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The results of precise measurements of the energies of the 2p3/2~1s», and 2p„,~ls, „muonic x-ray
transitions of "Fe, ' Fe, "Fe, "Fe, "Co "Ni, Ni, 'Ni 'Ni, "Ni 'Cu, 'Cu, "Zn ' Zn "Zn, and ' Zn are
reported. Using a highly linear digitally stabilized Ge(Li) spectrometer system, the absolute energies and

energy shifts between nuclei were measured with total errors of approximately 40—60 eV (110 eV for ' Zn).
The data were analyzed in terms of the Barrett moments ( r"e ")of the nuclear charge distributions from
which the equivalent nuclear radii R„and the isotopic and isotonic differences 5R„were computed. Particular
attention was given to higher-order corrections of the energies of the muonic states. Appropriate quantum-

electrodynamical corrections were calculated to all significant orders. Nuclear polarization corrections for
multipole interactions up to and including L = 4 were computed for each isotope. The b, A = 2 isotone shifts

SR„for even A isotopes show a strong shell closure effect at Z = 28, which is quite independent of the
neutron number. The hX = 2 isotope shifts between even nuclei decrease smoothly and uniformly with

increasing N from X = 28 to N = 40 and are essentially independent of Z. This unexpected behavior suggests
that the added neutrons interact with the entire proton core rather than with the valence protons. The hN = 1

isotope shift results show a pronounced odd-even staggering effect, which, however, is somewhat smaller than
theoretical predictions. The isotone series "Fe-' Co- Ni, which is just below the Z = 28 shell closure, shows

strong odd-even staggering, whereas the series»- 'Cu-"Zn and 'Ni- 'Cu- 'Zn just above Z = 28 exhibit only
a very small staggering effect, A comparison of the experimental data of the rms radii ( r')'" with the
results of spherically constrained Hartree-Fock calculations shows good agreement for all four Zn isotopes and
the heavier Ni isotopes ( Ni, Ni, 'Ni), but poor agreement for the Fe isotopes and "Ni.

NUCLEAR STRUCTURE, MOMENTS ' 6' '58Fe, 5~Co, 58'6 '6'62'64¹i @'6 Cu,' Zn; measured muonic x-ray spectra; deduced nuclear charge param-
eters, isotope and isotone shifts, Calculated quantum-electrodynamic and
nuclear-polarization corrections. Compared charge parameters with Hartree-.

Fock cal.culations.

I. INTRODUCTION

Detailed investigation of the rearrangement of
the nuclear charge distribution in xesponse to the
addition of neutrons or protons throughout a whole
series of isotopes provides a valuable and strin-
gent test of one's understanding of the structure
of nuclear ground states.

The usual expression for nuclear radii, R =
roA'~', which can be derived on the basis of a
classical liquid drop model, represents only a
crude average as A varies along the stability val-
ley in an N versus Z plot. The average A' ' be-
havior does, however, serve as a useful standard
of comparison from which to judge individual vari-
ations of the charge radius. Figure 1 presents
the existing muonic isotope shift data' for even
nuclei in the region A=20-126. To emphasize the

departure from A' ' behavior the experimental
shift values have been divided by the "standard"
shift 5R'„'~=I/3(nA/A)R„(the Barrett equivalent
radius R, is defined in Sec. II). The figure illu-
strates that the A'~' behavior is strongly modified
by nuclear shell structure. One observes that the
isotope shifts are largest at the beginning of a
neutron shell and become quite small (in fact,
negative in two regions) just before the major shell
closures at N=28, 50, 82, and 126.

In the present paper, results for muonic atoms
from the lightest stable Fe (A = 54) to the heaviest
stable Zn (A ='IO) are reported. ' In this range of
nuclei one observes the effect of adding nucleons
in the 2p»„1f,&„and2p», neutron shells and
the 1f,&, and 2p», proton shells.

It was the goal of this experiment to determine
accurate differences of nuclear charge distribu-
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FIG. 1. Summary of existing isotope shift data for 4N =2. ~R~ is the change in the Barrett equivalent radius mea-
sured by the 2P3y2-1s&y2 muonic x-ray transition. The data are from the compilations of Engfer et al. (Ref. 1). The

+Ce and Pb data are optical isotope shift results from K. Heilig and A. Stendel, At. Data Nucl. Data Tables
14, 613 (1974).

tion parameters in the vicinity of the magic proton
number 28 and to find if the systematic features
which are apparent in Fig. 1 also occur when a
sequence of nuclei is studied in detail.

II. NUCLEAR CHARGE DISTRIBUTION PARAMETERS
AND MUONIC ISOTOPE AND ISOTONE SHIFTS

The muon binding energies of isotopes of the
same element differ slightly from each other, and
these differences give rise to small displacements
in the muonic x-ray spectra. These so-called
isotope shifts are caused mainly by two effects:
the "mass shift, " which is a result of the differ-
ence in reduced mass of systems with different
nuclear masses, and the "field shift" which is
caused by differences in the size of the charge
distribution for different isotopes.

The "field shift" has been used in this work to
determine differences in the effective radii of
charge distributions of various nuclei. In first-
order perturbation theory the energy shift of a
muonic transition between the levels i and f due
to a change of the spherical charge distribution
np(r) is given by

~E=Z ~pr) V'„r)-Vf r) 4mr'dr,

where V, (r) is the potential generated by the bound
muon in a particular state.

The observed muonic transition energies can be
used to determine the parameters of an assumed
charge distribution p(r) This is done u.sing an
iterative procedure which involves solving the

Dirac equation for an approximate set of charge
parameters and then adjusting these parameters
to bring the calculated transition energies into
agreement with the observed values. Appropriate
higher-order corrections to the calculated ener-
gies must also be included (see Sec. III). The
potential V, (r) can then be calculated from the
components f,(r) and g (r) of this solution of the
Dirac equation. Calculations performed with
various assumed charge distributions have shown
that the resulting V, (r) is quite insensitive to the
initial choice of p(r).

It has been shown by Ford and Wills' that the
potential difference V'(r) —V~(r) in the region of
overlap between the nuclear charge distribution
and the muon wave function can be approximated
to a high degree of accuracy by a simple analytic
form. The best form currently available is due
to Barrett:

V'„(r)—V~ (r) =A+Br~e ~". (2)

(r'e ') = p(r)r~e "4wr'dr,

and an equivalent nuclear charge radius R~ can
be computed which corresponds to the radius of

The value of 0 in this equation is different for
different transitions and also varies slowly as a
function of Z for a given transition. The value of
& varies linearly' with Z and is usually kept fixed
for all transitions of one element.

From the fitted potential IEq. (2)j a generalized
moment of the nuclear charge distribution can be
defined as
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a sphere of constant charge density that gives the
same value of (r"e '). Thus, R~ is defined by
the equation:

Since the values of k and & are quite insensitive
to the initial choice of p(r) and the analytical ex-
pression chosen in Eq. (2) fits the potential differ-
ence to a high degree of accuracy, R~ is a nearly mod-
el-independent way of characterizing the nuclear
charge distribution as probed by a particular
muonic transition.

