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Finite-range distorted-waves Born-approximation calculations, which included recoil dkcts exactly, were
performed for the reaction "C('He, He)' C leading to the 0+, ground state and the 2, 3.35 MeV state in 'Oc

for a bombarding energy of 70.3 MeV. The results of the analysis sho~ed that, contrary to the Andings of a
zero-range distorted-waves Born-approximation study„ this reaction can be interpreted as a direct cluster
transfer to both of the final states in ' C.

NUCLEAR REACTIONS ~3C(3He, eHe)ioC, E =70 MeV", calculated o(I9). Finite
range 0%HA analysis.

I. INTRODUCTION

Experiments x'epox'ted by KRshy 8t Ql. meRsured
angular distributions for ihe reaction C( He, He)-
"C leading to the J"=0', gx ound state and the J'
=2', 3.35 MeV state in 'OC for a '70.3 M8V 'He
beam. The experiments showed that both transi-
tions, despite their low cross sections, were well
resolved and displayed rather marked oscillatory
stxucture indicative of a direct transfex' reaction.
The structures in the experimental differential
cross sections for the two transitions wexe ln
phase at larger angles (25-43' c.m. ) andwere out
of phase at smaller angles ('7-25 c.m. ). Further-
moxe, at the forward angles the observed stxength
to the 2' state in "C was as much as 40 times
greater than that to the 0' state. In an attempt to
describe these featuxes of the data Kashy ef aL.

performed distorted waves Born appx oximation
calculations and in their analysis, to simplify the
computations, these authors assumed that the
intel'Rctlon occurring ln the expx'ession fox' the
distorted-waves Born-approximation (DWBA)
transition matrix amplitude was of zero range.
The results of the analysis showed a strong dis-
agreement with experiment, particularly fox the
x'elative strengths of the transitions to the 0' and
2' states, respectively, in 'OC. It is not only this
discrepancy, found in the previous analysis, which
provided the motivation for the present study, but
also consideration of features peculiax to the
thxee-neutron pickup. In general, transfer xeac-
tions on light nuclei at energies of 10 M6V ox
mox'6 per nucleon Rx'8 chRrRctex'ized by strong
txansitions which can be interpreted' as transfex'
of a spatially symmetric cluster [n] of the nucle-
ons. A recent study of two-proton pickup' on 1j-
shell targets found that symmetry [2] transfer

dominates and that symmetry [11]is very weak
even for states calculated to have large nuclear
structure amplitudes for such transfer. Three-
neutron pickup offers an interesting test in that
the Pauli principle forbids symmetry [2] clusters
so that symmetry [21] is the most symmetric
spatial state allowed.

Kashy et al. concluded that nuclear structure
considerations wouM not correct the discrepancy
with experiment predicted by the zexo-range
DWBA analysis, and that the "C('He, 'He)"C re-
action mechanism is probably not direct transfer.
In the present study a full finite x ange D%BA
analysis, which included recoil effects exactly,
was performed and the results indicated that the
reaction "C('He, 'He)"C can be interpreted as a
direct cluster transfer to both final states in "C.

II. THEORY

In this section R schematic development of the
theory is made to indicate the px ocedure for the
present analysis. The notation is similar to that
developed elsewhere ' Rnd expressions are px'8-
sented which emphasize the features specific to
this reaction.

In the pickup reaction B(b, a)A the three trans-
ferred neutrons are assumed to be bound as a
cluster to the nucleus b with oxbital angular mo™
mentum X and total angular momentum J, and to
the nucleus A with orbital angular momentum L
Rnd total angular momentum O'. For the reaction
"C('He, 'He)"C 8 =-,', and I, the spin of the final
nucleus ' C, is 0 or 2. If j denotes the total angu-
lar momentum of the cluster, and Q and g the
number of oscillator quanta carried in the relative
wave functions for the cluster bound to 'OC and
'He, respectively, then the cxoss section for the
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TABLE I. Parentage and amplitudes between the ~3C

ground state and states I of C.
TABLE D, Expansion coefficients for (lp)3 of carbon

into cluster & and c.m. function Q&.

