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The first paper of this series reported on energy-dependent and energy-independent phase-shift analyses of
proton-proton elastic scattering data between 1 and 500 MeV. The present paper extends the analysis to
include neutron-proton elastic scattering data between 0 and 425 MeV. Although this analysis is similar to
those of the Livermore series, it differs in a number of important respects. First, a charge-splitting prescription
has been employed for the isovector phases which includes Coulomb barrier effects and takes into account the
difference in the masses between charged and uncharged pions. Second, a K-matrix formalism has been used
to impose the constraints of the deuteron pole and the peripheral interaction (one-pion-exchange contribution)
on the energy-dependent representation. Third, the neutron-proton and proton-proton scattering data have
been fitted simultaneously in the search. The energy-dependent solution obtained uses 46 phenomenological
parameters to represent 2670 data, with g' = 2815. A number of the neutron-proton phases have changed from
the values obtained in Livermore X at higher energies, but the low-energy behavior is largely unaltered. A
notable exception is the mixing parameter e& which has been strongly affected by the deuteron pole. The
proton-proton phases are changed very slightly from the paper I values as a result of the additional n-p
constraints upon the I = 1 phases. %'e feel that the net result of these alterations is a more compact and
reliable representation of nucleon-nucleon scattering in the energy range considered.

NUCLEAR STRUCTURE Energy-dependent and energy-independent phase-shift
combined analyses of 1-425 MeV -p and 1—500 MeV p-p scattering data.

I. INTRODUCTION

In this paper, we present the latest combined
P-P and &-P scattering data analysis. The n-P
data base' "has grown sufficiently since the last
energy-dependent analysis" to justify a reanalysis.
In addition to the expanded data set there are two
other important differences between this work and
previous analyses. First, we have used the K-
matrix formalism both for the calculation of the
peripheral waves one-pion-exchange contribution
(OPEC) and for the inclusion of the deuteron pole
constraints. The mixing parameter e„as deter-
mined in this manner, is considerably different
than estimates obtained in previous analyses.
Secondly, we have, for the first time, varied both
the P-P and the n-P phases simultaneously.

This paper is the second of what is envisioned
as a continuing series in anticipation of an influx of
nucleon-nucleon scattering data from new high-
intensity machines. In paper I of this series, "we
published an analysis of the P-P scattering data
between 1 and 500 MeV. The energy-dependent
parametrization of the I.ivermore series was
modif ied to account for low-energy Coulomb bar-
rier effects and the 'S0 scattering length and effec-
tive range were adjusted to obtain the best fit to
the low-eriergy data.

In the present paper we have extended the analy-
sis to include n-P scattering data between 1 and
425 MeV. This adjustment in the energy range for
the n-P analysis is due primarily to the sparse
and incomplete nature of the n-P data base above
425 MeV. The charge corrections of paper I for
P-P scattering have been retained.

A complete discussion of our treatment of charge
effects and of the energy-dependent representation
is given in Secs. II and III. In keeping with our
philosophy of providing a self-contained base upon
which to build future analyses, we provide a com-
plete listing of the n-P data used in this analysis in
Sec. IV. In Sec. V we discuss the energy-depen-
dent analysis and give the results of single-energy
analyses at 25, 50, 100, 150, 200, 325, and 425
MeV.

II. CHARGE CORRECTIONS

In the present analysis, we differentiate between
the P-P and n-P isovector phases according to the
following recipe:

6f' = 6",'(m, -135 MeV) C,'
where &~~ is the P-P isovector phase shift, &"~ is
the n-P isovector phase shift, m, is the pion mass
(135 MeV for neutral pions and 136.5 MeV for
n P "averaged" pions), and -C, ' is the "Coulomb
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FIG. 1. Phase shifts from the energy-independent and energy-dependent solutions for the elastic n-p and p-p phases.
The heavy solid lines refer to the OPEC contribution as calculated in the &-matrix formalism, the dotted lines refer to
the P-P isovector phases, and the cross-hatched lines refer to the energy-dependent solution, the size of the cross-hatch-
ing indicating the size of the error bands. The error bands on the energy-dependent solution are defined in terms of a
g2 change of 1.
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FIG. 2. The inelastic '&& phase parameter from the energy-dependent solution.

barrier" factor defined by

, . f1+(n/&)'1

with q = o c/v„, v„being the relative velocity and

a = e'/mc.
The change in the pion mass affects both the

OPEC contribution and the phenomenological basis
functions, which have left-hand cuts beginning at
the two-pion exchange point and extending to nega-
tive infinity.

The effects of this "charge splitting" are de-
picted in Fig. 1. In all instances it is
small, as compared to the errors on the results
of the single-energy analyses.

This approximate "charge splitting" which we

employ includes only those effects of which w'e are
reasonably confident. The data itself is not dis-
criminating enough to distinguish between ~ and
&"~, nor will it be for some time to come. In the
course of the analysis, the isovector phases are
essentially adjusted to fit the more abundant and

precise P-P data.

III. ENERGY-DEPENDENT PARAMETRIZATION

The parametrization of the partial-wave ampli-
tudes involving the deuteron state (f =0, & =1) is
quite involved and we present a complete discus-
sion of our methods in Appendix A. For all other
partial-wave phase shifts, we use the basic form

gopEc

t

where the f„are the phe.nomenological energy-
dependent expansion bases, "n„are the param-
eters to be adjusted in the course of the analysis,
and &, E represents certain "theoretical con-
straints" imposed on the solution. This form
differs from those used in previous analyses"
primarily in the nature of the "theoretical con-
straints" and their method of imposition, which
we discuss below.

For the uncoupled singlet S-wave states (&",~ and
&~o~) we have continued to use the modified effec-
tive-range expansions for &, as described in
Refs. 76 and 77. In all remaining partial waves,

represents the one-pion-exchange contribu-OPEC

tion.
The OPEC values for the remaining partial

waves are calculated by identifying the Born ap-
proximation to this contribution I3, with the ele-
ments of a partial-wave K matrix defined by

$ = (1 + iK) (1 —iK) ' .
For uncoupled states this leads to

tan~r =&r',

while for coupled states the expression

(B B, l
(Bo B~f
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TABLE I. n-p data from 0.493 to 425.0 MeV.