For all the isotopes of a single element the pa-
rameters ~ and k are essentially identical for a
given transition, and the "field shift" is given by
a relation with the same form as Eg. (1), namely:

&~FS = Z& &pv'e- "4mr'dr.

The differences of the equivalent radii M~ can be
calculated by Eqs. (2) and (4).

'The muonic x-ray spectra of isotopes differ
considerably from each other because, in ad-
dition to the mass and field effects mentioned
above, the nuclei have different charges. Thus,
different values of & and k are appropriate for
each nucleus. Also, the strong Z dependence of
muonic transition energies makes the perturbation
approach, which is satisfactory for isotopes, less
useful for isotones. It is more straightforward to
extract Barrett radii by direct numerical fits of
the charge distribution parameters to the experi-
mental energies. The differences of the equivalent
radii DR~ obtained in this way are essentially model
independent; however, it should be kept in mind that
sbghtly different moments of the charge distribu-
tion are compared in the case of isotones.

The finite extension of the nuclear charge distri-
bution has the most pronounced effect on the bind-
ing energy of the 1s state. In fact, in the 8=60
mass region. , only the 1s state shows a finite size
effect which is large compared with the achievable
experimental accuracy. For this reason the pre-
sent work was concentrated on a.ceurate measure-
ments of the 2p, &~-ls», and 2P, &,-1s», muonic
tra sitions.

III. HIGHER-ORDER CORRECTIONS

All known important higher-order energy cor-
rections of the muonic levels were taken into ac-
count in the analysis. The computed magnitudes
of these corrections for selected isotopes are
summarized in Table I. The largest correction
is the e'e vacuum polarization of order +So'. de-
picted diagrammatically in Fig. 2(a). The total

correction, including "ladder" iterat ons of the
basic diagram, is obtained by inserting the
"Uehling" potential' into the Dirac equation be-
fore it is solved. ' The closely related e'e vacuum
polarization of order n'Zn [Fig. 2(b), the Kallen-
Sabry term]' was included in a similar way."
The additional electron vacuum polarization effects
of order n(Zn)"" arising from the diagrams in
Fig. 2(c) have been taken from the literature. 9 The
only other e'e vacuum polarization diagrams of
low order a,re those of Fig. 2(d), which were not
included in the fitting procedure as they are known
to be negligibly small. ' Additional electronic ef-
fects arise from the screening of the nuclear
charge by the atomic electrons. These effects
were computed" using true Hartree-Fock electron
densities of the neutral atom with charge Z —1
(the "Z —1" approximation).

Additional quantum- electrodynamic effects arise
from the vertex correction of order aZo. [Fig.
2(e)], which contributes most of the anomalous
magnetic moment as well as a central field inter-
action. These effects were computed by standard
means, "using the Bethe-Negele bounds on the
"Bethe sum. '"' The vertex correction of order
o. (Zo. )' [Fig. 2(f)] has been estimated" but not
accurately computed. One-half of this estimate
has been included here as a correction of the energy,
with an uncertainty equal to the included contribu-
tion. In addition, p. 'p, vacuum polarization"
[Fig. 2(g)] and (relativistic) nuclear recoil" cor-
rections were computed using prescriptions given
in the literature.

All of these higher-order corrections can be
computed with an uncertainty of a few eV or less
with the exception of the vertex corrections. The
o'. (Zo. ) correction has a large uncertainty which
is mainly caused by the difficulties in calculating
the so-called Bethe sum. The bounds given in
Ref. 13 produce strict error limits for the muon
1s state, where the correction is large, but not
for the 2p states, where the correction is small.
The o(Zn)2 correction is relatively more uncer-
tain but smaller. Magnitudes of these error esti-
mates are noted in Table I. A separate but re-
lated question concerns the numerical accuracy
with which these corrections, as well as the un-
perturbed binding energies, are computed. Calcu-
lations which appear in the literature disagree
with one another by as much as several tens of
eV; presumably, this is due to limited numerical
accuracy. For the calculations reported here,
we have made an exhaustive investigation of the
numerical accuracy and are confident that numeri-
cal errors are less than 1 eV.

The final correction to be considered is that
caused by the polarization of the nuclear charge
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hexadecapole (L =4) excitations. In tl'e low-lying
spectra, only the experimental strengths of E2
excitations are consistently available for the
nuclei under consideration. Nuclear polarization
energy shif ts for these known E2 excitations have been
computed explicitly, using a relativistic Green's
function technique described elsewhere. " The
remaining nuclear excitations are accounted for
by means of suDl rules.

The isovector dipole sums have been the most
thoroughly investigated, The Thomas-Heiehe-
Kuhn (TRK) (cr~) and Migdal (o,) photoabsorption
sum rules are well satisfied experimentally for
"Co, although not for the other nuclei in this
region. " These other nuclei exhibit considerably
less strength, presumably because of incomplete
measurements. In the absence of evidence to the
contrary, we assume that all of the nuclei pres-
ently considered obey both of these sum rules,
which are

o, = dE o(E) = 6 MeVfm'Ng

0

and

0' 2= = 2.25 x I0 ~/5~ fm Me'yo(E
E2

FIG. 2. (a)- (g) Quantum electrodynamic corrections
to muonic-atom energy levels. Vertical lines represent
the (bound) muon, x represents a static nuclear vertex,
and loops represent electrons except for (g}, where the

loop represents muons.

distribution in the presence of the muon, i.e. , the
second order (two-photon exchange) perturbation
correction to the energy, where the intermediate
states include all possible virtual excitations of
the muon and the nucleus. Detailed nuclear polari-
zation calculations have not previously been made
for the nuclei considered here. The computation
of this correction AB~~ is complicated by the fact
that the properties (energy, angular momentum,
transition matrix elements) of only a few low-lying
excited states of these nuclei are known. The in-
fluence of the great majority of the excited states
can only be estimated by using photonuclear reac-
tion or charged-particle scattering data, if they
are available with sufficient accuracy, or by using
sum-rule considerations or specific theoretical
nuclear models. The present calculation is based
primarily on sum rules, due to the lack of experi-
mental information and absence of good theoretical
models of these nuclei. In the present analysis,
nuclear polarization corrections n.B„~(L)have
been computed for electric monopole (L =0), dipole
(L= 1), quadrupole (L =2), octupole (L =3), and

We concentrate the dipole strength in a single
state with energy E = (o,/o, )'~' so that both sums
are satisfied. This choice is motivated by the
fact that the polarization energy shift is propor-
tional to a weighted integral over the cross sec-
tion; the weight varies as E ' as E ~, and some-
what less rapidly for smaller E. The (isoscalar)
monopole strength from the ground state 0 to final
states f is given by the sum rule"

= 41ZA'~' MeV fm~,

where we have set N=Z =-,'A and (0 ~r' ~0) A'~'.
The relationship of the above matrix element to
the nuclear polarization energy shift is strongly
dependent upon the form assumed for the transi-
tion charge density (0~ p(r)

~
f). We choose the

vibrational model result

I d , dpo(r)
dt dv

where po(r) is the ground-state charge distribu-
tion. We assume as before that the strength is
concentrated in a single state at the energy chosen
for the dipole resonance. Similarly, the isoscalar
sums for I.~ 2 are each formed' by
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E~B EL;0-

I (2I, +1)' Z'(Ic)'(0~, ~,
i )4g 2AM@~

(14.4 and 136.5 keV in "Fe, 67.4 and 282.9 keV
in "Ni) with reasonably large B(E2) values. How-

ever, even in these nuclei the admixture of nuclear
states is very small (&1%) and the energy shifts
of the 2p states are less than 10 eV.

