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Motivated by recent high-resolution muonic x-ray and electron scattering experiments, the mean field

approximation with a realistic effective interaction has been applied in the rare-earth and nickel regions. For
rotational rare-earth nuclei, the approximation of a single axially symmetric deformed intrinsic state yields

quantitative agreement with the experimental binding energies, deformations, elastic electron scattering, and
inelastic electron scattering to 2+ states. Discrepancies in transitions to 4+ and 6+ states may indicate the limits

of validity of the simple deformed intrinsic state approximation. The recent radius measurements in Fe, Ni,
and Zn isotopes have made it possible to test the degree to which the systematics of polarization of the charge
distributions of nonspherical nuclei may be understood through the mean-field approximation. Although
certain significant qualitative features have been understood, it is shown that the deformations of nuclei in this

region are insufficiently defined to validate approximation by a single intrinsic wave function.

NUCLEAR STBUCTUBE ' Nd, ' Sm, Gd, ' Er, Yb U, Cf,
54 e56,58Pe 58,60,62,64N j 64,66,68,70Zn Density dependent 8artree-pock predict jons
of energies and densities, comparison with electron scattering and muonic z-ray

experimental results.

I. INTRODUCTION

The density-dependent Hartree-Fock (DDHF)
theory has been extremely successful in providing
a microscopic understanding of the energies and
charge density distributions of spherical nuclei. '
The two essential features of this theory for our
present purposes are the mean-field approxima-
tion, in which a single determinantal wave func-
tion is obtained by solving for single-particle wave
functions in the mean field generated by the other
particles, and the fact that, aside from minor
adjustments to obtain proper saturation, the in-
teraction is obtained from a reaction matrix cal-
culated from a realistic potential.

The simplicity of the mean-field approximation
distinguishes DDHF from the more rigorous many-
body treatments of light nuclei involving the solu-
tion of three-body equations. ' Fortunately, it
appears that the essential physics from the three-
body terms may be included in an appropriate
definition of the particle potential in the reaction
matrix, ' or equivalently, in the adjustment of the
two-body effective interaction. Hence, DDHF
enables one to extend an essentially microscopic
approach to regimes of heavy and deformed nu-
clei where rigorous microscopic calculations are
presently unfeasible.

The fact that the effective interaction is cal-
culated from a realistic interaction distinguishes

the present theory from those which utilize purely
phenomenological interactions. Although there is
no question that numerous varieties of phenomeno-
logical interactions can be adjusted to reproduce
energy systematics as well as reasonable density
distributions, ' we have sought in this work to be
guided as fully aa possible by our present know-
ledge of the nuclear interaction and to introduce
no additional parameters for nonspherical nuclei.
Given the success of the interaction in spherical
nuclei throughout the Periodic Table, we believe
that any discrepancies arising in the rare-earth
or nickel regions should be attributed to other
physical origins, and not absorbed into new param-
eters in the effective interaction.

In considering the application of DDHF to other
than spherical closed-shell nuclei, it is useful
to recall the semiclassical features inherent in
the mean-field or Hartree-Fock (HF) approxima-
tion. Already in the case of spherical nuclei,
the c.m. wave function is treated semiclassically.
In contrast to the true quantal factorized wave
function comprised of a relative N —1-body wave
function multiplying a delocalized c.m. wave func-
tion, the determinantal wave function approxi-
mately localizes the position of the c.m. At best,
then, the determinant represents a wave packet
of states, prepared to approximately localize
the position of the nucleus. In order to calculate
an intrinsic density distribution for comparison
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with electromagnetic measurements, the effect
of the c.m. zero-point motion, or the extent of
the c.m. wave packet, must be removed from the
wave function by some appropriate projection
prescription. Since the c.m. motion is not quan-
tized, and the wave function is not rigorously
factorizable, it is evident that any such projection
is necessarily ambiguous and nonunique.

An analogous situation arises for well-deformed
rotational nuclei. %hen the mean-field approxi-
mation yields an axially symmetric deformed de-
terminanial wave function, this intrinsic state must
be understood as a wave packet comprised of dif-
ferent angular momentum states superimposed
in such a, way as to localize the orientation of the
nucleus. As before, one may attempt to project
individual angular momentum states from this
wave packet, but ambiguities and questions of
uniqueness necessarily arise.

Yet another complication occurs if the nucleus
is very soft with respect to shape deformations.
If the total energy with a trial wave function chan-
ges only very slowly as the deformation of the
trial function is varied, then the zero-point fluctu-
ations in this collective degree of freedom will
sample a wide range of different, but nearly de-
generate, conf igurations. Thus, approximating
the state by a single determinant may leave out
essential components of the wave function.

The goal of this work, then, is to investigate
how serious these limitations are in the applica-
tion of the. mean-fieeld approximation to nuclei in
ihe rate-earth and nickel regions. For the well-
deformed rare-earth nuclei, the primary issue
will be the validity of extracting different angular
mome'ntum states from a single def ormed intrinsic
wave function. In the nickel region the emphasis will
be on the polarization, or static response, of the
protons generated by the addition or removal of
nucleons. Whereas in spherical nuclei, polariza-
tion is quite well explained by DDHF in terms of
the spherically symmetric dilation of the core pro-
ton distribution, the question arises as to whether
the changes in shapes and deformation between
isotopes and isotones in soft, nonspherieal nuclei
are adequately described by the mean-field ap-

proximationn.