I J Jp Parentage amplitude LpC I QL (f, (2&1~ Q&l

0~2 1

2 —13
2

2 —2
2

2 —25
2

+ 0.8396

-0.5430

—0.8102

+ 1.0854

pickup reaction "C('He, 'He)"C, in the absence of
spin-orbit interactions in the optical model poten-
tials, is given by

where the dependence of the cross section on the
kinematics of the reaction is contained in the fac-
tO1

KP'„(1 „k,) = P (-1)'-"(f,X - MM [ ~ q)-
~~aAdrbBXbB kb& re 4N r~@

"l'~P~s~(»*)X."~'(k. r.~) (2)

and the dependence on the nuclear structure in
the factor

g, „=Kg A. *(fjcqf.)x,„(jcqX)W(j I.x; f.Z}, -

where c refers to quantum numbers of t e cluster
other than its total angular momentum. The fac-
tor K (where KK~ =2k. + 1) is included here to keep
to stendard notation': it 1s clear that 1t cancels
in Eq. (1). The Racah coefficient W exhibits the
angular momentum couplings, and A. is the "trans-
ferred" orbital angular momentum.

The spectroscopic amplitudes A are defined' as
coefficients in the expansion of the overlap inte-
grals into internal and center-of-mass (c.m. )
functions for the transferred cluster. The integral
over the internal coordinates $3 of He is

4 ~+ (34 FsdES

(jcQL)[4'(5 )@ '0 )]'="

where E, and E„are the internal coordinates of
'He and the cluster x, respectively, and p„, is the
coordinate of c.m. motion of x about 'He. Thus,
the amplitude A is analogous to the familiar
CS' ' factor of single-nucleon transfer reactions.
It is assumed that 'He is represented by a full Os
level with two 1P neutrons in a 'S state, and 'He
is represented by Os nucleons in a spatially sym-
metric 'S state having the same oscillator con-
stant as 6He. Two quanta are thus contained in
the transferred nucleons which have spatial sym-
metry [21] and total orbital angular momentum
equal to zero. In the expansion into internal and
c.m. motion in Eq. (4) the internal orbital angular
momentum must equal the c.m. quantity X, j
equals X+-,', and the number of oscillator quanta
in internal excitation plus the c.m. quantity Q
must equal two. There are then only three con-
tributing terms possible, one with two internal
quanta in a 2s state with j = ~, coupled to a OS
function for the c.m. motion. The other two terms
have one quantum in a 1p state with j = ~ or j = ~,
and a 1P function for the c.m. motion. The spec-
troscopic amplitudes are given by

2(2 j+1)
, .(' 0 )= —

(
—

)

since the nature of c is determined by the value
of Z.

From the ("C,"C) overlap expansion analogous
to Eq. (4) onl. y those terms are required wherein
the internal wave function of the three-neutron
cluster is the same as it is in the He overlap.
These will arise from transfer of three 1p neu-
trons with spatial symmetry [21], orbital angular
momentum Lp = 1 or 2~ and spin equal to p, l.e.~

P,~„P,~„D,~„and D,&, . The spectroscopic
amplitudes between the ground state of "C and
the ' C state with angular momentum I are given
by
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The next-to-last bracket is the parentage amplitude, which was computed from the wave functions of
Cohen and Kurath'; values are given in Table I. The last bracket arises from the expansion of the orbital
functions into internal and c.m. factors; values are giv"n in Table II, together with the number of quanta
Q and the orbital angular momentum L of the c.m. function. The dependence of the spectroscopic ampli-
tudes on j, the total internal angular momentum of the cluster, is given explicitly in Eqs. (5) and (6).
Therefore, the summation over j in Eq. (3) can be carried out using the orthogonality relationship of the
Racah coefficients which requires that L~ equals A. ; thus

1 3a 1/z

Ili..= -«(4, &) 3L ~ (~"("C)llx"(L,[»])llq'("C)) (L,[»]lc@L) . (3')

