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We obtain a solution of the Dirac equation in the presence of the electromagnetic field of a
complex nucleus by means of coupled-channel partial wave analysis using a new method in
which the asymptotic solutions of the coupled radial wave equations include all electromagnet-
ic couplings. A computer program employing this method is used to determine the importance
of dispersion effects in the scattering of 250 MeV electrons from 4°Ca and %Ca. We find the
dispersion effects to be less than 1% for angles below 90° (i.e., considerably less than experi-
mental error over the range investigated experimentally), thus supporting the view that the
difference in the differential cross sections from 4°Ca and #Ca arises primarily from a dif-
ference in the ground state charge distributions of the two isotopes.
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persion effects.

I. INTRODUCTION

There arises, in the course of analyzing high
energy electron-nucleus scattering experiments,
the problem of determining the differential cross
section given a particular charge distribution for
the scattering target.! Computer codes which per-
form this type of analysis by means of the partial
wave method have been available for many years,?3
These codes, which are able to handle single-chan-
nel scattering, are adequate to the extent that the
nucleus may be approximated by a static, spheri-
cally symmetric charge distribution. Therefore
they have found their most fruitful applications in
analyses of electron scattering from doubly or
singly magic nuclei in which there are no low-lying
excited states.

As the need arose to analyze data from more
complex nuclei, the distorted wave Born approxi-
mation (DWBA), in which the distortion of the in-
coming plane wave by the Coulomb field surround-
ing the nucleus is correctly accounted for by the
partial wave method, and nuclear distortions,
etc., are treated as first-order perturbations, was
employed. In some cases, however, the DWBA
treatment is inadequate.

A proper treatment of the higher order effects of
excited states and of higher multipole fields re-
quires a complete coupled-channel partial wave
analysis of the Dirac equation. For bound states,
this problem was first solved by McKinley* in the
course of determining the eigenvalues of muonic
atoms. The scattering problem is more difficult
because the wave functions extend throughout all
space. We present here a computational solution
to the coupled-channel problem for a Dirac parti-
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cle scattering from a complex nucleus. The cou-
pled radial wave equations are integrated from the
origin to the edge of the nucleus using a standard
multistep integration technique, from which point
they are carried on by analytic continuation with
successive power series expansions to a radius at
which the asymptotic solutions of the coupled ra-
dial wave equations converge sufficiently for an
adequate determination of the partial wave phase
shifts. The asymptotic solutions themselves in-
clude all electromagnetic couplings and thus may
be used at much smaller radii than solutions such
as the standard, relativistic Coulomb wave func-
tions which include only monopole potentials. Our
solution is embodied in the computer program
ZENITH which is written in IBM FORTRAN IV and
currently runs on IBM System/360 and System/370
equipment. Results obtained with ZENITH have
been published elsewhere.®"” Recently, Saladin,
Roesel, and Alder® have suggested a method quite
similar to ours for analyzing Coulomb excitation
experiments with the Schrddinger equation.

In Sec. II, we develop the partial wave formalism
and derive an asymptotic solution to the resulting
coupled radial wave equations. In Sec. III, we de-
termine the matrix elements of the electromag-
netic interaction. Section IV deals with several
numerical procedures employed in ZENITH, and
in Sec. V we discuss a number of tests which have
been made to ensure proper operation. In Sec. VI,
the program is applied to determine the importance
of dispersion effects in the scattering of 250 MeV
electrons from “°Ca and **Ca. We find the disper-
sion effects to be less than 19 for angles below
90° (i.e., considerably less than experimental
error over the range investigated experimentally),
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thus supporting the view that the difference in the
differential cross sections from #*Ca and *‘Ca
arises primarily from a difference in the ground
state charge distributions of the two isotopes.®
Section VII is a brief summary and discussion.

This paper is essentially a condensed version of
the author’s Ph.D. thesis,' from which additional
details may be obtained in many cases.

II. PARTIAL WAVE FORMALISM

The wave function ¥(T) for a free Dirac particle
of mass m with total energy E is a four-component
spinor satisfying the wave equation'!

Hp¥(F) =(~ia -V +pm) ¥ (T) =E¥(F).

The Dirac matrices ¢ and 8 are 4 by 4 matrices
operating on the components of ¥(T). They are de-
fined by

&=(0 0'>, ﬁ=<1 o>,
g 0 0 I

where I is the 2 by 2 unit matrix and the compo-
nents of 5 = (0,04, 05) are the Pauli spin matrices.
The total angular momentum operator is the sum
of an orbital part and a spin part:

> > > - — 1 o
J=L+s=—z‘rxv+—<“ 0).
05

Given eigenstates | LM ) of L% and L, with eigen-
values L(L +1) and M, respectively, together with
eigenstates | M) of (33)%, and 3o, with eigen-
values 2 and M, respectlvely, we construct eigen-
states IJLu) of (L+13)2 T2, and Ly+%0, with
eigenvalues J(J +1), L(L +1), and y, respectively.
These are the spinor spherical harmonics. We
have!?

|JLIL) ZCMM,.;ILM>I 2M ).

To each value of J, there correspond two possible
values of L: L =J — % and L =J +3. Consequently,
J and L may be combined into a single quantum
number y as follows:

X(J, L) =2(L "J)(J +%) ’
J) =lxl-3
L(y) =J(x) +3sgny .

Hereafter, y and the pair J, L will be used inter-
changeably without explicitly illustrating the de-
pendence of one upon the other. We will frequently
identify the ket | LM ) with the spherical harmonic
i*Y,,(6¢) =(6¢| LM). This choice of phases is un-
important for monopole scattering but is a great

convenience for more general scattering situations.

The spinor spherical harmonics form an orthonor-
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mal basis for the space spanned by the kets
[LM)| M ).

Consider, now, the scattering of a Dirac particle
of mass m and charge ze from an infinitely massive
nucleus of charge Ze. Let the Hamiltonian govern-
ing the internal state of the nucleus be H, and let
the interaction between the nucleus and the Dirac
particle be V(¥). The wave function ¥(7T) then

‘satisfies the wave equation

[Hp +V(T) +H 3 9 (T) =E¥(T) . (1)

In terms of the variable ¥, Eq. (1) represents a set
of coupled linear partial differential equations.

