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Electroexcitation of the nuclear continuum for ' Pb at excitation energies up to 100 MeV has been measured
at momentum transfers in the range from 0.45 to 1.2 fm . Unfolding of the radiation tail was performed
using a tail function which takes into account the multiple-photon emission effect. The spectra at these
momentum transfers deviate significantly from the prediction of the Fermi-gas model but are consistent with
the sum of the multipole strengths of the random-phase approximation; the excess cross section on the low
excitation energy side indicates the excitation of multipole resonances. A series of ' 'Pb spectra at low
momentum transfers was expanded into E1, E2 (EO), E3, and higher multipole components using the q
dependence of the Tassie model for isoscalar modes and the Goldhaber-Teller or Steinwedel-Jensen model for
isovector modes. The giant dipole resonance thus obtained is consistent with that from photoreactions.
Isoscalar and isovector giant quadrupole resonances are seen, respectively, at 11 and 22.5 MeV and an
octupole resonance at 16 Mev. A monopole resonance is suggested at 13.S MeV. The reduced ~( r')~',
B(E1), B(E2), and B(E3) consume most of the corresponding energy weighted sum rule if the q dependences
of the Tassie and Goldhaber-Teller models are assumed. The results with these models are consistent with the
random-phase approximation.

NUCLEAR REACTION 0 Pb(e, e'), measured (E~r, O, r), E„=7.4—100 MeV,
q=0.46—1.2 fm t, reduced ~(rr)~2, B(El), B(E2), B(E3) for giant multipole

resonances, multipole expansion analysis.

I. INTRODUCTION

Since new giant resonances have been discovered
through inelastic electron scattering' ' and hadron
scattering, 4 much interest in both experiment and
theory has been focused on this topic. ' The giant
multipole resonances (GMR) have generally been
observed as bumps riding on the smooth nuclear
continuum. In order to deduce the GMR, the con-
tinuum was empirically divided into resonance
and background parts. Hence, a large uncertainty
in the GMR excitation arises from the approxima-
tion used for the background. Usually, the back-
ground consists of experimental background, ra-
diation tails, and, possibly, parts of other reson-
ance states or quasielastic scattering. "Here we
wish to propose a new method of extracting the
GMH. .

Difficulties arise from the large radiation tails
due to the degradation of electron energies through
radiation and collision losses. The contributions
must be subtracted correctly from the measured
spectra. We use here a tail function which takes
into account the multiple-photon emission effect. '
Next, the unfolded spectrum should be separated
into longitudinal and transverse parts because the
continuum contains contributions from the trans-
verse form factor even at forward angles. ' Then,
if the q dependence of the multipole states are
known, a set of several longitudinal or transverse

spectra may be decomposed into multipole states
without any assumption about the background. For
this purpose, the spectra are divided into succes-
sive bins of equal intervals and are expanded,
channel by channel, into the different multipoles.
This approach can predict the position and strength
of any multipole resonances. '

The present analysis, however, depends on the
nuclear model employed. "" For the lsovector
excitations, we have used quite different models,
i.e., the Goldhaber-Teller model in which the os-
cillation occurs at the nuclear surface, and the
Steinwedel-Jensen model in which the charge os-
cillation is distributed throughout the volume of
the nucleus. We will discuss these choices of
the nuclear model.

A series of "'Pb spectra has been expanded into
El, E2, and E3, and higher multipole components.
In electron scattering the EO form factor cannot
be distinguished from the E2 form factor. The
monopole resonance may be partly contained in the
E2 strength distribution.

Many GMR data from inelastic hadron scattering
have recently been accumulated. '" Studies of the
GMR with various kinds of projectiles are com-
plementary. For example, electrons can excite
strongly both EO and E2, whereas hadrons excite
E2 strongly but EO only weakly except at specific
angles. Possible evidence for the 0' state in "'Pb
will be presented by comparing the excitations seen
with various projectiles.
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where
I
W~ I' is the Coulomb or longitudinal form

factor, IWrl' is the transverse form factor, and

q and & are the three- and four-momentum trans-
fer, respectively. This relation may be used to
separate the IWz

' and IWrl' (a Rosenbluth plot).
The form factor E(q) I' is related to

I
Wl' by

I& &s)l'= f Irr, &r) rd& I'drr. (4)

For medium and heavy nuclei, however, the cross
section is not described correctly by the PWBA.
The effect of the Coulomb distortion can be partly
taken into account if we use an effective momen-
tum transfer"

q„f = q(l+ ', Zc&/Z, R), —

where R is the uniform nucleus radius. For the
usual calculation of the inelastic electron scatter-
ing cross section, we use the distorted wave Born
approximation (DWBA)."

The form factors of J, = 0 nuclei can be written
within the PWBA as

I)"«)I*=~'*
I f r l,&~~~ &«&«~l

where p„ is defined as

p', =«~ll p. II«).
The reduced transition probabilities can be written
as

))&z&.)=
I f pr, &r)r"'r)rl . (8)

The (x') matrix element for the monopole transi-
tion may be obtained from

I&"'& I'="I f r "&~)~«I. '

II. FORM FACTORS, TRANSITION DENSITIES,
AND MODELS

In the plane wave Born approximation (PWBA) the
differential cross section for inelastic electron
scattering is given by"'"

d'o/d«E. = &M.« I
W(q ~) I' (1)

(TMat~ = (Z o&) cos p 8/4E~ sin 28 q (2)

where
I
Wl' is the total differential form factor

(or relative cross section) defined by this relation,
E, and E, are the initial and final electron ener-
gies, and «) is the excitation energy. IWI is fur-
ther expressed in PWBA as

Q2 2

I
W(q, «))

I

'=,
I W~(q, «)) I'

where p is the ground State charge distribution and
N is the normalizing factor. Noble, "Fallieros, "
and Ui and Tsukamoto" have studied the sum rules
for form factors and have shown that when the
strength is concentrated in one specific state the
transition density of the corresponding state is
given by the same form as that of the Tassie mod-
el. A transition density resembling that of the
Tassie model"" is also obtained from the ran-
dom phase approximation (RPA)."

