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By use of finite-difference methods we solve in three spatial dimensions the classical rela-
tivistic equations of motion for the collision of two heavy nuclei. These equations express
the conservation of nucleon number, momentum, and energy, for a specified nuclear equa-
tion of state. For 20Ne+ 3 U at laboratory bombarding energies per nucleon of 250 MeV and
2.1 GeV, we calculate the time evolution of the matter distribution for several impact param-
eters. Nearly central collisions deform and compress the system enormously, whereas in
peripheral collisions the projectile is fragmented into a portion that proceeds roughly
straight ahead at its original velocity and other portion that deposits its energy in the target.
For a given impact parameter we construct from the velocity vectors at some large time the
energy and angular distributions for the expanding matter. An integration of these results
over impact parameter then gives us the double differential cross section d2o/dEdQ. For the
250-MeV case we compare calculated and experimental results in the form of proton energy
spectra for four laboratory angles ranging from 30 to 120'. The calculations reproduce
correctly the experimental slopes at each angle, as well as the overall decrease in the ex-
perimental cross section when going from forward to backward angles. However, at 30' the
calculated values are only one-half the experimental ones, whereas at 120' they are twice as
large. These comparisons, together with comparisons of calculations done by other work-
ers, suggest that heavy nuclei are partially transparent to each other during collisions at
high energy, but that the process is not solely a superposition of individual nucleon-nucleon
collisions. Instead, coherent collective-field effects play some role.

NUCLEAR REACTIONS High-energy heavy-ion ONe+ U, Eb,m/20=250 MeV,
2.i GeV. Calculated d 0/dadQ for outgoing matter and compared with experi-
mental data. Relativistic nuclear fiuid dynamics, hydrodynamic model, nuclear

equation of state, particle-in-cell finite-difference computing method.

I. INTRODUCTION

As part of a recent surge of interest in heavy-
ion physics, many groups are now studying what
happens when two heavy nuclei collide at high en-
ergies. Interest in this field stems from the pos-
sibility that during collisions at high energy,
heavy nuclei may become compressed to more than
their normal density. If this occurs it will permit
us to learn about the nuclear equation of state, the
fundamental relationship specifying how the pres-
sure (or alternatively the energy per particle) de-
pends upon density and internal energy. At pres-
ent we have only two pieces of experimental in-
formation concerning this important quantity: the
equilibrium values of the density and energy per
particle. Even the nuclear compressibility coef-
ficient is unknown.

The expected complexity of the nuclear equation
of state gives rise to some tanta, lizing possibili-
ties. For example, compression of nuclei may
result in density isomers, or quasistable states
existing at other than normal nuclear density. ' "
These states could arise from any of several
mechanisms involving the nucleon-nucleon poten-

tial: tensor or many-body components, ' an attrac-
tive region inside the hard core, '~ or a restora-
tion of chiral symmetry leading to almost mass-
less nucleons in deeply bound states. ' ' Increased
nuclear density could also lead to the formation of
pion condensates, or states containing a large
number of bound pions. '-'" " Nuclear phase tran-
sitions of this type could alter substantially the
properties of nuclear matter.

As we discuss in Sec. II, several different theo-
retical approaches are being pursued in the study
of high-energy heavy-ion collisions. Our present
investigation is based on one of these possible ap-
proaches:- relativistic nuclear fluid dynamics. %'e
describe our fluid-dynamics model in Sec. III and
apply it in Sec. IV to the reaction ' Ne+ "'U a,t lab-
oratory bombarding energies per nucleon of 250
MeV and 2, 1 GeV. In particular, we use it to cal-
culate the time evolution of the matter distribution
for several impact parameters, as well as the
double differential cross section d'o!dEdA. For
the 250-MeV case our calculated results are com-
pared with experimental data in the form of proton
energy spectra at various angles. Our conclusions
are presented in Sec. V.
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II. POSSIBLE APPROACHES

How should the collision of two heavy nuclei at
high energies be described theoretically~ In an-
swering this question it is useful to begin with the
ultimate —a quantal relativistic time-dependent
many-body theory that includes all hadronic de-
grees of freedom —and see what approximations
must be made in order to arrive at something
tractable. Starting with such an ultimate theory,
one must first specify which degrees of freedom
are to be treated explicitly (for example, only the
nucleons) and which implicitly. The further ap-
proximations that are made depend upon whether
certain physical quantities are large or small.
These include the bombarding energy, the masses
of the constituent particles, the interaction
strengths and correlations between particles, and
the number of degrees of freedom.