The partial wave method exploits the invariance

of Eq. (1) under spatial rotations and reflections to
replace it with an infinite collection of sets of cou-
pled ordinary differential equations in the radial
variable » = . We will be interested primarily
in the case where V(T) is the electromagnetic in-
teraction, which we write in the form

V(T) =S(¥) +V(¥) - a.

Let and P, be the angular momentum and parity
operators of the nucleus. We choose as a basis for
the state space of the nucleus, the kets |nM), 0<n
<N~-1, and I, <M <1, which are simultaneous
e1genstates of H,, 12 , I3, and P, with eigenvalues

€, I,(,+1), M, and pn, respectively. The wave
function may be written as a series of the form

qf(f)=2asrl<g“(”“>) ,
= £ )

where the kets | ) form a basis for the space
spanned by the kets | M) | xuu). The total angular
momentum operator for Eq. (1) is F= ] +I and
the total parity operator is P =P, P, where P, is
the parity operator for the Dirac particle. The
kets | £) may be chosen to be simultaneous eigen-
states of the operators F2, F,, and P, when these
operators are restricted to either the upper or the
lower components of the Dirac spinor. One such
set of eigenstates is

| fmepxn) =3 Clin, | x| mb) @
7]

for which p =p,(-1)*. In general, to a pair of
eigenvalues f and p, there correspond several
possible pairs (y,n). Let N(f,p) be the set of such
pairs and let N(f,p) be its cardinality. It is clear
that if (y,n)EN(f,p) then (-x,n)EN(f,—p). Asa
notational convenience, we introduce a single
quantum number, say j, such that as j ranges from
1 to 9(f,p), (x;,n;) ranges over all of the pairs in
N(f,p). I j is the quantum number corresponding
to the pair (x,n) in N(f,p), letj_ be that corre-
sponding to the pair (-x,n) in N(f, =p).

We now express ¥(T) in the form
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i i Upon substituting this expression into Eq. (1) and
w(f)=)" afm . ( £5(0) | Jmse7) > mI;king use of the form we have assumed for V(¥),
et —sgny; £ ) | fm; —pj) we obtain, in terms of the dimensionless quan-
H tities p =Er, 7=mE~Y, and t, =1-¢, E"Y, the dif-
(3 ferential equations
—

(- 0) 1300 1, = )0) = S [Vt 0) = o) 50,

4)
(2 £850) = 1+ 74000 == T smy 51 _(0)3500) +0L. o (@D5500)],
in which

sh(p) ={fm;pj| S(F)E~*| fm;pk)  and vfo(p) ={fm; pj| sgny, V(F) +FE| fm,~pk_) .

The index i in the equations above distinguishes among the 9(f,p) independent regular solutions whose be-
havior near the origin is given by

lim [4(p) p™1%i1=0,;,  lim [gf}(p)p71Xi1]=0, x,>0;
lim [75(p)p71%:11=0,  1im [gfi(p)p™1Xsl]=0,;, x;<0.

Asymptotically,

L
shp) 2, Do afdp™! and v4(p) 7, Z Birp~*1, (5)
A=0

in which o}, and 7}, are independent of p. In particular, afy=-73,, and fo=0, where ¥ =2Ze¢*. When all
of the constants o} and Bf; are zero for 1> 1, Eqgs. (4) decouple asymptotically mto b f,p) pairs of relativ-
istic Coulomb wave equations which may be solved easily. When some of the constants a and B’,’Q are non-
zero for A= 1, Egs. (4) do not decouple asymptotically. In place of the relativistic Coulomb wave equa-
tions, we are faced with the differential equations

(di-&)F;'gmn(tm 7)GH(p) = Zzp-“[a Gi¥(p) - BAFi%(p)],
PP ! (6)

<zi%+—.;>6 3(0) = (b, + TIF; (p)——Z};p'“ sgnx;* Xe[afh Fi(p) + 87, Gi(p)] .

These equations have a nasty singularity at the origin and the analytic methods which are successful in the
Coulomb case avail us nothing here.

It is possible, however, to obtain an expansion for the solutions of Eqs. (6) which is valid as p tends to
infinity. In obtaining this expansion we drop the indices f and p. We write

F¥(p)= Z [sin(k;p+ vt ;k;™ In2k;p — L;m/2)s7 + cos(k p+vik,™ In2k,p — L;m/2)H7]o™",

GH(p)= Y [sin(ksp+rte;™ In2k,p — L,m/2)ulP + cos(k,p+ vtk ™ In2k,p — Lw/2)0i™ o™,

m=0

where the dimensionless wave number k; equals (¢, — 72)*/2. (Note that %, ¢, and L depend on the first
superscript associated with F and G, which is the one enumerating sets of independent solutions.) If we
introduce these expansions into Eqs. (6) and equate the coefficients of sin(...)p™ and cos(...)p™ in the
resulting expressions to zero, we obtain recursion relations for the unknown constants s{™, #™ u{™,
and v{™. Let



15 COUPLED-CHANNEL METHOD FOR NUCLEAR SCATTERING OF... 1789
0 -k, t-T 0 Xj+m—1 vk -y 0
R, 0 0 =T - -tk xy+vm-1 0 -y
. m)
A -t;=7 0 0 -k |’ Mg = Y 0 -X;+m-1 vt |7
0 —t;=T Ry 0 0 Y -yt —xyrm—1
—sgny ;8% 0 sgny ;o) 0
| 0 —sgny ;8 0 sgnx, o
[ = » 0)
-sgnx,a$) 0 —SgNXB42p. 0
0 —sgnx,a$) 0 —sgny, B
r
Then if If we multiply both sides of Eq. (7) on the left by
B, then we have
s¢p 2 ( 3
ij (kiz -k} )sg;n) =B,,M‘""S ,jn-1)+z; ZBUC%)S(.'Z")"” .
) T
S(m) = ) (8)
ij ugm)
i When k;#k;, we can divide Eq. (8) by (;% - ;%) to
v{}. obtain the desired recursion relation.”® When k;
=k;, we can replace m in Eq. (8) by m +1 and add
we have the resulting equation to Eq. (7) to obtain
L (m+1))g(m)
A S =MEPSG+ 30D CRsE. () iy By M IS5
= k
Let - 17 (myo(md) L () Q(mar-1) ()glm=r)
M3S =+ ;Z(Cﬂa SiE ) - B ,,CRSH™).
=. k
0 k; ti-1 0 ©
—-k; 0 0 ty -7
Bu=|_,
—t;-T 0 0 Ry
If we write k;=k;=Fk, {;=1{;=t, and {+T=1,, then
0 —ti=T =k 0 after considerable algebra one may verify that
TY Em-1-%;) —t.(m+1-yx,) TYE R
- -1- - -1 -t (m+1-
(A”_*_BUM(m-rl))-l (4k m)-l k(m Xj) TY Tyl R -( XJ)
t(m+1+x;) Tyt R* -7y k(m-1+Y,)
-7yt R Lm+1+x;) —k(m—-1+X,) —-TY

Thus Eq. (9) yields a usable recursion relation
whenever A;; is singular and m #0.