For the isovector (T= 1) giant dipole resonance
(GDR), the Goldhaber and Teller (GT) model is
well known. " In this model, the transition den-
sities are given by

p„r (r) = Cr ~ 'd p/dr . (12)

This shape is precisely the same as that of the
Tassie model, and is also derived from the energy-
weighted sum rule (EWSR)"'" if the exchange
terms in the Hamiltonian are neglected. Another
model for the isovector GMR is given by Stein-
wedel, Jensen, and Jensen (SJ)," in which

p",,(r)=C'j, (u, ~), r&R,

where R is the nucleus uniform radius, with k~
determined from

d
dy
—jz(k~R) = 0.

The transition density we used here was normal-
ized so that B(EL) or I(x') I' is equal to 1 in units
of MeV '~ or MeV ', respectively. We have used
here the ground-state charge density for "'Pb
obtained at Mainz" for the Tassie-model calcula-
tions and that obtained at Stanford" for the calcu-
lation of other models. The effect of the difference
of these charge distributions is included in the 6%
uncertainty of the DWBA calculation in the region
of interest. As shown in Fig. 1, the isoscalar EO
form factor cannot be distinguished from the iso-
scalar E2 form factor. The difference between the
SJ- and GT-model form factors is large. The
transition densities for the SJ and GT models for
the dipole state are shown in Fig. 2, where the
SJ-model transition density modified to the shape"
p„~~p is also shown. The remarkable difference
between the SJ and QT models is evident in Fig.
2. The SJ-model transition density is large well

For the isoscalar (T =0) collective states the trans-
ition densities are given by

p„(r)=Nr ~ 'dp/d~ LW0 (Tassie model), "
(»)

(r 'p) L = 0 (breathing mode), "dy'
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FIG. 1. Form factors calculated with the DWBA code
where p„ is normalized so that B(EL) or i(rt)it (for EO

transition) should be 1 in the unit of MeV ~ or MeV 4,

respectively.

inside the nucleus, in contrast to the GT model
in which p„peaks at the nuclear surface.

III. EXPERIMENT

The experiment has been performed using beams
of the Tohoku 300-MeV electron linear accelera-
tor. The beams were monitored by a secondary-

emission monitor (SEM). The efficiency of the
SEM was calibrated against a Faraday cup. The
electrons scattered from the target were analyzed
by a double-focusing magnetic spectrometer (8=
169.7') of 100-cm central radius of curvature.
The electrons were detected by a 33-channel de-
tector system, which covers a 3,3/c range in mo-
mentum. Each channel consisted of three Li-
drifted silicon detectors working as a counter
telescope. Experimental details may be found
elsewhere. "

Energy spectra of inelastically scattered elec-
trons were measured at momentum transfers
ranging from 0.447 to 1.560 fm '. A 99.5%%uo en-
riched 'Pb target was employed. Beam inten-
sities were changed from 10 ' to 5&&10 ' amperes
so that counting rates were within the limit of 5%%uc

dead-time correction. Current monitor response
and detector efficiencies were determined experi-
mentally to be constant within leuc for the entire
range of intensities and electron energies used in
the experiment. The incident electron energies,
scattering angles, target thickness, maximum ex-
citation energy measured, and effective momen-
tum transfer q,«at 13.5 MeV are tabulated in
Table I. The measured elastic cross sections
are normalized to the cross section calculated
by using the ground-state charge distribution ob-
tained at Mainz. " The data were taken with an
overall energy resolution of 0.15/p.

The so-called instrumental scattering (target-
in background) may be explained as electrons scat-
tered from the vacuum chamber wall. " We have
investigated this effect by shifting the spectrom-
eter magnetic field above that corresponding to the
elastic scattering peak. In this case electrons
scattered from the target probably hit the inner
wall of the spectrometer vacuum chamber. No

TABLE I. The experimental conditions of the mea-
sured spectrum and effective momentum transfers.

IP 2

Dipole Transition Charge Densi ty

j ( kr) (SJ)
Eo

(MeV) (deg)

Maximum
excitation

Target energy
thickness measured
(mg/cmt) (MeV)

qeff at
13.5 MeVrrr

~
I I I I

0 I 2 3 4 5 6 7 8 9

5xip3-

rl-I~ (GT)t)r
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FIG. 2. Transition densities corresponding to the
giant dipole reso»nce normalized to be fp«rmdr=l.

183
215
250
150
250
250
2'50

250
124
106.4

35
35
35
30
25
35
52
70

116
155

50
100
100

50
50
50
50
50
50

100

31
37
36
26
88
68

120
34
29
36

0.617
0.714
0.821
0.447
0.593
0.821
1.193
1.560
1.217
1.223
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noticeable background or bumps were observed
under these conditions. This is, however, indirect
demonstration for the absence of the instrumental
scattering; the possibility for the appearance of
this effect in the observed spectra still remains.

(18)

IV. UNFOLDING OF THE RADIATION TAIL

Incident and outgoing electrons lose energy by
interacting with the internal radiation field (Schwin-
ger correction), by bremsstrahlung loss when
passing through the target, and by collision with
the atomic electrons.

The observed cross section integrated over the
nth bin [the interval tSE'"'] can be written as fol-
lows".

4E „) dAdE,

= ( ) K( ',&E'"'4 Q-j („~„) dE

Friedrich' suggested the introduction of exponen-
tiation for higher-order terms,

K (t6E) = e 's . (20)

With this choice, the radiation probability P„6(E,
e, t) which considers multiple-photon emission
must satisfy

E 4E
1 — P„,(E, c, t)de = P„,(E, e, t)de =K (&E) .

4E 0

(21)

Then we obtain

(14) P,~(E, e, t)de =f„6e s" 'de =f„P (a)de (22)

where (do/dQ)'") is the nonradiative cross section
of the nth bin. The correction factor K(nE) is the
product of the Ks(nE), K (&E), and K (&ATE) cor-
responding to the Schwinger, bremsstrahlung, and
collision corrections, respectively.

(a) The Schwinger correction factor for both
elastic and inelastic scattering can be given as"

Ks(gE) e 6s(sE) (15)

x ln, —1+—,",

—,'1 ' ' —,'-,' ' Z, o '-,'8

(16)

where higher-order terms are included by expon-
entiation.

