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Nucleus-nucleus scattering at high energies
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Nucleus-nucleus scattering is treated in the Glauber approximation. The usual optical limit result, generally
thought to improve as the number of nucleons in the colliding nuclei increases, is found to be the first term of
a series which diverges for large nuclei. Corrections to the optical limit are obtained which provide a means of
performing realistic calculations for collisions involving light nuclei. Total cross section predictions agree well

with recent measurements.

NUCLEAR REACTIONS Validity of the optical limit for heavy-ion scattering
in the Glauber approximation. Effects of higher order corrections.

Interest in heavy-ion collisions at medium and
high energies has increased rapidly in the past
few years. In addition to being relevant to specu-
lation regarding superheavy nuclei, these colli-
sions are expected to provide a new tool for
probing nuclear structure and for studying scat-
tering mechanisms. The theoretical stydies of
such collisions have generally involved the Glau-
ber approximation.’** The exact Glauber scatter-
ing amplitude, however, is too difficult to evalu-
ate for realistic forms of nuclear densities. An
“optical limit” result,* therefore, has frequently
been employed to study elastic scattering®'? and
fragmentation processes'?; it has also been used
to test general concepts such as factorization of
cross sections at high energies.®'*

A serious problem associated with the optical
limit is that the elastic scattering cross sections
diverge®7 at large momentum transfers when the
center-of-mass correlation function is retained
(as it should be, to get reasonable results at small
momentum transfers). Furthermore, there ap-
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pears to be a serious disagreement!® between the
optical limit predictions and the recent high ener-
gy ?C-'C total cross section measurements. In
this paper, we examine the validity of the optical
limit in the Glauber approximation. We obtain a
series for the optical phase shift function (or the
optical potential), where the first term is the
usual optical limit result. As the number of nu-
cleons in the colliding nuclei increases we find
that, contrary to the prevalent belief, higher order
terms begin to dominate and the optical limit re-
sult becomes inaccurate.

The elastic scattering amplitude for collisions
between nuclei with mass numbers A, and 4, can
be written as*®

F(q)=%k7;K(q) fd2beia';[1_eix(b)], (1)

where 7k is the incident momentum, & is the
impact parameter, and K(g) is a center-of-mass
correlation function.* The total nucleus-nucleus
phase shift function y(b) is given by
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where ¥ a; 2re the nuclear ground state wave functions, §; and 8’ are the projections of the nucleon coor-
dinates on the impact parameter plane, and T, are the nucleon-nucleon (NN) profile functions. By ex-

panding Eq. (2) in powers of I';;, we obtain the series'

ix®)=i(Xy + Xp+ Xs+ ***),
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etec. For simplicity, we shall assume that all NN amplitudes are equal [i.e., fyy(q)=f(g)], and that

Aj

[94,12= TT | 04FD[ (5)

Jj=1
We then obtain
iX].:—AlAzCO(b) 5 ixZ=éAlAz[(l—Al"Az)coz(b)"' (Az_ 1)Cl(b)+ (Al_ 1)Cz(b)] ’ ) (6)

and so on, where
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and C,(b) is obtained from C,(b) by letting S A Sy, where S, (q) are the nuclear form factors. We have
also calculated the terms y, and yx, but the results are too lengthy to write down here.

The usual optical limit result corresponds to truncating the series (3) at ix=4y,. To illustrate the ef-
fects of y,,...,x,, we shall take the simple case
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which leads to the result

) o(l-1¢ o1 ~2p2 . .
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Againi, the general expressions for y,,..., X, are lengthy and will not be written down here. The optical
limit (x=y,) is usually considered to be a good approximation for collisions between large nuclei. Let us,
therefore, estimate the size of the correction terms for the case A, =A,>1, R*=R,*>>a. We obtain

ixy(0) = — A%ye /B ixy(B) ~ix, (0)(Ay) [/ B — g7/ oR], (10)

ixg(B) ~ ix, (B)(Ay)? [0 2/ B _ 4138 , omV'/ B | 2ot/ 2R

TABLE I. Nucleus-nucleus total cross sections at 0.87 and 2.1 GeV/z. The values in pa-
rentheses are the total cross sections at 0.87 GeV/z. The quoted experimental errors are
statistical only. The two experimental values in the second row correspond to *He-12C and
2c_4He scattering, respectively. The nucleon-nucleon parameters used in our calculations
are 0=42.7 mb, a=6.2 (GeV/c)?, p=-0.28 at 2.1 GeV/a; and 0=42.4 mb, a=5 (GeV/c)?,
p=-0.2 at 0.87 GeV/n (Ref. 17). The nuclear rms radii were taken from Ref. 18 and cor-
rected for the finite proton size and c.m. recoil.

Nuclei Otot (mb) with x equal to Tiot (mb)
A—Ay X1 X1+ Xe X1+ X2 +X3 X1+Xa+X3+Xg Experiment
429 384 387 386 408 +£2.5
4-4 { (420) (373) (377) (375) (390 +£4.2)
. 909 788 810 802 835+5,826+5.9
-1z { (885) (767) (792) (781) (820+13,790% 7.0)
4-24 1387 1217 1260 1244
4-40 1939 1720 1778 1757
{912 { 1605 1365 1453 1420 1347+ 25
(1580) (1329) (1430) (1384) (1256 £31)
1224 2272 1931 2086 2026
12-40 3010 2584 2786 2709
2424 3077 2607 2861 2765
2440 3949 3385 3698 3577

40-40 4941 4307 4662 4512
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FIG. 1. '2C-'2C elastic scattering at 2.1 GeV/n. The
curves illustrate the effects of the highgr order correc-
tions X,, X3, and X, to the usual optical limit result.

etc. For example,

X0~ %, (0[-3(49)],  x.(R)~x, (R)[-0.59(4y)],

X:(0)~ %, (0)[3(49)%], xs(R)~ x,(R)[0.31(Ay)?],
Xa(0)~ %, (O)[- 2(A¥)*],  xa(R)~ x,(R)[-0.28(Ay)?].