= 1 65 Q2I, + 1)'Z'A +~ "~' MeV fm'~

and are concentrated in states at the same energy
as above. In the case L =2, the strength accounted
for in the low-lying states is subtracted from the
sum.

The above considerations are intended primarily
to provide evidence concerning the variation of
nuclear polarization among the nuclei considered
here. For the most part, the absolute values of
these results should be underestimates since sev-
eral modes of excitation have been ignored. %here
comparison is possible, the prescriptions used
here provide approximate agreement with other
nuclear polarization calculations which have been
made for other nuclei. The most striking dis-
agreement is for the monopole polarization; when

the present prescription is applied to the 1s state
in ' 'Pb, the result is -8 keV rather than 2 to 4

keV obtained elsewhere. " Although there is no
theoretical reason to prefer our calculation for
' 'Pb to the others, it is well known" that experi-
mental muonic atom data for ' Pb favor the larger
value of the nuclear polax'ization.

The isotopic and isotonic variations in the nu-
clear polarization are provided mainly by the low-
lying E2 excitations, which typically account for
-50-80 jo of the E2 energy shift of the 1s state.
Other variations are due to the Z and A dependence
of the resonance paxameters.

Values of the nuclear polarization correction as
computed with the above method are listed in
Tables I and VII. To obtain an estimate of the
magnitude of possible ex xors in the absolute values
of the computed nuclear polarization energy shifts,
we note (see above) that other calculations" are
30 to 40/o lower than our total (9.8 keV) for '"Pb.
Thus we assign an error estimate of +40% for the
absolute values, which amounts to 0.2 keV for
"Fe and 0.4 keV for 'OZn. Errors in the isotope
shifts are probably less than 0.03 to 0.05 keV in
most cases, although for nuclei in which no sig-
nificant low-lying E2 strength is observed, the
results may be incorrect if significant E2 excita-
tions actually exist.

We have calculated the energy shifts of the
muonic levels caused by the mixing of these levels
with excited nuclear states through the dynamic
electric quadrupole interaction. These shifts are
negligible (&1 eV for the 2p states) for all the
even-A nuclei considered in this paper. Some of
the odd-A nuclei have low-lying excited states

IV. EXPERIMENTALAPI'ARATUS

POLYETHYLENE

Ge (Li)

I

10 cm

FIG. 3. Arrangement of scintillation countf r telescope
P;), muon moderator gg, targets (T'), and Get,'Li) de-
tector.

The experiment was performed at the stopped-
muon channel of the Clinton P. Anderson Meson
Physics Facility at Los Alamos (LAMPF) during
an initial period of low-intensity accelerator oper-
ation. At the time of the experiment, the time-
averaged 800-MeV proton beam current was -7
pA; the duty factor of the accelerator is 6%.
Pions, produced in a 5-cm carbon target, were
collected and transported by a series of quad-
rupole magnets. Momentum selection was imposed
upon the collected pions by two bending magnets
and the pion beam then passed into an extended
alternating- gradient quadrupole section in which

the majority of the pions decay. The resulting
muons were momentum selected by the "spectro-
meter" portion of the channel and focused onto the
target by a final series of quadrupole magnets.
The spectrometer portion of the channel was tuned
to accept the backward decaying muons (momen-
tum = 120 MeV/c) from 220 MeV/c pions.

The physical arrangement of the targets is
shown in Fig. 3. Signals from a conventional
counter telescope, consisting of plastic scintilla-
tion counters S„S„S,', and S4 were used to iden-
tify events in which muons came to rest in one of
the three targets T'. The thickness of the poly-
ethylene moderator M was adjusted to maximize
the stopping rate in the targets. The stopping rate
in a 2.5 & 7.5-cm Ni target weighing 50 g was typi-
cally 2000 sec ' per pA of proton current when the
muon channel was tuned to illuminate an 8 & 10-cm
ax'ea.
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Muonic x rays were detected by a true-coaxial
60-cm' Ge(Li) detector placed at a distance of 10
cm from the center target (see Fig. 3). The
Ge(Li) detector was shielded by polyethylene from
scattered muons and from muons in the "halo"
around the main muon beam. No high-Z shielding
was used near the detector. The only significant
background radiation observed with the Ge(Li) de-
tector was due to energetic electrons from muons
which decayed in the low-Z moderator. Various
y-ray sources (Table II) were located on the axis
of the Ge(Li) detector at distances of 50-100 cm.
These sources were always present during data
runs and the associated calibration spectra were
stored (in a, separate section of the computer
memory) simultaneously with x-ray data. To
eliminate calibration errors due to any possible
counting-rate dependence of electronic gain, a
calibration-gating technique" was used which
employed an auxiliary plastic scintillation counter
to sample the instantaneous intensity of the muon
beam. Calibration y rays were stored only if they
occurred in (accidental) coincidence with a short
(-10 p, s} gating signal generated by this counter.
The counter was located near a bending magnet
but off the axis of the muon channel so that parti-
cles which passed through it could not reach the
x-ray targets. This technique insured that the
calibration spectra were stored at an average rate
which was proportional to the intensity of the
muonic x rays. Thus any possible time-varying
or count-rate-varying gain shifts should affect
both x- ray and calibration spectra identically.
Long-term changes in the characteristics of the
linear signal path were eliminated by using digital
stabilizers which were locked onto the signal from

100

50

58
Fe

eA ~ v
, y ~ s+ ~

0

I If

at~a~|~
—~ae~

IOO

56
Fe

a high-stability pulse r."
Signals from the Ge(Li} detector were divided

into one of three categories for storage depending
upon their time relation t to muons stopping in
the targets. If the Ge(Li) signal was in prompt
coincidence (- 5ns &t &5 ns) with a stopping muon,
the signal was considered a muonic x ray and was
stored by the computer in a separate data array
according to the target (identified by S,) in which
the muon stopped. Thus, the x-ray spectrum from
each target was stored separately. U the Ge(Li)
signal followed a muon stop (20 ns&t&50 ns), it
was considered a delayed event (e.g. , a nuclear
y ray) and was also stored separately according
to target identification. The delayed spectra were
examined for lines which could perturb the ob-
served x-ray centroids; none were found. If the
Ge(Li) signal was not related in time to a muon

stop (t &500 ns), it wa, s considered a calibration
y ray and was stored accordingly, provided the
calibration- gating condition mentioned above was
satisfied. Ambiguous events, which, for example,
might have involved near- simultaneous muon stops
in two or more targets, were discarded.