(b) The probability for an electron of kinetic en-
ergy E traversing a thickness t to emit a photon
of energy between z and a+ da is given by"

instead of (1V).
(c) Friedrich' has suggested that the following

form can be used to good accuracy for the collision
loss near the peak:

0.6081 -0.0074K. + 0.16461nX -0.1457/X,

K'(nE) = 1&x&14,

1 —1/X, 14&x, (23)

(-0 0074+ 0. .1646/X+ 0.1457/X',

P„,(E, &, t) =( 1&X&14,

1/X', 14 & A..
Eo (24)

(d) For the internal radiation tail we used the
peaking approximation formula given by Mo and
Tsal~

(
d2o dc

=fs(E, -(o, k) (E„E,-(u)
S

where A. = t6E/t6E„ t6E, =0.154(Z/A)T, and T =tar-
get thickness in g/cm'. The energy loss probability
due to collisions can be given by

f„(E 6: t)dE= —1 —q + dg, (1V)
t E-q E-q

where t is measured in units of radiation length
g„6.4 g/cm' for lead, "and

+fs(Eif k) fl (E6+» E2) f
Q(7

(25)

q = 6 --'[ln(183Z ' ')] '

If we assume that the energy loss comes from only
one photon emission, the bremsstrahlung correc-
tion is

where k is the emitted photon energy and (do/dA)
(E„E,) is the nonradiative PWBA cross section
for the incident energy E, and scattered energy E,.
Compared with the nonpeaking cross section give'n
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bj Maximon and Isabelle, "the approximate form
(28) can be used up to 50 MeV within an error of
Ão

Equations (25) and (26) are based on the first
Born approximation with one photon emission.
.Higher-order terms for the interaction with the
nuclear potential can be taken into account by re-
placing the cross section (do/d&)(E» E,) by that of
the QWBA. Higher-order terms for the interac-
tion with the internal radiation field (multiple-
photon emission) cannot be neglected. Also, the
tail function must be calculated by convoluting the
contributions from the internal and external brems-
strahlung and from collisions. Friedrich' sug-
gested that internal and external bremsstrahlung
contributions can be convoluted near the elastic
peak as follows:

[2f.(E„~)+f,~(E» e, t)]K'(e)K'(~, t) „—„(E„E,),
(27)

where fz and f„~ are the respective probabilities
for one-photon emission. We have approximated
the multiple-photon emission effect by multiplying
the one-photon emission probabilities by the cor-
rection factor K (e)K (c). A similar form was
proposed by Tsai." Together with the collision-
loss probability folded numerically, the tail func-
tion (27) provides a good fit to the experimental
data for "'Pb between the elastic and first 3"
peaks.

Considering that the collision term decreases
rapidly as the energy loss increases, we can ap-
proximate the tail function by

d 0'
[fs(E,-+, k)+f~~(E, -(g, k, at)+Poo, (E,-(g, k, qt)] fl (E„E,-(g)

2

+[f,(E„k)+f„,(E„k,gt)+P„,(E„k, gt)] (E,+(o, E,) K'(k)K (k), (28)

:where k+ &u=E, -E,. Formulas (14) and (28) were
used in the unfolding procedure for the observed
cross sections. The cross sections for the elastic
peak and first 3 inelastic peak for different inci-
dent energies, (do/dQ)(E, + &g, E,), were obtained
by multiplying (do/dQ)(E» E,—w) by the ratio of
the, calculated cross sections. The other inelastic
cross sections were obtained by multiplying by the
ratios of the Mott cross sections. The effect of
the inelastic form factor in the region of interest
%as examined and found to be small.

The spectrum unfolded by the previously used
radiation tail formula' was negative in the region
just below the elastic peak. This failure was, to
a large extent, removed by using the present
formulas. The raw and unfolded spectra at 250
MeV, 25', are shown in Fig. 3. The cross sec-

I

tions between the elastic peak and inelastic 3
peak at 2.61 MeV vanished within the statistical
error for all the spectra in Table I, indicating that
the unfolding is satisfactory. The negative cross
section seen at large energy losses (-80 MeV) is
much smaller than that obtained by the previously
used formula. The same unfolding was also ap-
plied to the ' Zr cross sections. " The results are
quite satisf actory.

V. QUASIELECTRIC ELECTRON SCATTERING

Quasielastic electron scattering appears as a
large bump centered at q'/2M* with a width of
2qkz/M* for momentum transfers q~ 2k+, where
M* is the effective nucleon mass and k~ the Fermi
momentum. " For q &kz the cross section is re-

X50 Xxe

cv 10-

ROSpb

250 MeV 25'

Before Tail Subtruction

-2 6 14 22 30 38 46 54 62 70 78 86 94 102 110 118 126

EXCITATION ENERGY (M@V)

FIG. 3. Spectrum at 250 MeV, 25 before (upper) and after gower part) the subtraction of the radiation tail.
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stricted by the Pauli principle and the peak cannot
be given by the simple form as a function of q. In
order to investigate quasielastic scattering at low

q, the present measurement was carried out in an
excitation energy range up to 100 MeV.

Quasielastic electron scattering corresponding
to the spectra at 250 MeV, 25', 35', and 52', was
calculated using the Fermi-gas model with M*
=0.8M and Q~= 265 MeV, consistent with currently
accepted values. " The results are compared with
the experimental spectra in Fig. 4. The measured
spectra are different from the Fermi-gas model
predictions, with a much larger fraction of the
total strength at low excitation energies. This ob-
servation suggests that the excess cross section
results from the excitation of the giant multipole
resonances and involves the residual interaction
which has been neglected in the simple quasi-
elastic model.