Since R~A/3, we have Ay ~A'/3, (If we relate
R to the mean square radii (»;%) by R;2=3(r2),
we obtain for Pb-Pb collisions Ay ~3.3.) Thus for
large A | x| > |xs| > |X2]>|x.|, and the series (3)
appears to diverge. Furthermore, the series is
oscillatory and a truncation of the series at x,-(z
even) for large A may lead to unphysical results
(for example, |e'*|>1). However, the series (3)
is still useful for light- and medium-A nuclei
(where IX11> |X21> IX:;‘ )

We emphasize that these simple estimates are
valid only for the case A,,A,—~ >, and have been

obtained only to illustrate that x does not approach
X, in that limit (in contradiction to what has been
argued in the past). For finite A;,A,, X;,..., X4
should be evaluated without any approximation.

We find that the higher order corrections are most
important at small b and tend to become smaller
at larger b. Therefore, one may expect the cor-
rections to be less significant for total cross sec-
tions, for example, which depend mostly upon
peripheral collisions. They should, however,
become extremely important for differential cross
sections away from the forward direction, which
probe collisions at smaller impact parameters.

In Table I we show the results for total cross
sections at 2.1 and 0.87 GeV/n, together with the
available experimental measurements.'®> The four
columns of calculated results illustrate the effects
of X,, X3, and x,. The disagreement between opti-
cal limit prediction and the data for *C-'2C scat-
tering is very significantly reduced by including
the correction terms. Figure 1 illustrates the in-
adequacy of the optical limit for the '*C-'2C elastic
scattering angular distribution. It is also evident,
however, that accurate results can be obtained by
retaining sufficient terms in series (3). Conver-
gence is more rapid for a-a collisions where the
curves corresponding to terms up to x, and x,,
respectively, cannot be distinguished out to the
second minimum.

We thus see that the usual optical limit is quite
inaccurate for the description of heavy-ion scat-
tering. For large A, and A, the higher order
corrections to the optical limit begin to dominate
(even when nuclear correlations are neglected)
and render the series (3) useless. However, for
light- and medium-A nuclei the series given by
Eq. (3) provides a basis for accurate calculations
with realistic forms of nuclear densities.

We also point out that for hadron-hadron scatter-
ing (in a model where hadrons are considered to be
made up of an infinite number of constituents),
the appropriate limit is 6A, A,—~const, as 0—0 and
A,,A,~ <. Inthis case Ay ~1/A and iy goes over
to iy, (the optical limit), a result which is also
equivalent to the Chou- Yang model.'? 6

*Work supported in part by the National Science Founda-
tion, the National Aeronautics and Space Administra-
tion and the City University of New York Faculty Re-
search Award Program.

TWork supported in part by the National Science Founda-
tion.

I Present address.

'R. J. Glauber, in Lectures in Theovetical Physics,
edited by W. B. Brittin et al. (Wiley-Interscience,

New York, 1959), Vol. I, p. 315.

%y, Franco, Phys. Rev. 175, 1376 (1968); Phys. Rev.
Lett. 32, 911 (1974).

3D. R. Harrington and A. Pagnamenta, Phys. Rev. 173,
1599 (1968). -

4W. Czy% and L. C. Maximon, Ann. Phys. (N.Y.) 52, 59
(1969). -

50. Kofoed-Hansen, Nuovo Cimento 60A, 621 (1969).

83. Formanek, Nucl. Phys. B12, 441 (1969).

. Franco, Phys. Lett. 61B, 444 (1976); 64B, 13 (1976).

8A. Dar and Z. Kirzon, Phys. Lett. 37B, 166 (1971);



1378 VICTOR FRANCO AND GIRISH K. VARMA i 15

Z. Kirzon and A. Dar, Nucl. Phys. A237, 319 (1975).
%W. L. Wang and R. G. Lipes, Phys. Rev. C 9, 814
(1974); W. L. Wang, Phys. Lett. 52B, 143 -(1974).
03, Barshay, C. B. Dover, and J. P. Vary, Phys. Lett.
ilﬁ, 5 (1974); Phys. Rev. C 11, 360 (1975).
1p’s. Fishbane and J. S. Trefil, Phys. Rev. Lett. 32,
396 (1974); Phys. Rev. D 10, 3128 (1974). -
12y, Franco and G. K. Varm_z;, Phys. Rev. C 12, 225
(1975). -

133, Hiifner, K. Schiffer, and B. Schiirmann, Phys. Rev.

C 12, 1888 (1975).

4G, K. Varma, Ph.D. thesis, 1976 (unpublished).

155, Jaros, Report No. LBL-3849, Nov. 1975 (unpub-
lished).

167, T. Chou and C. N. Yang, Phys. Rev. Lett. 20, 1213
(1968); Phys. Rev. 170, 1591 (1968). - '

0. Benary et al., UCRL Report No. 2000 NN, 1970
(unpublished); T. J. Devlin et al., Phys. Rev. D 8,
136 (1973).

184, R. Collard, L. R. B. Elton, and R. Hofstadter, in
Nuclear Radii, edited by H. Schopper (Springer-Verlag,
Berlin, 1967).



