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Angular distributions for the elastic scattering of Ca by Ca at F., = 64.8, 71.8, 88, 93, 112.5, and 120 MeV
and excitation functions at 60', 70', and 90' (c.m.) over the c.m. energy range 55-120 MeV have been
measured. Strong-absorption-model and optical-model analyses are presented. The predictions of several
theoretical interaction potentials are compared with the data. The absence of structure in the excitation
functions is studied and explained by the large mass and charge of the colliding nuclei.

NUCLEAR REACTIONS Ca( Ca, Ca), 55 & E, & 120 MeV; measured g(8, E);
parametrized S-matrix and optical-model analyses; semiquantal interpretation

L
of excitation functions.

I. INTRODUCTION

With the observation of a new strongly damped
reaction mechanism between heavy ions, it has
become crucial to have good estimates of the total
reaction cross sections. These are usually ob-
tained from elastic scattering data, since optical-
model transmission coefficients give rather un-
ambiguous predictions. Thus, elastic scattering
measurements have found a new motivation, since
a knowledge of the distribution of the incident flux
between the reaction channels is of fundamental
importance in heavy-ion studies. Data have been
recently published' on elastic scattering of very
heavy projectiles from heavy targets. These mea-
surements also give primary information on the
interaction potential between the nuclei at large
distances.

In a program to study the interaction between
"Ca nuclei, data have been collected on the elastic
scattering of "Ca by "Ca. The theoretical analysis
of a systematic experimental investigation of the
channels fed by this system might be simplified
by the closed-shell nature of this nucleus and the
symmetry of the entrance channel. Recent papers
have proposed a microscopic description of the
dynamics of collisions between identical nuclei. '
In our case, static and dynamic deformation effects
are expected to play a less important role than
with any other nucleus, and the large angular mo-
menta involved in the scattering allow for recently
developed semiclassical treatments. The "Ca
+"Ca system is also a challenging test for the cal-
culation of interaction potentials. Moreover,
evidence for deep-inelastic transfers at high in-
cident energy in the "Ca+ "Ca system has been
presented and it would be interesting to observe
the coupling of these channels to the elastic one.
Finally, the experimental difficulties in heavy-ion

elastic scattering are somewhat alleviated by the
high (&3 MeV) energy of excited states in "Ca.
This nucleus is the heaviest one for which such a
situation occurs.

Aside from several angular distributions, ex-
citation functions of the "Ca+"Ca elastic scat-
tering are also presented. Such measurements
were prompted by the observation' of a dramatic
structure in the "0+"0elastic scattering excita-
tion functions. The analysis' which was given of
these data and the criteria' proposed for the ob-
servation of any structure in heavy-ion elastic
scattering indicate that the "Ca+ "Ca system
could offer some analogies with the "0+"0one:
(i) The identity of the incident particles reduces
the number of involved partial waves which con-
tribute at a given energy, and (ii) due to the nega-
tive Q values of all reaction channels, only the
elastic one is able to carry away the initial angular
momentum. From these facts, a structure can be
expected in the elastic scattering excitation func-
tions. This would be an evidence for a transparent
potential where individual grazing partial waves
manifest themselves. Up to now, such a trans-
parency was only reported for nuclei close to "0.
For a heavier system, as Si+ 'Si, no structure
was observed. ' As far as the criteria reported
above might be applied to the "Ca+' Ca system,
this could be the heaviest one where a "quasi-
molecular" behavior or, at least, any transpar-
ency in the interaction potential could be observed.
The present study of the "Ca+ "Ca elastic scat-
tering extends from 55 to 120 MeV(c. m. ); this
could be a sufficient range to observe any peculiar
behavior as a function of energy. In Sec. VI some
implications of the nonobservation of any structure
in "Ca+ "Ca are considered.

Transfer data have also been collected on the
same energy range and are to be published.
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II. EXPERIMENTAL PROCEDURE

With heavy ions, the requirement of an unambi-
guous identification of elastic events leads to ex-
perimental difficulties. Two of them seem quite
crucial when the masses of the colliding nuclei are
large. Depending on the incident energy and on
specific Q values, the discrimination between
elastic scattering and few-nucleon transfer pro-
ducts can become very critical. Furthermore,
inelastic scattering strongly excites low-lying
states and, at large angles, can be much more
likely than elastic scattering. As already men-
tioned, the ' Ca+ "Ca system is the heaviest one
in which their separation is possible, and special
attention was given to achieve this aim experi-
mentally.