The measured spectra are also compared with
more sophisticated models which include nucleon-
nucleon correlations. Random phase approxima-

tion (RPA) calculations" 4' employing large con-
figuration spaces and the Skyrme interaction have
been performed. Reference 40 presents the spectral
shapes for the isoscalar and isovectorEO, Ej, E2,
E3, and E4 transition strengths up to an excitation
energy of 40 MeV. The cross sections were calcula-
ted from these strength distributions using the mo-
mentum-transfer dependence of the Tassie model for
the T = 0 states and the GT or SJ model for the T = 1
states. The results are shown in Fig. 4. The sum
of the theoretical form factors obtained with the
GT model is in excellent agreement with the ex-
perimental form factor at 250 MeV and 25', but
the theoretical form factor obtained with the SJ
model is much larger than the observed one. The
discrepancy between theory (using the GT model)
and experiment is seen to increase with increas-
ing momentum transfer. This effect may be re-
moved if we include the multipole states higher
than E4. The observed spectra at small values of
q and & may be regarded as sums of the multipole
resonance states.

x50 x500
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-2 6 14 22 30 38

208 Pb
250M' 25'
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22 30 38 " 46 54 62 70 ?8 86 94 102 110 118 126

FIG. 4. Spectra in an excitation energy range of -100 MeV. Dot-dashed curves are those predicted from the Fermi-
gas model with 0&-—265 MeV, M* =0.8M, and a~=7.4 MeV. The cross sections from EO to &4 strength distributions
of RPA were calculated using the q dependence of the Tassie model for isoscalar modes and the GT model (full line)
or the SJ model (dashed line) for isovector modes are shown.
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FIG. 5. Spectra at 250 MeV, 50' and 107 MeV, 155'
corresponding to the same q,ff at an excitation energy of
20 MeV. The separated transverse parts are shown by
hatching.

The observed spectra contain contributions from
longitudinal and transverse form factors. We at-
tempted to separate these terms using (3}in PWBA.
This formula, however, is not correct for heavy
nuclei such as "'Pb and may introduce errors due
to the distortion of the electron wave. Nonetheless,
we have extracted the transverse part as a func-
tion of &d using (3), with the spectra at 250 MeV,
52', and at 124 MeV, 116 (case 1), with 250 MeV,
52; and 106.4 MeV, 155' (case 2), and with the
three of them by least-square fit (case 3). ln
these three cases the transverse form factors in-
tegrated from 15 to 21 MeV and from 21 to 28
MeV agree well within the statistical error. The
result is shown in Fig. 5, where the transverse
part is indicated by hatching. The transverse
parts in the other spectra were estimated from the
result shown in Fig. 5 by assuming the q depen-
dence contained in the Fermi-gas quasielastic
model. The transverse contributions to the var-
ious spectra are shown by the shaded regions in
Fig. 6.

Recently, Lindgren et a/. 4' observed giant M2
states at 7.4 and 7.9 MeV by 180' electron scatter-
ing. We have added the contribution from these
states to the transverse part mentioned above.
The effect of these M2 states is negligible in the
spectra at forward angles.

X 500 X 2000 208 pb
t5OINeV 30'

~wtP( z &+Inn' Tg)
-I I

I 3 5 7 9 II l3 l5 l7 l9 2I 23 25 27 29 3I 33 35 37 39

X 50 X500 208 pb

-I I 3 5 7 9 11 )3 I5 I7 I9 2I 23 25 27 29 31 33 35 37 39
X50 X 500 208 pb

354

-I (3579
X40 X400r~-1'

2 LP
)w, (' ($~~+ tnn'Ttg)

II )3 l5 I7 l9 2l 23 25 27 29 3l 33 35 37 39
208 pb

ev 35'

IW7I ($g.+ tnn Tg)
-I I 3 5 7 9 II 13 I5 l7 l9 2I 23 25 27 29 3l 33 35 37 39

EXCITATION ENERGY {MeV)

FIG. 6. Spectra of the giant multipole resonance re-
gion. Backgrounds were estimated phenoxnenologically
by taking into account the giant dipole resonance calcu-
lated with the Goldhaber- Teller {dashed line) and Stein-
wedel-Jensen {solid line) models. The hatched area is
the transverse contribution.

VI. GIANT MULTIPOLE RESONANCES

{PHENOMENOLOGICAL ANALYSIS)

The observed spectra at low q and at low excita-
tion energies, as mentioned before, show a large
deviation from the quasielastic model. The excess
cross section, compared with the single-particle
model, implies the excitation of the resonance
states in this region. However, since the same
processes are involved in the resonance excitation
as for quasielastic scattering, these two effects
cannot be measured separately. Nonetheless, giant
resonances may be identified from (1) their narrow
width, (2) definite multipole order, (3) transition
strength compared with the sum rule, and (4) sys-
tematics of the excitation energy.

Figure 6 shows the ' Pb spectra in the momen-
tum transfer range from 0.447 to 0.714 fm '. In
order to improve the statistical accuracy, three-
point smoothing was applied to the region above
15 MeV. Besides the giant dipole resonance (GDR)
at 13.5 MeV, dominant peaks are seen centered at
10 and 22 MeV. In the previous analysis' the
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background was approximated by the form
y=a(~ E-,)'~", where E, was assumed to be 7.4
MeV; n and a are adjustable parameters deter-
mined by the fitting procedure. However, this
form cannot be applied to the present spectra.
Instead we used a power series form given by
y = a, v co+ a,~+ a,&u'. The inelastic electron scat-
tering cross section of the GDR for "'Pb is given
by v(~) = C&[(E &u)'+—- 1'] ', where I' = 4.05 MeV
and C was obtained by multiplying the B(E1)value
derived from the (y, n) cross section" by the
DWBA cross section normalized to unit value for
the B(E1). In the DWBA calculation both GT and
SJ models were employed. The GDR cross section
and background were simultaneously fitted to the
spectra as shown in Fig. 6, where the dashed and
solid curves correspond to fitting the GDR with the
GT and SJ models, respectively.

