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Differential cross sections for.o. particles elastically scattered from i42, i44&46, i48,150Nd

have been measured at six angles over the energy region 11-19MeV. The cross sections
were analyzed using the optical model, the inco~i~g-wave boundary condition model, and
the coupled-channels model. The radius at which the real nuclear potential is 2% of the
Coulomb potential was found to be effectively independent of the ambiguities in the optical
potential. In the coupled-channels analysis, the radius at which the spherically averaged
real nuclear potential is 2% of the spherically averaged Coulomb potential is almost iden-
tical, for a given nucleus, to the corresponding quantity deter~~~ed using the spherical
optical model. The absolute increase in the "2% radius" over the neodymium isotopes is
about 2 times larger than the increase in the charge distribution as observed in muonic-
atom and electron-scattering studies.

NUCLEAR REACTIONS ' ~ ' ' 5 Nd(0. , &); k =11-19MeV measured
0(E, &). Deduced nuclear interaction size. Enriched targets.

I. INTRODUCTION

The possibility of measuring properties
of the nuclear matter distribution from
elastic alpha particle scattering has
attracted a number of workers. Jackson
and Morgan, ' who examined the optical
model ambiguities for alpha scattering,
concluded that the mean square radius of
the interaction potential is ambiguously
determined and that the potentials which
fit the data equally well are equal at the
strong absorption radius. Several micro-
scopic calculations have been made relat-
ing matter densities to optical model
potentials' Batty and Friedman' have
applied the microscopic model to elastic
scattering of alpha particles from the
lead isotopes in order to relate nuclear
matter distributions to the Coulomb bar-
rier radii measured by Goldring et al. "
Eisen has combined a microscopic and
phenomenological analysis of ' 0 scatter-
ing on the isotopes of calcium to extract
nuclear matter differences.

A detailed analysis of the onset of
strong interaction effects in the elastic
sca.ttering cross section yields informa-
tion on the tail of the nuclear matter
distribution. Size measures obtained in
this way will be called "interaction
sizes". This technique has previously
been employed to measure relative inter-
action sizes of the isotopes of lead, ~

calcium6 and tin. 7 The relative sizes of
the isotopes of a given element can be
measured with greater precision and fewer
uncertainties in interpretation than can
their absolute sizes.

The object of the present investigation
is to determine the differences in
nuclear interaction sizes among the even
isotopes of neodymium through analysis of
elastic g scattering in the region of the

Coulomb barriers Also, the Nd isotopes
provide an opportunity to study the role
of deformation in the determination of
nuclear sizes, since the deformation
ranges from g = 0.104 for '"'Nd to g
0.279 for ' Nd ~ In addition, since

Nd has a closed neutron shell, the
effect on the interaction size of adding
neutrons to an empty shell can be inves-
tigated.

Since a spherical optical model analysis
was used in previous size studies of this
type, we apply the optical model to the
results of the present experiment. We
then analyze the elastic data using the
coupled-channels model to represent prop-
erly the deformed nuclear potential. The
parameters of the deformed potential de-
termined from the coupled-channels calcu-
lation can then be compared to those de-
termined from the spherical optical model.
The comparison provides some insight into
the usefulness and limitations of the
simpler spherical optical model for the
description of elastic scattering from
deformed targets'

Finally, the results can be compared with
with the charge distribution sizes of the
same Nd isotopes obtained from electron
scattering studies and from measurements
of x ray line shifts from muonic atoms. '

II ' EXPERIMENTAL TECHNIQUE

The elastic alpha scattering cross
sections were measured simultaneously at
laboratory angles of + 30' —70' + 90'
+ 120' + 140' and + 165 as a function of
incident energy in the range ll to 19 MeV.
The alpha energy was varied in 0.5 MeV
steps in a sequence with undisturbed
scattering geometry and a single target.
The process was repeated for each isotope.
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With typical beam currents of 100 to 200
nA of u++ particles, the live times of
data accumulation were 98% or greater.
Signals from the eight silicon surface
barrier detectors were mixed into two
ana. logue-to-digital converters (ADC's)
in groups of four. Counting rates in the
two ADC's were balanced so that their live
times were very similar. The spectra were
x'outed into appropriate sections of an on-
line PDP-7 computer memory with a program
which allowed on-line spectrum integration.
Overall n resolution was typically 75 keV.