Energy
(MeV)

No. and Angular
type of range (c.m. )

data (deg)

% data
std.

error

jo norm.
std.

error
M Predicted

value norm. References Comments

0.493
0.841
1.005
1.161
1.312
1.453
1.750
2.045
2.346
2.530
2.719
3.186
3.324
4.375
4.748
5.858
7.170
7.849
8.770
9.885

10.420
11.000
11.130
11.918
13.130
13.924
14.000
14.020
14.100
14.100
14.100
14.100
15.700
15.800
15.963
16.200
16.400
16.400
16.400
16.800
16.900
17.800
17.920
18.400
19.600
19.600
19.600
19.957
20.500
20.500
20.600
21.100
21.600
21.900
22.500
22.500
22.500
23.100

lop
los
1o.z
1O'T

lo&
1o'z

log
log
los
1o&
1o'z

los
1o'z

1o~
1(Ty

lop
1o&
1o.&
lo&
loz
loz
1P
1O'T

log
10'T

loz
30
los
8o

16o.
6o
lo&

16o
lo&
loz
3P
1OT
3P
4P
1P
4P
los
1o'z

1o~
los
10T
1o'z

lo&
lo&
9P
1o&
6P
7P
lo'z

los
120

6o
4CNN

90-90

80—100

48-154
11-92
70—173

56-161

70-130

100—140
90-150
90-90
40-140

21—100

40—140
50-170

65—175
7—51
130—174

0.002
0.003
0.004
0.003
0.005
0.003
0.004
0.004
0.005
0.004
0.005
0.003
0.005
0.005
0.004
0.006
0.016
0.006
0.009
0.008
0.022
0.005
0.023
0.013
0.027
0.017
0.022
0.014
0.039
0.075
0.037
0.007
0.001
0.049
0.022
0.009
0.029
0.024
0.009
0.006
0.005
0.016
0.028
0.027
0.005
0.006
0.053
0.035
0.023
0.054
0.021
0.006
0.005
0.046
0.047
0.053
0.059
0.026

0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.016
0.000
9.000
9.000
0.040
0.000
9.000
0.020
0.000
0.000
0.000
0.093
0.000
0.000
0.060
0.000
0.000
0.000
0.000
0.000
0.020
0.000
0.000
0.188
0.000
0.030
1.000
0.020
0.020
9.000
0.033
0.000

1.61
2.56
0.94
2.87
0.03
1.42
1.86
2.06
2.16
2.88
0.22
0.02
1.84
0.06
0.55
0.03
0.12
0.60
3.17
7.62
2.02
0.00
1.06
0.56
1.24
0.21
0.27
7.29
0.19
0.20
0.17
0.00
0.70
6.01
0.25
0.19
0.13
0.68
0.23
0.00
1.51
2.22
1.59
0.35
0.27
0.47
0.97
1.26
0.61
0.84
0.01
3.42
1.14
0.79
0.91
0.45
0.53
2.51

1.000
1.000
1.000
1.000
1.000
1.000
1.000
1.000
1.000
1.000
1.000
1.000
1.000
1.000
1.000
1.000
1.000
1.000
1.000
1.000
1.000
1.000
1.000
1.000
1.000
1.000
1.008
1.000
1.055
1.004
1.031
1.000
8.811
1.019
1.000
1.000
1.000
0.997
1.000
1.000
0.997
1.000
1.000
1.000
1.000
1.000
0.993
1.000
1.000
0.882
1.000
1.010
0.789
1.007
1.008
1.017
1.004
1.000

1
2
3
2
4
2
2
2
2
3
2
1
2
2
5
2
6
2
6
2
6
7
6
2
6
2
8
6
9

10
11
12
13
14

2
15
14
16
17
7

18
19

2
14
20
21
14

2
14
22
19
18
17
14
14
23
24
25

b

b

b
b
b
b
a
b

b
b

b
c
b
c
b
c
b

c
b

b, d
c

c
b

b, e
c
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TABLE I. (Continued)

No. and Angular
Energy type of range (c.m. )
(MeV) data (deg)

1p data % norm.
std. std.

error error
M Predicted

value norm. References Comments

23.100
23.100
23.700
23.700
23.700
24.000
24.000
24.000
24.630
25.300
25.300
25.800
25.800
25.900
27.200
27.500
27.500
28.000
28.000
28.300
29.000
29.250
29.600
29.600
29.600
30.000
30.000
32.500
32.500
32.500
33.100
34.000
36.340
37.500
37.500
38.000
38.500
39.560
40.000
40.000
40.000
41.100
42.500
42.500
42.500
44.000
45.500
45.500
46.180
47.500
47.500
48.800
49.060
50.000
50.000
50.000
50.000
52.500

6P
2P
lcrz

4P
lo&
4o.

4o
2o
1o&
1cry

1cr&
8o.

8cr

1cry

5o.

8cr

30
lo&
loz,
1cry

lo&
lo&
1cry

3P
11P
9P
3P
1cry

9o
6o
1o&
1cr&

1cry

10a
70
1cry

lcr~

1o&

lcd
9P
6P
1crT

110
110
1cry

1cry

1cry

los
1cry

110
llo

1cr&

la+
9P
6P
8o

120'
12o

50—150
140-150

80-140

89-164
71-157
39-50

20—90
89-178

71—157
7—72
159-173

60-120
50—150
21-100
139-158

7—82
129-173

7—92
118-173

21—101
109-158

7-102
78-173

7—102
78—173

21—101
99—158
20-90
69-173
7—112

0.009
0.007
0.020
0,022
0.004
0.015
0.028
0.018
0.006
0.024
0.036
0.029
0.025
0.035
0.031
0.067
0.055
0.006
0.033
0.030
0.033
0.008
0.030
0.014
0.017
0.031
0.016
0.026
0.074
0.050
0,025
0.027
0.008
0.072
0.052
0.034
0.026
0.008
0.026
0.035
0.015
0.025
0.074
0.062
0.026
0.025
0.085
0.025
0.009
0.067
0.063
0.024
0.009
0.026
0.015
0.029
0.020
0.071

0.040
0.200
0.000
0.109
0.000
0.005
9.000
0.000
0.030
0.000
0.020
0.030
0.030
0.020
9.00Q
0.030
9.000
0.000
0.020
0.000
0.020
0.030
0.020
0.100
0.125
0.083
0.083
0.020
0.021
0.040
0.020
0.020
0.030
0.020
0.040
0.026
0.020
0.030
0.020 .

0.106
0.106
0.020
0.020
0.040
0.020
0.020
0.022
0.020
0.030
0.020
0.040
0.020
0.030
0.047
0.047
0.030
0.030
0.017

1.04
1.51
0.08
0.48
0.29
1.28
0.19
0.14
0.00
2.11
0.61
0.61
0 ~ 53
0.71
0.24
0.11
0.78
2.40
1.00
0.94
0.91
0.05
0.16
0.21
0.21
1.20
1.26
0.10
1.24
1.15
0.01
0.54
0.02
0.48
1.04
1.08
0.69
0.04
0.05
0.86
0.68
1.23
1.04
1.42
1.35
0.94
0.14
0.00
0.07
1.30
1.42
0.85
0.27
0.24
0.82
0.63
0.69
1.18

1.002
1.306
1.000
1.057
1.000
1.006
1.000
1.000
1.002
1.000
1.008
1.020
0.995
0.992
0.994
0.986
1.135
1.000
1.010
1.000
1.010
1.006
1.004
0.959
1.000
1.031
1.031
0.996
0.963
1.509
0.999
1.009
0.995
0.989
1.077
1.017
1.010
0.994
1.003
0.942
0.945
1.014
0.992
1.060
1.015
1.012
0.998
1.000
0.992
0.985
1.041
1.012
1.015
0.972
0.993
1.004
1.001
0.981