The choice of nuclei investigated in this work
is motivated by recent leptonic experiments. The
rare earths were selected because of old electron
scattering data' from the National Bureau of
Standards (NBS) and especially because of the new
high-resolution elastic and inelastic measurements
of transitions up to 6' states on iso&d iseGd

"'Er, and '"Yb at Bates.' Calculations in the
nickel region were motivated by the combination
of extensive muonic x-ray measurements on

54g56ps&pe 56, 60,62, 64Ni and 64g66, 6&, 70gn at Los Ala7

mos' and comparison elastic electron scattering
measurements at Mainz. The additional calcula-
tion of the two actinides "'U and '"Cf was motiva-
ted by the planned "'U experiment at Bates and the
desire to check radii, binding energies, and quad-
rupole moments at the extreme end of the Period-
ic Table.

II. DDHF CALCULATIONS FOR AXIALLY SYMMETRIC
DEFORMED NUCLEI

A. Computational method

The deformed DDHF calculations have been
performed using the density matrix expansion
(DME) effective Hamiltonian of Ref. 11 and the
deformed oscillator expansion techniques de-
veloped in Hefs. 9 and 10 for Skyrme forces. By
use of the DME it was shown that an energy den-
sity functional of the same simplicity as that ob-
tained with the Skyrme force could be derived
from a realistic two-body effective interaction.
Thus, it is straightforward to utilize the tech-
nology of Ref. 10 by simply replacing the potential
U„(r) [Eg. (2.2) of Ref. 10j and 1/m*(r) [Eg. (2.2b)]
expressed in terms of the density, kinetic energy
density, and Skyrme parameters by Egs. (5.1)
and (5.2) of Ref. 11, which involve only the density,
kinetic energy density, and numerical coefficients
determined uniquely by the two-body effective in-
teraction. All parameters of the effective interac-
tion as used in this work are presented in the text
and Table I of Ref. 11.

The replacement of the Skyrme parameters by
the DME functional in Vautherin's code was im-
plemented by Braek, " and served as a sta, rting
point for the present calculation.

B. Convergence

To obtain adequate numerical convergence, two
changes relative to Ref. 10 were introduced. The
upper limit N, on the total number of oscillator
quanta was increased to 16, where N, is defined
such that u&, (n, + 2) + &o,(n, + 1)~ (&o,'&o,P ~'(No+ 2)
where n and & denote the number of oscillator
quanta and oscillator frequencies in the z direction
and perpendicular to the z direction. Computa-
tion of oscillator space matrix elements of the HF po-
tential in coordinate space requires numerical in-
tegrations over q = 2 and z of products of single-
particle wave functions times powers of the den-
sity and kinetic energy density. Since the wave
functions are comprised of exponentials in z'
and g multiplied by polynomials in z and in q,
finite order Gauss-Herimite and Gauss-Laguerre
integrations'could in principle yield exact results.
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However, even for the Skyrme potential, more
than Np points would be required, since in ad-
dition to the two oscillator wave functions appear-
ing in the matrix elements, U„contains p, in-
troducing very high degree polynomials. For
the DME functional, even higher powers of the
density arise, so it is clear that one cannot do
the numerical integrals exactly, but must rather
check numerically that the accuracy is commen-
surate with that of the rest of the calculation. For
this reason, the number of Gauss-Hermite and
Gauss-Laguerre integration points, denoted K,
was made adjustable up to K=16. A numerical
study of convergence with respect to N, and K
is presented in Appendix A.

C. Pairing

.As in Refs. 9 and 10, a constant gap ~ taken
from experimental mass differences is assumed
and the functional

is minimized subject to the constraint g, v, '= ~
where n, is the occupation probability of the jth
orbital. The actual energy is given by

(2)

and the approximation is equivalent to postulating
constant state-independent J= 0 T =1 matrix ele-
ments of the two-body potential of magnitude
2a/Q, v,.(1—v ')'~'.

This treatment of pairing suffers from several
serious limitations. Actual calculation of J= 0
T = 1 matrix elements" shows significant state
dependence. Furthermore, these matrix elements
clearly should depend upon the deformation,
yielding a deformation-dependent gap. In contrast
to a full Haitree-Fock-Bogoliubov calculation,
variation of Eq. (1) which double counts the pairing
energy relative to Eq. (2) does not minimize the
total energy. Thus, if pairing effects were sig-
nificant, one would have no assurance that the
proper deformation minimum had been attained.

However, in this present work, we do not be-
lieve that the crude treatment of pairing should
have a significant effect for cases in which the
theory otherwise makes sense. The primary mo-
tivation for including pairing in the first place
is simply the convenience with which it handles
level crossings. For cases in which the energy
of deformation surface has deep minima, the
small shift in the position of the minimum by in-
accuracy in the pairing should be negligible. For
shallow minima, as we shall subsequently argue,

the large zero-point fluctuations invalidate the
mean-field approximation in any event, so errors
in the treatment of pairing are irrelevant. As a
final argument against a more sophisticated treat-
ment of pairing, it seems likely that if the residu- .

al interaction effects included in the simple pairing
approximation are dominating the structure, then
other configurations and other matrix elements
beside the J= 0 T = 1 elements retained in the
pairing theory will also be significant.