Finally, when m =0, Eq. (7) gives us the follow-
ing condition on ${):

4,5 =0

If A;; is nonsingular, this simply states that S{3’
=0, but when A;; is singular there are nontrivial
choices of S§9” which can be made. In fact, there
are two lmearly independent solutions which may
be taken as the first two columns of B,;. Altoge-
ther, there are 23(f,p) sets of independent solu-
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tions to Egs. (6). We distinguish among them ac-
cording to their asymptotic behavior as follows:
GH(p) ~ sin(k,p+vtk; In2k,p~ L,;7/2)5,

p—>w

Fi(p) ~ FEy(¢;+7)  cos(k;p+vi;k;™ In2k;p

p>w

i’

- L;m/2)5,,
and
Gi(p) ~ cos(kp+vtk;™ In2k,p— L;m/2)0,,,
p—>w
FH(p) ~ =k{t;+7)" sin(k;p+7vt;k;™ In2k;p
p—>

- L;m/2)5,;.

Because these functions play a role in the general
theory analogous to that played by the relativistic
Coulomb wave functions in the single-state mono-
pole theory, we have used the subscripts R and I
indicating regular and irregular as is customary
there. These subscripts do not, of course, imply
anything about the behavior of these functions at
the origin.

Equations (4) and (6) have the same asymptotic
behavior. Therefore, we can find constants B}'l‘f
and Ci such that

< H(p) ZBm Ff’?.n(ﬂ)) v ol < b, J(P)>
gfp(p) p_,w Gsp z(P) fp 1(p)
or equivalently,

gf,(p) ~ A 3 sin(k; p +yt;k; " In2k; p = Lym/2+64)
4 (P) ~ kj(t +7) 7 A}} cos(k; p+ytk; " In2k; p

~L;n/2+6}) (10)

with partial wave amplitudes and phase shifts
given by

=lChy+(BRP1?,
i =tan(CH/BH) .

We must now choose the coefficients aj,, , in Eq.
(3) to satisfy some set of boundary conditions. In
particular, we wish to have ¥ (f) represent the
scattering of a plane wave incident along the nega-
tive z-axis. Although in the vicinity of the nucleus
it is quite complicated, at great distances from
the nucleus, ¥(T) must comprise a spherically
outgoing scattered wave together with the incident
plane wave. A plane wave itself may be written as
the superposition of a spherically incoming wave
and spherically outgoing wave. The appropriate
boundary conditions therefore are that, asymptot-
ically, the spherically incoming portion of ¥(¥) be

identical with the spherically incoming portion of
a plane wave incident in the proper direction.

The wave function for a plane wave Dirac parti-
cle incident along the negative z axis may be writ-
ten as

1
> _ ik tQ+T 1/2 1
QmsM(p)_ e opz( Zto > stkg l2m5>|0M> )
bo+T

where m, is the spin projection of the Dirac par-
ticle along the z axis and M is that of the nucleus.
We may expand @™s*(p) in spherical harmonics as
follows:

omsH () = Z (4721 + 1)]28%, (ko P) V0(0)

1

1/2
x (t;;") 2yt | 1msdl000)
° to+ T

in which jy (k,P) is the regular spherical Bessel
function. Asymptotically then, the spherically in-
coming part of ™s¥(p) is

1
mgM(BY - _ 1/2
@1 ()= - 2 [dn@n+ D]V

t,+7T 1z
X exp[=i(k,p = A1/2)] (—927—>
0

X [0) [zm,) [0M) . (11)

(For simplicity, we have written only the upper
components of the Dirac spinor.) Because of the
long range of the Coulomb potential, it is neces-
sary to replace Eq. (11) by

PIRE ) = - 2 M@+ D] g

X exp[—i(ky P +ytok, "t In2ky p — A7 /2)]

1/2
(B b0 mlomy )
0

when vy is not zero.

From Eq. (10), it is clear that the spherically
incoming portion of gf;(p) is given asymptotically
by

; : Af . -
&7h,in(P) 'pf:»m -5 exp(~i(k, p+yt;ky ™ In2k; p
=L;m/2+8)] . (13)

Thus, we must choose the coefficients a}m » SO
that
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Al.f
= - a;
®) = ,?,‘; fmgp Zzp
i

Xexp[—(k; p+yt;k; 1 In2k; p

=L;n/2+6)]| fm,pj) .
Multiplying this on the left by {fm, pj|, and using
Eq. (2) we find '
2 @inpAfh exp(=idf])= [4m (2L, + 1))k -l(t ”)
i

x ¢l ¢ .72',]5
mstf omgmg

Considered as an N(f, p)XN(f, p) matrix,

A exp(-zbf ) cannot be singular because the solu-
tions gi},f}i are independent. Let k] be its in-
verse. Then

afto+T\Y?
Uy = Zj [4r(aL; + 1)]1/%0 1<—§—to—>

i ~iLE L3
Xh Cm lmyg COm mséo"j

Inserting this into Eq. (3) and making use of Eq.
(10), we have

¥G) v wk @+l

in,C 2t0
0
X Y expli(kp+ vt by~ In2k,p)] | iz
MMy t+T

XfoskiiMs(9p) [z M) lrMy) ,  (14)

where the scattering amplitudes f7's#¥1%s(9p) are
given by

/2 ~JTiIgf ~L;3J,
2L,+1)1 cmjo CLizdi

Mf omsms

frshirs (g p) = }; Mk (
ik

X CIrIrf L3k
CMJMI”'fCMLMsMJ

LpMy, (9¢) ’
(15)
with

M}f,=—Zi1r1/2ko‘1h Alp exp(E0})80s,Oym, 5

and
Mp=mg+M—~M; - M,

In terms of these amplitudes, the differential
cross section when averaged over initial spins
and summed over final spins is

<%)P,= 2(211+ ) <t +T><t ”) 2 | fpsthel.

mgM
MM

These scattering amplitudes are not all indepen-
dent. One can verify that

SIS (9) = Dy by €L (~1)0Ir
X fostiiis(6g) .
An additional simplification is possible when the
mass of the scattering projectile is zero. Let
S#3(p,7) and g},j,(p, 7) be the solutions of Eq. (4)
and let f}(p, —7) and gi}(p, —7) be the solutions of

Eq. (4) when 7 is replaced there by —7. Then one
may establish that

8/5(p, =7)=f}i(p, 7) sgny; ,
and hence that

A5 (=1) = Ry(t; + 1) T AL(T)

845 (~7) =8})(1) .