The relative cross sections for the resonance
part, after subtraction of the GDR and background,
in the range 7.4-9.5, 9.5-12, and 18-26 MeV, are
plotted in Fig. 7, where open and closed circles
correspond to fitting the GDR with the GT and SJ
model E1 form factors, respectively. For the
form factor in the 7.4-9.5 MeV region if the GT
model is used to subtract the GDR, the remaining
cross section is best reproduced by the GT model

L=1 form factor. However, if the SJ model is
used to subtract the GDR, the remainder can be
fitted reasonably well by either a GT model L = 2
form factor or an SJ model L=1 form factor.
Thus, this phenomenological analysis does not
uniquely determine the dominant multipolarity in
the 7.4 to 9.5 MeV excitation region. The 9.5-12
MeV form factor is well reproduced with the theo-
retical E2 form factor given by either the Tassie
model or GT model. The form factor between 18
and 26 MeV is in agreement with the E2, T =1
form factor given by the GT model. The back-
ground part integrated from 20 to 25 Me7 is also
plotted in Fig. 7 and is compared with the cross
section calculated from the Fermi-gas model, and
with the E4 form factor obtained with the GT mod-
el. The later curves suggest that the background
involves mainly high multipole components. The
B(EI,) values for the 9.5-12 and 18-26 MeV inter-
vals were found to be 4.6 X10' and 2.9 X10' fm',
respectively.

VII. MULTIPOLE EXPANSION OF THE
NUCLEAR CONTINUUM

The "'Pb spectra at 15Q MeV, 3Q', 25Q MeV,
25, 183 MeV, 35', 215 MeV, 35', and 250 MeV,
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Flo. 7. The cross sections in specific energy ranges for the giant multipole reson&aces estimated phenomenological-
ly as shown in Fig. 6 are compared with various models. The cross section of the background (right side lower part)
is compared with the Fermi-gas model and L =4 GT form factor.
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35' were decomposed into E1, E2, E3, and higher
multipoles by least squares fitting, using the q
dependences of the Tassie model for the assumed
isoscalar states and the QT or SJ model for the
assumed isovector states. The spectra were
divided into successive bins of equal intervals of
210 keV in the range below 15 MeV and 500 keV
beyond 15 MeV. The contribution of the transverse
form factor (the hatched area in I'ig. 6) was sub-
tracted. The form factor for each bin correspond-
ing to the same excitation energy is assumed to be
the sum of the E1, E2, E3, and higher multipole
components:

&!"'=~~l+z, l'+&".l~ .I'+~9I& .I'+~". I&- I'

where a";~0, and a"; are determined by least-
square fitting. The higher multipole term was
assumed to be E4 (Set I) or the sum of E4 and E5
(Set II) or the sum of E4, E5, and E6 (Set III),
where relative amplitudes among E4, E5, and E6
form factors were determined by normalizing to
the corresponding energy-weighted sum rule
(EWSR). The E1 and E2 components of Set III
are in good agreement with those of Set II, but do
not agree with Set I. We believe that the assump-
tion in Set I may not be realistic. The E2 excita-
tion above the GDR is presumably isovector and
the other multipoles except for E1 were assumed
to be isoscalar. The result of the multipole ex-
pansion for the spectrum at 183 MeV and 35' is
displayed in Fig. 8. The upper portion corre-
sponds to the expansion using the q dependence of
the Tassie model for isoscalar and the SJ model
for isovector states. The lower portion corre-
sponds to the expansion using the Tassie model
for isoscalar and GT model for isovector states.
The right-hand scale in Fig. 8 indicates B(EL)/
MeV, which cannot be applied to the E2 strength
of the SJ expansion above 17 MeV. The fitting
errors shown in Fig. 8 were determined by the
contour enclosing tf'~ 2g'„. The B(EL) values
and percentages of the corresponding EWSR for
the specific excitation energies are tabulated in
Table II. The 6% uncertainty of the DWBA calcu-
lation and difference between Set II and Set III
were added to the fitting error.

The results obtained are discussed as follows.
a. Giant dipole hesonance. The E1 strengths be-

tween 9.5 and 26 MeV extracted with the GT and
SJ models exhaust, respectively, (186+2»')% and
(128+,",)% of the El EWSR consistent with
(117+8)/0 obtained from the (y, n) experiment. "
The GT and SJ form factors corresponding to a
100/0 EWSR with a Breit-Wigner line profile nor-
malized to a width of 4.05 MeV consistent with
the above (y, n) reaction are shown with the dashed
curves in F.ig. 8. Both QT and SJ curves repro-
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duce very nicely the experimental E1 form fac-
tors, while an excess (about 20/0 of the E1 EWSR)
is seen in the region from 7.4 to 9.5 MeV. This
cross section will be discussed later.

b. Giant quadhupole hesonance. The peak cen-
tered at 22 MeV seen in the primary spectra shifts
to 22.5 MeV by this multipole expansion. The E2
form factors are concentrated in the same regions
centered at 11 and 22.5 MeV in both the GT and
SJ model expansions. The deduced E2 strengths,

FIG. 8. The spectrum at 183 MeV, 35' was decomposed
into spectra for &1, &2, E3, and the sum of &4, E5,
and E6 using the q dependence of the Tassie model for
the isoscalar mode and the GT model for isovector gow-
er part) and the SJ model for isovector upper part).
B(EL)/MeV at the right-hand side c~»ot be applied for
the E2 component of, the SJ-model expansion above 17
MeV. Errors are those from fitting. The lowest por-
tion of the figure is the experimental spectrum after
radiative unfolding.
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TABLE II. B(EL) values in fm2~ and ratios to energy weighted sum rules, obtained by
multipole expansion using the Tassie- and QT-model q dependences or the Tassie and SJ
q dependences (right).