D. External constraints

Since we are concerned with static deformed
DDHF determinantal wave functions, there is no
necessity for introducing constraints on the shape.
Simply choosing a representative variety of
initial wave function and iterating to self-consis-
tency suffices to locate the stable self -consistent
solutions. Nevertheless, the quadratic constraint
of Ref. 9 on the mass quadrupole moment was
utilized in this work for two reasons. The first
was simply as a technical convenience to facili-
tate the location of enery minima by first mapping
out the energy of deformation vs quadrupole mo-
ment curve. The second, and physically motiva-
ted reason, was to use the energy of deformation
curves to assess the validity of the description in
terms of one single intrinsic state of a specific
deformation.

Formally, the introduction of a term in the mean
field proportional to Q yields pathologically large
attractive potentials far from the nucleus, either
in the x-y plane or along the z axis. In practice,
even in the large oscillator bases employed in
this work, this distant unphysical potential never
affects the calculation because the oscillator basis
functions do not penetrate significantly into this
region. If a problem were ever to arise, it could
be resolved by introducing any sensible cutoff
into the definition of the constraining field.

E. Transition densities

For subsequent reference and discussion, it will
be useful to establish formulas for transition den-
sities and multipole moments. Ideally, we would
like to calculate the density between eigenstates
of angular momentum l and angular momentum
zero. Restricting ourselves to a single deter-
minantal wave function for each state, the best
approximation would be to project out the desired
angular momentum component and then vary the
single-particle wave functions. In this work, how-
ever, the variation is performed before projec-
tion, yielding a single intrinsic state out of which
individual angular momentum states must be pro-
jected.
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For an axially symmetric K =0 intrinsic state,
the matrix element of the density operator between
projected states of angular momentum / and an-
gular momentum 0 is

for the quantities

1

f, (r, r') = dxP, (x)e-"
1

&f
I I 0&

I oo oo

IIP,',
I 0„,&llllP'„

I 0„,&II

„F 6y-, *„0,. e

i, (r, r') =

where

1

dxP, (x)ee ",

where I'~~ is a projection operator and N is an
overall normalization factor.

Using standard many-body techniques, "
&p I

oe '
I
4&= exp(&g Ie

~ 'I g),) &tj Io '

=exp(-oP'&Ij~, 'IS&)&AIjoe "'"I4&i «&

Thus, in the limit of large &Z,'&, the p integration
is restricted to an arbitrarily narrow. range, and
the matrix element is approximately given by

oo& =&(»
I P 6(r -x, )Y',*,(0,.)

I p~&

dQp„x, 9 F, '0 .

In this limit, the transition density is just given
by the Legendre expansion of the intrinsic density
distribution. To adhere to the definitions in Ref.
10, which differ from those of Ref. 5 by the factor
[(2l+ 1)/4w]' ', we shall define the transition den-
sities by

2~+ 1
p, =— . dQ p»(r, 8)1'*,~(A)

e = (r'+ r" —2rr'x)'~'

provided the instability of upward recursion for
small arguments is recognized. Multipole mo-
ments for the charge density are identical to
those of the proton density, since the proton
charge distribution is isotropic.

III. RARE-EARTH NUCLEI

The results of calculations for selected rare-
earth (and actinide) nuclei are summarized in
Figs. 1-5 and 'Table I.

A. Binding energies

The systematic agreement between theoretical
and experimental binding energies shown in col-
umn 7 of Table I is comparable to that obtained
for spherical nuclei in Ref. 11. Comparison with
experiment is somewhat complicated by the fact
that starting energy corrections" were not ex-
plicitly calculated in this work, and the parameters
as tabulated in Ref. 11 were defined such that
these corrections are approximately cancelled in

Pb. Thus, a correction 4 is estimated accord-
ing to

s'/2
= (2l+ 1) p(r, 8)P, (8) sin8 d8

0
(6)

and the multipole moments by

With these conventions, the reduced transition
probabi&ities are given by

p', "(r)= r"dr'I, (r, r') p, (r'),
0

(9)

where I,(r, r') = 2m f ', dxf[(r'+ r" —2rr'xP ~']P, (x)
and f is the proton form factor. For an exponen-
tial form factor, values of I, may be generated
straightforwardly by writing recursion relations

By Legendre expansion of the proton form factor, "
the transition charge densities may be obtained
from proton densities by the relation

ba5ed on the fact" that the starting energy correc-
tion is essentially a surface term and that in Ref.
11 it was roughly compensated by a volume term.
Fitting a and b from the known discrepancies in

pr and Pb leads to the corrected energies
tabulated in column 8. Whereas it is gratifying
that the discrepancies are reduced to less than
0.05 MeV-'per particle, the correction 4 is at best
an order of magnitude estimate. Furthermore,
we have not included the correction of from 0.02
to 0.04 MeV per particle arising from the fact that
the intrinsic state is a superposition of different
angular momentum states. " Thus, at the present
level of accuracy of the theory, thebinding ener-
gies appear quite satisfactory.

