cou-
lomb parameter. The nucleon-nucleus scattering amplitude I'» is given by

F»(k, q) =K(q)i 8 (qb)I'„„(b)b db; N=P, n, (13)

oo z 1 -(A-2
F„„(()= I( — ( ——. J (qb)f ~(k, q)s„(q)qdq. (- .—. z (qb)f„„(k,q)s (q)q„dq

If the D state is included, the deuteron wave function can be written as'

(i) f(r) =(4v) 'i'r '[u(r) +8 'i' S»(r)w(r)]y,",

(14)

(15)

where y, are spin-one spinors and S~ is the usual tensor operator. The differential cross section is then
given by

where

dQ ~ dQ
(16)

(
= Fc,„(q)Se(,'4)+

k
-e'" d'q'S, (4')F»( ,'k, kq- q'-)F„„(2k, 2q q')

$ mk

q'So(q')F „(2k, gq —q')F„„(-,k, 2'q+q')

with

Fe~„(q) =- [2F(c-,'k, g) +e'"c&F»(2k, q) +e~« "F„„(,k, q)]. —

$~ and $ are the deuteron spherical and quadrupole form factors defined by

Se(q) = j,(qr)[u'(r) +w'(r)]dr,
(18)

S,(q) = j,(qr)w(r)[u(r) - 8 '~'w(r)]dr.

III. APPLICATION TO 650 MeV ELASTIC SCATTERING

In order to illustrate the accuracy of Eq. (11) we

first neglect Coulomb and the deuteron D-state ef-
fects (by setting Fc, pc~, yc„, pc~„, and So equal
to zero). We use a Gaussian wave function for car-
bon and a. sum of Gaussians' for the deuteron and
use average NN parameters to be specified later.
The results for the d-~C elastic scattering angu-
lar distribution are shown in Fig. 1. The solid
curve represents the full calculation. We see that
the curve (dashed) obtained by retaining terms
only up to fourth order is quite inaccurate at large
angles (8)„a 7'). The dot-dashed curve shows the
result obtained from Eq. (9) by using the single
Gaussian deuteron wave function of Ref. 5. These
two simplifications used together (as done in Ref.
5) can lead to substantial error in the cross sec-

tions. Also shown in Fig. 1 are the predictions
of Eq. (16), neglecting the Coulomb interaction and

$~, and using the sum of Gaussians" for S~. We
see that in the angular region where data exist,
i.e. , 8„„s13', Eq. (16) is a good approximation to
the exact Glauber result obtained from Eq. (9),
and can therefore be used to perform realistic
calculations for d-~C scattering and to examine
the effects of the Coulomb field and the deuteron
D state.

In Fig. 2 we show the results for 650 MeV d-"C
elastic scattering as obtained from Eq. (16)
through (18) by numerical integrations. For deu-
teron $ and D states, we take the Gartenhaus-
Moravcsik wave functions. " For the "C form fac-
tor we use the harmonic oscillator result (1 —q R~/
9) exp(-q'R'/4) with R = 1.59 fm which is obtained
from an rms radius of~~ 2.41 fm (upon making cor-
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rections for center of mass and finite proton size}.
For iVN amplitudes at 325 MeV, we have (inter-
polating between measured values when necessary)
g» =24.1 mb (Refs. 15 and 16), a» = 0.35 (GeV/c) '
(Ref. 15), p»=0. 8 (Ref. 17), o„~ =33 mb (Refs. 17
and 16), a„~ =2.8 (GeV/c) ' (Ref. 4), and for p„~ we
use the value" 0.25. We see that, as expected,
the Coulomb effects are important at small angles
(8s2'). They are also important at the minimum,
even though the real parts p» of the nucleon-nu-
cleon amplitudes are quite large. (At energies
where the p» are small, the Coulomb effects be-
come even more significant. } We also find that the
contributions to the cross sections due to the deu-
teron D state are small even near the minimum.
The reason for this is that for d-"C scattering the
minimum occurs at q'-0. 07 (GeV/c)' [as compared
to q'-0. 33 (GeV/c)~ in d-P scattering], and at this
value of q', So'(-,'q) is much smaller then Sz'(-,'q)
(by a factor of -60) and therefore its effect be-
comes noticeable only if a deep minimum would
exist in the angular distributions due to the S-

lo&

state alone. In Fig. 2 the minimum is already
filled due to the large p» and due to the presence
of Coulomb interaction. The deuteron D state
therefore can be neglected for target nuclei heav-
ier than carbon. (However, the D state is still
important for scattering by lighter nuclei, partic-
ularly if the p» are not very large. ) Also shown
in Fig. 2 is the curve obtained by assuming f»
=f„, and using mean values for the 1'parameters.
The error introduced by this procedure is small
(-10%) but not negligible except at very small
angles and such an averaging should not be done
in any detailed analysis of the data. From Fig. 2,
we notice that the calculations are systematically
lower than the measurements at the larger angles.
As pointed out in Ref. 5, there are uncertainties
in the NN parameters. But all the d-"C data at
650 MeV cannot be fitted simultaneously by any
reasonable variation of the NN parameters. The
seemingly good fit obtained in Ref. 5 is primarily
the result of the increase in the calculated cross
sections at larger angles due to the two simplifica-
tions mentioned earlier, i.e., retaining terms only
up to fourth order and use of an unrealistic deu-
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FIG. 1. d- C elastic scattering differential cross
section at 650 MeV. The solid curve represents the
fu11 Glauber approximation result [Eq. (9)] with a real-
istic deuteron s-state wave function. The dashed curve
is obtained by truncating the multiple scattering series
at fourth order scattering. The dot-dashed curve repre-
sents the full Glauber approxitnation result with a single
Gaussian deuteron s-state wave function. The dotted
curve represents an approximation [Eq. (16)l to the full
Glauber calculation (solid curve) ~
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FIG, 2. d- C elastic scattering differential cross
section at 650 MeV. All curves are obtained from Eqs.
(16)-(18). The solid curve includes contributions from
the Coulomb field. The dashed curve represents only
the strong interaction contribution. The dot-dashed
curve is obtained by assuming f„&

=f~ and using mean
values for the &N parameters.
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teron form factor.
Deuteron-nucleus total cross sections can be ob-

tained from Eq. (11) (neglecting the Coulomb inter-
actions) by means of the optical theorem. We ob-
tain 0«, =470 mb using the same parameters as
used for the differential cross sections. Total
cross sections can also be calculated from the
exact Glauber amplitude, i.e. , Eq. (9) using a
Gaussian wave function for ~C (with the correct
rms radius), a realistic deuteron form factor
given by the sum of Gaussians, ' and using aver-
age NN amplitudes. Equation (9) then yields ot
=466 mb. The experimentalvalue'. is 456+ 18 mb.

In conclusion, we find that the 650 MeV d-"C
total cross section measurement is well described

by the Glauber approximation. However, the pre-
dictions of the theory for elastic scattering angu-
lar distributions do not agree mell with the data
near and beyond the minimum if nuclear correla-
tions and spin-dependent effects effects are ne-
glected. We should point out that before any at-
tempt is made to extract information about nuclear
correlations, spin effects should be included. It
is quite difficult to perform realistic calculations
for the exact Glauber amplitude which include spin
effects. However, such a calculation can be car-
ried out using the approximate Eq. (11), at least
for angles out to the secondary maximum where
Eq. (11) is a good approximation to the full Glauber
multiple scattering series.
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