For each energy of observation, the
number of scattered particles detected at
each angle was divided by the average
number detected in the 30 counters.
Within the uncertainties of the unnormal-
ized data, the 30 scattering below 19 MeV
was found to be Rutherford. Furthexmore,
optical-model calculations indicate that
the cross section at 30 should be Ruthex-
ford to within 0. 5/& over the energy range
of interest. Thus, each normalized yield
is essentially proportional to the ratio
of actual cross section to what it would
be in the absence of nuclear forces. The
constants of proportionality were deter-
mined at the lowest beam energies where
the cxoss sections could be ascribed to
Rutherford scattering.

Use of the 30 scattering normalization
eliminated uncertainties arising from
beam integration, target thickness and
~arge~ nonuniformity. Statistical accuracy
was maintained at 1% or better. The major
source of error was due to small shifts
in the position of the alpha beam on the
target when the beam energy was changed.
These shifts affect the scattering angles
of the detectors and are "amplified" by
the strong angle dependence of the Ruther-
ford cross section at forward angles. The
use of two 3 mm diam collimators separated
by 1.1 m in the beam line in front of the
scattering chamber considerably xeduced
the beam shifts. The counters at + 30'
and + 90 served to monitor and provide
coxrections for these shifts.

Isotopically enriched targets of ' 'Nd,
Nd were pre-

pax'ed by evaporating 100 to 150 pg/cm (40
pgjcm for '''Nd) of NdF, onto a backing
of approximately 100 pgt'cm~ of aluminum.
The NdF, was formed by successive addi-
tj.on of HCl and HF to Nd~O, , the chem1cal
fox'm in which enriched isotopes of Nd
wexe supplied by Oak Ridge National Labor-
atory. Attempts to use a carbon backing
were unsuccessful.

III. RESULTS

Complete resolution of the elastic neo-
dymium peak from other peaks in the
spectrum was necessary to obtain the re-
quired accuracy of the measurements. In-
elastic groups were mell separated from
the elastic peak except for the fixst 2
state at 132 keV in ' 'Nd. The use of a
thinner target improved the energy xesolu-
tion to an acceptable level for this
isotope. The contamination (a fem pex"-
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FIG. l. Elastic alpha scattering cross
sections relative to charge scattering
cross sections as a function of laboratory
energy. Target mass numbers are indicated
on the optical model fits mhich are shown
as solid lines.

cent) from isotopes of Nd other than the
selected one in the target was not a
significant source of error because of
the small change of cross section among
the isotopes. All other elements in the
target were light and scattering from
them was kinematically resolved at all
angles from that from Nd.

Examples of the measured cross section
ratios are shown in Fig. 1. Results for
140 and for i~uNd and i~8Nd ax.e
suppressed for clarity. This graph shows
that departure from charge scattering is
a. smooth function of energy and that the
effect of increasing the neutron number
of the target is largely a displacement
along the abscissa. Spacing between iso-
topes is substantially greater than the
fluctuations in the measured cross
sections.