The logic decisions needed to carry out these
storage assignments were performed in real time

TAB LE II. Energy calibration sources.

Isotope

60Co

p-ray energy '
(keV)

1173.208 + 0.025
1332.464 + 0.028

50
O
O

300

~+ ~

~ ~ ~r
EAI w0 ~ ~va

r ~

1 iom Ag

124Sb

937.483 + 0.020
1384.267+ 0.029
1475.757+ 0.034
1505.006+ 0.032
1562.264+ 0.033

968.188+ 0.022
1045.106+ 0.022
1325.478 + 0.029
1368.130+ 0.029
1690.942+ 0.036

Energy values are from an adjustment of R. C.
Greenwood and R. G. Helmer, Aerojet Nuclear Co. ,
private communication.

200

54
Fe

IOO

0—
I 240

~0

~ V
lg

IMSC
~e ~

I 250 I 260
ENERGY (keV)

I 270

FIG. 4. Typical spectra showing the muonic 2P-1s x-
ray doublet for three isotopes of Fe. The isotope shift
of the x-ray energies is readily apparent. The substan-
tial (2473 Fe isotopic contamination of the 5 Fe target
is also visible.
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by a high-speed Camac interfaced programmable
processor (MBD).'2 The digitized data were trans-
ferred by the MBD directly into serial buffer ar-
rays in the core memory of a PDP-11 computer.
%'hen the 1000-word buffers were filled, the pro-
cessor of the PDP-11 transferred the data to
histograms which were stored on a fixed-head
disk.

The experimenter was able to monitor the histo-
grammed data while it was being collected via a
set of interactive display and analysis codes which
ran in a background mode in the processor of the
PDP-11. At the completion of a run the data ar-
rays were transferred, using magnetic tape, to
a photostorage device from which they can be ac-
cessed by a large computer for detailed analysis.
Muonic x-ray spectra from three isotopes of Fe
obtained during a typical run are shown in Fig. 4.

V. DATA ANALYSIS

Since the emphasis in this study was on measur-
ing isotope and isotone shifts (i.e. , Chfferences in
x-ray energies for neighboring nuclei), the exper-
imental apparatus was designed so that three tar-
gets could be studied simultaneously. A total of
16 different nuclei have been studied, in various
combinations of three, in such a way as to reduce
the effect of systematic errors as much as pos-
sible. Table III lists the targets, their approxi-
mate masses, and their isotopic purities.

As mentioned earlier, in medium-mass nuclei
only the 1s muonic state is significantly perturbed
by the finite nuclear size and therefore only the

energies of the 2@3„-1s„,(Ka, ) and 2P„,-ls„,(f8a, )
transitions were of interest in the present mea-
surements. To understand the techniques used to
analyze the spectral data it is helpful to have in
mind the magnitudes of some of the physical quan-
tities involved.

First, the resolution [full width at half maximum
(FWHM)] of the detector is approximately 1.8 keV
at the energies of the (Fe) Ko. lines. The fine-
structure splitting of the 2p state (4.15 keV in Fe)
is therefore almost completely resolved in the
present measurements in contrast to previous mea-
surements in this mass region (cf. Ref. 23). Thus
it is possible to determine the energies of the Kn,
and Ke, lines independently.

Second, isotope shifts in this mass region are
approximately 1.5 keV per added neutron. Thus
the measured line centroids are somewhat per-
turbed by the unresolved contributions of isotopic
impurities in the target. This was corrected by
fitting the spectral data with a multiplet of lines
with intensity ratios fixed according to the isotopic
composition of the target. The centroid of the
principal isotopic component of the sample can
thus be determined when the approximate centroids
of the impurities are known. A typical value of
such a correction (compared to fitting a single line)
was 75 eV for the rather impure "Fe target.

Third, the muonic levels of the odd-A isotopes
exhibit hyperfine (hf) structure due to intera, ction
of the muon with nuclear magnetic and electric
moments. Typically, hf splitting separates both
members of the Kn„En,doublet into a complex
pattern of lines with a maximum energy separation

TABLZ III. Target masses and isotopic compositions. ]Obtained on loan from the USEBDA
Research Materials Collection (except ~~Co).]

Isotope

Target
mass

(g)

Isotopic compos ition
(%)

54Pe
58Pe
5'Fe
58Fe
59( o
58Ni

"Ni
8fwi

2Ni

64Ni

"Cu
65Cu
64 Z~
86Z~

~8z~
70'~

48
60
48
14
60
59
62
38
11
15
52
56
60
47
60
4

54—97.69, 56—2.25, 57—0.05, 58—0.01
54—0.03, 56—99.93, 57—0.03
54—0.17, 56—8.06, 57—91.66, 58—0.11
54—1.14, 56—23.74, 57—1.86, 58—73.26
59—100
58—99.89, 60—0.11
58—0.21, 60—99.79
58—1.95, 60—5.61, 61—91.38, 62—1.07
58—0.47, 60—0.56, 61—0.22, 62—98.75
58—0 ~ 96, 60—0.71, 62—0.40, 64—97.93
63—99.9, 65—0.10
63—0.30, 65—99.70
64—97.87, 66—1.18, 67—0.21, 68—0.74
64—0.82, 66—98.84, 67—0.11, 68—0.22
64—0.38, 66—0.34, 67—0.22, 68—98.97, 70—0.08
62—8.53, 66—5.46, 67—1.10, 68—6.97, 70—77.94
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(x- x,)' P
y =N exp — ' +nNexp —(x —x )20' 0

for x ~xo,'

y =N(1+n) exp
(x —xo)'

2g2 for x&xo.

This function is an approximate representation of
a 5 function, with a low-energy exponentially de-
creasing tail, convoluted with a Gaussian. The
tail parameters, determined from fits to calibra-
tion lines which were stored simultaneously with
the x-ray data and held fixed in fitting the x- ray
lines, were typically n = 0.35 and P = 0.75. In ad-
dition to the usual y' criterion for judging the
adequacy of the line-shape representation, we
have in these measurements an additional, and
perhaps more sensitive, criterion, namely, the
accuracy with which the theoretically predictable
fine-structure splitting is reproduced. Our re-
sults regarding this point are discussed in Sec.
VB.