The Institut de Physique Nucleaire, Orsay, has
the facilities to accelerate calcium ions over a
very large range of incident energies: (i) Below
170 MeV (lab) with the upgraded M. P. tandem: The
intrinsic beam qualities are well within the experi-
mental requirements of such a study. The nega-
tive ion source is of the Penning type, and has
been described elsewhere. ' (ii) Above 175 MeV
(lab) with the Alice accelerator: Although the
qualities of the beam are not as good, the larger
intensity permits extension of the tandem results
over a large energy range.

With both accelerators, a similar experimental
techniciue (Fig. 1) was used. The apparatus con-
sisted of two solid-state detectors, in which the
energies E, and E, of two kinematically associated
particles were measured. Together with a time-
difference signal between the detectors, the ener-
gy signals were recorded on tape for off-line anal-
ysis. Using large-area detectors (50&& 10 mm'),
positioned 15 cm from the target, the effective
solid angle was about 3 msr, whereas the hori-
zontal opening could be kept as small as 0.75.
These values were determined by the use of a
specially shaped (elliptic) slit in front of one of the

to the
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FIG. 1. The scattering chamber and arrangement of
the detectors. L and R are the associated detectors,
T the ~-E telescope, and M a monitor.

detectors, the second one having a sufficiently
large aperture to ensure the maximum coincidence
efficiency.

Such a method was thought to be more convenient
and efficient for the following reasons: (i) The
large solid angle allows for the measurement of
the small cross sections which are observed
around 90 (c.m.). (ii) The kinematical coincidence
method is well fitted to a case where the mea-
sured energies in each detector are close to each
other. (iii) Due to the identity of the incident
particles, large oscillations are observed around
90 and the small horizontal opening permits a
rather precise determination of the angular dis-
tribution. This is crucial in the measurement of
the 90' excitation function, where the observation
angle has to be known with good accuracy. To
achieve this accuracy, the angular distribution
was measured over a small angular range at each
incident energy. Since the Q values for all reac-
tion channels are negative, the identification of
the elastic channel will depend upon the energy
resolution of each detector. The resolution of the
detectors is found to be 1.1 MeV for the elastic
scattering of Ca on Au. This is largely worse
than obtained with lighter projectiles, even "S,
and probably due to the larger density of charges
created by heavier ions. Two reaction channels
might not be separated from the elastic one: (i)
the four-particle transfer "Ca("Ca, "Ar, , )"Ti,,
with a Q value of —1.92 MeV (however, it can be
eliminated by analyzing the individual energies in
each detector); (ii) the inelastic scattering
"Ca("Ca, "Ca)"Ca* to the 3 state at 3.74 MeV
excitation energy in "Ca.

For the tandem experiment, the target thickness
gives the largest contribution to the (E, +E,)
spectrum width. The overall resolution was found
to be about 2.5 MeV. Therefore it can be asserted
that, at incident energies smaller than 83 MeV
(c.m. ) the measured elastic cross sections contain
no contribution from any nonelastic channel. At
Alice, the overall resolution read on the (E, +E,)
spectrum is 4 MeV, because of the target thick-
ness and, especially, the beam energy dispersion,
and the inelastic transition can give some con-
tamination to the elastic cross sections. At most,
the actual elastic cross sections can only be smal-
ler than the values presented. This will be of
importance in the discussion on the shape of the
excitation functions.

The detectors looked at a 60 y, g/cm' natural
calcium target, evaporated on a 10 pg/cm' carbon
backing and a gold layer of about 3 pg/cm'. Due
to this target thickness, the uncertainty on the
c.m. energy at which the reaction occurs is less
than 0.5 MeV though the (E, +E,) spectrum resolu-
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tion is 2.5 MeV. This 0.5 MeV value was used as
the energy step in the measurement of the excita-
tion functions.

At small angles, a bE -E telescope was used
(where hE was obtained from a solid-state detec-
tor, the thickness of which was either 8.6 pm or
13.6 pm). This telescope gives the elastic cross
section values at small angles (e„b ~ 30') but it is
also convenient to evaluate the population of the
different reaction channels at a close-to-grazing
angle. The identification was always good enough
to separate adjacent elements for Z ~ 25.