In the limit that 7 tends to zero, the ratio k;/
(t, + T) approaches one, and we have A,_,,(O)

A}5(0) and 6}/7(0) =6}5(0). Thus, in the zero
mass limit, we need only solve Eq. (4) for one
value of p. The result can then be used to deter-
mine the phase shifts and amplitudes for both val-
ues of p. One can show that under these conditions

st g) = e tan( 0)f H1r (69)

which is physically a consequence of helicity con-
servation.

III. THE ELECTROMAGNETIC INTERACTION

In terms of the electro_rpagnetic scalar and vec-
tor potentials, ¢(f) and A(¥), the matrix elements
sf;(r) and vj;«(r) are given by

sfr)=ze(fm; pjlo )| fm,pj’)- (16)
vfyr)=ze (fmy pj| sgnx’A®E) - & | fmy - pjL)
amn

where ze is the charge on the Dirac particle We
defme the transition multipole potentials ¢}" ‘)
and (1’) by the expansions

(nM|¢(F)|[n'M") = %‘: (=DrCEM, it @r+1) 7Y

@)Y, (00) (18)
and

MA@ My =D (=1)HChM, Mz*(zu 1)-v/2
ikp

AB@)YHL(60). (19)

If these expressions are substituted into Eqs. (16)
and (17), then, after some algebra, we have'®
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st () =ze(=1)"*1-[(2L + 1)(2L"+ 1)(2J + 1)(2J" +1)] /2

x2 (—1)("“\-L')/2(L A L’){I' J! f}{J’ L'3
A

L J A

000/ g 1 A

and

}S’i"'(f)

(20)

vfjdr)=ze(=1)F 1T 46 (2] + 1) (277 + 1) (2L +1)(2L" + 1)] V2

™~

X (=1) &=Ly <L * LI‘) {II I f}
ix 00 0/ J 1

o=

with

i) = [(2x+1)/(4m)] 203" (r) (22)
and

V™) = (25 + 1)(@A + 1)/(@m) | V2 AN @) . (23)

The scalar and vector potentials are generated
by the nuclear charge and current densities C(T)
and J(F). Since we choose to work in the Coulomb
gauge, K(’f) is transverse and is generated by the
transverse current density:r(x"). To make the
scattering problem computationally tractable, we
must assume the various nuclear eigenstates to be
degenerate in energy. This approximation is ex-
pected, by Born-approximation arguments, to af-
fect scattering cross sections only in the forward
direction, where the momentum transfer is less

" than the separation of the nuclear eigenstates.
This is not usually a region of experimental inter-
est.

We may write jT(f') as the sum of a current dens-
ity and the curl of a magnetization density:

F@) =3 @)+ VX EF) .

The charge, current, and magnetization densities
may be expanded in spherical harmonics as fol-
lows*:

(24)

(nMIC@) M) = (=)* LM, i @r+1)7Y2
Ap

XCY0) Yy, (09) , (25)
nM|3C @) |n'M") = {:1 (=1 ChM, it @I+ 1) 72
XJ )Xy, (09) ,  (26)
(M| LE) M) = 2;(_1)“ CYM @1+ 1)7?
X 13" )X, (60) 27

We refer to CY" ‘o), J "'(r), and L% (r) as the multi-
pole charge, current, and magnetization transition
densities.

<
-

L

4

wj-

A

iy vire) . (21)

1

Since KG) is transverse, we may write K(;)
= A°(F) +VXM() with

(nM|BE ®)|n' M) = Y (=1)F YN, i @1+ 1) 72
Ap

X AT )Xy, (60) (28)

and

(nM|IM@) M’y = D (=1)FCYM, it @1+1) 7?2
A

)X, (09) (29)
It is easily established that
AT ()= AT@) ' (30)
V2ld A\,
5= (55) (- 2)uyen, (31)
A+l 1/2<d A+1> an’
A% --(35) (£ 2 ). 6

The transition multipole potentials are related to
their sources by the radial equation
> [or (), A\(r), My (¥)]

(1 d 4,2 d d
2 dar
= =A47[C\ (1), 5 (), lr(¥)] . (33)

ar = 7r?
Since the potentials are bounded at the origin and
vanish at infinity, we have

A()\ +1)

dr@)=4m(@r+1)7* [r""’lfrc)\(x)xhzdx

+7)“/‘mc>\(x)x1')‘dx] (34)

with parallel solutions for A, (¥) and M, (*). Thus
a potential of multipolarity X is proportional to r*
near the origin and to »™*~! as 7 tends to infinity.

IV. NUMERICAL PROCEDURES

A. Integration of the radial equations

The integration of the regular solutions of Eqs.
(4) from the origin to infinity may be divided into



15 COUPLED-CHANNEL METHOD FOR NUCLEAR SCATTERING OF... 1793

two regions according to the behavior of the trans-
ition potentials. Within the nucleus, the transition
potentials are rather complicated functions of p.
Beyond the edge of the nucleus, however, they are
given simply by Eqgs. (5). The boundary between

these two regions is pn.., the radius of the nucleus.

The bulk of the integration from the origin to p.
is performed using Hamming’s fourth-order pre-
dictor-corrector method with a step size of Ap.
Each integration step requires one derivative eval-
uation plus knowledge of the functions and their
derivatives at each of the four previous integration
steps. The initial values of the functions and their
derivatives are created by making three fourth-
order Runga-Kutta steps starting with values ob-
tained from power series expansions about the or-
igin.