The least-squares data fitting procedure results
(after appropriate correction for isotopic impuri-
ties and hf structure) in line centroid values for
the Ka, and Kn, x-ray transitions. These cen-

of -2 keV. This pattern appears in the Ge(Li) de-
tector spectrum as a broadened peak. Since the hf

structure can be readily calculated" if the mag-
netic dipole and electric quadrupole nuclear mo-
ments are known, the effect is corrected by fitting
the data with a fixed multiplet of lines rather than
a single line. The calculation of the hf structure
was made using the data given in Ref. 25. Because
the hf splitting was not resolved by our detector,
it had only a minor effect on the observed line
centroids since static hf splitting does not alter
the "center of gravity" of the line. In the present
measurements the difference in the centroid ob-
tained by fitting a single Gaussian as compared
with the appropriate hf structure pattern was
typically 30 eV.

To extract precise energy values from the x-ray
spectra it is necessary that the functional form
which is fitted to the data accurately represent
the response function of the Ge(Li) detector.
Ideally the response of the detector to a mono-
energetic line would be a pure Gaussian. In a real
spectrometer system there is some departure
from the ideal caused by incomplete charge col-
lection in the detector and by imperfections in the
pole -zero compensation and the base-line restoration
of the amplifier. Trials with several different
line-shape representations indicated that the fol-
lowing function gave a satisfactory representation
of the observed line shape:

troids were converted into energy values using
the simultaneously stored calibration lines. In
making this conversion two effects must be con-
sidered: (1) nonlinearity of the Ge(Li) detector
and associated electronic systems; (2) geometrical
effects introduced by the different positions of the
calibration sources and targets with respect to
the Ge(Li) detector.

The magnitude of the first effect was evaluated
by making a series of measurements, inter-
spersed with the data runs, of the calibration
sources listed in Table II. Together, these
sources produced a sequence of 10 preciselyknown
reference points within the energy range of inter-
est (1.0-1.f MeV), from which nonlinearity was
judged. These measurements consistently indi-
cated a linear relationship between fitted line
centroid and energy to well within the accuracy of
the reference lines (-30 eV). This conclusion was
also supported by measurements made on the sys-
tem with a precision (20 ppm) computer-controlled
pulse generator and by other y-ray measurements
which permitted nonlinearity to be evaluated in-
dependently of standard reference energies. ' Al-
though no adjustment of the linearly computed en-
ergy values has been made to correct nonlinear
effects, an uncertainty of 20 eV has been included
in the computation of the estimated errors in these
values (see Sec. VB). The geometrical effect,
which is primarily a function of the direction of
photon incidence with respect to the direction of
the electric field vector in the detector, is ex-
pected to be small in a true-coaxial detector be-
cause of the detector symmetry. Indeed, energy
measurements made by comparing sources placed
in various positions within a +40' cone around the
detector axis indicated no detectable (&10 eV)
angular dependence in the 1.5-MeV energy region.
The geometrical effect has therefore been ignored
in analyzing the data, although the precaution was
taken during the runs of permuting the various
targets among the three possible target positions.

A. Isotope and isotone shifts

As has been mentioned, the spectra from three
nuclei were collected simultaneously to reduce the
influence of various possible instabilities (e.g. ,
electronic gain shifts) on the isotope and isotone
shift values. In addition, each isotope was mea-
sured several times, each time with various corn-
binations of other nearby nuclides. In total, 27
runs, each with 3 targets, were made with 16
isotopes.

To obtain "best values" for the shifts among the
16 isotopes, a weighted least- squares adjustment
was made. In this adjustment the variables were
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the 15 energy differences between each isotope
and the (arbitrarily chosen) lowest energy isotope
"Fe. The input data for the adjustment were the
54 (=2 x 27) shift values derived from the 27 runs.
(Note that a third shift value is available from each
run, but it is numerically equal to the sum of the
other two shift values and thus contains no addi-
tional information. ) The weighting for the least-
squares adjustment was done according to the
statistical accuracy of the data values. The anal-
ysis is complicated here by the fact that the two
shift values derived from each run are not statis-
tically independent since they involve a common
measurement. This complication is treated in the
least-squares procedure by using a two-dimen-
sional weight matrix (cf. Ref. 27). The procedure
was performed separately for the 2P, /, -ls, /, and

2py /2 1sy /2 shif ts; the values of y' per degree of
freedom for the two adjustments were 1.1 and
1.2, respectively. The low )f values indicate that
the shift values from all 27 runs are quite consis-
tent.

To present our results in the most generally
useful form we have elected to combine the Ka,
and Kn, shift values into a single array by using
the theoretically calculated fine- structure (FS)
splitting of each isotope. " The results, expressed
in terms of the 2p, /, -1sz/2 shifts, are given in
Table IV. The uncertainty in each experimental
value, calculated by including both diagonal and
Off-diagonal elements of the error matrix, is also
listed. In fact, it is necessary to present the shift
values in the form of a matrix only so that the
correlated errors can be properly listed. It should
be mentioned that all error values quoted here
(Table IV and V) have been multiplied by v y' to
include certain types of possible systematic
errors.

B. Absolute transition energies

In addition to the shift values, our data also
provide values of the absolute K~, and Kn, transi-
tion energies (Table V). These values were de-
rived using the following procedure. A second
least-squares adjustment was performed in which
only a single parameter, the transition energy of
"Fe, was allowed to vary, while the transition
energy differences between "Fe and the other 15
nuclei were held fixed at the values which resulted
from the first (shift) adjustment. The input data
for the second adjustment were the 81 (=3 x 27)
measured transition- energy values. The result
is a set of least-squares-adjusted transition ener-
gies which are constrained to be consistent with
the shift values. The y' per degree of freedom
for the Kn, and Kn, fits were 1.9 and 1.3, respec-

tively. These low values again indicate that no
serious systematic error exists in the data, even
when considered as absolute measurements. In

fact, the low y' values suggest that the numerical
results would not have been greatly different if
only a simple averaging technique had been used
to derive the shift values.

It should be noted that the theoretical FS splitting
has not been imposed upon the absolute transition-
energy values listed in Table V, since the K~, and

Kn, values have been analyzed independently. The
results are, however, reasonably consistent with
the theoretical FS splittings. The only significant
deviation occurs in the case of "Co, where we
obtain an FS splitting slightly higher than the
theoretical value. The uncertainties attached to
the transition energies have been derived by quad-
ratic addition of terms arising from several
sources of possible error: (1) the statistical error
in the location of the line centroids; (2) a fitting
uncertainty (20 and 40 eV for the Ko., and Kn,
lines, respectively) which results from the fact
the the Kn lines are not completely resolved
(this term was estimated by comparing the ob-
served FS splitting with the theoretical values);
(3) the uncertainty (-30 eV) of the literature values
of the calibration energies; and (4) an upper limit
on possible electronic and detector system non-
linearity (20 eV).