When measuring the elastic scattering over a
large range of angles and incident energies, the
determination of absolute cross sections is a del-
icate problem. At very low energies (close to the
Coulomb barrier) cross sections oscillate very
rapidly, so that accuracy is difficult to obtain.
The consistency over the whole set of data was
checked, using the 60 and the 70 Mott cross sec-
tions at low energy, and the forward cross sec-
tions at higher energy where angular distributions
do not oscillate. The absolute cross sections over
the entire energy range are given within 30%%uo.
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III. ANGULAR DISTRIBUTIONS

Five angular distributions are presented in Fig.
2. Two of them are measured with the tandem ac-
celerator (E, =64.8 and 71.8 MeV), two others
with the accelerator Alice (E&~ =88 and 9.3 MeV).
The fifth one is taken from the data of Henning
et al. ' at E. .=55.4 MeV. At this energy, Coulomb
phenomena are still so important that the inter-
ference pattern due to the identity of the colliding
particles covers the whole angular range. At high-
er energies, this interference only shows up with-
in a region of about 10' around 90' c.m.

Such a limitation suggests another presentation
of the data. As the identity of the particles is
found to play only a minor role in the shape of the
angular distributions, it appears more meaningful
to plot the ratios of the experimental cross sec-
tions to the Rutherford cross sections (i.e. , to the
nonsymmetrized Coulomb cross sections). These
ratios are reported in Fig. 3 for six bombarding
energies. Except for the lowest incident energy,
these curves follow the usual Fresnel pattern. "

It has been noticed" that the observed large en-
hancement over the Rutherford cross section val-
ue could give information on the influence of the
real nuclear potential on the scattering trajec-
tories. Frahn and Venter" have shown that the
amplitude of this rise increases with the real nu-
clear phase shift, from the sharp cutoff value:
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ec.rn.

FIG. 2. Angular distributions for the elastic scattering
of Ca from Ca. The solid lines are optical-model
predictions. The angular distribution at 55.45 MeV is
from Ref. 9.

for E, =71.8 MeV. A smooth cutoff in angular
momentum space counteracts the effect of the nu-

clear attraction. As the data show that this rise
is close to 1.23, the "quarter-point recipe"" (i.e.,
the sharp cutoff approximation) can be used to ob-
tain a rough estimate of the distance where nuclear
interaction begins to occur. The Fresnel inter-
action radius and the reaction cross sections as a
function of energy are given in Table I, as deduced
from the sharp cutoff model from five angular dis-
tributions of the Fig. 3. The "quarter-point angu-
lar momentum" is obtained from the equation
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TABLE I. Parameters of the Ca+ Ca elastic scat-

tering. Grazing angular momenta, strong interaction
radii, and reaction cross sections as deduced from the
sharp cutoff model.

E (MeV) k (fm ) '0 L &~4 R (fm) 0& (mb)

0.5
64.8 MeV

71.8
88
93

112.5
120

8.29
9.18
9.43

10.4
10.7

33.25
30.04
29.22
26.57
25.73

44.9 10.75
60.9 10.67
65.6 10.72
77.2 10.42
84.2 10.61

960
1430
1570
1780
1980

1.8 MeV

8 MeV

10

3 MeV

10

'l0

10 MeV

i

20' 40'
I

60' 80'

FIG. 3. Ratios of the experimental elastic scattering
cross section to the nonsymmetrized Rutherford cross
section, as a function of the scattering angle. The solid
lines are optical-model predictions.

A = 10.63 y 0.13 fm; ro = 1.55 + 02 fm .
This can be compared with the prediction of

I,g~ =q c to(8,(J2),
where g is the Sommerfeld parameter, and the
reaction cross section is given by

os =wry (L,)4+1)

These values will be compared in Sec. V with
those predicted by an optical-model analysis.

The Fresnel interaction radius can be reliably
taken as:

Huizenga" which is

A =(2C +3.2) =10.47 fm; r, =1.53 fm,

where C is the half-density matter radius. " Since
this prediction results from a compilation over a
large number of systems, one sees that the "Ca
+"Ca system does not differ from others from the
above viewpoint. Such an interaction distance
means that nuclear interactions are at play as
soon as one nucleus overlaps the other by about

5% of the central density.
It is more difficult, without referring to an opti-

cal-model analysis (as it will be done in Sec. VI),
to derive additional information about the absorp-
tion in the "Ca+ "Ca system from the shapes of
the angular distribution. Fraunhofer oscillations,
if any were to be present, would show up in the
back%'ard hemisphere whlcI1 1Il this case cannot
be observed because of the symmetry of the en-
trance channel. On the contrary, the oscillations
around 90 in the angular distributions come from
that symmetry. No conclusion can be safely drawn
from the fact that they are only present over a
small angular region, as explained below.