Some of the major approaches obtained in this
way are shown in Fig. 1. For example, if the
bombarding energy per nucleon is small compared
to the masses of the constituent particles, one
may give up relativity and employ a quantal non-
relativistic theory based upon a given nucleon-
nucleon interaction. (We use units in which the
light speed e= 1 and speak of energies and masses
interchangeably. ) This leads to a time-dependent
many-body Schrodinger equation, for which a va-
riety of additional approximations are available.
If the interaction is small and the bombarding en-
ergy is large, one may use straight-line trajec-
tories propagating through a nucleus whose nu-
cleons are stationary. Such a nonrelativistic
eikonal (Glauber) approximation is especially
suitable for describing small-angle scattering. ""
(A relativistic eikonal approximation could also be
used. ) Alternatively, one may approximate the
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time-dependent many-body wave function in some
way. At the highest leve1 of approximation one
could attempt to take into account correlations be-
tween the particles by use of a correlated wave
function. " However, in practice it is necessary to
introduce an effective interaction, at which stage
an approximate generator-coordinate wave func-
tion may be used. "" If in addition there are many
degrees of freedom and no explicit correlations,
one may use an independent-particle wave function,
such as a time-dependent Hartree-Fock wave func-
tion. ""

At the opposite extreme, if the bombarding en-
ergy and particle masses are sufficiently large,
then the de Broglie wave length is small and one
may give up quantum mechanics and employ a
classical relativistic theory. If there are no cor-
relations and the interaction is small, then a rela-
tivistic intranuclear cascade model with a given
nucleon-nucleon cross section may be used. ""
Alternatively, if there are many degrees of free-
dom and sufficient time for local equilibration, then
a relativistic fluid-dynamics description in terms
of a given nuclear equation of state becomes ap-
propriate. Because of the expected interpenetra-
tion of the target and projectile upon contact, it
is necessary in general to employ two fluids that
represent the target and projectile separately. "
However, if the interaction is large or the bom-
barding enexgy is small there is little interpene-
tration, and conventional relativistic fluid dy-

appr(}priate loe lle16~19e 38 47

For intermediate bombarding energies and par-
ticle masses, one may give up both quantum me-
chanics and relativity and employ a classical non-
relativistic theory. In this ease it is possible to
solve directly the classical many-body equations
of motion with a given nucleon-nucleon poten-
tial."" The approximations discussed in connec-
tion with a classical relativistic theory could, of
course, also be made here. This mould lead either
to a nonrelativistic intranuclear cascade model
(which is equivalent to the Boltzmann equation")
or to nonrelativistic fluid dynamics. ""

Finally, some specialized models have been de-
veloped for tx eating certain aspects of the prob-
lem, such as projectile fragmentation, 4 6' the
relative frequency of various types of emitted par-
ticles, ' and their energy and angular distribu-
tions. "

For the collision of two heavy nuclei at high en-
ergies, none of the above sets of approximations
is entirely appropriate. It is therefore important
to pursue simultaneously several different ap-
proaches, including especially classical many-
body calculations with a given nucleon-nucleon
potential, intranuclear cascade calculations with

a given nucleon-nucleon cross section, and rela-
tivistic fluid dynamics with a given nuclear equa-
tion of state. Each approach has its own relative
merits, but we are pursuing the last one because
it deals directly rather than indirectly with the
quantity of primary interest. With this approach
we should be able to learn about the nuclear equa-
tion of state irrespective of the complexity of the
underlying hadronic interactions that give rise to
it.