(MeV)
Expansion with GT model

El E2 E3 (xl05)
Expansion with SJ model for T =1
El E2 E3 (xl05)

4- 5 19 0-4 o 810-180 1 7p+0. 24
"0 47

9.5—12

12—15

22% (T=1)

14 2"4
21/p (T = 1)

29.3'4'

9% (T = 0) 16% (T = 0)

4410",,",

59$ (T=p)

3140 440

26 +oei4
0,49

15/p (T =0)
0,26

-0 76

15—18 18 3+4 5

41/p (T= 1)

13p+580
i30 1.89 -0,46

2% (T= 1) 34/p (T =0)

18-26 6 6+50
6,6

p+ 2000
-850 2 59+0o42

54% (T = 1) 53% (T=0) 16% (T=0)

0 2ei

17 jp (T=l)
15.2-32. 87

22% (T=l)
28.5 33'22

52% (T =1)

12 3+3 0

28/p (T=1)
3 0

-8, 8

&160

2620'488300

35% (T=0)
36p+660

-330

0 23
-0,49

11/p (T=O)

1.25 00. 633

15% (T=p)

0 70 o.25
-0, ?0

&350

2310',",(',

1 1+0,33
0,67

20/p (T=O)

p 74+0o45-0, 74

6 jp (T = 0) 10% (T = 0)

20% (T = 1) 94/p (T = 1) 63% (T = 0) 26/p (T= 1) 41/p (7—1) 18% (T=0)

however, depend upon the model employed, i.e.,
the sum of the E2 strengths in the region 7.4-15
MeV exhausts (120+»')% and (42 + '8')% of the iso-
scalar E2 EWSR for the expansion with the GT
and SJ models, respectively. The E2 form factor
in the region around 23 MeV may be attributed to
T = 1 and exhausts (95 +'„')% and (41+,")% of the
isovector E2 EWSR for the GT and SJ expansion,
respectively.

c. Giant octuPole resonance. The E3 excitations
appear as narrow peaks at -8.5 and -10.3 MeV and
a broad bump centered at -16 MeV. The former
two may correspond to the 1N~ shell model transi-
tion and the latter may correspond to the 31+
transition. Since the isosealar collective 3 state
is observed at 2.61 Me7 the E3 component around
9 MeV may be considered to be isovector. None-
theless, the sum of the E3 strengths in the range
7.4-26 MeV was compared with the isoscalar sum
rule and obtained (165+ ~»')%%ug and (94 +,",)% of the
E3 EWSR with GT and SJ expansions, respectively.
It may be interesting to note that the fine structure
observed around 9 MeV in the primary spectra is
not due to a single multipole, but may be a com-
plex of El, E2, and E3.

VIII. DISCUSSION AND CONCLUSION

In this section we give some detailed discussion
on the individual character of the giant multipole
resonances.

A. Giant dipole resonance

The most serious problem in the present multi-
pole expansion is the nuclear model employed,

because the difference between the GT- and SJ-
model form factors is rather large. " The Har-
tree-Fock RPA for the isovector GDR predicts
two dipole peaks for all the spherical nuclei cal-
culated, e.g. , in Pb a peak at 12.2 MeV and
another at 16.1 MeV (Ref. 39). The lower state
has p„resembling the SJ model, while the upper
state has p„resembling the GT model. The tran-
sition density corresponding to the macroscopic
model was derived from a reduction of RPA. 44

This calculation gives the GT shape for light nu-
clei, and a shape between the GT and SJ models
for "'Pb. The Tamm-Dancoff calculation" of
the dipole state in "'Pb with 45 single-particle
states predicts the main peak at 13.3 MeV and
small peaks at 11.3, 11.1, and 10.7 MeV. The
transition density for the main peak resembles
the GT model, while the lower peaks resemble
the SJ model. However, for the dipole states in
"Ca, "Zr, and '"Sn only the GT shape was pre-
dicted.

In Fig. 8 an excess E1 cross section, compared
with the resonance line shape obtained from the
(y, n) reaction, "is seen in the region of the par-
ticle emission threshold energy. The total photon-
absorption cross section for lead in the threshold
region is smaller than the present E1 strength in
this region. " If, however, we assume, as sug-
gested by the shell model, "the GT model state
for the upper part of the GDR and the SJ model
state for the lower part, this discrepancy may
partly be solved. Spurious states may arise from
instrumental scattering, unfolding of the radiation
tail, and the procedure of multipole expansion.
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The background from the instrument seems to be
broad and appears, due to the large contribution
of the elastic peak, mostly in spectra at low mo-
mentum transfers. Hence, such contribution may
be seen on the shape of the decomposed GDR.
However, we have obtained the well-known GDR
shape at excitation energies above 10 MeV. The
error of the unfolding may spread over the whole
area and not concentrate in a small region. The
same multipole expansion procedure was applied
to the "Zr spectra. " However, only small E1
strength was observed below 10 MeV in contrast
to the "'Pb case. We need more investigations
for the cross section near the threshold energy.

Multipole Mode (MeV)

GT SJ
expansion expansion

(%) (%)

EP T = 0 12.5-15

7.4-26

T = 0 7.4-12.5
T= 1 15-26

7.4—26

97 7

156+23

g2+ 14
-8

g 5+4{)
«13

165'"

10+20

12
«5

41 f2

94'"-47

TABLE IH. Percentages of the EWSR in Pb below
26 MeV. Contributions from bound states (16% for T =0
E2 and 20% for T = 0 E3) are included.

B. Giant monopole resonance

Although many microscopic and macroscopic
theories'~"' '""have predicted the existence of
a giant monopole resonance, there is little con-
clusive experimental evidence for a collective 0'
state. A difficulty arises because electron scat-
tering cannot distinguish between EO and E2 ex-
citations.

In Table II, if we assume the GT model, the
sum of the E2 strengths in the region 7.5-15 MeV
exhausts (120+2»')%% of the isoscalar E2 EWSR. The
E2 strength (16'%%uo) of the bound state [4.07 MeV 2'
state, E(E2),„,= 2920 (e' fm')]65'66 should be added
to this sum. The excess E2 strength, compared
with the sum rule, may imply the existence of an
EO resonance in this region.

Evidence for an EO resonance (50% of EWSR) in
"'Pb at 8.9 MeV has been presented by Pitthan
et al." The main reason for the EO assignment
given is that this level is excited by electron scat-
tering, but not seen in the (y, n) reaction. Accord-
ing to the present multipole expansion, however,
the cross section near 8.9 MeV is not a single
multipole but may be a complex of E1, E2, and
E3.

Other evidence for an EO resonance in "'Pb has
been presented from 80-MeV deuteron inelastic
scattering by Marty et a/. " They have obtained a
cross section at 13.5 MeV in the measurement at
angles where an EO excitation is favored.