B. Binding energy as a function of Qo

Calculations with a quadratic constraint on the
value of the mass quadrupole moment Qo yield the
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FIG. ].. Energy of deformation curves vs mass quadrupole moment for selected rare earths and actinides.

energy of deformation curves shown in Fig. 1.
'The binding energy was calculated according to
Eq. (2) and the positions of the unconstrained
self -consistent results are indicated by the ar-
rows. One observes a distinction between the
rather shallow minima, small def ormations, and

. low spherical barriers of i4sNd, ~soNd~ and is~Sm,

and the narrower minima, large def ormations,
and high sphe rical barriers of the remaining nu-
clei. A similar progression has been reported by
De charge, Girod, and Gogny for the samarium
isotopes. " It is significant that the first three nuclei,

for which the approximation of a single deformed in-
trinsic state is suspect on the basis of the theo-
reti:cal deformation energy curves, coincide pre-
cisely with the nuclei which expe rimentally do
not have good rotational spectra. As criteria
for good rotational spectra, expe ri.'mental ene rgy,
ratios 3E;/10E; and E;/12E', , both of which should
be unity if energies were proportional to I(f+ 1),
are tabulated in the last two columns of Table I.

For the first three nuclei in Table I, the dis-
crepancy in the 4' energy is at least 10/0 whereas
for all others it is less than 3%. Furthermore,
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FIG. 2. Contour plots of proton density distributions.
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8' states are not observed for the first three,
whereas they are seen to be quite consistent with
the rotational model for all others. It is par-
ticularly interesting to see the sharp distinction
predicted theoretically between '"Sm and '"Sm,
which is also consistent with the observed spec-
tra. 'The mechansim for this sharp transition is
quite evident from the theoretical single-pa, rticle
energy levels. Near the last occupied neutron
state in '"Sm lie two unoccupied levels with Nils-
son quantum numbers [660j and [6511 arising from
the —,

"and —,
"components of the i»&, shell. The

energies of these two prolate levels decrease
strongly with increasing deformation, and in the
present calculation, the self-consistent effect of
adding two neutrons to '"Sm is such that a small
increase in deformation changes the level order-
ing, and the occupation of both these extremely
prolate states then increases the deformation by
more than 50%.

C. Moments of charge densities

Calculated rms charge radii, corrected for the
proton form factor, are compared with values de-
duced from experiments'"'" in column 3 of Table
I. Aside from '"Nd and '"Sm, the radii agree
to within 0.02 fm, which is the level at which one
would, in any case, suspect the accuracy of the
extraction of the rms radii from experiment. 4

Consistent with our previous arguments concern-
ing the deformation curves, we attribute the dis-
crepancies in '"Nd and '"Sm to the breakdown
of the approximation of a, single intrinsic state
of fixed deformation for these nuclei.

Proton quadrupole and hexadecapole moments
defined according to Eq. (7) are tabulated in the
first two columns of Table I and compared, where
possible, with experiment. '""" With the excep-
tion of the first three nuclei, the systematics of
the increase of the quadrupole moments with in-
creasing A. are reproduced in detail by the theory.
Even more dramatic is the agreement in all but
the first three nuclei of the Q, moments, which
decrease strongly with increasing A in the rare
earths and then increase in the actinides.

The behavior of the hexadecapole moment in the
rare earths was emphasized in Ref. 5, where the
shape change from Sm to Yb was visually notice-
able on contour plots reconstructed from a Legendre
expansion of the density determined from electron
scattering. The same systematics predicted the-
oretically are evident from the proton density con-
tour plots presented in Fig. 2. It is particularly
easy to compare '"Gd with "'Yb, since the 0.5
and 1.0 contours intersect the z and z axes at
essentially the same points, whereas along the

diagonal x= z they clearly differ. Another feature
emphasized in Ref. 5, the kidney shaped maxima
concentrated at the poles of '"Er and "'Yb, also
appears in Fig. 2, where the 6.5 contours enclose
similar kidney shaped regions in these nuclei.
In addition to the inelastic electron scattering data
which provide such direct spatial resolution, there
exists considerable information relevant to hexa-
decapole deformation from Coulomb excitation,
(n, c.'), and (p, p') scattering. These data are
generally analyzed in terms of P, values which
must be deduced from an equivalent uniform den-
sity distribution, and an excellent summary of
rare-earth data is presented in Fig. 1 of Ref. 16.

Contour plots for neutron and proton densities
in the two actinide nuclei are shown in Fig. 3.
Even more conspicuously than in the rare earths,
in '3'U there is a relative depletion of density
45' away from the s axis and a relative accumula-
tion along the x and z axes, giving rise to very
large hexadecapole moments. Progressing to
higher A in the actinides, just as in the rare
earths, appears to diminish the hexadecapole mo-
ment, with ' Cf, displaying a significantly smaller
hexadecapole deformation than ' 'U.

D. Electron scattering

Elastic and inelastic electron scattering will
be addressed at length in a subsequent article, '
so we will restrict our present discussion to sev-
eral salient points. Figures 4 and 5 compare dis-
torted wave Born approximation (DWBA) calcula-
tions based on the transition densities given in
Eq. (9) with experimental data from '"Gd and
'"Yb. Results for "'Er are qualitatively similar
whereas, as expected from our discussion of the
'"Nd deformation curve, all inelastic cross sec-
tions predicted for Nd are in serious disagree-
ment with experiment.