Since the K+, and Kn, transitions contain es-
sentially equivalent information about the nuclear
charge distribution, it is convenient to combine
these two measured values into a single number
which can then be used to deduce the charge pa-
rameter R~. Such a combined value, derived by
making a weighted combination of the measured
Kn, and K~, values using the theoretical FS split-
ting, is given in the third column of Table V. The
combined value is expressed, like the shift values
of Table IV, in terms of the Kn, transition energy.

The present results for transition energies and
for isotope shifts are compared with the limited
number of previous measurements of these quan-
tities in Table VI. In general the agreement seems
to be satisfactory. The only exceptions are per-
haps the ' "Ni and" "Cu values of Ehrlich, "for
which, in the former case, we find a considerably
larger, and in the latter case, a substantially
smaller isotope shift than he reported.

VI. CHARGE RADII

Following the procedure discussed in Sec. II,
values of the Barrett radius were derived from
the data by using a two-parameter Fermi repre-
sentation of the nuclear charge distribution:

p p [1 +s (f c ) / 6] 1
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TABLE V. Measured 2p &/&-1s&/2 and 2p3/2-Is&/2 muonic x-ray energies.

Transition energy
(keV)

Isotope

'4Fe
56Fe
"Fe
58Fe

"Co

58Ni

60Ni

61Nj

62Ni

64Ni

"Cu
"Cu

"Zn
66Zn

68zn

Zn

2p ~/2-1S~/2

1255.849 (63)
1252.919(58)
1251.823 (73)
1250.381(67)

1336.553 (65)

1427.112(60)
1423.860 (58)
1422.849 (69)
1421.342 (59)
1419.708 (63)

1508.0 52 (60)
1506.147 (62)

1595.528 (59)
1593.313(61)
1591.573 (60)
1589.863 (180)

P3/2- i/2

1260.011(48)
1257.04 7 (44)
1255.896(56)
1254.460 (54)

1341.500 (50)

1432.534 (46)
1429.360 (45)
1428.397(54)
1426.8 14 (45)
1425.226 (49)

1514.452(47)
1512.534 (49)

1602.70 9 (4 7)
1600.553 (4 5)
1598.760 (46)
1596,8 17(131)

Combined value ~

1260.011(45)
1257.054 (42)
1255.921(51)
1254.48 5(49)

1341.461(46)

1432.564 (44)
1429.369(43)
1428.393(4 9)
1426.829 (43)
1425.229 (4 6)

1514,433 (44)
1512.516(45)

1602.718 (44)
1600.544 (43)
1598.763 (44)
1596.898 (109)

' Expressed in terms of a Kn& transition energy (see Sec. VB).

A fit to the observed 2p», -lsd/2 muonic transition
energy was made, varying only the half-density
radius g. The skin thickness parameter a was
fixed at 0.55 fm. The equivalent radii A„were
then determined using the values n and k listed
by Engfer et al. ' for each isotope. The values of

n and k were deduced in Ref. 1 using the following
procedure. A.rst, the parameter n was deter-
mined from a fit to the difference of the potential
generated from the bound muon, V'„(r)—Vt(r), for
the 2p, /, -lsd/2 transition. It was observed that +
varies linearly with Z and can be approximated by

TABI.E VI. Comparison with previous measurements.

Isotope (s)

Measured
quantity

Present value
(keV)

Previous
measurements

(keV)

56Fe
"Co
6ONi

~cu
6'Zn
68Zn

4 56Fe
56- 57Fe
58- 60N ~

60-6iNl
60-62~ ~

N&
63 65Cu
66-68 Zn

Ka& energy
Kn& energy
K n& energy
K o,'I energy
K~& energy
K ~& energy

Isotope shift
Isotope shift
Isotope shift
Isotope shift
Isotope shift
Isotope shift
Isotope shift

1257.04 7 (44)
1341.500 (50)
1429.360 (45)
1514.452(47)
1600.553 (45)
1598.760 (4 6)

2.956 (32)
1.137(38)
3.196(32)
0.977 (37)
2.539(26)
1.916(35)
1.782 (26)

1257.150 (60)
1343.4 (5.0)
1429.4 (0.6)
1513.1(0.6)
1600.15(0.40)
1598.22 (0.39)

2.970(120) d

1.250 (200)
3.140 (140)
0.970 (180)
2.000 (170)
2.310(160), 2.130(80)
1.930(360) g

' T. Bohringer, Travail de Diplome, ETH Zurich, 1971 (unpublished).
The listed value has been converted from a 2p-Is center-of gravity measurement to an

equivalent 2p3/&-1s&/& value by adding
&

of the theoretical FS splitting.
~ D. Quitmann et al. , Nucl. Phys. 51, 609 (1964).

R. D. Ehrlich, Phys. Rev. 173, 1088 (1968).
'D. A. Jenkins et al. , Phys. Lett. 32B, 267 (1970).
E. R. Macagno et al. , Phys. Rev. C 1, 1202 (1970).

8 D. A. Jenkins et al. , Phys. Rev. C 2, 458 i1970).
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the formula

a =0.03661+(1.4194 & 10 ')Z.

Kith the value of n thus determined, the param-
eters A, 8, and k of Eg. (2) were fitted using a
two-parameter Fermi charge distribution with
(=4aln3 fixed at 2.3 fm. The fit of Ref. 1 was
done with a weighting function of r p(r) which
emphasizes the nuclear surface region where the
charge distribution differences are largest.

Table VII lists for our data the values of n and
k and the equivalent radii R, calculated using Eq.
(3). The errors in R~ are derived by multiplying
the experimental error by C~ = —dR~/dE. The
error in these radii due to uncertainties in the
higher-order corrections has been discussed in
Sec. m.

To verify that the quoted R~ are independent of
the charge model, the analysis was also performed
using Hartree-Fock charge distributions in which
the radial scale factor was adjusted to fit the ex-
perimental energies. The resulting equivalent
radii were the same as those obtained with the
two-parameter charge distribution to within ap-
proximately 0.2 mfm (10 eV).

The isotope and isotone shifts 5R„listed in Table
VIII were calculated by taking the difference of the
appropriate R~ values. The errors of the 5R, were
computed from the experimental errors of the
energy differences (Table IV) by using the sen-
sitivity factors given in column 9 of Table VII. The

problem of comparing slightly different param-
eters of the charge distribution, which arises in
the case of the isotone shifts, was investigated
by using a common a and 0 for all nuclei. Kith
n = 0.076 fm ' and k = 2.123 (the values given by
Engfer' for ' Ni), the isotope differences were
found to be the same within 0.1 mfm. The DR~ for
the isotones increased 0.5 mfm for isotones differ-
ing by one proton and 1 mfm for isotones differing
by two protons. Since these changes are only of
the order of the experimental error, we have
chosen to list the "model-independent" values of
5R~.