The E2 cross section obtained by the GT expan-
sion shows peaks at 10.5 and 13.5 MeV. Inelastic
hadron scattering 'o'Pb spectra indicate the pres-
ence of the corresponding E2 peak at 10.5 MeV
with a rather narrow width of -3 MeV, but no
structure other than a small tail is seen at 13.5
MeV. If one assumes the presence of an EO exci-
tation at 13.5 MeV instead of E2, this discrepancy
may be removed because electrons can excite
strongly both EO and E2, whereas hadrons excite
E2 strongly but EO only weakly except for specific
angles. The EO strength between 12.5 and 15 MeV

is found to be (97 +'„')'%%uo of the isoscala, r EO EWSR
and the remaining E2 strength between 7.4 and
12.5 MeV exhausts about (76 +,")% of the isoscalar
EWSR. However, the strength at 13.5 MeV van-
ishes if we use the SJ model for the GDR.

The cross section near 13.5 MeV may be seen
in the primary spectra in Fig. 6. Compared with
the smooth curves of the Breit-Wigner resonance
shape, the measured cross section indicates a
structure beyond the experimental error. If we
subtract the GDR part, the residual cross sec-
tion around 13.5 MeV is consistent with the result
of the multipole expansion. The sum-rule values
for "'Pb in the range below 26 MeV including those
of the bound states (16% for. T = 0 E2 and 20% for
T = 0 E3)'"""'are tabulated in Table III.

The monopole energies predicted by theories de-
pend on the assumed interaction. The observed
EO excitation at 13.5 MeV is in agreement with the
RPA prediction by Speth, Zamick, and Ring etal. "
and consistent with sum-rule approaches. '""
Using the nuclear compressibility consistent with
the nuclear saturation property the monopole ex-
citation energy in "'Pb is suggested by Zamick"
in the range from 12.6 to 16.8 MeV.

C. Giant quadrupole resonance

Many theories" ' '""'""predict E2 (T = 0 and
T= 1) giant resonances for "'Pb below 26 MeV.
For example, Suzuki" has predicted E2 (T = 0)
and E2 (T = 1) at 9.7 and 22 MeV, respectively
The E2 strengths in Table III are compared with
the finite Fermi-system calculation with 95 single-
particle transitions by Kamerdzhiev. " In this
calculation the theoretical lowest 2' state is found
at 4.15 MeV and has a strength of EWSR,„=17.9%
(T = 0), which is in good agreement with the ex-
perimental value"'8; ~,„,= 4.07 MeV and EWSR,„,
= 16%. The theoretical 2' states at 9.51, 10.05,
11.01, and 11.84 MeV have a strength of EWSR,„
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TABLE IV. Strengths, center energies, and widths
obtained by the Breit-Wigner line shape fit to multipole
components in Fig. 9.
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=82% (T= 0), which is in agreement with the val-
ues of the QT expansion; &,„,—-10.8 MeV and T = 0
EWSR,,„,= (76+,")% in the range 7.4-12.5 MeV.
Theory predicts the T = 1 E2 giant resonance states
between 18.85 and 22.71 MeV with a strength of
T = 1 EWSR,„=113'%%uo in agreement with the values
of the GT expansion; ~,„,=22.5 MeV and T = 1
EWSR,„,= (95'~~so)%%uo.

In Fig. 9, El, E2(EO), and E3 strength distri-
butions are fitted with a Breit-Wigner line shape
by the least-squares method. The excitation en-
ergies, line widths, and transition strengths de-
termined are tabulated in Table IV. Rather con-
sistent results between the different models for
positions, widths, and strengths indicate that the
present multipole expansion is satisfactory. It is
noticed that the transition strengths obtained from
this fitting are much larger than those in Table
III, because the Breit-Wigner line shape includes

El

P
' t $42 t t 44 I i l la. li l

1 3 5 7 9 ]] 't3 15 17 ]93 232527 29

Excitation Energy (QeV)

FIG. 9. The Breit-Wigner line shape fit to the E1,
E2(E0), and E3 strength distributions obtained by multi-
pole expansion.

the contribution from the tail.
Isospin-zero projectiles can excite only iso-

scalar states. Inelastic o. -particle scattering"
from "'Pb has found a T = 0, 2' state at 11 MeV
with a width of -3 MeV which is in good agree-
ment with the values of the QT expansion; (d =10.8
MeV and 1 =3.2 MeV.

D. Giant octupole resonance

The giant octupole resonance states are made
up from the 18(d and 35~ shell model transitions.
Accordingly, the separation of the isoscalar and
isovector states is very complicated. The octu-
pole strength is composed of peaks at 8.5 and
10.3 MeV and a broad bump centered at -16 MeV.
In Fig. 9 the bump is fitted with a Breit-Wigner
resonance shape. The values obtained are:
=16 MeV, I"=6 MeV, and 8(E3)=5.3x10' (fm')
(GT expansion) and ~ = 16.6 MeV, I' = 5.4 MeV,
and B(E3)= 2.3 x10' (fm') (SJ expansion).

E. Higher multipole resonances

Strengths for the higher multipole resonances
seem to underlie the entire spectrum with a quite
flat energy dependence. This strength approaches
that of the background used in the phenomenologi-
cal analysis.

The excitation energies and transition strengths
of the giant multipole resonances in "'Pb obtained
by different measurements are summarized in
Table V. We find approximately the same posi-
tions for the giant multipole resonances except for
monopole. For the transition strengths, however,
large discrepancies between the different mea-
surements are seen.
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TABLE V. Excitation energies and percentages of the corresponding EWSB in Pb. The errors of the present data
include statistical and fitting uncertainties (Table II) and also differences between models (see the text).

2 (T =0)
co EWSR

Experiment Ref. No. {MeV) (Vp)

0+ (T =0)
EWSB

{MeV) (%)

1 (T =1)
EWSB

(MeV) (%)

2 (T =1)
co E%SR

(MeV) (%)

3 (T =0)
EWSR

(MeV) (%)

(e, e')

(e, e')

8.9
9.4

10.0
10.6

10.2
10.6 35
11.2

14.1

22 60 19 -44

(e, e')

(e, e')

67 10.5

8.9
10.8

95 8.9 50 13.6 105, 205

14.1

22.5 85

23.7

17.5 90

(y, n)

(e, e')

76

12

This
work~

9.034 15
9.421

10.06 48

11.2
10.8

10.8 32+ 5

30-82

60-100

13.6 1—124 115-179 22.5 33 135 16 47-180

~Excitation energies obtained by the GT expansion.