26
7

14
16
20
27
28
29
30
14
19
31
31
14
28
24
24
20
14
19
19
30
14

7
32
22
22
14
24
24
14
14
30
24
24
33
14
30
14
22
22
14
24
24
14
14
37
14
30
24
24
14
30

22
34
34
24

b
b, f

b
C

b, g
b, g

C

b

C

b, g
b, g

c
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TABLE I. (Continued)

Energy
(MeV)

No. and

type of
data

Angular
range (c.m. )

(deg)

% data % norm.
std. std.

error error
M Predicted

value norm. References Comments

52.500
52.500
54.370
56.600
57.500
57.500
58.800
58.800
59.350
60.000
60.000
60.900
62.500
62.500
63.000
66.100
67.500
68.900
70.000
70.000
70.000
70.000
72.000
75.300
76.700
80.000
80.000
80.000
80.000
82.800
86.500
86.900
88.000
88.000
88.000
89.500
89.500
90.000
90.000
91.000
91.000
95.000
95.000
96.800
99.000
99.000
99.000

100.000
100.000
100.000
105.000
105.000
107.600
108.500
108.500
110.000
110.000
110.000

llo
los
los
los

12o
1lo'

lo'z

9o
lo&
gP
7P
go

12o
llo
los
1o'&

go

1o&
12o
llo
9P
7P
log
log

llo
120
llo
9P
VP
loz

llo
1o&
1o&
los
1o&

13o'
llo'
9P
7P

25o'
1o'~

1o'z

15P
11o'

los
13o
llo'
gP
7P
lo'z

70
los

llo
130
llo
9P
VP
10p

78—173

7-112
78—173

21-101
99-158
90-170
7-112
78-173

11-42

7-122
78-173
21-101
98—158

11-49
7-112
78-173
21-101
98—158

11-49

7-122
78-173
21—101
98-158
59-176

22-159
11-49

7—122
78-173
21-101
98—158

12-50
7—122
78-173
22-102
98-158

0.072
0.023
0.008
0.022
0.072
0.076
0.021
0.053
0.016
0.022
0.012
0.027
0.071
0.078
0.024
0.021
0.054
0.021
0.062
0.065
0.026
0.026
0.022
0.036
0.050
0.067
0.080
0.032
0.016
0.021
0.052
0.022
0.024
0.024
0.020
0.071
0.090
0.052
0.022
0.034
0.021
0.039
0.042
0.057
0.021
0.078
0.105
0.083
0.036
0.024
0.087
0.023
0.061
0.093
0.123
0.116
0.048
0.021

0.038
0.020
0.030
0.020
0.020
0.040
0.020
0.080
0.030
0.039
0.039
9.000
0.020
0.040
0.016
0.020
0.050
0.020
0.020
0.040
0.039
0.039
0.020
0.020
0.050
0.020
0.040
0.042
0.042
0.020
0.050
0.020
0.023
0.023
0.000
0.020
0.040
0.051
0.051
9.000
0.020
0.020
0.080
0.050
0.000
0.017
0.038
0.073
0.073
0.020
0.080
0.020
0.050
0.020
0.040
0.100
0.100
0.000

0.92
1.01
0.09
0.09
0.74
1.63
0.01
0.95
0.07
1.37
1.83
1.21
1.61
1.58
0.09
0.67
1.53
0.48
1 57
1.43
2.00
0.86
3.51
0.00
2.66
2.15
0.95
0.80
0.50
2.67
2.47
1.00
0.87
0.04
2.13
1.52
0.94
0.79
0.34
0.92
0.94
0.54
2.15
1.88
3.59
1.57
1.26
0.38
0.76
0.00
0.39
0.52
1.70
1.65
1.97
1.17
1.45
4.50

1.009
1.013
0.991
1.004
0.981
1.032
1.001
1.065
1.007
1.090
1.026
1.118
1.007
1.074
0.997
1.011
1.069
1.010
1.003
1.098
1.119
1.022
1.026
1.000
1.148
1.026
1.038
1.075
0.978
1.023
1.172
1.013
0.985
0.997
1.000
1.030
1.037
1.074
0.983
1.019
1.014
1.007
1.081
1.096
1.000
1.022
0.972
0.987
0.969
1.000
0.924
0.991
1.071
1.014
0.973
0.985
0.944
1.000

24
14
30
14
24
24
14
35
30
22
22
36
24
24
33
14
35
14
24
24
22
22
14
14
35
24
24
22
22
14
35
14
37
37
38
24
24
22
22
39
14
33
40
35
38
24
24
22
22
14
41
14
35
24
24
22
22
38

c
b, h

c
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TABLE I. (Continued)

Energy
(1VleV)

No. and Angular
type of range (c.m. )

data {deg)

% data
std.

error

% norm.
std.

error
M Predicted

value norm. References Comments

110.000
118.800
120.000
120.000
120.000
126.000
126.000
128.000
128.000
128.000
128.000
128.500
129.000
129.400
130.000
130.500
135.000
135.000
135.000
137.000
137.000
140.000
140.000
140.900
143.800
143.000
150.000
150.900
152.000
153.000
155.400
156.000
168.500
181.800
195.600
197.000
199.000
199.000
200.000
200.000
203.000
210.000
212.000
217.000
224.300
239.500
260.000
267.200
270.000
290.000
300.000
309.600
310.000
310.000
343.800
350.000
350.000

log
llo

lo'z

9P
7P
6P
1o'p

10o
10P

5Dg
1D~
3Ap.

15o
1o'y

14o
llo

5A
9o

16o
7o'

5R
lo&

14P
102.

llo.
8P

16o.
log

130
lo'y

110
lop

110
1lo"
llo.

3Dz
8o
8P

20o
lop
GRAN

1lo'
5D
6P

llo
llo.
15o
11o

1(Tg

30
15o
11o
19P
8P

11o
10'p

170

12-50

22-102
98-158
33-81

78-169
78-169
124-160
170—170
139—163
73—176

25-155
11-50
42—83
32—92
76-167
6—61
43-83

20-159

11-50
41-118
63-176

77-169

11-50

11-50
11—50
11-50
126-147
76—158
76—158
6—173

139—179
11-51
40-80
40—90
11—51
11—51
37-180
11—51

10-37
35—175
11-52
21-164
33-141
11-52

114—173

0.032
0.069
0.022
0.171
0.080
0.048
0.035
0.037
0.023
0.146
0.209
0.376
0.049
0.021
0.107
0.058
0.127
0.196
0.031
0.094
0.124
0.107
0.022
0.021
0.059
0.022
0.038
0.020
0.021
0.025
0.048
0.173
0.052
0.058
0.068
0.082
0.024
0.015
0.111
0.022
0.086
0.080
0.224
0 ~ 037
0.088
0.100
0.171
0.083
0.040
0.204
0.094
0.138
0,053
0.025
0.174
0.019
0.013