It is not unusual for the results of theoretical
calculations of the nuclear charge distribution to
be quoted in terms of an rms charge radius. For
this reason we also list in Table VII values of
(r ')'~', using a. two-parameter Fermi distribu-
tion. It should be kept in mind, however, that such
values are not independent of the charge model
used.

VII. INTERPRETATION AND CONCLUSIONS

The aim of this experiment has been the sys-
tematic study of isotope and isotone shifts in the
region near the Z =28 closed shell. A graphical
summary of the results is shown in Figs. 5 and V.
In these two figures the shifts between even-A
nuclei are shown separately from the odd-even
shifts since the physical interpretation is different
in these two cases.

TABLE VII. Experimental equivalent radii, interpreted from the "combined" 2p3~&- 1s &~2 transition energies. Fits
were made using two-parameter Fermi function charge distributions, with C as given and a fixed at 0.55 fm. Estimat-
ed errors in the equivalent radii R& do not include theoretical uncertainties.

Isotope

Experimental
ener~

(keV)

Nuclear
polarization All other
corrections ~ corrections ~

(keV) (keV)

54Fe
56Fe
"Fe
58Fe
"Co
58Ni

60Ni

62Ni

"Ni
"Cu
"Cu
64Zn

66Zn

68Zn

70Zn

1260.011(45)
1257.054 (42)
1255.921(51)
1254.485 (49)
1341.461(46)
1432.564 (44)
1429.369(43)
1428.393(49)
1426.829 (43)
1425.229 (46)
1514.433 (44)
1512.516(45)
1602.718 (44)
1600,544 (43)
1598.763 (44)
1596.898 (109)

0.546
0.582
0.600
0.624
0.588
0.689
0.693
0.632
0.703
0.725
0.739
0.749
0.857
0.909
0.917
0.973

9.768
9.718
9.701
9.678

10.382
11,134
11.083
11.068
11.042
11.015
11.724
11.693
12,401
12.367
12.337
12.306

3.98097
4.04735
4.07296
4.10513
4.12450
4.10687
4.16295
4.17918
4.20767
4.23639
4.26910
4.29959
4.33742
4.36910
4.39462
4.42190

3.700
3.743
3.759
3.780
3.793
3.781
3.818
3.829
3.847
3.866
3.888
3.908
3.933
3.954
3.971
3.989

0.074
0.074
0.074
0.074
0.075
0.076
0.076
0.076
0.076
0.076
0.078
0.078
0.079
0.079
0.079
0.079

2.121
2.121
2.121
2.121
2.121
2.123
2.123
2.123
2.123
2.123
2.12V
2.127
2.130
2.130
2.130
2.130

-18.1
-18.1
-18.1
-18.1
-16.2
-14.5
-14.5
-14.5
-14.5
-14.5
-13.1
-13.1
-11.g
-11.9
-11.9
-11.9

4.7387 (8)
4.7941(8)
4.8155(9)
4.8425(9)
4.8581(7)
4.8428 (6)
4.8900 (6)
4.9037(7)
4.9278 (6)
4.9521(7)
4.9789(6}
5.0048 (7)
5.0366(5)
5.0637(5)
5.0855(5)
5.1088(13)

' Itemized in Table I for selected nuclei.
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Isotopes Isotopes

"Fe-"Fe
58Fe-57Fe
6'Ni-60Ni
62Ni 6SNi

21.4 (0.7)
27.0 (0.9)
13.7 (0.5)
24.1 (0.6)

56Fe 54Fe
58Fe 56Fe
60Ni 58Ni

82Ni 80

Ni- Ni
65cu 63cu
66zn-64zn

6 Zn
~ozn-6 Zn

55.4 (0.6)
48.4 (0.6)
47.2 (0.4)
37.8 (0.4)
24.3 (O.4)
25.9 (0.4)
27.1 (0.3)
21.8 (o.3)
23.3 (1.3)

59Co-~Fe
"Ni-"Co
63Cu 82N j
84Zn-Cu
65Cu 84Ni

66zn 65C u

15.6 (0.8)
31.9 (0.5)
51~ 1 (0.4)
57.7 (0.4)
52.7 (0.5)
58.9 (0.4)

58Ni-56Fe
60Ni »Fe
64Zn-"Ni
86Zn-64Ni

48.7 (0,5)
47.5 (0.8)

108.8 (0.4)
111.6 (0.4)

A. Shifts between even nuclei

An examination of the even-isotone shifts sug-
gests a strong shell effect. Namely, the addition
of the two protons which complete the lf, &, proton
shell ("Fe-"Ni or "Fe-'ONi) causes an increase

TABLE VIII. Differences in experimental equivalent
radii for AA=1, 2. The experimental error is listed in
parentheses following each value. Errors due to theoret-
ical uncertainties are discussed in Secs. III and VI.

in radius of I',~=48+1 mfm. Incontrast, theaddi-
tion of two more protons, i.e. , the first two pro-
tons in the 2p, &, shell ("Ni - ' Zn or 6'N i - 6'Z n),
causes an increase of approximately 110 mfm. In
the latter case the increase is more than twice as
large as in the former. This is qualitatively
understood within the framework of the shell model
simply by the fact thai the 2p, &, shell has a greater
radius than the 1f,&, shell. Note that the effect
seems to be quite independent of the number of
neutrons.

As protons are added to a particular orbital one
would expect the successive increases in nuclear
radius to get progressively smaller, since parti-
cles with the same radial charge distribution are
being added (indeed, if protons could be added
indefinitely in the same orbital, the nuclear charge
radius would only asymptotically approach a charge
radius corresponding to that particular orbital).
When an orbital is filled and additional protons
must enter a higher shell, one would expect a
sudden increase in the isotone shift. This primi-
tive model, of course, ignores the fact that nu-
cleons do not occupy pure shell-model states and
that changes in core deformation can occur with
increasing A. However, our data seem to con-
firm the periodic fluctuation of isotone shifts
around an A'~' law average, which the shell model
implies.

The isotope-shift data, which cover the region
between the beginning at the 2p, &, neutron shell
at N = 28 and the closure of the 2p, &, neutron shell

30— 64 27 66 22 68 2@ 70
Zn Zn Zn Zn

2p 5/2

l09 6C~„26 6C5„ t t 2

L
58 -y7 60 P8 62 2y 64

Ni Ni Ni Ni,

5p 55 55 ys 58 '

7/2 PP/2 e 5/2 5 ~l/2

I I I

28 50 52 34
NEUTRONS

I

38
I

40

FIG. 5. Differences in the Barrett equivalent radii for adjacent even-even nuclei (mfm). The experimental uncertain-
ties in these values are typically 0.7 mfm (see Table VIII).
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so-

4o-
C)

~30-

20-

0 Fe ISOTOPES
0 Ni ISOTOPES Z=28

Cu ISOTOPES

& Zn ISOTOPES

Isotope sequence

Isotopes

"re-57ve-~epe
60Ni-"Ni-62Ni

Isotones

0.88 (0.03}
0.72 (0.03)

TABLE IX. Measured odd-even staggering parameter
values.