III. FLUID-DYNAMICS MODEL

A. Previous work

As early as 1955 Belenkij and Landau used a
fluid-dynamics model to describe collisions be-
tween tmo nucleons, a nucleon and a nucleus, and
two nuclei. " In 1959 Glassgold, Heckrotte, and
Watson considered the moderately weak shock
waves that could be formed when a high-energy
proton or pion passes through a nucleus. " They
also pointed out that the angular distribution of
the nucleons ejected after the shock wave passes
through the nuclear surface could be used to de-
termine the nuclear compressibility coefficient.
However, these mere ideas before their times,
and they remained largely unnoticed until 1973.

Then the increasing availability of heavy-ion
projectiles revived interest in the subject. Chap-
line et al. "'"Kong and %'elton, "Qreiner and his
asso{ jates Os~~a~ eave~ ~ 5 ~ S(}bel gg g$

and has associates '"'" ' ~"63 and others"'"'"
considered various aspects of high-energy nuclear
fluid dynamj. cs.

The previous theoretical discussions are based
on a variety of simplifying assumptions. In most
cases the shock waves are idealized as propagating
in semi-infinite nuclear matter as pure cones, and
the treatment is often nonrelativistic. In some
calculations that have been performed for a finite
system, a restricted parametrization in terms of
overlapping spheroids is used to describe the nu-
clear shape and density. "'"'"'"" The passage
of a shock wave through the nuclear surface usual-
ly is assumed to eject nucleons at a definite angle
straight ahead of the shock front; the width in the
angular distribution of ejected nucleons then is
attributed entirely to their Fermi motion.

However, the true situation is more complicated
than this. Because of the finite size of nuclei, the
shock waves that are generated are curved rather
than conical. At higher bombarding energies rel-
ativistic effects become important. The target
and projectile are deformed and compressed by
the impact into crescents of revolution whose
shape and density are not describable in terms of
simple functions. The passage of the shock waves
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through the nuclear surface is followed by raze-
faction waves and ar. overall expansion of the sys-
tern. The expanding matter explodes into space
in a distribution of angles that is moderately
bx'QRd.

Although these points have been taken into ac-
count in a numerical solution of the relativistic
equations of fluid dynamics, the eax lier treatment
was xestricted to head-on collisions. '4 It is our
purpose here to extend this study to off-center col-
lisions in a fully three-dimensional calculation, in
order that the predicti. ons of nuclear fluid dynam-
ics may be confronted with experimental data.

8. Expected range of apphcability

As we saw in Sec. II, the validity of fluid dynam-
ics is based on (1)a large number of degrees of free-
dom, (2}sufficient time for local equilibration, and

(3} either a large interaction or a small bombard-
ing enex'gy. How well Rr'e these thl ee condltlons
satlsf led fol typlcRl high-energy heavy-ion colli-
sions, such as "Ne+ "'U at bombarding enexgies
per nucleon of 250 MeV and 2.1 GeV'P

The first condition is satisfied moderately mell,
because 258 18 1Rx'ge coInpRx'ed to UDlty. In addi-
tion, if pions are produced and taken into account,
this will incr'ease the numbex' of degrees of free-
dom even further.

The second condition is satisfied less well, but
perhaps well enough. At relativistic energies
the time required fox the collision to take place
is roughly the nuclear diameter divided by the
light speed, or about 5 x 10 "s. The exchange of
a pion between two adjacent nucleons requires
about 5 x 10"'4 s, or one-tenth the collision time.
Therefore, some degree of local equilibration should
be achieved dux'ing the collision. This suggests
that the introduction of a nuclear equation of state
should be a fair approximation.

The third condltlon 18 more subtle. If the pr'Q-

cess were a. superposition of individual nucleon-
nucleon collisions"'" with interaction cross sec-
tion cr, then at normal nucleax density n, the mean
free path X„l between collisions would be

X„,= I/(s, o) =1/[(0.15/ fm')(40 mb}]=1.7 fm.