0.020
0.050
0.000
0.149
0.149
0.100
0.016
0.022
0.100
0.000
0.000
0.000
0.065
0.000
0.032
0.050
0.040
0.160
0.070
0.050
0.000
0.000
0.070
0.000
0.050
1.000
0.065
0.000
1.000
0.020
0.050
0.000
0.050
0.050
0.050
0.000
9.000
0.100
0.020
0.000
0.140
0.050
0.000
0.120
0.050
0.050
0.040
0.050
0.000
0.100
0.100
0.050
0.040
0.030
0.050
O.noo
0.030

2.71
1.55
3.94
0.52
0.78
0.45
0.01
0.64
1.79
1.54
0.01
1.61
0.69
3.16
0.87
1.65
0.78
0.52
1.00
0.50
0.76
0.44
1.58
5.46
0.36
1.10
0.97
6.23
2.22
2.21
2.83
0.09
1.66
1.05
1.63
0.40
0.60
1.03
1.54
1.52
0.65
1.22
0.76
0.55
0.84
0.55
1.92
1.22
0.18
0.05
1.32
1.30
1.15
2.91
1.12
1.02
0.55

0.983
1.067
1.000
0.996
0.952
0.948
1.001
0.983
0.958
1.000
1.000
1.000
0.999
1.000
1.038
1.042
1.001
0.921
0.937
1.041
1.000
1.000
0.938
1.000
1.023
1.141
0.985
1.000
0.899
1.019
1.052
1.000
1.051
1.070
1.017
1.000
0.967
0.974
0.968
1.000
1.069
0.999
1.000
1.032
0.967
1.059
1.022
0.973
1.000
0.992
1.048
0.963
0.996
1.007
1.037
1.000
0.983

14
35
38
22
22
42
33
43
43
44
45
46
47
38
48
35
49
50
50
41
49
51
52
38
35
53
47
38
54
33
35
51
35
35
35
55
56
56
56
56
58
35
59
60
35
35
61
35
62
63
64
35
65
66
35
67
68

c
b, g
b, g

c

c
b, i

c
b
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TA&LE I (Continued)

No. and Angular % data Vo norm.
Energy type of range (c.m. ) std. std. M Predicted
(MeV) data (deg) error error value norm. References Comments

350.000 10P
380.000 lo&
380.000 14o.
390.200 11o
400.000 21o
400.000 8P
410.000 1tT~

421.000 42o
425.000 3P
425.000 3D
425.000 3R
425.000 3A

46-158

36-180
11-53
12—180
33-144

151—179
43-90
43-90
43-90
43—90

0.027
0.055
0.137
0.178
0.095
0.042
0.036
0.065
0.013
0.061
0.042
0.053

9.000 2.02
0.000 1.38
0.180 1.78
0.050 1.09
0.030 1.72
0.030 3.46
0.000 4.78
9.000 1.39
0.047 6.18
0.000 0.72
0.000 2.20
0.000 4.33

1.005
1.000
1.092
0.988
1.053
0.966
1.000
0.803
0.980
1.000
1.000
1.000

69
70
71
35
72
65
73
75
74
74
74
74

a, c
c

c
b, j

a

'Comments pertinent to this data set were given by M. H. McGregor, R. A. Amdt, and
R. M. Wright, Phys. Rev. 182, 1714 (1969).

"New data which were not included in the analyses referenced in comments (a) and (c).
'Comments pertinent to this data set were given by M. H. McGregor, R. A. Amdt, and

R. M. Wright, Phys. Rev. 173, 1272 (1968).
These data w~e listed in Ref. 8 as anisotropy measurements. There are no provisions

for such measurements in our analysis code. To utilize these measurements in our analysis,
we have taken

do (0) 1 do (180') do'(180') ~ 1
dn R(0) dn dn R(0)

with a normalization uncertainty of

do (180') da(180')
d& dQ

where

do (180') do (180')
d0 dG

were derived from the energy-dependent analysis.
The normalization of this experiment is inconsistent with both the solution and experi-

ments at nearby energies. We have therefore floated this experiment.
~ The normalization and individual angle errors were "folded" together by the experi-

mentalists.
g The forward scattering data and the backward scattering data were measured with dif-

ferent experimental techniques. They have therefore been treated as independent data sets
in the analysis.

"These are relative, unnormalized data.
The normalization of these relative measurements was obtained by the experimentalists

by comparison with the results of Measday (Ref. 47). We have treated these data as relative
measurements.

' These data required a considerable renormalization and we have accordingly floated
them. However, our renormalization is consistent with an energy-dependent correction fac-
tor, supplied by F. Lehar, which must be applied to the data.

where

0 J~l J&z

must be inserted into Eq. (1}to obtain the phase
parameters &, and. e for each state with total
angular momentum J. We use (g~„,)'=15.

While this unitarization procedure differs in-

significantly from our previous one for small
phases, it can differ appreciably when the Born
terms become large. The practical consequence
of this new prescription is an easing of the strain
on our energy-dependent representation. The
phenomenological sum is no longer required to
compensate for as large a difference in &, —&,

as previously when the Born terms became larg-
er; && is now usually closer to &&.
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FIG. 3. A comparison of the predictions of the energy-dependent solution with experiment for (a) the p-p total cross
sections, (b) the p-p reaction cross sections, (c) the +-p total cross sections from 0 to 4 MeV, (d) the &-p total cross
sections from 0 to 40 MeV, and (e) the -p total cross sections from 0 to 500 MeV.

IV, DATA BASE

The n-P data used in the present analysis are
listed in Table I. Although many of the experi-
ments have been included in previous analyses, a
considerable bulk of the data, 424 data points in
all, is new.

The largest additions to the data base are the
216 differential cross sections of Bersbach et ai."
in the energy range 58.8 to 390.2 Me7, and the 42
differential cross sections of Bizard et aL,"at
421 MeV. Other new experiments, 17 in all, are
indicated in Table I by footnote b.

In general, the new data are fitted reasonably
well, better in fact, in many cases, than the &P/

datum value (which we call M) given in Table I
indicates. As mentioned in previous analyses, "
we do not feel that the phase-shift solution or the
state of the data allow us to make quantitative
judgments as to the accuracy or consistency of
the data. We have therefore not discarded any
data points, and there are data in given experi-
ments which contribute a disproportionate amount
to g'. As an example, consider the differential
cross-section measurements of Bersbach et ar,.;"

where M ranges from 0.36 to 2.83. At 76.7 MeV,
elimination of the 49.6' datum drops M from 2.66
to 1.6; at 155.4 MeV, elimination of the 39.5
datum drops M from 2.83 to 2.01; at 168.5 MeV,
elimination of the 39.6' datum drops M from 1.66 to
1.04. A new polarization experiment which stands
out in this respect is that of Morris et al."at 21.1
MeV. Elimination of the 140 datum reduces M
from 3.41 to 0.38. As a point of information, we
mention that if we arbitrarily discard any &-P data
points whose X' contribution is greater than 8, 25
data points are eliminated with a consequent de-
crease of 303.5 in g'.