The quality of agreement of elastic form factors
in Figs. 4 and 5 is comparable to that obtained
throughout the Periodic Table in spherical nuclei
with the same interaction. ' The agreement for
the 0'- 2' transitions is also quite good, not only
in overall normalization but also in the detailed
diffraction structure. In contrast, the 0'-4' form
factors are somewhat in error in magnitude al-
though reasonably accurate in shape. Notice how-
ever, both theoretically and experimentally, the
0'-4' transition density is significantly different
in these two nuclei. The magnitude of the 4' rela-
tive to the 2' form factor is considerably larger
in Gd, consistent with the larger Q, and resulting
B(E4) In addition; th.e phasing of oscillations
in the 4' and 2' form factors is completely dif-
ferent in Gd and Yb, and to the extent to which
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theory reproduces this phasing, the densities dis-
played in Fig. 2 are reproducing detailed spatial
differences in density distributions. Finally we
note that the 0'-6' transitions are reproduced
quite poorly. Although we are not aware of defini-
tive calculations of dispersion corrections for
these nuclei, we do not believe at present that such
corrections account for the observed discrepan-
cies.

E. Conclusions

From the preceding results, we conclude that
for the mell-deformed rotational nuclei the mean-
field approximation with a single deformed intrin-
sic state is quite satisfactory, yielding gross prop-
erties as accurately as in spherical nuclei. The
salient discrepancies in the rare-earth region in-
clude the gross properties of "'Nd, '"Nd, and
'"Sm and the. details of transition densities to 4'
and 6' rotational states. . It is essential to the
understanding of the underlying physics that the
physical origins of these discrepancies be fully
understood.

One conceivable explanation of both discrepan-
cies would be to attribute them to the effective
interaction, and thus seek some improved pheno-
menological interaction which fits more observ-
ables. From our experience in observing the sen-
sitivity of equilibrium deformations in shallow
minima and of the 4' and 6' transition densities
to minor changes in interaction parameters, pair-
ing strengths, and departures from self-consis-
tency, it is also plausible that these discrepancies
could be doctored by deliberately adjusting the
force.

Our present inclination, however, is that it
would be a mistake to try to resolve either of
these discrepancies by changing the force. The
fact that the deformation energy curves change
abruptly between "'Sm and '"Sm, where the onset
of accurate rotational spectra occurs experimental-
ly, appears to be a significant success of the theory.
The spectrum of '"Sm is only roughly rotational,
with the first 2' state at 121 keV', significant de-
partures from the I(I+ 1) rule, and states only
identified through the 6' level, whereas '"Sm is an
excellent rotator with its first excited state at
82 keV and even the 8' energy accurately specified
by I(I+ 1). With internal evidence that the approxi-
mation of a single deformed intrinsic state is
breaking down corroborated by experimental ver-
ification, it would be quite misleading to mock
up the behavior of light rare earths by adjustment
of the force parameters. It would appear much
more fruitful to look at a suitably generalized the-
oretical description, such as the generator co-

ordinate theory.
The case for the discrepancies in 4' and 6'

transition densities is not as clear cut. From the
discussion in Sec. II E, it is clear that the ap-
proximation that the range of exp(- —,P'(Jy')) is
small compared with that of the rest of the in-
tegral in Eq. (4) must break down for some high
value of /. As yet, it is not clear whether such
a discrepancy between a simple Legendre expan-
sion and proper projection should be significant
for l-6, although preliminary estimates with de-
formed oscillator wave functions yield projection
corrections for 0 6 form factors of the order of
10% and of the proper sign. " Even more com-
plicated effects may be relevant, for such high
multipoles may be sensitive to variation after,
rather than before, projection, or even the pro-
jection of a pure angular momentum state out of
a generator-coordinate wave function. At the very
least, it appears that there are many legitimate
limitations of the approximation by a single in-
trinsic state which must be investigated before
it makes sense to try to improve the transition
densities by modification of the, effective interac-
tion. Some indication as to whether the intrinsic
state approximation or effective interaction is at
fault will be afforded by the agreement for the 6'
transition density in "'U, since both the projection
corrections, which vary as 1/(J~'), and the cor-
rections for collective motion will be much smal-
ler than for the rare earths.

IV. CHARGE DENSITY DIFFERENCES IN THE NICKEL
REGION

Measurement of charge density differences be-
tween neighboring isotopes specifies the static

. response of the proton distribution to the addition
of neutrons. Differences between isotones yield
'a combination of the spatial distribution of the
valence protons and the distortion of the core
charge density. In combination, ' such data provide
an exceedingly stringent test of any theory.

A. Polarization of spherical nuclei

For spherical nuclei, the mean-field approxima-
tion works quite well in describing valence proton
wave functions and the polarization observed in
isotope shifts. It is characteristic of spherical
mean-field theories that the core is quite stiff and
dilates only slightly in response to the enlarge-
ment of the single-particle potential produced by
the addition of valence neutrons. Quantitatively,
a scale of response may be set by that of a simple
liquid drop, with radius r rQ' ' T-hen the. stan-
dard A'~' response would be &x/r= ~hA/A. For
spherical nuclei, one calculates and observes
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isotope shifts ranging from 30% to 50%%uo of the
standard A' ' response.

Considerable success in describing tin isotopes
has been obtained using DDHF theory with a real-
istic interaction. " Experimentally, tin charge
radii increases are 54/o of those expected from the
A'~' law, i.e , &.x/x=0. 54x —,'AA/A, and the pre-
diction of Ref. 23 is 41/o. The spherical mean-
field analysis is expected to work reasonably well
in tin because the proton shell closure at 50 keeps
the nuclei spherical, and tends to inhibit the ex-
citation of protons into normally unoccupied or-
bitals. Thus, the only possible response of the
protons is a spherical dilation in the presence
of the enlarged nuclear potential.