Since the cross section is incoherent for summation over A. , this property also holds for L~.
The cross sections for the reaction can thus be expressed in terms of the p"„(QL, QX), the form factor

integrals of Eq. (2), by inserting the numerical values from Tables I and II. For the I= 0 ground state of
"C only J =

& with A. = L~ =1 contributes, so the cross section is proportional to the square of the first
parentage amplitude of Table I, and the summation in Eq. (1) becomes

2

P 8, I,P'„(QL, QL) =0.705 g )0.264P'„(2D, 1P) —0.236P'„(2S, 1P) +0.358P'„(1P,OS) P .
aL, aX

For the 3.35 MeV, I= 2 state, there is a contribution with J = ~ and A, = L~ = 1 and also contributions for
A. =L~=2 with/=~ and Z=-', . Thus the summation of Eq. (1) for this case becomes

2

P a,»P'„(qL, qL) = (0.656+1.178) P [0.354P'„(2D, IP) ['

&~v assai

+ 0.295 P [0.264P'„(2D, 1P) —0.236P'&(2 S, 1P) +0.358P„(IP, 0S) P .

In a zero-range DWBA analysis only the
p~(1P, OS) integral is nonvanishing' in Eqs. (7) and
(8). Since the difference in the DW integrals due
to the excitation energy of the I=2 state is not ex-
pected to be great, the expected ratio of the cross
sections is given approximately by the ratio of the
squax'es of the spectroscopic factors

cr(2") 0.295
o(0') 0.705

This feature was pointed out in Ref. 1, and the
calculated value of that analysis disagreed
strongly with the experimental ratio of about 4.5

for the cross sections integrated up to 9=-45'
(c.m. ). However, it is clear from Eqs. (7) and

(8) that if the p(2D, 1P) integrals are larger than
the P(1P, OS) integral, the calculation could be
closer to the experimental result. Such a possi-
bility is reasonable in a finite range D%BA calcu-
lation because the D%' integrals not present in the
zero-range ease arise from the presence of more
quanta in the c.m. motion of the transferred clus-
tex. Prom transfex of e particles and tritons it
is known7 that transfer with the largest possible
number of quanta in the c.m. motion is most im-
portant at the nucleax surface. The present anal-
ysis shows that this feature leads to a large differ-
ence between the finite- range and zero- range
DWBA calculations for "C('He, 'He)"C.

III. CALCULATIONS AND RESULTS

Finite-range D%BA calculations which included
recoil effects exactly were performed with the
code MJNOBY. Details of the code are given in
Ref. 8; here, only those points relevant to the
reaction under consideration are summarized.

The cluster wave functions were generated by
varying the depth of a%oods-Saxon potential of
radius 1.25C' ' fm, with C=3 or 10, and diffuse-
ness 0.65 fm, to reproduce the 3n separation en-
ergies. The separation energies were 21.55 and
36.80 MeV, respectively, for 'He and "C, and for
the latter the same separation energy is assumed
for both transitions. The truncation radii fox the
cluster wave functions were typically of the order
of x'„~ =6.3 fm and r~, =7.7 fm, corresponding to
the region where the magnitude of the cluster
wave functions were of the order of 10 '. Using
the relations of Ref. 8 the truncation radii for the
double radial integrals evaluated in KUNORY were
x',~ =7.9 fm and range &~»—-4.8 fm. In contrast
to typical single nucleon transfer reactions, the
reaction "C('He, 'He)"C has 24r»&H„, i.e. , the
transverse region (of the double radial tntegrals
of the DWBA) defined by r» =r,„+nr» (with only
positive values of r» allowed) is broader than the
lateral region 0 to r',~. Consequently, without
significant losses in accuracy, in evaluating the
double radial integrals the squares which have the
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TABLE III. Optical model parameters for C( He, 6He) C. The potential has the form
C —Vg(v) —i W„g(ue), where g(x) =(1+exp[(r —r+t~3)/a„]) t; C is the Coulomb potential for a
uniformly charged sphere of radius &~&, and &=13 and 10, respectively, for the initial
and final channels.