It was shown in Ref. 7 that the devi-
ation from Rutherford scattering on the
tin isotopes is appx'oximately a function
of the classical distance of closest
approach. The cross section ratios for
n scattering on '""Nd are graphed as a
function of the distance of closest ap-
proach in a pure Coulomb field (r»„) in
Fig. 2. It can be seen that very little
dependence on the scattering angle remains
in the case of Nd as well. Thus it ap-
pears that the charactex'ization of the
elastic scattering cross section by r~~„
may be a general feature of elastic
scattering just above the Coulomb barrier.
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IV. OPTICAL MODEL AND INCOMING-WAVE
BOUNDARY ANALYSIS

For purposes of comparison we have
analyzed the data using the spherical
aptical model (OM}. Since the analysis
procedure has been described, ' anly a
brief outline will be presented here. The
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FIG. 2. Elastic alpha scattering crass
sections relative to charge scattering
cross sections for '""Nd as a function of
classical distance of closest appraoch
in a pure Coulomb field.

same spherical Woods-Saxan shape has been
used far both the real and imaginary nu-
clear potentials and the strength of the
imaginary potential was fixed at 10 MeV.
For a fixed value of the real potential
strength V, , the Woods-Saxon radius and
diffuseness parameters R and a were varied
separately far each isotope to yield the
best agreement between calculated and
measured crass sectians. Since the exper-
imental accuracy was limited by factors
other than statisics, X2 was calculated
by assigning a 1% uncertainty in the data
and by narmalizing to the number af de-
grees of freedam.

The results af the OM analysis are pre-
sented in Table I. Potential depths of
50 and 100 MeV give approximately equally
good fits, as does 150 MeV for the one
case tried. A potential strength af 200
MeV gives noticeably poorer fits in most
cases. This ambiguity in Vo extending
from belaw 50 MeV to about 150 MeV demon-
strates that the experiment is not sensi-
tive to the potential in the nuclear in-
teriar. Some typical fits can be seen in
Fig. 1. The smaoth lines in this figure
are the results of the OM calculations
using the parameters in Table I for V
100 MeV.

The QM fits are quite insensitive to
simultaneous changes in R and a af oppo-
site sign. Ta illustrate this point, Fig.
3 shaws a locus of constant X plotted in
the parameter space of relative R and a.
Since X changes most slowly alang the
major axis of the ellipse of Fig. 3, the
size parameter which is constant along

TABLE I. Parameters for the optical model and incoming-wave
boundary conditian (IWB} model which yield the best agreement with
the measured elastic cross sections.

isotope

142
144
146
148
150
142
144
146
148
150

142
144
146
148
142
144
146
148
150

R

( fm)

7.905
8.000
7.950
8.005
7.957
7.625
7.730
7.670
7.725
7.670
7.585
7.290
7.490
7.297
7. 312

0.5620
0.5630
0.5814
0„5840
0.6160
0.5430
0.5420
0.5590
0.5620
0.5910
0 ' 5310
0.5340
0.5230
0.5556
0.5644
0.5160
0.5190
0. 5340
0.5380
0.5670

V

(MeV)

50
50
50
50
50

100
100
100
100
100
150
200
200
200
200
IWB
IWB
IWB
IWB
IWB

0.85l.09
0.38
0.78
1.87
0.82
1.28
0.35
0.89
1.92
1.08
l.49
1.74
1.29
2. 31
0.74l. 03
0.66
1.26
2. 53

R

( fm)

10.110
10.221
10.225
10.296
10.345
10.168
10.282
10.285
10.359
10.416
10.318
10.176
10.345
10.290
10.350
10.225
10.330
10.345
10.415
10.475

R

(fm}

10.737
10.843
10.888
10.960
11.081
10.740
10.844
10.884
10.960
11.078
10.852
10.723
10.859
10.877
10.952
10.727
10.833
10.878
10.953
11.071

10 MeV for the optical model f its.
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this line is the one best determined by thefit.
One parameter which is rather well de-

termined" 6 ~ by elastic scattering near the
Coulomb barrier is the "Rutherford radius"
rR. This is the radius at which the total

real potential (Coulomb plus nuclear)
achieves its maximum. Rutherford radii
for the Nd isotopes are listed in Table I
and displayed in Fig. 4. It is evident
from this graph that the change in rR as
a function of mass number A is similar f' or
the two choices of V, . However, the ab-
solute values of rR do depend slightly on
Vp. The line of constant rR in the para-
meter space of R and a lies at an angle
of 75 to the R axis and is not quite
parallel to the major axis of Fig. 3.