The Incan free path for stopping a nucleon would
then be

where T is the initial kinetic, energy of the nu-
cleon and hT is its average energy loss per colli-
81on. The energy 1088 pel colllslon 18 Rbout 3.25
MeV at lom energies and increases to about 500
MeV at high energies. " The stopping mean free
path is therefore about 3 fm fox a bombarding en-

ergy per nucleon of 250 MeV and is substantially
larger for a bombarding energy per nucleon of
2.1 GeV. Thusy QD the bR818 Qf such Rl'gU-

ments, "'"nuclear fluid dynamics should be fair
at the lower bombarding enexgy and poor at the
higher bombarding energy.

However, these estimates neglect the possibility
of coherent collective-field effects, "as might be
cRused fox' example lf R pion condensRte wel e
produced in the collision. "" Such collective ef-
fects could in principle decrease the mean free
path substantially and result in the propagation of
collisionless shocks. We therefore take the point
of view that the applicability of nuclear fluid dy-
namics to high-energy heavy-ion collisions is an
open question that ultimately must be decided ex-
per'lnl entRlly.

C, Equations of motion

Our equations of motion are simple because me
neglect nuclear viscosity, surface energy, Cou-
lomb energy, and single-particle effects. These
energies are small compared to the kinetic en-
ergies involved at high bombarding energies, but
their neglect nevertheless pxecludes an accurate
desex'lptlon of the coRlescence of matter 1Dto clus-
ters following the demolition of the system. %'e

also neglect the production of additional particles
and the associated radiative loss of ener'gy from
the system; this approximation becomes increas-
ingly serious as the bombarding energy increases.
Such effects could be taken into account by includ-
ing transport terms in the equations of motion. "

The covariant relativistic hydrodynamic equa-
tions that we solve express the consezvation of
nucleon number, momentum, and energy, '~ fox' a
specified nuclear equation of state. For our pur-
poses these equations are wxitten conveniently as

BN—+V (vN)=0
Bt

BM
+ V (vM) = -VP,

BE—+V*(vZ)=-V (vP),

whexe N, M, and E are, respectively, the nucleon
number density, momentum density, and energy
density (including rest energy} in the laboratory
reference fx'arne. The velocity of matter relative
to the laboratory frame is denoted by v, and p is
the pressure in the rest frame. The three labox'a-
tory-frame quantities are related to rest-frame
quantities by
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M= y'(c+ p)v,

E=y'(e+p) -p, (2c)

where n and e are, respectively, the nucleon num-
ber density and energy density in the rest frame
and y=(1 —v') ' ', with the velocity measured in
units of the light speed.

D. Nuclear equation of state

Ultimately we will vary the equation of state in
an attempt to determine it from comparisons with
experimental data, but for our initial studies we
are using one derived from theory. It is obtained
from a Thomas-Fermi treatment of the effective
two-nucleon interaction that consists of an attrac-
tive Yukawa function multiplied by a quadratic mo-
mentum-dependent term. " This leads to a rest-
frame energy per nucleon e/n of the form

particle corrections and because the finite-differ-
ence solution of the equations does not resolve
them. Nevertheless, we know that these particles
will cluster to zero pressure, and we accordingly
set the pressure to zero when it would otherwise
be negative.

v, (N —No) —vN= 0,
v~ —vM= p,

(5a)

(5b)

E. Maximum compression

We now consider the maximum compression that
can be achieved in a fluid-dynamics model of high-
energy heavy-ion collisions. (It should be borne
in mind that for a system in which the target and
projectile interpenetrate somewhat upon contact,
the maximum compression is less than that cal-
culated here. ) This is determined by first inte-
grating Eqs. (1) over an infinitesimal volume near
the contact point in a head-on collision. This gives

e/n= m, +a(n/n, )' ' —b(n/n, }

+ c(n/n, )'I'+I/n, (3) v, (E —Eo) —vE= vp, (5c}

where m, is the nucleon rest mass, n, = 3/(4vr, '}
is the equilibrium value of n, and I/n is the rest-
frame internal (heat) energy per nucleon. For the
specific choices" of 1.2049 fm for x, and -15.677
MeV for the nonrelativistic energy per nucleon at
equilibrium (excluding rest energy), the values
of the three constants that appear are a = 19.88
MeV, b=69.02 MeV, and c=33.46 MeV. The re-
sulting value of the nuclear compressibility co-
efficient is K= 9n, 'S'(&/n)/Bn'~, = 294.8 MeV.