To verify that this physical picture is applicable
to spherical nuclei throughout the Periodic Table,
we have also compared the theoretical DDHF pre-
dictions for ' ' "Pb with experiment"'"'" in
Table II. The first line shows the change in the
charge radius due to the spherically symmetric
polarization of the proton core, and corresponds
to 43/0 and 47%%up of the A'~' law for the two isotope
shifts, respectively. The second line includes
as well the effect of the neutron charge fa,ctor,"
which shifts the radius by f p, „/2m'zZ = -0.0419l/
xZ for each neutron in a j=l+ —,

' state and by
0.0419(l+ 1)/xZ for each neutron in a j= l ——,

'
state. The electromagnetic effect of the~ 3py/2
neutron in "'Pb is rather negligible, but the 2f,&,
neutrons are somewhat more significant in the

'Pb-' 'Pb shift. If one repeats the calculation,
removing the artificial constraint that "'Pb and
'"Pb must remain spherical, the third line in
Table II shows that the polarization increases
slightly, although not dramatically, yieMing rea-
sonable agreement with experiment, especially
if the spin-orbit shift from the second line is also
added in. Thus, the physical picture of monopole
dilation is essentially substantiated, and distortion
effects play only a secondary role.

B. Polarization of soft nuclei in the nickel region

In contrast, in the Fe, Ni, and Zn isotopes,
one might expect the essential physics of polariza-
tion to be rather different. Since the Fe and Zn
isotopes have open proton shells, the proton wave
functions have much greater freedom to respond
to the presence of additional valence neutrons than
simply through the spherically symmetric dilation
of the occupied proton wave functions described
above. Even in the case of Ni, which is nominal-
ly a spherical closed shell for protons, we shall
see that deformation effects may also play a sig-
nificant role. A quantitative measure of how much
polarization is omitted in the spherical approxima-

TABLE II. Theoretical and experimental values of Pb
isotope shifts.

&+c(208-206) Dec(208-204
(am) (am)

Spherical, no spin-orbit
Spherical, with spin-orbit
Deformed, no spin-orbit
Expt. Ref. &9

Ref. 24
Ref. 25

7.6
7.9
9.6

11
9 ~0.5

13

16.8
17.9
18.8
21
18.6+1.5
24

tion is obtained by calculating the spherically sym-
metric mean-field response to the addition of neu-
trons and seeing how much it underestimates the
isotope shift. As the theory is extended to allow
more and more general forms of proton response,
the isotope shift should increase and approach the
experimental value.

Whereas the wave functions of the present work
are more general than a single spherically sym-
metric determinant, they are still subject to
three essential limitations:

(1) As emphasized in connection with the rare
earths, we consider only a single intrinsic state.
If the energy of deformation curve is very soft,
the sizable shape oseillations expected in the col-
lective coordinate will require a more general
generator-coordinate or multiconfigurational wave
function.

(2) Only axially symmetric deformations are
considered. In the case of "Fe, minima have been
obtained for triaxially deformed configurations, "
so some essential shape degrees of freedom may
be omitted from the present calculation.

(3) The BCS wave function and pairing residual
interaction, in addition to unrealistically averaging
the state dependence of the J = 0 T. = 1 matrix ele-
ments as discussed previously, are also overly
restrictive. Only excitations corresponding to
pairs of protons or neutrons are included, and
the residual interaction between neutrons and
protons, which should be particularly effective
in polarizing the protons, is completely omitted.

Since, in general, the freeziDg of degrees of
freedom or imposition of constraints on the form
of wave function decreases its response to an
external potential, we expect that the omission of
more general forms of configuration admixture
or shape deformation results in too small an iso-
tope shift, whereas the errors associated with the
oversimplified constant gap pairing approximation
are clearly of undetermined sign. .

The qualitative effects of deformation and pair-
ing on the polarization of the Fe isotopes are
shown in Fig. 6. The short dashed lines indicate
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FIG. 6. rms radii for Fe isotopes obtained vrith alternative theories described in the text.

the standard A'~' radius change &r/x= 3AA/A
expected for a simple liquid drop. Irrespective
of the details of the theory, the additionof neutrons
increases the neutron radius significantly more
than the A' ' law. As noted previously, the re-
sponse of spherically constrained protons (solid
line) is roughly one-third of the A'~' value. With
deformation and a very small pairing gap, 4= 0.1
MeV (long dashed lines), the polarization is sig-
nificantly greater, reproducing almost two-thirds
of the A'~' response as the addition of prolate
orbitals outside the neutron shell closure at 28
significantly deforms the core. In the nickel
region, mass differences indicate that the gap
should be roughly 1.5 MeV, which is consistent
with the matrix elements calculated in Ref. 13,
and is the value used in all subsequent figures.
One observes from Fig. 6 that increasing the pair-
ing decreases the polarization. Experimentally, '
the radii in Fe increase approximately as the A' '
law, so the introduction of deformation goes a long
way toward resolving the glaring discrepancy be-
tween the spherically symmetric response and ex-
periment.

C. Energy of deformation curves and qualitative behavior of radii

Figure 7 displays the energy of deformation vs
mass quadrupole moment curves calculated for
these isotopes. Note that, with the exception of

"Zn which has a closed neutron shell, none of
the minima are sufficiently deep and narrow to
validate description by a single deformed intrin-
sic state. Thus, the most we may hope to extract
from the present results is a qualitative impres-
sion of the spread and mean deformation of the
collective wave function determined by the poten-
tials in Fig. 7, and how these values would vary
from nucleus to nucleus.