It was shown in Ref. 7 that the radius
R f at which the real nuclear potential
is 2% of the strength of the Coulomb
potential is optimally determined. The
values of these "2% radii" are included
in Table I. They are essentially indepen-
dent of V, . In addition, the line of
constant R« lies at an angle of 67 to
the R axis of Fig. 3 and is almost paral-
lel to the major axis of the X ellipse.
It is this minimal dependence on both the
R vs. a and the V, ambiguities of the fit
which indicates that R

&
is the optimally

determined parameter in this experiment.
We will return to the discussion of this
size measure in Sec. VI.

The accuracy to which the parameters
are determined in this model was estimated
by separately fitting two sets of data
recorded several months apart on each of
two isotopes (144 and 148). The error
limit for each parameter was defined by

bP = M (aP, „„yW,aP, „,y&)
where hP& is the difference between the
two parameters P which best fit the two
sets of data measured on the neodymium
isotope of mass A. For a fixed value of
V

p
t hese error est imates are

6R = 0 064 fm, 5r = 0 025 fm

ha = 0.Oll fm, hR = 0.009 fm.

C3

~ Io.a-
Cl
K
O
U
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UJ
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Vo= 5GMeV

I O. I—
I I I

I46 I48 I50
NEODYMIUM ISOTOPE

FIG. 4. Rutherford radius as a function
of mass number in the neodymium isotopes.
Lines are drawn connecting points calcu-
lated from the parameters which best fit
the data for the optical model (OM) with
the indicated well depths and for the
incoming wave boundary condition model
(IWB).

Error bars reflecting these values are
shown in Figs. 4 and 5. They are reason-
able estimates for the relative accuracy
among the isotopes. However, the error
bars in Fig. 4 do not include the effect
of the ambiguity in V, and errors in the
absolute sizes are difficult to assess.

The incoming-wave boundary condition
(IWB) model of Eisen and Vager'' was used
for comparison with the OM. The IWB
model includes the effect of strong ab-
sorption directly in its formulation by
assuming that, interior to a certain ra-
dius, the projectile wave function has
only incoming components. This permits"
the use of a purely real spherical nuclear
potential with only two free parameters.
The results of the IWB analysis are listed
in Table I with the notation "IWB" in the
V, column. It is evident from the values
of X that t, his model describes the elas-
tic scattering as well as the OM does.

The Rutherford radii, which are used as
an input parameter in the IWB model, are
displayed in Fig. 4. The curve of rR as
determined by the IWB model is parallel
to that of rR determined by the OM for a
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constant value of V, . This fact provides
a justification for our use of fixed
values of Vp in the OM analysis. The 2%
radii R f can also be calculated from the
IWB potent ials and are included in Table I .

V. COUPLED CHANNELS ANALYSIS

Elastic scattering from deformed nuclei
is better treated by the use of a de-
formed interaction potential with the re-
sultant coupling of inelastic scattering
to the elastic one. In this analysis we
have used the coupled channels (CC) code
Jupitor' of Tamura with the following
nuclear and Coulomb potentials:

— (v, + iw, )
V„(r,6, (t)

1 + exp([r-R(6, (t))]pa)
and

p(r' 6' k'
V (r 6, $) = ZZ'e' ' ' '" ' dr' (2)

/r — r'/
with

R(6, (t)) = NR [1 + BY (6,$)] (3)
and

—1/3
N = 1 + —g +

4 vr 77I 16~ g
3 (4)

The charge distribution p(r, 6, (t) ) is taken
to be constant within the volume defined
by R(6, (t)) and zero outside. The factor
N is introduced to make the volume en-
closed by the surfaces of constant VN in-
dependent of the nuclear deformation g.
The other symbols have their usual
meanings'

For simplicity we have considered only
the dominant inelastic process, scattering
to the lowest J" = 2+ state. The calcu-
lation includes the effects of Coulomb
excitation to the 2+ channel as well as
the channel coupling introduced by the
deformed nuclear potential.