Beyond p,.,., Egs. (4) reduce to Eqs. (6). The
asymptotic series solutions to Egs. (6), developed
in Sec. II, will converge adequately whenever p is

greater than, say, p,m,.- When only monopole cou-
d

:.zl—n+1)'1§ Z)( ,:f'm{[ ( ) (n—m)(“l
m=0 m+1

m

plings are present, Egs. (6) decouple in pairs to
form sets of relativistic Coulomb wave equations.
In general, however, Eqgs. (6) do not decouple, and
the solutions valid asymptotically cannot be related
analytically to solutions in the vicinity of the origin.
It is necessary to integrate Egs. (6) from p,,, to
P.sm NUMerically.

Considered as equations with the independent vari-
able x=p - p,, Egs. (6) have singularities at x =—p,
and x =, Accordingly, an expansion of the solu-
tions in powers of x will be convergent for ]x|<p0.
Let

Fii(x) = Z Ciixn
n=0 (35)

GH(x) = Z diixn
n=0

The coefficients ci/ and dif are obtained from the -
recursion relations

L
=1 = L-Xx -Med=
o= (£~ oo
A=0 m

vdi?, [(T tj)<L +1>p;;"6,,.+ >

<L X =M =)=l )
aj,;’po H
m ) :I (36)

L+l
L+1 L - X
ah =1t Y Z(,jxm{[ <L>_<n_m)( + )]pom-lw > ( ) H,pgm-h.l}
' m m+ m
) L+1 Z (L) .
+c,‘,{m|:(-r+tj)< + )pamts”,_ ;( >a;j'fpo A >
* =0 m

m

with the initial conditions

¢ = (po)y dy =g"(po)- (37
Given the solutions of Eqs. (4) at p,,, We can con-
tinue them to a point p,,, +x for x <p,,.. Letn(x)
be the number of terms.in the series that must be
summed to attain the desired accuracy when the
step size is x. In the program, x is chosen to
minimize n(x)/x while at the same time avoiding
" truncation error due to very large intermediate
sums.

In this way, the solutions are continued until p,
reaches or exceeds p,, at which point the asymp-
totic series are evaluated and the partial wave
phase shifts and amplitudes computed.

B. Summing the partial wave series

Let n§(x;,¢;) be the phase shift of the regular,
relativistic Coulomb wave function associated
with x; and ¢;. Also let

r

P} = il explicty)

We refer to the real numbers ’pr and ¢, for which
Pii=(1+7i,)exp{2i[n5(x;,t;) +&,]} as the residual
amplitudes and phase shifts, respectively. As f
tends to infinity, the residual amplitudes and phase
shifts tend to zero. ZENITH carries out the inte-
gration described above until either the residual
amplitudes and phase shifts fall below a threshold
e specified in the program input, or f exceeds a
threshold f |, also specified in the program input.
From this point, the integration is dispensed with
by setting A%} =5,; and 6} =n5(x;,¢;) 6;;. Additional
phase shifts are accumulated in this manner until
f reaches a limit specified in the program input.

Because the spherical harmonic Y,, (6¢) may be
expressed in terms of the associated Legendre
polynomial P‘;(cosa), a typical scattering amplitude
may be written

F(6¢) =3 a, Pi(cos6) e'?, (38)
A
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where the a, are obtained from the appropriate
parts of Eq. (15). As the phase shifts and ampli-
tudes are computed, the coefficients g, are ac-
cumulated for each of the scattering amplitudes.
Yennie, Ravenhall, and Wilson® have shown that
the convergence of the series (38), which may rep-
resent a function singular at 6 =0, is considerably
improved by the reduction

F(6¢) =(1~cos6)™ " a’) P (coso) e’ (39)
A

in which

dP =g =[( +1+p)/(2x +3)] a2
~[ = p)/@x - 1)]afz?, (40)

and a{®=q,. For scattering amplitudes associated
with a diagonal monopole charge density, a reduc-
tion with » =3 has been found necessary, while for
all others, a reduction with » =1 suffices.

The index A in Eq. (38) ranges over only those
orbital angular momenta for which all contributing
partial waves have been computed. This implies
that if f,,, is the greatest total angular momentum
for which phase shifts are computed, and I is the
spin of the nucleus, then A may not exceed fp.—1
—1. ZENITH estimates the error in the cross sec-
tion due to truncation of the Legendre series from

MERCER 15
processing (CPU) time for each runis given in sec-
onds for execution on an IBM 370 Model 165 computer.

C. Specification of the multipole transition densities

As discussed in Sec. III, the multipole transition
density C,(») gives rise to the matrix element

Sy (@) =[(2A+1)/(4m) Y25 (7).

We define the strength s, of the transition density
C,(#) to be the coefficient of »"*7! in the asymp-
totic expansion of s,(7). The strengths of current
and magnetization transition densities are simi-
larly defined in terms of the asymptotic behavior
of the matrix elements v,, and v,,,, defined in
Eq. (23).)® ZzENITH requires transition densities
to be specified in terms of a strength parameter,
and an unnormalized shape, which must have the
form

F\()=rrexp[-(v/a)*] 3 a,L)"*[2(r/a)?] (41)

m=0

in which L* %(x) is the mth generalized Laguerre
polynomial of order A+3.'® These polynomials
are orthogonal on the positive real line with weight
x M %e™* Hence any shape which behaves like »*
near the origin and decays exponentially at infinity
may be cast in this form.

For a given charge density C,(r), we have

the magnitude of the last included term for each _ e f“" A+
amplitude. sy=e[4n/ (2’§+ 1)] | 7Ny (42)
The computational parameters €, Ap, p,,,, and and

Jmaxs discussed in Secs. IVA and IV B are specified
in the program input. The values of these and

several other parameters are given in Table I for
most of the runs discussed in Secs. V and VI

Since p,,, depends on f, the total angular momen-
tum, itis givenonlyfor f, , the largest value of f
for which nuclear phase shifts are computed. The

a

n=m [T +m «r%)]"1

X fw 72N+ 2exp[ —(r/a)?] LY ¥ 2(r/a)?]) C\(r)dr .

(43)

The shape parameters.a, clearly depend on the

TABLE I. Computational parameters for several of the ZENITH runs discussed in the text in
Secs. V and, VI. The parameters are defined in Sec. IV.