The pressure P is obtained from the relation-
ship p= n's(c/n)/sn

~ ~, with differentiation at con
stant entropy S. The relationship between I/n and
the nuclear temperature is taken from a nonrela-
tivistic Fermi-gas model for the thermal motion
of the nucleons relative to the hydrodynamic flow,
for which n'S(I/n)/Bn

~ ~
= 3I. This is the exact re-

sult for a nonrelativistic Fermi-gas model, in-
stead of being true only to second order in the nu-
clear temperature, as is often implied. The pres-
sure is given finally by

P= [i~a(n/no)' ' —b(n/n, )'+ —,'c(n/no)' ']no+ ,'I—
= [- -mo(n/no} ——,b(n/no) +c(n/no) ]n, + -E. (4}

In a heavy-ion collision the pressure is positive
during the initial compression stage and negative
during the later expansion stage, at which time
the driving forces attempt to form the matter into
small clusters of near-equilibrium density. These
clusters would be physically meaningful if precise-
ly calculated, but their representation in this cal-
culation is precluded because we are neglecting
the surface energy, Coulomb energy, and single-

v, = yvn/(yn —n,),
y'(e+ p)v'n, = p(yn —no),

and

[y'(a+ p) —p)n, —y~ps= p(yn —n, ) .
From Eq. (4) we write p in the form

p= 3e+f(n),
with

(6a)

(6b)

(6c)

f(n) = [-3m, (n/n, }—4b(n/n, )'+ c(n/n, )' ']n, ,

and substitute this result into Eqs. (6b) and (6c).
Elimination of E between these two equations then
yields

[2yn+ (3 —5y')n, ]a~+ 3(n —yn, }n,f(n) = 0. (7)

For a given bombarding energy and equation of
state, this expression may be solved iteratively
to obtain the maximum rest-frame compression
n/n, . For example, with our equation of state, the
maximum rest-frame compression is 3.1 when the
bombarding energy per nucleon is 250 MeV and is
7.4 when the bombarding energy per nucleon is
2.1 GeV. The maximum compression would be

where v, denotes the velocity of the shock. Quan-
tities with the subscript 0 refer to the matter at
equilibrium ahead of the shock, and quantities
without a subscript refer to the compressed matter
behind the shock.

Upon solving Eq. (5a) for the shock velocity, sub-
stituting this result into Eqs. (5b) and (5c), and
using Eqs. (2), we obtain
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less if the equation of state mere stiffer than the
one we have used, and mould be more if the equa-
tion of state were softer.

For a system in which the energy per particle
is independent of density and the pressure is re-
lated to the internal energy density by p= —,I, we
are able to obtain an explicit expression for the
maximum compression. In this case f (n) = —3 m~
and e, = m~, . The solution to Eq. (7) is then

n/n, = p(5y' —2y —3)/(y —1) .
In the limit of small velocities this reduces to the
value 4, which is the usual nonrelativistic limit
for this equation of state. However, in the ultra-

relativistic limit it reduces to —y. Therefore,
contrary to the misconception created by many
nonrelativistic treatments' "'"and by an incor-
rect relativistic treatment, "the maximum com-
pression in a fluid-dynamics model does not ap-
proach a constant value with increasing bombard-
ing energy. Instead, the maximum rest-frame
compression goes to ~ as -'y, and the maximum
laboratory-frame compression goes to as -' y'.