There have been a number of new n-. P total cross-
section measurements which we have not included
in our analysis, "not through any judgment of
quality, but rather through limitations imposed by
the core storage requirements of our analysis code
and data base. This exclusion is of no conse-
quence, as the difficulty experienced in the analy-
sis of n-P scattering data is not with the number or
quality of total cross sections —they are reasonably
well fitted (see Fig. 3); it is with the lack of com-
plete sets of high quality data. An illustration of
the type, number, and availability of the different
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FIG. 4. The energy and angular availability of (a) differential cross sections, (b) polarization measurements, and
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0 refers to Czz.
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kinds of data is provided graphically in Fig. 4.
As one can see, although cross-section and polar-
ization measurements are readily available at most
energies, triple-scattering data are virtually non-
existent over a broad energy range. It is worth
noting that, although the size of the n-P data base
has increased by nearly 50%%uo since the Livermore
X [I (X)] analysis, there has not been a single
addition of triple-scattering data.

The P-P data base given in paper I is largely in-
tact. There has been only the single addition of
the 51 differential cross sections of Imai et al."—
17 data at each of the energies 4.978, 6.968, and

8.030 MeV. These data were not floated, in con-
trast with the low-energy procedure discussed in
paper I, as we did not experience any normaliza-
tion difficulties. The normalization of these ex-
periments was quite consistent with our solution.
Only the 6.968 MeV data required as much as a
0.1%%uo renormalization. These data were fitted
with an average y'/datum of 0.97. It was found
necessary to discard the 20.03' datum at 4.978
MeV as it contributed over 11 to X'.

V. RESULTS

A. Energy-dependent analysis

An energy-dependent analysis was carried out
simultaneously on 1284 P-P elastic scattering data
in the energy range from 1 to 500 MeV and 1386
n-P elastic scattering data in the energy range
from 0 to 425 MeV. A number of different analy-
ses were run using different choices for the num-
ber of free parameters. Our final selection uses
a total of 46 phenomenological parameters to rep-
resent the scattering amplitude in this range —27
for the isovector phases and 19 for the isoscalar.
This choice puts the I =0 and I =1 phases on as
equitable a basis as possible, considering the
state of the data. The solution which was obtained
for this parametrization had a g' sum of 2825 for
the 2670 data points (this is equivalent to an M
value of 1.07). The phase shifts of this solution
are depicted graphically in Figs. 1 and 2. Table I
gives a complete listing of the n-P data base and
the M values and normalization constants for the
individual data sets which result from the analy-
sis. A complete description of the energy-depen-
dent parametrization is given in Secs. II and III.

The P-P phases remain essentially unchanged
from their paper I values. With the exception of
the ~, parameter, the &-P phases are quite similar
to the Livermore X values at low energy; how-
ever, the high energy values have changed signifi-
cantly in some instances. For example, the 'P,
phase has changed by more than a standard devia-
tion at 425 MeV, from -35.5' to -40'. This indi-

cates that there is still considerable variation
possible in the n-P phases in the high-energy re-
gion of the analysis. Values for the energy-depen-
dent phase shifts are given in Tables II-IV. Values
obtained for the phenomenological expansion pa-
rameters n„. are given in Table V.

In conclusion, while the simultaneous search of
the parameters used to represent the isovector
and isoscalar phases is a novelty, we do not feel
that any particular advantage was realized. The
isovector phase shifts are virtually unchanged
from their paper I values, the slight increase in
X' being due to the decreased number of phenome-
nological parameters used to represent the I =1
phases. The quality of the P-P data is so much
better than the B-P data that the n-P data have only
a small statistical impact in the determination of
the isovector phases. Use of the representation
numbers shown in Tables V and VIII reproduces
all digits of all predicted values shown in Tables
I, II, III, IV, and VII.

B. Single-energy analyses

Single-energy analyses were performed on the
combined n-P and P-P data in energy bands cen-
tered at 25, 50, 100, 150, 200, 325, and 425 MeV.
The results of these analyses are summarized in
Table VI.

These analyses differ from previous analyses in
two important respects. First, at each energy the
"peripheral waves, " that is, those which were not
varied in the search, were taken from the energy-
dependent analysis and not from OPEC. The re-
maining phase shifts were varied by adding a con-
stant to the energy-dependent phases over the
range of the energy band. This gives each phase
a local energy dependence identical to the value
obtained from the energy-dependent result. These
modifications allowed broader energy bands to be
employed, and consequently a larger number (1889)
of the complete data base (2670) were incorporated
in the analyses. Second, the charge splitting de-
scribed in Sec. II has been employed. A large
number of analyses were performed at each ener-
gy, with varying numbers of phases searched.
The final choice of solutions was a compromise
between having too restrictive a representation
and having so many parameters that nothing defini-
tive could be concluded from the analysis.

At the lower energies (25, 50, and 100 MeV), it
was found that the 'S",~ phase did not search signifi-
cantly away from the energy-dependent result and,
moreover, that its inclusion in the search resulted
in unrealistically large errors on the phase shifts.
The single-energy phase shifts tabulated in Table
VI, and depicted graphically in Figs. 1 and 2 are
the results of single-energy analyses with the 'S~~
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TABLE II. P-P isovector phase shifts from the combined energy-dependent solution.

~lab 1$ Pp 3p D +1D 3p 3F2 3F3 3F4 3H 3H

1
5

10
25
50
75

100
125
150
175
200
225
250
275
300
325
350
375
400
425
450
475
500
525
550

32.49
54.69
54.94
48.40
39.16
31.99
25.96
20.66
15.89
11.54
7.54
3.83
0.38

-2.84
-5.85
—8.69

-11.35
-13.87
—16.24
—18.49
—20.61
—22.63
—24.54
—26.36
-28.09

0.13
1.51
3.52
8.26

11.85
12.29
11.09
9.03
6.52
3.80
1.02

-1.76
—4.48
—7.12
-9.65

-12.06
—14.37
—16.55
-18.63
—20.59
-22.45
—24.21
—25.87
-27.44
-28.92

-0.08
-0.88
—2.01
—4.81
-8.15

-10.81
—13.19
-15.40
-17.48
-19.47
-21.35
-23.16
-24.88
—26.52
-28.09
-29.59
—31.03
-32.41
-33.73
-35.00
—36.21
-37.38
—38.50
-39.58
-40.61

0.00
0.04
0.17
0.69
1.65
2.58
3.48
4.36
5.20
6.01
6.79
7.53
8.24
8.92
9.56

10.18
10.77
11.34
11~ 88
12.40
12.89
13.36
13.82
14.25
14.67

1.00
1.00
1.00
1.00
1.00
1.00
1.00
1.00
1.00
1.00
1.00
1.00
1.00
1.00
1.00
0.99
0.98
0.97
0.95
0.92
0.88
0.84
0.78
0.70
0.61

0.01
0.22
0.66
2.46
5.67
8.49

10.79
12.62
14.07
15.18
16.03
16.66
17.10
17.40
17.57
17.64
17.63
17.54
17.39
17.19
16.95
16.68
16.38
16.05
15.71