One check on these deformation curves is afforded
by the extraction of a charge quadrupole moment of
100 fm' for "Fe from 0, scattering. " Although we
make no claim that "Fe should be a pure rotator,
the collective wave function should be peaked
about a mass quadrupole moment of 200 fm', and
the B(E2) transition strength should therefore
evidence collectivity characteristic of a charge
quadrupole moment of 100 fm'.

A. second check of the systematics is provided
by neutron occupation probabilities. Table III
compares the theoretical occupation probabilities
calculated with & = 1.5 MeV and Q, constrained to
be zero with those extracted from experiment. "

For very flat deformation curves, or those with
an actual minimum at Q, = 0, we should expect
qualitative agreement, with reasonable allowances
for experimental uncertainties. For deformation
curves with either prolate or oblate minima, sub-
stantial deviations are expected, especially in the
f,~, occupation, because of the crossing of Nilsson
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448—

450—

470—

47I—

TABLE III. Comparison between theoretical neutron
occupation probabilities for constrained spherical cal-
culations with 4 = 1.5 MeV and the experimental values
(given in parentheses) from Ref. 29. The quantity 6f&g~

is the difference between the experimental and theoret-
ical ifsy2 occupation and provides a signature of sub-
stantial deformation.
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FIG. 7. Energy of deformation curves versus mass
quadrupole moment for selected nuclei in the nickel
region.

levels originating from the spherical f,&, orbitals.
It is gratifying that the biggest 4f,&, discrepancy in
Fe occurs for well deformed "Fe; that the &j,&,
discrepancies in the ¹iisotopes are rather small,
consistent with the rather flat deformation curves
and closed proton shell; and that the biggest Zn
discrepancies occur for "Zn and "Zn which have

both prolate and oblate minima.
Figure 8 emphasizes the sensitivity of the rms

charge radius to the quadrupole deformation.
Thus, as the collective wave function becomes
more and more concentrated at positive Q, as
one progresses through the Fe isotopes, for ex-
ample, the increase in charge radius may be ap-
preciably greater than the indicated spherical in-
creases. A very crude estima. te of the range of
radii which might be expected if one allowed for a,

collective wave function which sampled a reason-
able range of deformations is presented in Fig. 9.
The experimental radii' multiplied by A ' ' are.
denoted by the crosses, so that liquid drop be-
havior would yield a horizontal line. The bottoms
of the theoretical error bars denote the rms radii
at QO= 0 from Fig. 8, which are the smallest radii
one would obtain unless some complicated inter-
ference occurred in a collective or generator-co-
ordinate wave function. The top of each error bar
is defined to be the value of the charge radius at
the most distant minimum of the deformation
curve. Presumably a collective wave function
will sample configurations with even larger radii,
but no reasonable alternative prescription oc-
curred to us. Thus, the error bars provide a
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qualitative hint as to what range of radii might
arise from more sophisticated calculations. Jn
both the Fe and ¹iisotopes, one observes that the
trend from spherical to deformed shapes, i.e. ,
from the bottom to the top of the error bars,
agrees better with the systematic behavior than
the purely spherical results. In the Zn isotopes,
we regard it as fortuitous that the spherical calcu-
lations in all cases agree well with experiment.
%hile it is possible that a two-sided minimum ad-
mixes more nearly spherical components than the
one-sided minima in Fe and Ni, our preceding ar-
guments favor radii in ' Zn and'"Zn which are de-
finitely higher than experiment. The only nucleus
in the entire calculation for which the approxima-
tion is manifestly valid is "Zr, and it is at least
reassuring that this radius is accurately repro-
duced.

D. Charge density distributions
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FIG. 9. Comparison of experimental values of
r,hA 3, denoted by crosses, with theoretical esti-
mates described in the text (solid error bars).
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FIG. 8. rms charge radii as a function of mass
quadrupole moment for the same calculation shown in

Fig. 7.

Recent elastic electron scattering experiments' '
have revealed certain fine details of the spatial
charge distributions in the nickel region. Clearly,
given the inadequacy of the theory discussed in the
l.ast section, one should not expect a quantitative
theoretical explanation of all these details. How-

ever, several salient points have arisen which
merit discussion.

Figure 10 displays charge density differences
between neighboring nuclei which, in the pure
shell model, would differ by the addition of two

1p3/2 neutrons and protons, respectively. The
shaded areas represent the so-called model in-
dependent analyses of the experimental data' which
are intended to bracket the true density distribu-
tion. The solid curves denote the isotope and iso-
tone shifts obtained from the differences between
spherical DDHF calculations for each nucleus.
The Zn- Ni isotone shift is dominated by the
valence 1p», proton wave function, and in the
pure shell model one would expect an interior zero
due to the radial node of the &p3~, state. 'The

spherical calculation does not exactly reproduce
this interior zero because of a slight polarization
of the core, but the simple 1P3&, structure is still
quite evident. Although beyond 4 fm the spherical
result is consistent with experiment, the distinct
interior structure associated with the p state is
in qualitative disagreement. Hence, it is instruc-
tive to see how different the density difference ap-
pears if one considers deformed intrinsic states.
Since Fig. 7 indicates that both '~Zn and "Ni have
oblate minima, the difference between the two
oblate solutions in the minima is shown by the
dashed line in Fig. 10. The essential point is that
virtually all of the interior structure is washed
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0.2 FIG. 11. Comparison of the experimental determina-
tion of the Ni charge density of Ref. 19, shaded area,
with three calculations described in the text. Note the
expanded density scale does not go to zero.