Run E Ap Prmax Pasm Smax Sflast CPU time
number (MeV) € (fm) (fm) (fm) (%) G7) (sec)
1 1200 7x10%8 0.003 2.1 1.6 170 15 4.0
2 1200 7x10"8 0.003 2.1 1.6 170 15 4.4
3 1200 7x1078 0.003 2.1 1.6 170 15 4.0
4 1200 7x108 0.003 2.1 1.6 170 15 4.1
5 170 1x107° 0.023 13.9 15.4 170 17 4.2
6 200 1x107® 0.020 11.8 15.2 170 17 7.7
7 100 1x107? 0.010 5.9 24.8 42 42 8.0
8 100 1x10™? 0.010 5.9 25.1 43 43 15.6
9 100 1x107? 0.010 5.9 25.1 43 43 15.5
10 250 1x10710 0.016 14.3 14.2 140 35 7.6
11 250 1x10-10 0.016 14.3 14.2 140 35 7.6
12 250 1x108 0.016 14.3 42.3 140 85 125.3




length parameter a. In practice, a is chosen so
as to minimize the number of coefficients necess-
ary to achieve an adequate representation of C, (7).
This is done in a separate input-preparation pro-
gram CDFIT.

With this choice of parametrization for the trans-
ition densities, the integrals in Eq. (34) are rather
easy to compute. Let coefficients b, be chosen
such that

N N
3 b,(r/aP" = a, LY H2(r/a)].
n=0 n=0
Also, let

r
[": a2y~ )\—1[ sz 2”*2exp[—(x/a)2]dx ,
(]

r
Kx=r)‘f x*exp[-(x/a)?]dx,
0
and

J, =a‘2"r"f x%"* texp[ ~(x/a)?]dx .

r

Clearly,
N
o) =41(@A+ 1)1 Y b, U,+d,) .
n=0
Thus, the computation of ¢, () may be conveniently
organized as follows:
(PA(T): Sws Sn:bn(ln+Jn)+Sn—1:
I=(\+n+3)I,.,~E, J,=nd,_,+E,
E,=(r/a)’E,.,, K,=-3)a®r"'K,.,-F,_,,
Fo=vF,_,, s.,=0, I,=Ky,y,
0~ %azexp[-(f/a)zl, Ey=d,=F,,
K,=3aVmerf(r/a).
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ZENITH currently allows the specification of
charge and current densities, but not magnetiza-
tion densities.”

V. TESTS OF THE PROGRAM

At the beginning of work on ZENITH, we had ac-
cess to a reliable one-channel partial wave code
for the scattering of electrons from spin zero
nuclei when the mass of the electrons may be neg-
lected.® The results of ZENITH runs on data ac-
ceptable to the older program have been found to
be in agreement with results from that program
to all significant digits. The tests reported here
are primarily comparisons with the Born approxi-
mation in one form or another. They investigate
the handling of massive projectiles, nuclei with
nonzero spin, and multipole charge and current
densities. In addition to these tests, it has been
shown elsewhere” that ZENITH is in close agree-
ment with the version of DWBA contained in the
Duke program,'® and with the DWBA program
HEINEL'® when higher order effects, which are
not treated properly in DWBA, can be neglected.

In Born approximation, the differential cross
section is proportional to the square of the charge
z on the scattering particles. We have made four
ZENITH runs (runs 1, 2, 3, and 4) in which mass-
less particles of charge -2, -1, +1, and +2 are
scattered from hydrogen nuclei (Z =1, with, how-
ever, infinite mass) with a charge distribution of
the form exp[-(37)?] at an energy of 1200 MeV.
Table II displays the results for two values of the
scattering angle. The tabulated functions are
(do/dS2)/z? and its first two differences in z.
Clearly, (do/dS2)/z? is very nearly constant. The
additional differences show that even at this ener-
gy, which is quite unfavorable to the partial wave

TABLE II. (do/dQ)/z® and its first two differences in z at two values of the scattering angle for
1200 MeV particles scattering from infinitely massive nuclei of charge 1. The small first and
second differences provide a check of ZENITH against Born approximation.

z (do/dQ)/ 2 5((do/aQ)/z%) 6%((do/df)/2%)
®=11°
—2 3.92981455x107°
—1 3.924 05974 %1073 0.005754 81 x107 0.00027963%x10®
1 3.913 109 39 x 107 0.005475 18 x 107 0.000278 64 x 107
2 3.907 912 85 1073 0.005 196 54.x 10 '
®=23°
-2 1.58251935x10™ ” .
-1 1.580 167 94 x 10~ 3'333??,3133334 0.000 19421 x 10~
-4 . X -4
; ig:gggg 2‘;;‘134 0.001 963 98 x 10 0.00019322x10
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approach, the cross sections behave in a regular
fashion.

If one performs two independent scattering ex-
periments at the same incident momentun p, one
with particles of mass m,, the other with particles
of mass m,, then in Born approximation, the dif-
ferential cross sections are in the ratio

(do/df),  p3cos®(36) +m 2
(do/dQ),  pPcos(36) +my* "

(44)

ZENITH has been used to compute the scattering of
electrons (run 5) and also of muons (run 6) from
!2C, The mass of the muon was taken to be 105.66
MeV while that of the electron was neglected. The
incident momentum for both computations was 170
MeV/c. Following the notation of Sec. IVC, the
shape for the charge distribution had a length
parameter a=1.77 fm, and two nonzero shape
parameters a,=1.705 and a, = -0.470.

" We see from Fig. 1 that the ratio of the cross
sections as computed by ZENITH agrees with that
predicted by Born approximation for small angles
but falls steadily below the predicted value as the
angle increases. In fact, Born approximation sys-
tematically overestimates the muon cross section
relative te the electron cross section. From a
classical point of view, the energy of the scattering
particle, be it muon or electron, increases as it
enters the nucleus. This gives rise to an increase
in the momentum of the particle which is slightly
greater for the muon than for the electron. As a
consequence, the muon cross section is shifted to
smaller angles, or equivalently, decreased at a
particular angle. At 90°, Born approximation pre-
dicts a ratio of 1.773 while the ratio as computed
by ZENITH is 1.670. To account for this shift when

170 MeV/c
RATIO OF MUON AND ELECTRON CROSS
L SECTIONS
25 /
/
———ZENITH /
g | BORN APPROXIMATION /
T 20
B
=
N
2
g
315
=

1o 30° 60° 90° 120°
SCATTERING ANGLE

FIG. 1. The ratio of the differential cross section for
muons to that for electrons as computed by Zenith and
Born approximation. As explained in Sec. V, the Born
approximation consistently overestimates the muon
cross section relative to the electron cross section at
larger angles.

the energy gained in the nucleus is 4 MeV, the
ZENITH electron cross section at 90° should actual-
ly be compared with the ZENITH muon cross sec-
tion at 89.52°. The ratio of the ZENITH cross sec-
tions is then 1.771 which agrees much more close-
ly with Born approximation.