A small reduction of the absorption has two con-
sequences: (i) an increase of the critical angle
value and (ii) an enhancement of the forward angle
oscillations. Quantitatively, the angular shift is
very small, so that the resulting effect is a steep-
er slope for the angular distribution and thus a
narrower angular range for the oscillations. This
results in the paradoxical situation where smaller
cross sections around 90 are due to a smaller ab-
sorption. Thus, the range over which the inter-
ference oscillations are present cannot be a very
significant test of the importance of the absorption.

IV. EXCITATION FUNCTIONS

In Fig. 4 are presented three excitation functions,
measured at 60, 70, and 90 (c.m. ) from 55 MeV
(close to the Coulomb barrier) to 120 MeV (c.m. )
incident energy. 'The parts of these excitation
functions corresponding to energies smaller than
83 MeV were obtained at the tandem, and there-
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FIG. 4. Excitation functions for the elastic scattering
of Ca from Ca at 60', 70', and 90' (c.m.). The solid
lines are optical-model predictions.

fore, as pointed out in Sec. II, are free of inelas-
tic scattering contaminations. At higher energies,
such a contamination cannot be ruled out, due to a
poorer resolution, in spite of a careful energy cal-
ibration. It results from such a situation that the
slopes of these excitation functions, in their high-
energy part, could only be steeper. It is clear
that these excitation functions, in the reasonably
large energy range studied here do not exhibit any
gross structure. Had the energy resolution been
too bad to observe a structure, a break in the ex-
citation function slopes could have been the energy-
average result of some transparency in the inter-
action potential. These data, up to 120 MeV (c.m. )
incident energy, and down to 1 pb/sr cross sec-
tions do not indicate such a feature. It can also be
noticed that, for the low-energy part of these
curves, the 0.5 MeV energy step is thought to be
small enough for disclosing any irregularity in the
excitation functions. Such irregularities are not
found.

To conclude, from the shapes of the excitation
functions and angular distributions it appears that,
in contradiction to what could have been expected,
the elastic scattering behavior of the system
studied does not depart from the most commonly
used strong-absorption model. This point will be
strengthened more quantitatively in the following
sections.

V. OPTICAL-MODEL ANALYSIS

For such an analysis, a set of data collected
over a-very large energy range composes a very
severe constraint, as first pointed out in the ana-
lysis of the "0+"0data. ' Several searches were
carried out, from different initial parameter val-
ues. By no means should the present result be
taken as unique, but it represents an average re-
sult which fits the data fairly well. With a four-
parameter optical-model potential

where

R =2r, (40)'~'

the following parameter values have been obtained:

7=35 MeV,

8'=12.13 MeV,

r, =r, =1.35 fm,

g =0.43 fm .
The predictions of this optical-model potential are
given by the curves of the Figs. 2-4.

The Igo ambiguity was also observed when check-
ing that all the real potential having the same slope
and the same depth at the strong interaction radius
(as determined in Sec. III), essentially give the
same results. This indicates that only the tail re-
gion of the potential is of importance. As can also
be deduced from the geometry of the real and
imaginary potentials, the W/y ratio is a constant
equal to 0.4 which is a smaller value than was
formerly proposed. " It should be noticed that it
has been possible to fit the data without any energy
or angular momentum dependence of the imaginary
potential. Moreover, the reflection coefficients
have the typical behavior (i.e., do not present any
"kink") of strong absorption for grazing partial
waves. This is illustrated in Fig. 5.

From the computed transmission coefficients,
one can compare the predicted total reaction cross
section with the one deduced from the strong-ab-
sorption model. Such a comparison, as reported
in Table II, shows how good the predictions of the
latter are; the differences never exceed 5%.

The comparison between the L,~, value as given
by the strong-absorption model, and the value L p$

for which the reflection coefficient is equal to 0.5,
also gives agreement within 5%.

From the classical expression

L (L + 1) = 2 PB'(E -Ea )/k',
where L can be taken as the quantity L p&

defined
above, the six energies for which angular distri-
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Ca+~ Ca

c =8'

TABLE II. Comparison between optical-model predic-
tions and sharp cutoff theory. 6 is the width of the re-
flection coefficient function in the angular momentum
space, and d is the associated thickness at the surface
of the nucleus (see text).