0.00
-0.05
—0.20
-0.79
-1.66
-2.25
—2.61
-2.81
—2.88
—2.88
-2.80
-2.68
—2.52
—2.33
-2.12
—1.90
—1.67
—1.42
-1.18
—0.93
-0.68
-0.43
—0.18

0.07
0.31

0.00
0.00
0.01
0.10
0.30

-0.00
-0.01
-0.03
-0.23
-0.68

0.00
0.00
0.00
0.04
0.16

0.48 —1.11
0.63 -1.47
0.74 -1.77

0.31
0.45
0.60

0.83
0.88
0.92
0.94
0.95

-2,02
-2.23
-2.42
-2.58
-2.72

0.74
0.88
1.02
1.15
1.28

0.94
0.93
0.92
0.90
0.88
0.85
0.82
0.80
0.77
0.74
0.71
0.68

—2.85
-2.97
-3.08
-3.19
-3.28
-3.38
-3.46

1.41
1.53
1.66
1.78
1.89
2.00
2.11

—3.78
—3.86

2.53
2.62

-3.55 2.22
—3.63 2.33

2.43

0.00
0.00
0.00
0.03
0.15
0.35
0.58
0.84
1.11
1.38
1.65
1.91
2.17
2.41
2.64
2.87
3.08
3.28
3.48
3.66
3.84
4.00
4.16
4.31
4.46

0.00
0.00
0.00

-0.05
-0.19
-0.34
-0.47
-0.60
-0.72
-0.83
-0.95
-1.07
-1.19
—1.32
-1.45
—1.59
—1.74
-1.89
-2.05
—2.22
-2.39
-2.56
—2.74
-2.92
-3.11

0.00
0.00
0.00
0.00
0.03
0.06
0.09
0.13
0.15
0.18
0.20
0.21
0.21
0.21
0.21
0.20
0.19
0.18
0.16
0.14
0.12
0.09
0.06
0.04
0.01

-0.00
-0.00
-0.00
-0.02
-0.09
-0.02
—0.32
-0.44
-0.56
-0.67
-0.77
-0,87
-0.95
—1.03
-1.11
-1.17
-1.23
-1.29
-1.34
-1.39
-1.43
-1.47
—1.50
-1.54
-1.57

0.00
0.00
0.00
0.00
0.01
0.02
0.04
0.06
0.09
0.12
0.14
0.17
0.20
0.23
0.26
0.29
0.32
0.35
0.38
0.41
0.44
0.47
0.50
0.53
0.55

TABLE III. n-p isovector phase shifts from the combined energy-dependent solution.

3P 1D
2

+1D
2 P 3F

2
3F

3 64

1
5

10
25
50
75

100
125
150
175
200
225
250
275
300
325
350
375
400
425
450
475
500

62.41
64.21
60.48
51.10
40.46
32.74
26.56
21.37
16.88
12.91
9.36
6.15
3.24
0.56

—1.90
—4.18
—6.29
-8.26

-10.10
—11.82
-13.43
—14.95
—16.38

0.22
1.89
4.13
9.11

12.61
12.80
11.33
9.02
6.29
3.37
0.40

-2.53
—5.40
—8.16

—10.80
-13.32
-15.71
-17.98
-20.13
—22.16
-24.08
—25.90
—27.61

—0.13
-1.10
—2.36
-5.32
-8.74

-11.43
-13.83
-16.06
—18.17
—20.16
—22.07
-23.88
—25.62
-27.27
-28.86
—30.37
-31.82
-33.21
—34.54
-35.81
—37.04
-38.21
-39.34

0.00
0.05
0.20
0.77
1.77
2.74
3.68
4.58
5.44
6.27
7.07
7.83
8.55
9.24
9.90

10.54
11.14
11.71
12.27
12.79
13.30
13.78
14.24

1.00
1.00
1.00
1.00
1.00
1.00
1.00
1.00
1.00
1.00
1.00
1.00
1.00
1.00
1.00
0.99
0.98
0.97
0.95
0.92
0.88
0.84
0.78

0.02
0.28
0.78
2.73
6.11
9.02

11.38
13.25
14.71
15.83
16.68
17.30
17.74
18.02
18 ~ 18
18.23
18.20
18.09
17.93
17.71
17.46
17117
16.85

0.00
-0.07
-0.23
-0.88
-1.79
-2.39
-2.75
-2.94
—3.01
—2.99
-2.91
-2.78
—2.60
—2.41
-2.19
-1.95
-1.71
—1.46
-1.20
—0.94
-0.68
-0.43
—0.17

0.00
0.00
0.01
0.11
0.32
0.51
0.67
0.78
0.86
0.92
0.95
0.97
0.98
0.97
0.96
0.94
0.92
0.90
0.87
0.84
0.81
0.78
0.75

—0.00
-0.01
—0.04
—0.26
-0.74
-1.18
-1.55
-1.85
-2.11
—2.33
-2.52
-2.68
—2.83
—2.96
—3.08
—3.19
-3.29
—3.39
—3.48
—3.57
—3.66
-3.74
—3.82

0.00
0.00
0.00
0.05
0.18
0.33
0.48
0.63
0.78
0.92
1.06
1.20
1.33
1.46
1.59
1.-71
1.84
1.95
2.07
2.18
2.29
2.40
2.50

0.00
0.00
0.00
0.03
0.16
0.37
0.62
0.89
1.17
1.45
1.72
1.99
2.25
2.50
2.74
2.97
3.19
3.39
3.59
3.78
3.96
4.13
4.29

0.00
0.00
0.00

—0.05
-0.20
-0.36
—0.50
-0.63
-0.75
-0.87
-0.99
-1.11
—1.24
-1.37
-1.50
-1.65
—1.80
-1.96
-2.12
—2.29
-2.46
-2.64
-2.82

0.00
0.00
0.00
0.00
0.03
0.06
0.10
0.13
0.16
0.19
0.20
0.22
0.22
0.22
0.22
0.21
0.20
0.18
0.16
0.14
0.12
0.09
0.07

-0.00
-0.00
—0.00
—0.02
-0.10
-0.21
—0.34
-0.46
-0.58
-0.70
—0.80
-0.90
—0.99
—1.07
-1.15
—1.21
-1.28
-1.33
-1.38
—1.43
—1.47
—1.51
—1.55

0.00
0.00
0.00
0.00
0.01
0.02
0.04
0.07
0.09
0.12
0.15
0.18
0.21
0.24
0.27
0.30
0.34
0.37
0.40
0.43
0.46
0.48
0.51
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1P

TABLE IV. n-p isoscalar phase shifts from the combined energy-dependent solution.