FIG. 10. Results of the experimental analysis of iso-
tope and isotone differences in Ref. 8, shaded areas,
with alternative calculations described in the text.

out in this case. . In an actual calculation in which
the wave function is expressed as a superposition
of various deformations, it appears quite plausible
that the final result would indeed have much less
structure than the spherical result.

The "Fe-~Fe isotone difference between two

spherical solutions, indicated by the solid lines in
the top of Fig. 10, is much smaller than experi-
ment, consistent with the fact that the spherical
solution radius shift is only about one-third of that
mea, sured experimentally. Taking the difference
between the two solutions at the respective prolate
minima does much better (long dashes), and the
extreme case of comparing spherical ~Fe with
prolate deformed "Fe significantly overestimates
the observed polarization. Hence, there is again
hope that a superposition of solutions of various
deformations will come much closer to experi-
ment than the results with a single intrinsic state.

The interior density distribution obtained from
high momentum transfer elastic electron scatter-
ing from "Ni is shown by the shaded area in Fig.
11 on an expanded density scale." . It has been
emphasized that the observed interior oscillations
are significantly smaller than those predicted by
various spherical HF calculations. " As claimed,
the interior charge density for our spherical so-

lution, denoted by the solid line in Fig. 11, evi-
dences more structure than seen experimentally.
Furthermore, as explained in Ref. 1, retention
of a finite range direct force instead of using the
DME functional will increase, not decrease, the

discrepancy.
Hence, we have also displayed by the long and

short dashed lines in Fig. 11, the po components
of the prolate and oblate charge densities at the
extreme ends of the energy plateau of Fig. 7.
Here again, the salient point is the degree to
which deforma, tion, either prolate or oblate,
washes out the pronounced spherical shell struc-
ture. If one considers a superposition of states
of varying deformation, it appears quite plausible
that the composite effect of the nearly spherical
and well-deformed components will yield dimin-
ished shell structure comparable to that observed
experimentally.

V. SUMMARY

From the preceding results, it is evident that
the mean-field description of well-deformed ro-
tational nuclei using a realistic effective interac-
tion is extremely successful. Energies, radii,
and elastic electron scattering cross sections are
given just as well as in spherical nuclei, and B(E2)
transition strengths and 0'-2' inelastic electron
scattering form factors are well reproduced. Only
for high multipole transitions does one begin to en-
counter significant discrepancies in such nuclei.

For nuclei which do not have well-defined minima
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TABLE IV. Convergence of Ni binding energy and
charge radii as a function of basis size Np and number
of integration points K.

TABLE V. Convergence of U binding energy and
charge radius as a function of Np and K.

Np=14, K=I K=16, Np=I
BE (MeV) r& (fm) BE (MeV) x& (fm)

Np

12
14

14
16

BE {MeV)

1797.89
1800.30

'Vp (fIQ)

5.8003
5.7994

2752
2741

8
10
12
14
16
"Exact"

443.86
443.19
443.48
443.46

3.732
3.728
3.729
3.729

442.23
442.89
443.40
443.46
443.51

(443.34)

3.721
3.726
3.730
3.729
3.730

(3 732)

LASL Physics, Theoretical, and Computing Divi-
sions.

APPENDIX A: NUMERICAL CONVERGENCE

and do not exhibit rotational spectra, whereas
the preserit description may yield valuable qualita-
tive insights, it is not sufficient to provide quanti-
tative precision. At the least, however, the theory
does appear to provide a criterion which accurate-
ly diagnoses its validity, insofar as the energy of
deformation curves have been completely reliable
indicators of its accuracy in every case we have
examined.

The obvious extension for future work will be to
superpose families of determinants of different de-
formations via the generator-coordinate method.
Although such a calculation in an harmonic-oscil-
lator basis of the size required to attain adequate
convergences in this present work appears to us
quite cumbersome, work in progress using de-
formed determinantal wave functions in coordinate
space" suggests feasibility through the rare-earth
region.
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number of numerical quadrature points K was
explored numerically for "Ni, which is spherical
and thus comparable to the "exact" solution of
Ref. 3.5. Table IV shows the changes in binding
energy and proton radius as N, and K are sepa-
rately varied. Note that whereas the binding en-
ergy increases monotonically in N, since fixed K
yields a variational principle, increasing K may
decrease, as well as increase, binding. The
small discrepancy between the 16, 16 result and
the "exact" spherical calculation was not resolved
and, in any event, is insignificant physically. All
of the calculations in the nickel region were per-
formed with N p 10 and K = 12, which made it un-
necessary to optimize the oscillation basis pa-
rameters.

Convergence for '"U is indicated in Table V.
Since optimizing the basis to minimize the energy
yields no particular advantage for the convergence
of the one-body density, the basis has not been
optimized. Presumably, the convergence for the
rare earths is much better so all rare-earth re-
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Fig. 1 was also calculated with N, =12'and &=14,
but the final solutions at the minima used N, =14,
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