2
Even in a head-on collision in a fluid-dynamics

model this large compression is achieved only for
an infinitesimal time in an infinitesimal volume
near the contact point. As time proceeds, the
maximum compression is reduced substantially

Time
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FIG. 2. Calculated time evolution of the matter distribution in the collision of 20Ne edith 238U for three different im-
pact parameters. The impact parameter is measured in units of the sum of the target and projectile radii, Rq+R&

49~~&1/3+&&1/3) fm. The laboratory bombarding energy per nucleon is 25Q Mey.
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FIG. 3. Calculated time evolution of the matter distribution in the collision of 2 Ne with '~"U for three different im-
pact parameters. The laboratory bombarding energy per nucleon is 2.i GeV.

because of the rarefaction from the trailing sur-
face of the projectile and the divergence of the
curved shock waves. The incorporation of such
effects requires an accurate numerical solution of
the equations of motion, to which we now turn our
attention.

F. Numerical solution

For given initial conditions the equations of mo-
tion are solved as functions of time for the nucleon
number density, momentum density, energy den-
sity, pressure, and velocity throughout the sys-
tem. This is done in three spatial dimensions by
means of a relativistic generalization of a standard
particle-in-cell finite-difference computing meth-
od." This technique is applicable to supersonic

flow and combines some of the advantages of both
Eulerian and Lagrangian methods. To facilitate
comparisons with experimental results, the cal-
culations are performed in the laboratory refer-
ence frame.

Briefly, our computational method utilizes a
fixed rectangular mesh of Eulerian cells through
which the fluid moves. The fluid is represented
by a set of discrete Lagrangian particles, which
conserves automatically the nucleon number.
From finite-difference representations of Eqs. (1),
the values of N, M, and 8 for each Eulerian cell
are calculated at later times in terms of preceding
values. Then, by means of a partial algebraic re-
duction followed by the iterative solution of a tran-
scendental equation in one unknown, Eqs. (2) and
(4} are solved to yield the values of n, v, e, and P
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throughout the mesh. Then the values of I can be
found from Eq. (3).

IV. CALCULATED RESULTS

A. Time evolution of the matter distribution

We have solved the equations of motion for the
reaction "Ne+ "'U at laboratory bombarding en-
ergies per nucleon of 250 MeV and 2.1 GeV, for
five different impact parameters. Some examples
are shown in Fig. 2. Each column presents a side
view of the ma, tter distribution evolving in time for
a given value of the impact parameter. The initial
frame in each case shows a "'U target bombarded
from above by a "Ne projectile whose energy per
nucleon is 250 MeV. The projectile, which is Lor-
entz contracted in the incident direction, is repre-
sented by h avy points, and the target is represen-
ted by light points. These points, or computational
particles, are aligned so that in the direction per-
pendicular to the page only a single point is visible
initially. However, as the impulse resulting from
the collision propagates throughout the system this
alignment is destroyed and additional particles
come into view.

The characteristic features of the time evolution
vary systematically with impact parameter. Near-
ly central collisions deform and compress the sys-
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tern enormously. At the other extreme, in peri-
pheral collisions the projectile is fragmented into
a portion that proceeds roughly straight ahead at
its original velocity and another portion that de-
posits its energy in the ta.rget. This disturbs the
ta, rget much less violently than in nearly central
collisions, and its deformation and compression
are therefore much less.

The analogous solutions for a bombarding energy
per nucleon of 2.1 GeV are shown in Fig. 3. Be-
cause of the higher bombarding energy, the Lor-
entz contraction of the projectile is more extreme
and the entire process occurs more rapidly than
before. The remaining features of the collision are
qualitatively similar to those at the lower bombard-
ing energy.