E (MeV) L&/4 Lo~t 0& (mb) 0& (mb) AoM d (fm)

a5O-

0.25

64.8
71.8
88
93

112.5
120

32.9
44.9 42. 1

60.9 57.7
65.6 61.7
77.2 75
84.2 79.4

960
1430
1570
1780
1980

669
939

1390
1495
1808
1900

2.67 0.20
2.42 0.22
2.24 0.21
2.20 0.21
2.24 0.20
2.34 0.21

geometry as the real one:

20

FIG. 5. Plot of the reflection coefficient 3)(l) = ~S(l) ~

as a function of l at 88 MeV (c.m. ).

butions were obtained allow for a determination of
A and E~, or rather a check of the consistency of
our results. The quantity L„,(L„,+1) is found to
be a linear function of E, giving the values

xo=1.46 fm,
E~ = 52.69 MeV .

In Table II are also reported the values of the
quantities ~ and d, defined as follows: A repre-
sents the width of the transition region on which
the reflection coefficients vary from 0 to 1, when
fitted by the expression

t)(l) = (1 +exp[(L„, —l)/b, ]) ' .
3

Classical arguments have been used" to show that
the energy dependence of 6 could be reproduced
by

39)e'

Here, the value of d, as deduced from this expres-
sion, and using the optical-model reflection coef-
ficients, is approximately independent of energy
and equal to 0.21 fm. We shall return to this point
in Sec. VI.

Several theoretical attempts have been made to
estimate the real part of the "Ca+ "Ca interaction
potential. Figure 6 shows the predictions of these
potentials. First, a folded potential with an effec-
tive interaction

4t' ~2, 5T
5'.„1r) = (6315 —1961 MeV4r

was proposed by Satchler. " The imaginary part
of the optical potential is taken to have the same

The satisfactory fit at low energy becomes worse
with increasing energy.

The data are also compared with the predictions
of two potentials, calculated from the "sudden ap-
proximation": Ngo et al."have used the Brueckner
energy density formalism, while Stancu and
Brink" derive the interaction potential from the
energy functional of the Skyrme interaction. These
two potentials give rather similar results. On the
other hand, following a procedure already used by
Huizenga, "and deduced from the liquid-drop the-
ory, the depth and diffuseness of the potential can
be determined from the relations;

d Vg V~

d~ r=2c 4a yC

with

y = 0.9517 Me& fm ' .
In that case the nuclear potential is taken to have
the right value at the strong interaction radius,
but the slope differs from the empirically deter-
mined one. For these last three potentials, the
imaginary part parameters are those given in Eqs.
(1).

In Fig. 7 the radial dependence of all of these
potentials has been compared. One sees that the
theoretical potentials seem to be systematically
more shallow than the empirical one at the strong
interaction radius.

From these interaction potentials, it has been
shown" that one can obtain predictions for fusion
cross sections. It is remarkable that all these
potentials give about the same predictions. These
predictions, reported in Fig. 8 have been obtained
from the model of Qlas and Mosel. " One can see
that a determination of the nuclear potential depth
at the "critical radius, ""here taken as

8„;,=2(40)' ' fm
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FIG. 6. A comparison between the predictions of several interaction potentials at two incident energies.
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could be possible from fusion cross sections, as
the predictions from two interaction potentials
relevant to the Igo ambiguity but with very differ-
ent depths are extremely different at high energy.

Thus, a rather good description of the inter-
action potential for a large separation distance be-
tween the "Ca ions has been obtained. For smaller
distances, fusion cross section measurements
could help to solve the usual ambiguities.

10
& a oooo& Ngo

--&-- Brink

Liquid drop

7.5
I

10 (~ )
12.5

FIG. 7. Comparison of the radial dependence of the
real potentials used in optical-model fits. The arrow in-
dicates the strong interaction radius.

VI. DISCUSSION OF THE RESULTS

In this section, we wish to compare the "Ca
+"Ca elastic scattering with that of other heavy-
ion systems. It was shown in the preceding sec-
tions that the "Ca+ "Ca elastic scattering does
not seem to differ from elastic scattering of neigh-
boring systems. However, one of the motivations
of this study was the similarity between the struc-
ture of the "0 and ' Ca nuclei. In a comparison
between the experimental data, it can immediately
be seen that the Ca+' Ca angular distributions
and excitation functions exhibit the Fresnel pat-
tern, while the "0+"0 scattering shows a be-
havior close to Fraunhofer diffraction.

For nuclei of mass close to 16, the excitation
functions are characterized by the presence of
comparable gross structure. For Sj. + Sj or' Ca+' Ca, the elastic scattering excitation func-
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FIG. 8. Glas and Mosel predictions of the fusion cross sections as a function of energy, for several interaction po-
tentials. V35 is the potential used in the optical-model analysis. V&00 and V35 satisfy the same Igo criterion V exp@/a)
=const.

tions are monotonically decreasing. Thus, it ap-
pears that maybe the consequence of the larger
mass and charge has to be analyzed when compar-
ing data.