1
5

10
25
50
75

100
125
150
175
200
225
250
275
300
325
350
375
400
425
450
475
500

-0.18
-1.34
—2.56
—4.58
-6.64
—8.95

-11.59
-14.41
—17.27
—20.09
—22.82
-25.42
—27.89
-30.22
-32.42
—34.48
-36.41
-38.22
—39.92
—41.51
—43.00
-44.40
—45.71

147.81
118.31
102.83
81.05
63.02
51.14
41.82
34.03
27.35
21.56
16.49
12.04
8.10
4.60
1.47

—1 ~ 35
—3.90
—6.23
—8.37

-10.35
-12.19
-13.90
—15.52

0.06
0.28
0.29

—0.24
-0.81
—0.52

0.38
1.66
3.13
4.65
6.15
7.59
8.93

10.17
11.30
12.34
13.29
14.15
14.94
15.65
16.30
16.89
17.42

—0.00
-0.15
—0.57
—2.58
-6.25
—9.39

—11.94
-14.00
—15.65
-16.96
-17.97
-18.73
-19.27
—19.61
-19.79
-19.83
—19.74
-19.55
-19.28
-18.93
-18.51
-18.04
—17.53

0.01
0.26
0.98
4.10
9.47

13.94
17.44
20.12
22.11
23.55
24.53
25.16
25.48
25.56
25.43
25.15
24.72
24.19
23.56
22.86
22.09
21.28
20.43

—0.00
-0.01
—0.08
—0.49
-1.26
—1.87
—2.31
—2.61
—2.81
—2.93
—2.99
-3.01
—3.00
—2.96
-2.90
—2.83
—2.74
—2.64
—2.54
—2.43
—2.31
-2.20
—2.08

0.00 —0.00
0.01 0.02
0.03 0.10
0.18 0.63
0.67 1.76
1.27 2.78
1.88 3.61
2.44 4.27
2.91 4.80
3.31 5.23
3.63 5.58
3.88 5.85
4.06 6.07
4.19 6.25
4.26 6.39
4.29 6.50
4.28 6.59
4.24 6.66
4.16 6.71
4.06 6.74
3.94 6.76
3.79 6.78
3.63 6.78

-0.00
-0.00
-0.00
-0.07
-0.30
—0.61
—0.94
-1.28
-1.62
—1.94
—2.24
-2.53
—2.80
-3.07
-3.31
—3.55
—3.77
-3.98
-4.19
—4.38
-4.56
-4.74
—4.91

0.00
0.00
0.02
0.20
0.82
1.57
2.33
3.07
3.76
4.42
5.03
5.60
6.13
6.63
7.10
7.55
7.97
8.36
8.74
9.09
9.43
9.75

10.06

—0.00
-0.00
—0.00
—0.04
—0,19
-0.39
—0.60
-0.78
—0.95
—1.09
—1.21
—1.31
—1.40
—1.47
-1.52
—1.56
—1.60
—1.62
-1.63
—1.64
—1.64
-1.63
—1.62

-0.00
-0.00
—0.00
—0.01
-0.06
-0.12
-0.19
-0.24
-0.29
-0.32
—0.34
—0.35
—0.35
-0.34
-0.33
-0.31
-0.29
-0.26
—0.23
-0.19
—0.15
-0.3.2
—0.08

—0.00
-0.00
-0.00

0.05
0.24
0.52
0.82
1.1"1

1.40
1.66
1.91
2.14
2.35
2.55
2.73
2.90
3.05
3 ~ 19
3.33
3.45
3.56
3.67
3.77

Partial
wave

~o
3Po
'Pi
D2

3P
E'p

3+
3+

3
iG
3+

309
'a,
So (nP)

ip
3$

D i
3D
i+
D3

Ep
3G

3G4

77.1
225.5
69.0

583.3
-121.5
-27.9
—22.7

39.9
18.1
43.6

131~ 1
-28.1

16.4
28.5

489.5
12.8
9.7

19.7
266.0
15.4

125.2
—28.4

6.6
—9.4

—176.4
-892.6
-117.0

33.9
741.7
85.6
8.7

—52.6

-62.1
-325.8

17.8

—85.2
—1823

-22.7
—19.6
-44.0

-582.5

—193.5

605.2

-761.3

TABLE V. Values obtained for the phenomenological
expansion parameters « in the energy-dependent anal-
ysis ~

phase fixed at the energy-dependent values.
In any energy-dependent analysis, the question

of an overly restrictive parametrization is a prob-
lem which must be explored. One measure of
validity of the energy-dependent solution is a com-
parison of the g' obtained in the single-energy
analysis on a given data set with the X' resulting
from that data set with the energy-dependent solu-
tion. %'e do this in Table VII. It is our opinion
that the small differences strongly support the
credibility of the energy-dependent solution.

A second question in this context is the validity
of the errors on the energy-independent phase
shifts, for example, in a comparison of the ener-
gy-dependent and energy-independent results. The
errors on the phase shifts given in Tables II-IV
are derived from the diagonal elements of the cor-
responding error matrix, which assumes that X2

is quadratic about the solution value. Strictly
speaking, this assumption is always at least local-
ly correct. The question is whether the energy-
dependent results lie within its domain of validity.
Consider that the inverse error matrix, defined by

82
2

P X,
m n

where the P are the parameters varied in the
search, and which depends explicitly on the quad-
ratic assumption, can be used to represent the
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TABLE VI. Single-energy phase shifts.