B. Angular distributions

For a given impact parameter we construct from
the velocity vectors at some large time the energy
and angular distributions for the expanding matter.
The small amount of matter that already has passed
through the top and side boundaries of the compu-
tational mesh is also included. For five different
impact parameters we show in Figs. 4 and 5 the re-
sulting angular distributions, integrated over the
energy of the outgoing matter. For central and in-



RE LATI V ISTIC NUCLEAR I'LUID D Y NAMICS 2067

I I I I I
i

I I I I I
i

I I I I I I I I I 1

i
I I I I I

[
I I I I I

th

cll
C0

200—4)
O
C:
Cl

IOO—b

O

Q3

V)
50—

O
K

(3

20 238Ne+

Eb /20 = 250 MeV
born

L

C0
0)
O

C

bo

O

Kl

K
M
O
K

z

200—

IOO—

50—

20 238Ne+

Eb /20 = 2. I GeV
born

20 I I I I I j I I i I I ! I I I I I

0 60 120 180 20
0

I i I I i I I I I I I I

60 I 20 I 80
LABORATORY ANGLE 8 (deg)

FIG. 6. Angular distribution at a bombarding energy
per nucleon of 250 MeV.

LABORATORY ANGLE 8 (deg)
FIG. 7. Angular distribution at a bombarding energy

per nucleon of 2. i GeV.

termediate collisions the angular distributions are
concentrated in a forward cone and decrease with
increasing angle. For grazing collisions the an-
gular distributions contain large peaks nearly
straight ahead arising from projectile fragmenta-
tion and are roughly constant at larger angles.
However, there are small peaks in these angular
distributions at about 120', especially for a bom-
barding energy per nucleon of 250 MeV.

To obtain the total angular distributions for the
outgoing matter, we integrate these results over
impact parameter by use of a trapezoidal approxi-
mation, taking into account the linear weighting
with impact parameter. As shown in Figs. 6 and

7, the angular distributions are peaked in the for-
ward direction and decrease with increasing an-
gle, except for small peaks near 120'.

In Figs. 8 and 9 these angular distributions are
decomposed into three energy intervals of the out-
going matter. The intervals used here are chosen
to display the fact that the cross sections scale ap-
proximately with bombarding energy, rather than
for comparisons with experimental results. The
major contributions to the cross section come from
particles in the low-energy intervals, for which
the angular distributions vary only slowly with an-
gle. For the higher-energy intervals, the angular
distributions decrease more rapidly with increas-
ing angle. For the highest-energy interval in Fig.
8, the total high-energy component may be ob-
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FIG. 8. Angular distributions for three different out-
going-energy intervals at a bombarding energy per nu-
cleon of 250 MeV.
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energy peaks associated with the forward motion of
the target and high-energy peaks associated with

projectile fragmentation. For larger angles the
energy spectra decrease with increasing energy.
The rate of decrease is more rapid at backward
angles than at intermediate angles.

D. Comparison ~ith experimental data

Much experimental data now exist for collisions
between heavy nuclei. at high energies 42, ~o, t, - 8

For our comparisons we use the recent data of Gut-
brod et ul. for protons emitted from the reaction
' Ne+ "'U at a bombarding energy per nucleon of
250 MeV." Under the assumption that the protons
are distributed uniformly throughout the entire
matter, we calculate the proton distribution by
multiplying the matter distribution by 102/258.
The contributions to the experimental results from
emitted particles heavier than protons are not in-
cluded; this does not affect the conclusions to be
drawn below. (However, to facilitate more satis-
factory comparisons of this type in the future, ex-
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FIG. 9. Angular distributions for three different out-
going-energy intervals at a bombarding energy per nu-
cleon of 2.1 GeV.

tained by integrating from 26 to 60 MeV. For the
highest-energy interval in Fig. 9, the total high-

energy component may be obtained by integrating
from 240 to 540 MeV. Therefore, the heights
themselves are not meaningful for the highest-
ener gy intervals. In experiments that determine
only out-going particles with energy per nucleon be-
low about 150MeV, the more rapid variation of the
angular distributions that is observed at lower
bombarding energies"" is a consequence of such
an approximate scaling of the results with bom-
barding energy.