IO ~

l7

I

26 28

5/2 ' 5/2 5/2
I I I I I I

30 32 34 36 38 40
NEUTRONS

"Fe-"Co-"Ni
"Ni-~Cu-~ Zn
64N i 85cu 68 Zn

0.66 (0.04)
0.94 (0.01)
0.94 (0.01)

FIG. 6. Isotope shifts for Z9E = 2 as determined in this
~vork. The experimental uncertainties are smaller than
the plotted points.

at N = 40, are plotted as a function of N in Fig. 6.
The most striking feature of the isotope shifts in
this region is the uniform decrease with increas-
ing ¹ Note also that the shift values are essen-
tially independent of Z. We find this rather sur-
prising since one might expect that the effect on
the charge distribution of the addition of neutrons
to the closed-proton shell (and presumably stiffer)
Ni isotopes would be considerably less than the ef-
fect in Cu or Zn. This independence of the proton
configuration suggests that the added neutrons
interact with the entire proton core rather than
with the valence protons. It is apparent from our
data that this interaction decreases in effect as
one progresses through a major shell. However,
we have no detailed explanation for the approxi-
mately linear decrease of the observed isotope
shifts.

A realistic description of the charge distribution
requires the solution of a many-body problem. A
number of many-body theories have so far been
constructed, with various degrees of generality
and containing various mixtures of phenomenology.
One of the most general of these is deformed
Hartree-Fock theory. Some results of a deformed
Hartree-Pock calculation are discussed in Sec.
VII C.

even staggering parameter have been determined
for a number of nuclei, primarily by electronic
x-ray and optical techniques. The existing data
were recently summarized and interpreted by
Reehal and Sorensen. " These authors suggest
that odd-even staggering for isotopes is qualita-
tively explained on the basis that the mean-square
deformation associated with the zero-point motion
of quadrupole vibrations is greater for even than
for odd nuclei. Detailed calculations which use
the Tamm-Dancoff approximation are presented
in Ref. 29 for several nuclei. In general the
computation seems 'to overestimate the effect.
This also applies to the only computed example
which we have measured ("Ni) where the calcu-
lation gives @=0.40 and we observe 0.72.

In addition to the odd-even staggering for neu-
trons, we have measured three odd-proton cases.
Muonic x-ray measurements are able to give ac-
curate values for isotone odd-even staggering ef-
fects. Such is not the case for optical and elec-
tronic x-ray methods since the uncertainty intro-

5!

32

B. Odd-even shifts

When comparing nuclei which differ by 4A =1,
the effect of an unpaired nucleon becomes evident.
It is useful to define an odd-even staggering pa-
rameter:

26 — 21 '~, 27 5,
I I I

30 32 34
NEUTRONS

I

36

R,(A + l) —R„(A)
-', [ft,(A+ 2) —ft, (A}]'

where A is even. Table IX lists this parameter
for the pxesent measurements. Values of the odd-

FIG. 7. Differences in the Barrett equivalent radii
for adjacent odd-even nuclei (mfm). The experimental
uncertainties in these values are typically 0.7 mfm (see
Table VIII).
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FIG. 8. Values of the odd-even staggering parameter
)Eq. (6)] for isotones which bracket the Z=28 closed shell.

duced by the diffex'ing electronic configuxations of
different elements overshadows the nuclear charge
effects. The present isotone staggering results
are displayed in Fig. 8. %e observe a large stag-
gering effect for '9Co, which is just below the
Z =28 closed shell. In contrast we find essentially
no staggering effect fox both "Cu and "Cu which
are immediately above the shell closuxe. Thus a
shell effect is suggested. However, with the
limited amount of data available there is no othex
example with which to compare this observation.

isotope shifts above the N =28 shell closure sug-
gests that the amplitudes of the spherical single-
particle states in the nuclear wave function are
smoothly varying functions of neutron number.

More recently, there have been systematic de-
formed Hartree-Fock calculations of the ground-
state properties of most of these nuclei. " These
calculations axe of direct interest here in that they
attempt to predict charge radii. Unfortunately,
one of the clear results of these calculations is
that the Hartree-Fock approximation per se is
incapRble of IQaklng such predictions quRntltRtlvely
for these nuclei. This limitation is due to the fact
that the total nuclear binding energy does not have
R well-deflQed minlIQuIQ Rs R function of defox'IQR-
tion for most of the nuclei in this region. In this
sltuRtlon, nucleRI' zex'o-point IQotlon px'ohlblts the
accurate specification of ground-state deformation
and the Hartree-Pock approximation of the nuclear
wave function by a single Slater determinant is of
doubtful validity. Barring the use of a substantially
different force, the need of which is not indicated
by other successes of current Hartree-Fock the-
ory, this inadequacy should be characteristic of
any Hartree-Pock-like theory of these nuclei. It
appears that Rn adequate theory IQust describe
the nucleus with a multiconfigurational approach,
such as a superposition of different Hartree-Fock
states.

An illustration of the Hartree-Fock results is
shown in Fig. 9 for 'SNi. The lower curve is the
nucleax' binding energy as a function of the intrinsic
mass quadrupole moment Qo. The upper curve
is the rms charge radius calculated for the same
range of quadrupole moments. Over the range
—200 fm'&go&200 fm', where the nuclear binding
enexgy changes only slightly, the computed xms
radius varies by approximately 0.05 fm. This
large variation is of the same magnitude as the

C. Comparison with theoretical calculations

The nuclei considered here have been the sub-
jects of a number of theoretical investigations. Of
px'imarily historical interest are several shen. -
model calculations' for the nickel isotopes, which
were based on the closed proton and neutron shells
at g = 28 and N =28. The nuclear core was treated
either as inert or as capable of undergoing phenom-
enological vibrations, so that charge radii are not
natural predictions of the calculations. In general,
the calculations indicate that the nuclear levels
are characterized by considerable mixing among
the various neutron single-particle states above
the (assumed) closed shell at %=28. This guabta-
tive feature is supported by the present data. The
absence of significant local fluctuations in the

E
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FIG. 9. Binding energy and rms radius of 58Ni as cal-
culated in Hef. 29.
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experimentally observed radius differences be-
tween neighboring even isotopes. Thus deformed
Hartree-Fock theory seems unsuitable for the
prediction of charge-radii differences in these
nuclei.

The spherically constrained Hartree- Fock calcu-
lations, "however, predict both the absolute
charge radii and the isotope shifts of the Zn and
the heavier Ni isotopes rather well. In fact, the
calculated radius of "Zn, the only nucleus con-
sidered that has a well-defined minimum of the
binding energy at zero deformation, is in nea, rly
perfect agreement with the observed value.
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