Energy
(MeV) 50 100 150 200 325 425

i$
D2

Pp
3P
3p

2

3F
2

3F3
3F

4

1$

P
1

3$

~i
D1

D~
D3

47.94 + 0.37
0.78 a 0.03
9.51+ 0.22

-5.42 + 0,12
2.63 + 0.05

-0.86 + 0.50

(51.22)
-4.49 + 0.94

79.89 + 0.88
0.71+0.84

-2.83+ 0.42
4.29 + 0.77

39.09+ 0.27
1.67 + 0.06

12.48 + 0.34
—8.75 + 0.15

6.11+ 0.08
—1.69+ 0.08

(4O.69)
—4.33+ 0.74
—1.24 + 0.50
61.35 + 0.57
0.10+ 1.30

—6.71+ 0.24
10.56 + 0.37
0.68 a 0.50
1.74+ 0.50

24.98 + 0.46
3.86 + 0.13

12.04 + 1.42
-14.04 + 0.26

11.03 + 0.18
—2.86 + 0.12

0.69 + 0.50
-1.55 + 0.50

0.60 + 0.50

(26.91)
—12.62 + 1.13
-2.28 + 0.50
42.43 + 0.59
0.07 + 0.96

—12.18 + 0.38
16.18+ 0.74
1.93+ 0.50
3.61+0.50

Isovector

14.89+ 0.49
5.44 + 0.08
5.66 + 0.43

—18.11+ 0.14
14.78 + 0.09
—2.98 + 0.06

1.07 + 0.18
-2.23 + 0.14

1.23 + 0.09

Isoscalar

(17.24)
-19.83 + 1.10
—2.02 + 0.36
27.04 + 0.55
4.30 +0.63

—14.95+ 0.42
22.46 + 0.50
2.74+ 0.36
4.43 + 0.23

6.55+ 0.46
7.08 + 0.13
0.06 + 0.48

—21.81+0.28
16.26 + 0.19
-2.98 ~ 0.13

1.12+ 0.26
-2.64 + 0.18

1.89 + 0.15

(9.69)
—22.16+ 1.55
—3.70+ 0.62
16.81+1.11
5.99+ 0.68

-17.64+ 1.07
25.45+ 0.76
3.63+ 0.61
6.29+ 0.33

-11.03 + 1.11
10.28 + 0.28

-14.37 + 1.41
-29.44 + 0.75

18.01+ 0.43
-2.09 + 0.34

1.70 ~ 0.47
-4.15+ 0.55

3.07 + 0.20

(-4.oo)
—36.19+ 1.14
-2.48+ 0.59
-2.03 + 2.43
17.68 + 1.89

—21.48 + 1.58
19.88 + 1.49
3.36+ 0.85
6.51+0.69

-18.72 + 1.08
12.27 + 0.49

—17.59+ 1.10
—34.67 + 0.87

20.15+ 0.72
-0.84+ 0.47

2.13+ 0.44
—2.66+ 0.43

4.09+ 0.32

( 11.8O)
—39.73 + 1.55
—2.60 + 0.63
—7.89+ 2.10
14.48 + 1.39

—17.73+ 1.17
22.93+ 1.17
4.86+ 0.82
6.12+ 0.54

data at each energy. Then, one measure of valid-
ity of the quadratic assumption is a comparison
of the y' value obtained from this representation
for the phase shifts as predicted by the energy-de-
pendent solution with the X' value from the energy-

dependent solution, which is obtained directly from
the data. As can be seen in Table VII, only a
small discrepancy exists, which systematically
grows larger with energy. A more detailed study
of the g' hypersurface at 50 and 325 MeV reveals

TABLE VII. Summary of energy-independent solutions.

Lab
kinetic
energy
(MeV) type

Energy Number Number x x'
band of of phases Energy-dep. Energy-ind.
(MeV) data searched solution solution

X' (total)
Error
matrix

25

50

100

150

200

425

p-p 19.2-30
n-p 19.6—30

p-p 41.1-60
n-P 4O—6O.9

p-p 86-107
n-p 86.5-110

p-p 127-174
n-P 126-170

p-p 210-213
n-p 181-217

P-P 305—345
n-P 30O-35O

p-p 394—460
n-p 390-425

101
188

112
211

220
208

64
89

159
92

161
95

27
98

101
194

92
282

198
262

59
104

145
123

156
186

94
177

85
271

185
247

141
162

126

298

459

260

353

Totals p-p
n~p

862
1027

778
1249

714
1103

2033
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an irregular structure which mill be dealt with
more extensively in future papers.

In conclusion, as a best estimate of the phase
shifts, we recommend taking the energy-dependent
values and the energy-independent errors.

M EgEq

K, )

K,/e e, =ip,

Sc 2E D'

(A4)

APPENDIX A

T~ = e' ~ sin& e + i sin'e" ~ = (Ke —i d)/D,

T, =sin& cose e" &
' D' =K,/D,

T~ =e' & sin&n+i sin'e e" & =(Ko —id)/D,

where

(A1)

d =-&s &o -&o'

D —= 1 —d —i(K~ +K~).

In these expressions, the S and D subscripts refer
to the l =0 and l =2 components, respectively, and
the "0"subscript refers to the off-diagonal ele-
ment of T and K.

It is of particular interest to examine the above
equations in the lorn-energy limit. The phase pa-
rameters &~, &, and ~D behave at threshold like
P, P', and P', respectively, where P is the center-
of-mass momentum, so that at threshold to order
p' me obtain

T~ =e' & single =K~/D,

T, = sine cose e' & =K,/D,

T~ = e' & sin&~ ~K~/(1 —iKD),

D =1 —iK~ .
Thus at threshold to order P' we find

(A2)

In this appendix, we describe our parametriza-
tion of the I =0, ~ =1partial™wave amplitudes. The
method we choose is similar to that of Prong,

"ex-
cept that we use a K-matrix formalism rather than
an effective-range expansion of the T matrix. The
relationship between the K matrix and T matrix,

T =K(1 —iK) ',
may be used to relate the K matrix elements to the
usual nuclear-bar phase shifts, i.e.,

where I" and p are defined in a manner similar to
that of Wong. 78 Following %Kong, me interpret Eqs.
(A2) in the sense of a dispersion relation for Ko

1 ™ „(1—iK)
(A5)

where the left-hand discontinuity in T, is taken
from pion exchange (the superscript n is used to
denote this fact). In this expression, m, is the
pion mass and M is the nucleon mass.

Using this expression, we parametrize the K
matrix elements according to

E" (E~+Ee)(Ee E)-
E„(E—Ee)(Ee+E~)

K =K +P&„f„,
n=l

(A6)

TABLE VIII. Values obtained for the phenomenological
parameters in Eq. (A6).

Parameter

K~ =B~++ADf „,
n=g

where the f,„are the basis functions described in
the main body of the paper and BD is the OPEC
term for the 'D, state. The quantities E„, E~, Ec,

+1 +2 A i and +a are adjustable parame-
ters.

The motivation for this particular choice of
parametrization is twofold. First, the use of the
basis functions f,„and the functions K; and BD
insure that the matrix elements will have at least
approximately the appropriate discontinuity across
the near end of the left-hand cut. Second, the
additional energy dependence in K~ represents the
uncoupled S-wave phase quite mell below 400 MeV
if we choose E„= E, (where D-must have a zero),
E~ =18 MeV (where &~ falls through —,'m), and

K = tan&

sin~ cos~ =K, cos&~ .
(A8)

Since the S-wave phase shift &~ is normalized to
n at threshold and goes through &m at about 18
MeV, these equations imply that &, is opposite
in sign to c below 18 MeV and that & must change
sign at the same energy &~ does if K, does not.

The deuteron constraints require that D =0 when
the center-of-mass energy E is equal to the deu-
teron binding energy -E~ (E~ =4.449 MeV), and that

E

Ag

AD

AD
2

4.41 MeV

17.13 MeV

515.8 MeV

—11.53

—44.99

1.32

—188.2

444.2
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En=300 MeV (where 6s has a zero}. For the en-
ergy-dependent analysis E„was adjusted such as
to produce a zero in D at the deuteron binding
energy and the remaining seven parameters were
adjusted to fit the low energy (below 50 MeV) cross
sections and the phase parameters &~, E, and ~p

between 0 and 450 MeV.
The resultant representation gives a precise fit

to the low-energy cross sections and a reasonable
fit to the phase parameters below 500 MeV. The
values obtained for the adjustable parameters in
Eq. (A6) are given in Table VIII. The deuteron
parameters which resulted were I' =(-O,766 a0.002}

fm ' and p =0.022 +0.008. The S-wave scattering
length and effective range obtained were

a = (1.737 + 0.006) fm,

r = (5.380 a 0.005) fm.

These latter values are consistent with the values
given in Table 2 of Signell. " The phases obtained
are depicted as solid lines in the 'S„~„and 'D,
graphs in Fig. i. Notice that the sign of &, changes
at E = 20 MeV. This fact is undoubtedly important
to the analysis of the 50 MeV data which has per-
sistently demanded a negative &,.
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