At this point, it may be worthwhile to recall the
interpretation of the structure observed in excita-
tion functions for masses close to 16. This struc-
ture is considered to be evidence for some trans-
parency of the interaction potential for the grazing
partial waves. At a given energy, only a single
partial wave gives the leading contribution to the
scattering amplitude, the others being either ab-
sorbed or reflected, and therefore the observed
structure appears to be due to the succession of
the leading partial waves when the incident energy
is increased. " As shown by Siemssen, "the de-
gree of transparency of the effective potential can
be read on the distribution of the reflection coef-
ficients as a function of the angular momentum.
In a strong-absorption case, this distribution goes
smoothly from 0 to 1, and a rather large number
of partial waves give a limited contribution to the
elastic scattering amplitude. On the contrary, in
the "9+"O and other weak-absorption cases, this
transition occurs within a narrow range of angular
momenta.

The structures have been reproduced by optical-
model calculations either by reducing" the range
of the imaginary well as compared to the real one,

or through an explicit l dependence of the imaginary
well depth. ' The introduction of this L cutoff in the
absorption mechanism leads to enumeration of the
exit channels which are able to carry out the en-
trance angular momentum. Transparency is then
observed when such channels do not exist at the
incident energy considered. Comparing the "0
+"0 and "9+"0data, Shaw, Vandenbosch, and
Mehta' proposed that only the direct channels are
to be taken into account in such an enumeration.
Thus, aI structure can be expected when no direct
channel is able to carry away the incident angular
momentum. This should be the case for "Ca
+"Ca, on the basis of Q values for direct trans-
fers.

However, in spite of its large experimental sup-
port, such an analysis presents some short-
comings. For instance, as one is interested in the
role of the energy in the observation of a gross
structure, one could predict from the above cri-
terion that the structure observed in "O+"O elas-
tic scattering should disappear with increasing
energy for E, ~ 25 MeV, since several direct
channels can then carry away the entrance angular
momentum. This is at variance with experimental
data, "at least if the structure observed in the ex-
citation function is considered to be relevant to the
same physical phenomenon. On the other hand,
such a structure was only observed for nuclei of
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mass close to 16, and in the ' 0+' 0 case used as
an example of strong absorption by Shaw et al. ,

'
some bumps still show up in the excitation func-
tion. This is not even the case for "Ca+ "Ca.
Finally, as mentioned in Sec. II, the importance
of transfer reactions has been estimated. Their
cross sections are found to be extremely low up
toE, .=75 MeV, and then slowly increasing with
energy. Thus, it has been verified experimentally
that the conditions necessary for a structure are
fulfilled.

A major difference between the "0and the "Ca
systems is the much stronger Coulomb repulsion
in the latter and it will be attempted to show how this
can explain the gradual disappearance of the gross

structure going from "0 to "Ca.
To obtain further insight into this problem, it is

convenient to split the scattering amplitude into
two terms, using the asymptotic expansion of the
Legendre polynomials

X/2

P((cosg) —
y . -- Cos[(l +2)8—gw]m(l+-, sin8

valid for E» 1 and O» E

Assuming a smooth variation of both the reflec-
tion coefficients &&(I) and the nuclear phase shifts
(&"(I) over a range 6, of I values around a central
value I., we can use the semiclassical approxima-
tion of the scattering amplitude:

f(g) — dg )(&/2&&(y)&2&5( k)[&((Xe &/4) + &
-((Xe &/4)]

k 2m sin0

with A, =l +0.5.
For large angles (i.e., beyond a "critical" value 8,) and under the condition that the deflection function

has no rainbow, Frahn" obtains the following closed expression:

f(g) =f (g) +f, (g)= — . e'('(~)(e «)(e w/4)/i(g -g )p[g(g —8, )]+e~(ae-~/4)F[z(g ~g )]/(g ~g )] (2)
k 2m sinO

where JI =L+0.5.
To examine the outcome of such a separation,

we have to use an analytic approximation for the
scattering S matrix. Following Frahn, we use the
McIntyre" parametrization:

S(A.) =rJ()(.) e"'(~)

A-z
»(A.) = 1+exp

To further simplify E(l. (2), we assume that

a(8 —8.) -=-1/(8 —8.) .
It can be shown that for "ordinary cases, " this ap-
proximation is of no consequence.