The wave equation for scattering from a two-
state nucleus is

Hp+V, +¢€ Vi ¥, v,
Vi Hy+Voy+e,) \w, )" E\w, |- (45)

As Ravenhall et al.”° have shown, when V,, =V,
and €,=¢€,=0, this two-state scattering problem
may be solved in terms of the two one-state scat-
tering problems

(Hp+V,,+ V12)¢1=E¢1 (46)
and
(Hp+V, =V,,)@,=E®,. (47)

If £,(6) and f,(6) are the scattering amplitudes for
these two one-state problems, then the elastic
and inelastic amplitudes for the two-state problem
are given by

 f.(0)=3[1,(0) +£,(0)]

and
£:(6)=3[1,(6) -£,(6)] .

ZENITH runs corresponding to Eqs. (45), (46),
and (47) show agreement with these predictions
to all tabulated decimal places (in this case, nine).

Another test is provided by the observation that
since a monopole charge density cannot couple
different magnetic substates of the same eigen-
state, scattering from a spin zero nucleus should
be identical to that from a spin one-half nucleus
with the same charge distributions. Comparison
of ZENITH runs with spin zero and spin one-half
nuclei shows agreement to six or seven decimal
places. The discrepancy arises because the cutoff
value for the phase shifts has a slightly different
meaning for spin zero and spin one-half nuclei.
(See Sec. IVB.)

Consider a nucleus with spin [ > 1 which is com-
pletely characterized electromagnetically by a
dipole current distribution of the form

J (F) = —40F exp[ - (r/a)?)/(3Tea®). (48)

The differential cross section for scattering from
such a nucleus, when averaged over initial spins
and summed over final spins, is given in Born
approximation by

L8 - 220221 + 1) expl—g"a®/2)[ 2+ cot*(56)}/18,



TABLE III. Comparison of zeNnitHand Born approxima-
tion differential cross sections for scattering of 100 MeV
electrons from the pure dipole current distribution given

in Eq. (48) for spin 3 nuclei.

Born

approximation ZENITH

(fm?) (fm?)
1° 9.119476x10™! 9.119500x 10"
2° 2.280296 x 10! 2.280293x 10!
3° 1.013781 x 10! 1.013777x 107!
177° 8.315185x1075 8.233290 %1075
178° 8.311976x107° 8.230085x% 107%
179° 8.310051x1075 8.228162x107

where g is the momentum transfer and z is the
charge on the scattering Dirac particle.

We have used ZENITH to compute the scattering
of 100 MeV electrons from a spin one-half nucleus
of this type with a strength of v=0.05 fm and the
length parameter a=1 fm (run 7). The results for °
the cross sections are shown in Table IIL

Finally, consider a nucleus with spin 7 =1 which
is completely characterized electromagnetically
by a quadrupole charge distribution of the form

C(r) = 875 sr2exp[-(r/a)?]/(15mea").

The corresponding spin-averaged differential cross

section is, in Born approximation,

‘% =42%s%(21 + 1) "'exp (~q°d®/2)[ E® - p®sin®*(30)]/45 .
(49)

Columns (a) and (b) of Table IV are a comparison
of Born approximation and ZENITH differential
cross sections for the case s=0.5 fm?, I=1, E=p
=100 MeV (i.e., massless projectiles), and a=0.25
fm (run 8). Although the Born approximation cross
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section goes to zero at 180°, the ZENITH cross
section does not. This is due to double-scattering
higher order effects, which ZENITH computes
properly. Columns (c¢) and (d) of Table IV are the
results of a similar computation with the quadru-
pole strength only half as large (run 9). At 150°,
the Born approximation then predicts a cross sec-
tion of 3.0984x107° fm?, while the ZENITH result
is 3.1950x107° fm?, At 179°, these become 3.5077
x107% fm? and 9.9337x 1077 fm?, respectively. Al-
though the difference is still present, it has been
greatly reduced. (It is approximately proportional
to s*, the dependence expected from an amplitude
corresponding to double scattering.)

VI. ISOTOPIC VARIATIONS IN THE CHARGE
DISTRIBUTION OF CALCIUM

Frosch et al.?* have analyzed the scattering of
250 MeV electrons from %°Ca, *?Ca, and *‘Ca, in
terms of isotopic differences in ground-state
monopole charge distributions. However, because
40Ca, being doubly magic, has no low-lying excited
states, while **Ca and **Ca each have a low-lying
2* excited state, it is possible that the observed
isotopic differences in differential cross sections
may be due in large part to dispersion effects
rather than to actual differences in the ground-
state monopole charge distributions

Rawitscher??'?® has estimated the magnitude of
dispersion effects using a model in which the in-
elastic excitation takes place by a single monopole
transition to a state degenerate with the ground
state. The strength of this transition is adjusted
to give a reasonable value for the total inelastic
cross section. Applying his model to the calcium
experiments referred to above, Rawitscher finds
that the dispersion effects may account for as

TABLE IV. Comparison of ZENITH and Born approximation differential cross sections for scat-
tering of 100 MeV electrons from the pure quadrupole charge distribution given in Eq. (49) for
spin 1 nuclei. Columns (a) and (b) correspond to a quadrupole strength s=0.5 fm", while col-
umns (c) and (d) correspond to a quadrupole strength s =0.25 fm?.

5=0.25 fm?
(c)
Born ()]
approximation ZENITH
(fm?) (fm?)

$=0.5 fm?®
(a)
Born ()

approximation ZENITH

(fm?) (fm?)
1° 1.902450x 103 1.900945x 107
30° 1.774890x 1073 1.773220x1073
60° 1.424 086x 107 1.422352x1073
90° 9.436924 x10™ 9.472756x10™
120° 4.671357x10% 4.773 091 x10%
150° 1.239369x 10 1.364 838x10™

179°

1.403100x10~7

1.254 306 x107°

4.756125x10™
4.437224x10™
3.560214x10™
2.359231x10%
1.167839x107%
3.098423x 107
3.507750x 108

4.734573x10™
4.413615x10™
3.535249x 10
2.346484x 10
1.171213x 10
3.195024x 107
9.933763 %1077
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much as a 5% effect in the differential cross sec-
tions in the first diffraction minimum. (The quan-
tity quoted is actually the difference in the cross
sections divided by the sum, in agreement with
the usage of Frosch ef al.) Inasmuch as the mea-
sured difference between *°Ca and **Ca is on the
order of 12% there, this would appear to be an
important effect. This view has been emphasized
by Wall.?