Nuclei
E (:.m.

(Me V)
v

(fm) (fm)
V

(Me V)
+sov

(fm) (fm)
Wy

(MeV)
+c

(fm)

3He+ ~3C

He+ C (0+)
(2+)

57.07
41.82
38.47

1.240 0.6650
1 ~ 650 0.9500
1.460 0.7300

125.0
175.0
195.0

1.240 0.6400
1.400 0.6400
1.460 0.6400

20.00
35.00
50.00

1.260
1.260
1.260

48 point quadrature' are approximately 2 && 2 fm.
The two-dimensional form factors of the double
radial integrals, containing the respective over-
laps, need only to be evaluated once. Subsequent
calculation of the DWBA amplitudes for different
optical model parameters (OM) required only the
evaluation of the double radial integrals, computa-
tion of the transition matrix amplitudes, their
summation, and formation of the cross section.
The computation times for this stage of the calcu-
lation were approximately 2.8 and 8.5 sec for the
0' and 2' transitions, respectively. These rapid
computation times made possible an extensive
analysis of the dependence of the DWBA cross
sections on the choice of OM parameters, partic-
ularly for the 'He+ "C channel. This was neces-
sitated by the lack of elastic scattering data for
'He on "C at 70 MeV bombarding energy, and be-
cause it is not possible to obtain elastic scattering
data for 'He on "C at the two energies corre-
sponding to the two different transitions in the re-
action under study. Initially a sequence of 14
DWBA calculations were performed for both tran-
sitions using identical OM parameters for both
channels. The parameters used were taken from
the literature. ' " A review of these calculations
revealed that the most promising results for both
transitions came from using the OM parameters
of the system nearest in energy, i.e. , elastic
scattering of 'He on "C at 56 MeV." The results
for the parameter sets A, B, C, and D of
Gaillard et al. showed that set A yielded cross
sections which bore no resemblance to the data
whatever, whereas, to varying degrees, Sets B,
C, and D were more successful. Of the latter
three sets, C was the most promising and was
used as the basis for extensive grid searches on
the DWBA calculations to determine the optimum
parameters. For the ground state transition a
large number of DWBA calculations were per-
formed in the grid searches varying the OM pa-
rameters away from parameter set C of Gaillard
et al. In the 'He+ "C channel the strength of the
real potential was decrea, sed from 152 to 125 MeV
(a trend expected with increasing bombarding en-

ergy of 'He), and the strength of the imaginary
potential was decreased from 28 to 20 MeV. For
the 'He+ "C channel both the real and imaginary
parts of the interaction were made considerably
stronger. The OM parameters determined for the
ground state transition are given in Table III, and
the corresponding cross section is shown in Fig. 1.
The predicted shape and magnitude are reasonably
close to experiment for the ground state cross
section. Also shown in Fig. 1 is the cross section

1 ~ ~ ~

I
~ ~ ~ ~

I
I ~ I ~

I
~ ~ ~ ~

I
I ~ ~ I

I
T ~ ~

C( He, He) C

10

C

b'U

2+

0
~ I ~ ~ I ~ ~ ~ k I 4 4 ~ ~ I I ~ ~ I I ~ k ~ ~ I ~ i ~ ~

10 20 30 40 50 60
ec.m. (deg)

FIG. 1. Exact finite-range DWBA calculations for the
reaction C( He, He) C for a 70.3 MeV 3He beam. The
upper curve is the transition to the 0+ ground state in ' C,
and the lower curve the transition to the 2+, 3.35 MeV
state in ' C for the same set of optical model parameters
in the He+~ C channel (the parameters are those given
in the second line of Table III). The data are those of
Ref. 1.
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Thus, while the difference in QM parameters
between the last two lines of Table III is greater
than would normally be expected on the basis of
differences in energy of the outgoing 'He in the
two transitions, the analysis indicates that one
could select a set of OM parameters in the range
spanned by these limiting values. Such a choice
would then give crude fits to cross section shapes
for both transitions and still display the dominance
of the 2' transition magnitude which is found at
both limits of the QM parametrization.