As we are interested in the energy dependence
of f(8), one has to assume some variation of the
parameters with energy. Frahn has used the fol-
lowing:

A = kR(1 —2&&/kR) '/',

s = kd(1 —q/kR)/(1 —2q/kR) '/', (4)
It is understood that this parametrization does not
fit exactly every feature of the optical-model S
matrix, especially as far as the real nuclear phase
shifts are concerned. However, it is considered
as sufficiently reliable to reproduce the main
characteristics of the cross section. Then

F[~x]=- u —q())e-'('-') = .
' "

sinh()(b, x)

It should be noted that the expression of f, (8) does
not depend upon the condition of no rainbow in the
deflection function, but only on the linear expan-
sion of the phase about A, =A. Thus, whatever the
S ma, trix is, f, (8) can always be calculated, and
substracted from the full f(8) obtained by the
partial wave summation to obtain f (8).

with

R =~,(X'/', +W'/', )

and A' and 6' introduce two more parameters rp
and d' through similar relations.

%ithin this framework, we will examine the
elastic scattering of "0+"0 and ' Ca+' Ca.

A 4oCa+ 4oCa

Frahn and Hehm" have been able to fit the "Ca
+"Ca data presented in this paper, with the fol-
lowing parameter set: rp 1 584 fm rp 1 438 fDl,

~ =154'fm ' &=0.286 fm, d'=0. 58 fm. The quan-
tities rp and d can be compared with those de-
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termined in the optical-model analysis (Sec. V).
It can be observed that d is close to one-half of the
optical-model diffuseness a" and that the phase
does not give rise to a rainbow.

With these values, both components ~f, (8)~ and

[f (8)~ are monotonically varying with energy.
Over the whole energy range studied, l f, ) is sev-
eral orders of magnitude less than

~ f (8)l, and
does not give any significant contribution to the
cross section. Obviously no interference pattern
can be observed. This conclusion is found to be
unaffected by reasonable variations of the param-
eters.

of these two quantities, as the value of this ratio
will determine the strength of the interference ef-
fect. Within the McIntyre parametrization this
ratio is given by

sinh[mh(8 —8,)]
sinh[wb. (8 +8,)]

At the same reduced energy

h=
C

where B~ is the Coulomb barrier and 8, is the
same. Thus one finds that 8 exponentially depends

g 16O + 160

For this system, it has not been possible to ob-
tain an accurate fit of the excitation functions.
This is attributed to the limitations introduced by
the McIntyre parametrization. The structure phe-
nomenon can be reproduced, particularly its
periodicity and the location of the maxima, with
the following parameter set: ~, =1.45 fm, x',
= 1.438 fm, ~ = 100 fm ', d = 0.06 fm, d' = 0.58 fm.
However, the peak-to-valley ratio is poorly ac-
countedfor. As in"Ca+ "Ca, itisfoundthat

l f+l and

~ f ~
vary monotonically with angle and with energy.

The main difference between the two systems is that
in "0+"0,

~ f+ ~, although somewhat smaller than

) f ~, is sufficiently large to give rise to interference
effects. The relative phase between both interfer-
ing amplitudes is close to e'~' '. Thus one finds
that the maxima of the 90 excitation function cor-
respond to odd integer values of A. The 60 excita-
tion function should present maxima with a period
1.5 times larger than at 90'. This is precisely
observed in Fig. 9, where the predictions of the
optical-model potential proposed by Gobbi et al."
for the "O+"O elastic scattering excitation func-
tions at 60 and 90, and the A values deduced from
the reflection coefficients are reported [as will be
said later, the reflection coefficient function q(l)
is far from following the Fermi function considered
above, but the central value should not be doubt-
ful]. The fact that this behavior is satisfactorily
reproduced is considered a good test of the relia-
bility of the approximations introduced above.

IO

N
CU

6po

90
C. Influence of the mass on the occurrence of a gross structure

The obvious conclusion of the study of these two
systems is that the gross structure seen in the
elastic scattering excitation function for light nu-
clei finds its origin in the interference between
f+(8) and f (8). It is therefore crucial to study the
ratio

ip-—
I I I I

lp 20 50 40 50
Ec~ (MeV)

FIG. 9. 0+' 0 excitation functions at 60 and 90
as predicted by the Gobbi potential. The numbers indi-
cated at the maxima of the cross section denote the
values of & for the corresponding energies.
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on b, . This quantity as given by Eqs. (4) can be
written for A. =2Z nuclei:

(6)

In Fig. 10 the ratio R is plotted as a function of h,
for the three systems "0+"0, "Si+ "Si, and "Ca
+"Ca. The curves have been obtained using the
same set of parameters, to point out the mass de-
pendence. The values of d and r, which have been
used are mean values of those fitting the Q+ Q
and the "Ca+ "Ca excitation functions.