To discover if this is the case, we have computed
the dispersion corrections in the *°Ca-**Ca case.
Although the charge distributions used by Frosch
et al. are not immediately acceptable to ZENITH,
we have made fits to them that are. The resulting
parameters are shown in Table V. Using these
fits, we computed the elastic differential cross
sections for *°Ca and *Ca (runs 10 and 11). The
quantity R(6), the ratio of the difference in the
cross sections to their sum is plotted in Fig. 2(a).
It is in good agreement both with the experimental
data and with the *°Ca-*'Ca curve given in Fig. 8
of Ref. 21, indicating that the fitting process lead-
ing to the parameters in Table V is adequate.

We then added to the **Ca ground-state charge
distribution, a 2* excited state coupled to the
ground state by a quadrupole transition charge
density (run 12). Heisenberg, McCarthy, and
Sick® have fitted this transition charge density for
“‘Ca. In doing so however, they treated B(E2) as
a variable parameter which resulted in a value for
itthatis different from that determined by Coulomb
excitation experiments.?® We have therefore used
the Coulomb excitation value for B(E2) and chosen
the shape of the transition density to be that given
in Eq. (1) by Heisenberg, McCarthy, and Sick. The
parameters and strength for this transition density

TABLE V. ZENITH strength and shape parameters for the
calcium charge distributions used in Sec. VI. The mono-
pole distributions were obtained by fitting to the results
given in Table III of Ref. 21. The B(E2) for the “cq 2*
state is 480 as measured in Ref. 26, and *pgeeitea@)
=7(@/@) " pgromal)]. For all distributions, a=1.99 fm.

ROBERT L.

“pgroma “Pgroma 4 pexcited
A=0 A=0 A=2
s3=0.145944 s=0.145944  s31=0.256 079 fm?

n an n an n an

0 2.3092235 0 2.3546959 0 —0.190404 38

1 -1.3886713 1 —1.4694359 1  0.27450932

2 0.46526361 2 0.52464586 2 —0.19184641

3 —-0.02099411 3 —0.03025631 3  0.032'52647

4 -0.00570991 4 -0.01337605 4  0.01903994

5 —0.02103600 5 -0.02261365 5 0.00553225

6 0.000093475 6 -0.001853795 6 —0.005044521
7 0.002158589 7  0.003543130 7 —0.003907 150
8 0.002788878 8  0.003182487 8 —0.001408490
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are also given in Table V. The 2* excited state
was assumed to have a (diagonal) charge density
identical to that of the ground state. The effect of
the excited state on the differential cross section
is shown in Fig. 2(b). The vertical scale there is
10 times larger than that in Fig. 2(a). Although
the effect grows with angle relative to the experi-
mentally measured difference in Fig. 2(a), it re-
mains negligible throughout the region investigated
experimentally.® Analyses of experiments in which
the ratio is sampled for larger values of the mo-
mentum transfer, however, may have to take
proper account of these dispersion corrections.

Rawitscher has suggested® that the magnitude of
the dispersion corrections may be energy depen-
dent, growing appreciably for lower energies. We
repeated the computations described above at 50
MeV. The effects are extremely small, and to
within the accuracy of the computations depend
only on the momentum transfer.

20[—

R(O)(%)
o
gt
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N,
NN

A
40° 60° ¥ Tso° 100°
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1 | 1 1 1
40° 60° 80° 100°
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FIG. 2. The ratio, R(9)=[*0(0)~*0(6)] /[*%(6) + “o )],
is plotted as a function of scattering angle. (a) The %Ca
cross section is computed using the ground-state mono-
pole charge distribution determined by Frosch et & .
(Ref. 21) as fitted by us with the parameters shown in
Table V. The experimental data are from Table'Ilb of
Ref. 21. (b) The %4Ca cross section is computed using
the 4°Ca ground-state charge distribution and a 2* excited
state coupled to it, as described in Sec. VI. Note that
the vertical scale is 10 times greater than that in (a).
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VII. SUMMARY AND DISCUSSION

ZENITH obtains for the scattering of a Dirac
particle from a nucleus, a numerical solution
which is exact to the extent that the nucleus may
be treated as a nonrelativistic object possessing
a finite number of degenerate energy eigenstates
coupled to one another through the electromagnetic
interaction with the Dirac particle. The most
vexing of these limitations is the requirement that
the eigenstates be degenerate in energy unless the
corresponding radial wave equations decouple
asymptotically. The need for this restriction
arises because we have been unable to produce
usable recursions for the coefficients of the asym-
ptotic series when k;# k; in Eq. (9).

The program has been designed to allow direct
access to the scattering amplitudes defined in
Eq. (15), thus making it quite easy to treat scatter-
ing from polarized or aligned nuclei’ and to com-
pute such things as the polarization of the scattered
particles.

Although we have developed the computational
scheme presented here for the Dirac equation in
the presence of the electromagnetic field of the
nucleus, the key ingredients to its practical suc-
cess (i.e., the asymptotic solution of the coupled
radial wave equations discussed in Sec. II, and the
analytic continuation of the radial wave equations
by power series expansions as described in Sec.
IV A) are applicable to more general scattering

situations. As was mentioned in Sec. I, Saladin,
Roesel, and Alder® have suggested a very similar
method for the Schrodinger equation. We have
verified that ZENITH works well in the nonrelativ-
istic domain associated with Coulomb excitation.
We are in the process of developing a program
similar to ZENITH for particles satisfying the
Klein-Gordon equation.

Interactions other than the electromagnetic inter-
action may be used simply by evaluating the matrix
elements corresponding to those in Eqgs. (20) and
(21) and placing them properly in Eqs. (4). Com-
plex potentials have been added to an earlier ver-
sion of ZENITH for use in optical model calcula-
tions,?” and we are currently adding them toZENITH
itself. Thus ZENITH offers the potential for hand-
ling, in a single program, scattering situations
ranging from very low energies all the way up to
energies at which strong interactions in the form
of an optical model potential may be treated.
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