IV. CONCLUSIONS

a I ~ I I ~ ~ I t I I ~ ~ I ~ » I I I ~ ~ I I I a ~
0.

0 10 20 30 40 50 60
8 (deg)

4

FIG. 2. Exact finite-range DWBA calculations for the
reaction C( He, He) C leading to the 2+, 3.35 MeV
state in ' C for a 70.3 MeV 3He beam. The optical mo-
del parameters for the He+ C channel are given in the
third line of Table III. The broken curve is the A, =2 com-
ponent of the cross section and the dashed-and-dotted
curve is the A =1 component. The final cross section is
the unbroken curve. The data are those of H, ef. 1.

calculated for the 2' transition with the same OM

parameters. Above 25' the 2' cross section also
resembles experiment, but while the calculation
differs from that for the ground state at forward
angles, the nascent peak is much too small.
Nevertheless, the ratio of integrated cross sec-
tions is about 2.7, much larger than the zero-
range result of 0.4.

In the parameter searches for the 'He+ "C chan-
nel, good fits to both transitions with the same OM
parameters were not found. However, it is pos-
sible to fit the shape and magnitude of the 2' cross
section with the OM parameters given in the last
line of Table III, as shown in Fig. 2. Also shown
in Fig. 2 are the sepa, rate contributions for the
two values of the transferred orbital angular mo-
mentum X. As can be seen from Fig. 2, the A. = 2

contribution, corresponding to the P', (2D, 1P) term
of Eq. (8), dominates the cross section. This fea-
ture of the finite range DWBA calculations is true
for all our OM parameter variations. As is mani-
fest in Eqs. (7) and (8), the shape of the ground
state cross section is the same as that of the A, = 1
contribution to the 2+ cross section. Furthermore,
the magnitude of the latter should equal 0.418
times the ground state cross section (this ratio is
calculated to be -0.55 rather than 0.418 due to the
difference in Q values). These relationships can
be used to find the weak X= 1 contribution to the
2' cross section of Fig. 1, or to find the 0' cross
section from Fig. 2.

Finite-range DWBA calculations, which included
recoil effects exactly, were performed for the
reaction "C('He, 'He)"C at 70 MeV, assuming
transfer of a three-neutron cluster to the 0',
ground state and 2', 3.35 MeV state in "C. After
some variation of the relatively unknown optical
model parameters, a range of values was found
within which it is possible to represent the quali-
tative features of the observed cross section
shapes and magnitudes of the two transitions. In
view of the approximations involved in the basic
assumptions, e.g. , restricting the interaction of
the three-neutron cluster with 'He to a dependence
on the relative spatial coordinate, the degree of
agreement with experiment is quite encouraging.

These results are in contradiction to those ob-
tained with the DWBA in the zero-range approxi-
mation. In particular, an important result of the
present analysis is that the ratio of the integrated
cross sections, o(2')/o(0'), is calculated to be of
the order of two to three even when the same set
of OM parameters is used for the 'He+ "C chan-
nel in both transitions. This ratio differs sub-
stantially from the value of 0.4 given by the DWBA
in the zero-range approximation, and is also much
closer to experiment. The difference arises be-
cause the transition amplitudes present in the
zero- range DWBA calculation play only a minor
role in the finite-range case. In the present cal-
culations it is other transition amplitudes which
dominate, namely, those corresponding to more
oscillator quanta in the c.m. motion. The prefer-
ence for transfer to the I=2 state in the calcula-
tion arises from the dominance of transfer with
orbital angular momentum A. equal to 2, a term
that is absent in the zero-range DWBA.

The present finite- range DWBA analysis shows
that it is possible to interpret the reaction
"C('He, 6He)'OC as proceeding by direct cluster
transfer to both the 0', ground state and the
2', 3.35 MeV state in "C.

All the finite- range DWBA calculations reported
in this study were performed at the Lawrence
Berkeley Laboratory computer center.
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