From the experimental" and theoretical" studies
of the collective states, we may say that the Tas-
sie or GT model may correspond to the upper limit
of the transition density located far outside of the
nucleus. On the other hand, the SJ model may
correspond to the lower limit of the transition
density located inside of the nucleus. We then
regard the GT and SJ models as giving the upper
and lower limits of the B(EL), respectively. The

EWSR values thus evaluated are shown in Table
V.

We again compare the present result with the
RPA. The excitation energies and strengths pre-
dicted from the RPA"" for the low-lying collec-
tive states are compared with the experimental
values"" in Table VI. The RPA is in good agree-
ment with experiment, i.e. , the predicted
strengths" are within 10/q of the experimental val-

TABLE VI. The BPA calculations for the low-lying collective states in Pb are compared
with the experimental data of Befs. 62 and 65. B(EL) is in Weisskopf units.

Experiment
(W.u.)

(MeV) B(EL)

Ring and Speth ~

B (EL)
(MeV) (W.u. )

BPA values
Bertsch and Tsaib

B (EL)
(MeV) {W.u. )

Liu and Brown'
co B(EL)

(MeV) (W.u. )

3"
5
5
2+
4+ '

6'

2.61
3.19
3.71
4.07
4.32
4.42

36+3
11.1 + 1.4
8+2
8.1

15
11.7

2.64
3.39
3.82
4.49
4.69
4.77

31
7
8
8.5
9

ll

2.7
3.3

5.4,
5.4

29
6

2.8
3.4

5.6
6.4

38
14

7
16

From Bef. 38.
"Reference 39.

' Reference 40.



230 MAMIKO SASAO AN 0 Y. TORI ZUKA

I
0-4. E4+ E5+E6

SJ(T= l ) Expansion

„„„„,~E4(T=I)
0 I I I I

IO-"-

E3

E2

El

.+~.4gllttll 11,,'„,—.;;,

I

..-gllklk. .LH& & ~

I IPt @II I II 'fffffITT Iv I I I I

8(E3) / Mev

( fm6/MeV )

— IXIO'

8 (E2) /MeY

-2XI03( f me/MeV)

—IXIO'

8 (E I ) / Mev

—IO
(fm2/ MeV)

0-
-I 5 5 7 9 1115 1517192125627

0
(MeV )

0

« f04

E4+E5+E6
( p) GT (T= I ) Expansion'4'=

E4(T=~)
9 ~ ~ ~ &&99&&99&99999999

I I I I
'

I I I I I I I I I I

8 (E3) /MeV

(fm /MeV)
—

I X IO

0

10 '-
8(E2)/Me V

—2XIO (fm'/Mev)

-IXIO'

lo—

0

~ IO-'-

I I I'II11 I I 9 Tliff' I I I I l I !

X50

t
tt4r~~) „„„„,''I '711TTTTTTT I

X500 ~ 2oa pb

8(EI) /MeV
(fnP/Mev )

-20
— IO

-E4(SJ)

- EO-E4(OT)

IW, F (+ZQ~+ta Tie)
0 /////// //// //

-I I 5 5 7 9 II 13 l5 l7 l92l 232527295I N 553759

E XCITATION ENERGY (Mev )

FIG. 10. Comparison of the multipole strength dis-
tributions between the RPA theory and the present analy-
sis. The cross section from the RPA strength distribu-
tions were calculated by the q dependence of the Tassie
model for isoscalar and the GT model for isovector
gower part) and the SJ model (upper part). The solid
and dashed curves are the calculation for the T =0 and
T =1 states, respectively. In the lowest portion the
sum of EO to E4 cross sections of the RPA are shown

by the full line (using the Tassie- and- GT-model q de-
pendences) and the dot-dashed line +sing the Tassie-
and SJ-model q dependences). The B(EL)/MeV scale
cd~not be applied for the E2 component of the SJ expan-
sion above 17 MeV.

E2, E3, and E4 strengths of the BPA were cal-
culated using the q dependence of the Tassi. e mod-
el for isoscalar and the GT or SJ model for iso-
vector states. The results are shown in Fig. 10
where the solid and dashed curves are the calcula-
tion for the T = 0 and T = 1 states, respectively.
The experimental form factors are in good agree-
ment with those obtained by the GT model but do
not agree with those by the SJ model.

It should be noticed that the E3 strength around
8.5 MeV is much larger than that of the RPA. The
possibility for the excitation of the isoscalar QDR
around these energies is suggested by Speth et al."

'iII7e may conclude the following: (a) Unfolding of
the radiation tail has been improved. (b) A large
background still lies under the giant resonance
peaks, nonetheless. (c) Comparison between theo-
ry and experiment suggests that the observed spec-
tra at small values of q and may be a sum of the
multipole resonance states. (d) A multipole ex-
pansion procedure which can predict the position
and strength of any multipole resonance states
was applied to theobserved spectra. (e) In this new
analysis, the well-known giant dipole resonance
is clearly seen. (f) The E2 resonance both above
and below the energy of the dipole resonance are
consistent with those of the phenomenological
analysis. (g) The isoscalar and isovector E2
strengths obtained by the combination of the Tassie
(T=0) and GT (T=1) models exhaust a significant
fraction of the corresponding EWSR, while their
strengths decrease to values less than half of the
EWSR when the SJ model for T = 1 states is em-
ployed. (h) A monopole resonance which exhausts
the sum rule is suggested at 13.5 MeV if the GDR
is subtracted with the GT model, but this vanishes
if the SJ model is employed. (i) The RPA strengths
for EO (T=O) and E2 (T=O and T=1) are in good
agreement with the experimental values obtained
by the q dependence of the GT model for T =1
states, but do not agree with those obtained by the
SJ model. (j) There may be a giant octupole res
onance at -16 MeV. (k) A complicated structure
around 9 MeV seems to be a complex of different
multipole states. (l) The nuclear continuum un-
derlying the resonances is largely explained as
being due to overlapping of many multipole reson-
ance states.
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