C. Energy spectra

The calculated energy spectra for the outgoing
matter at fixed laboratory angles are shown in
Figs. 10 and 11. The energy intervals are again
chosen to display the approximate scaling with
bombarding energy. The total high-energy com-
ponents may be obtained by integrating the values
given in the last intervals up to the end points of
the graphs. Therefore, the heights themselves are
not meaningful for the last intervals.

At forward angles the spectra contain very-low-
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FIG. 10. Energy spectra for $0 different angles at a
bombarding energy per nucleon of 250 MeV.
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perimentalists should construct from their data
all-inclusive distributioas of both free and bound

outgoing protons, by use of a coalescence model"
or other model. )

Our comparison is presented in Fig. 12 in the
form of proton energy spectra for four 1aboratory
angles ranging from 30 to 120'. At each angle the
calculated and experimental slopes are ia approxi-
rnate agreement. In addition, the calculations re-
produce the overall decrease in the experimental
cross section when going from forward to back-
ward angles. However, the detailed dependence
upon angle is significantly incorrect: At 30' the
calculated values are only one-half the experimen-
tal ones, whereas at 120 they are twice as large.

This discrepancy suggests that in collisions at
high energy, heavy nuclei are partially transparent
to each other. In other words, upon impact the tar-
get and projectile do not maintain an interface but
instead interpenetrate somewhat. Such interpene-
tration is the result of a finite cross section and
momentum transfer for each collision between the
individual nucleons comprising the system. How'-

ever, both intranuclear cascade calculations" and
classical many-body calculations" that have been
performed in re1ated studies yield cross sections
that lie below the experimental results at practically
all energies aad angles. This implies that the pro-
cess is not solely a superposition of individual nucle-
on-nucleon collisions, but that instead coherent col-
lective-field effects play some role.

X
~iD

LLj a
CL +
V) ~

CO

C9 o
«yms

O
CL

LLI ~

K 7
CJ
«K 'a

PROTONS FROM gOO

20N 258U

Ebom /20= 250 Me'}})t'

10

. 90'

10

~pxlo )

0'
10

—EXPERIMENTAL
RESULTS OF
GUTBROD et ol.

10 « i « l « I « ~ l « i « i «

0 40 80 120 0 40 80 120 160

KINETIC ENERGY PER PROTON (MeV)

FIG. 12. Comparison of calculated and experimental
proton energy spectra for 2 Ne incident on 238U at a bom-
barding energy per nucleon of 250 MeV. The histograms
give the calculated results, and the heavy curves give
the experimental results Qef. 70).

V. CONCLUSION

The study of what happens when two heavy nuclei
collide at high energies holds great promise for the
future. The present comparisons suggest that nu-
clei are partially transparent to each other at high
energy, but that collective effects should lead to
some increase in nuclear density. We are there-
fore in a unique position to learn about the nuclear
equation of state, and such new phenomena as den-
sity 18011Mrs alld p1011 colldellsates Illay be dlscov
ered.

However, because of the finite target and pro-
jectile interpenetration, a pure fluid-dynamics de-
scription of high-energy heavy-ion collisions ap-
pears to be inadequate. The theoretical description
of such collisions will probably require the devel-
opment of hybrid models that take into account the
dual particle-collective nature of the process.

One such possibility that we are currently pur-
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suing in collaboration with Goldhaber is a two-flu-
id generalization of the present calculations. " In
this two-fluid model coupled x elativistic hydrody-
namic equations are solved for separate target and

projectile nuclear fluids. The terms in the equa-
tions that couple the two nuclear fluids are ob-
tained from the cross section and. momentum trans-
fer for each individual nucleon-nucleon collision.

It is equally important that other approaches, es-
pecially intranuclear-cascade calculations that
treat the projectile nucleons simultaneously and

classical many-body calculations with more realis-

tic nucleon-nucleon potentials, be pursued simul-
taneously. Only by compax ing the predictions of
several different approaches with experimental da-
ta can we make the optimum advancement in our
overall understanding of the interaction of heavy
nuclei at high energies.
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work.
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