Equations (5) and (6) show the exponential de-
pendence of R on the mass (or charge) of the col-
liding nuclei. This explains the differences in be-
havior observed in Fig. 10. Within the framework
of this parametrization, it is immediately clear
that for light nuclei, a large interference can be
expected, so that structure in the cross sections
is easily observed, even at low energies, whereas
for heavier mass systems a similar phenomenon
can only be obtained at very high energy. The
above discussion was based on the dependence of

IQ

I

16Q I6O

IO

IQ

IQ-4-

oC

IO- 5

IQ

IO

IQ-8—

IO
IO

IO- I I

0
h= E/Bc

FIG. 10. Plot of the ratio R = [f+/f ~
(see text) which

determines )he magnitude of a structure in the excitation
functions for three systems of identical nuclei. The
parameters used are the following: wp —1~ 584 fm d =0.2
fm, rp —-1.438 fm, d'=0. 58 fm, n=60 fm

b, on A; however, Eq. (6) shows that Z varies lin-
early with d, which is closely related to the ab-
sorptive part of the interaction. This explains the
differences between "0+"0 and the neighboring
systems. '

All these observations seem to be based upon the
McIntyre parametrization. However, as shown in
Eq. (5), the quantity R only depends on the Fourier
transform of the "absorptive shape functions, " and
also on the value of 6, . The latter is connected to
the shape of the deflection function, and the former
to the slope of the function q(l). This point has
been particularly analyzed by Siemssen et al. in
their study of the "0+' 0 elastic scattering, as
they point out the presence of "kinks" in the func-
tion il(l), which should affect the Fourier trans-
form E(ax). Another presentation of the same
analysis is the introduction" of Regge poles in the
8 matrix to produce these kinks. A quantitative
analysis of this situation will be the subject of a
separate study. " Whatever the importance of these
two points for the elastic scattering of light nuclei
is, it does not seem that their effects should mod-
ify the qualitative conclusions which result from
the interpretation in terms of interference.

The purpose of this discussion is to point out
that, beyond the specific behavior of each heavy-
ion (the signature of which is the possibility of
rainbows, kinks . . .), there exists, as one goes
from "C to "0 to "Si and "Ca, a very strong ef-
fect which damps the interference between the two
terms of the amplitude. Frahn has shown' that
this effect, essentially due to the Coulomb repul-
sion, is similar to the one of a diverging lens.

Thus, even though a parametrization is difficult
to find in the ' 0+"0case, which means that this
nucleus has a very specific interest, it remains
that the main conclusions of the Frahn model can
be used to predict the occurrence of a structure.
For instance, it is readily understood how oscil-
lations have been observed in the "C+"Ca elastic
scattering angular distributions by the Brookhaven
group, "and how the peak-to-valley ratio decreases
strongly in the elastic scattering excitation func-
tions when one goes from "0+"0 to "0+"Si."

VII. CONCLUSION

The elastic scattering of "Ca by "Ca has been
studied over a large range of incident energies,
and six angular distributions have been presented.
A sharp cutoff model analysis has given an inter-
action distance of r, =1.55 fm (corresponding to
overlap for densities equal to 5% of the central
density). The optical-model potential which was
found to fit the data has a W/V ratio equal to 0.4,
considerably smaller than had been found former-
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ly. This potential has neither energy nor angular
momentum dependence, and the geometries for
both wells are identical.

From these results, it appears that the magic
of "Ca does not seem to play an important role in
the elastic scattering. No evident transparency
shows up, and three excitation functions, mea-
sured from the Coulomb barrier to twice this val-
ue with a sufficiently small energy step, are mono-
tonically decreasing over this range of incident
energies.

Thus, the analogy with the "0+"0 system which
was looked for is not found. However, it has been
possible to show that the larger mass and charge
in the "Ca case would make the observation of
such a structure unlikely, even if the studied sys-
tem had presented some transparency for the
grazing partial waves. A specific behavior of the
"Ca nucleus would have to be searched for with a

lighter projectile or in a comparison with other
systems, as for example "Ar+ "Ca or "Ca+ "Ca.
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