The values of the deformation parameter
deduced from Coulomb excitation measure-

ments of the B(E2,0+~2+) transition

and

V (r) = —V (r, 6, (t))dQ
N 4'tf N

(5)

V (r) = —V (r 6, (t)dQc 4m c (6)
where UN(r, 6, (t)) and Vc (r, 6, $) are given in
Eqs. (1)-(4) above. The two surface size
parameters can then be calculated from
these spherically averaged potentials:

and

{V (r) + Re [V (r)] )
~

R
0 (7)

Re[V (R )] = —0.02V (R ) (8)
The expansions of V and Vc in powers of

g which were used in (he present analysis
are

strengths were used. Although our exper-
iment was not optimized for measuring
inelastic cross sections, the predictions
of the coupled channels code, using these
values of P and the Woods-Saxon parameters
which best fit the elastic cross sections,
are in good agreement with the available
inelastic data from the present experiment.

In the coupled channels analysis V, and
W, have been fixed at 100 and 10 MeV,
respectively' The justification for using
a constant value of V, for the OM was
pointed out in the preceding section.
The parameters R and a were varied separ-. 0ately for each isotope to achieve the best
agreement between measured and calculated
cross sections. The results of this
analysis are presented in Table II. Good
fits were obtained for all of the isotopes
except '''Nd, which produced a significant-
ly larger

It is dif f icult to compare the CC and OM

parameters meaningfully because the
former represent a deformed potential
while the latter are derived from a
spherically symmetric potential. Because
the experiment is sensitive to the fringe
of the nuclear potential, it is more in-
structive to compare the OM surface param-
eters rR and R f with similar parameters
derived from the CC nuclear potential
averaged over the sphere. That is, we
define

TABLE II. Parameters for the coupled-channels model which yield the
best agreement with the measured elastic sections with V, = 100 MeV
and W, = 10 MeV.

Nd

isotope
R

( fm) (fm) X

r
R

( fm)

R

(fm)

142
144
146
148
150

7.546
7.556
7 ~ 441
7. 376
7.004

0. 5432
0.5550
0. 5685
0.5790
0.6400

0. 104
0. 111
0. 161
0.197
0.279

l. 09
1 ~ 08l. 31
1.45
6.96

10.170
10.239
10 ~ 244
10.282
10.234

10.744
10.834
10.873
10.934
11.039

Reference 8.
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v (r, e, g) = i'(r) + f'(r)8 g~' Y (8, $)
N

'
~4 40 lP

with

V, + iW,
(r) = —4' YA (B')d(cosB')

1+ exp( [r-R, (1+AY„(e ) i/aj
and

2
ZZ'e 3ZZ'

r
outside the charge distribution.

The calculation of Eqs. (5) and (6) with (9) — (ll) is straightforward. The first
terms of Eqs. (9) and (ll) are independent of (B, (I)) and survive unchanged in the
integration. Because of the orthogonality of the spherical harmonic functions, the
second terms of Eqs. (9) and (ll) vanish when averaged over the sphere. Hence,

VD + iW
V (r) d(cosB')

1 + exp{[r-R, (1+AY~, (9')]/aj
and

( )
ZZ'e

C r

(9)

(10)

(12)

(13)

outside the charge distribution. To de-
termine rR and R~f from the Woods-Saxon
parameters we have solved Eqs. (7) and (8)
numerically using Eqs. (12) and (13). For
each value of r, Eq. (12) was integrated
numerically.

The resulting size parameters are in-
cluded in Table II. As a function of A,
the Rutherford radii rR determined from
the spherically "averaged" CC analysis
are similar to but somewhat more constant
than those determined from the OM, while
the 2% radii R~f determined in the two
analyses are almost identical. The
similarity of its values in the OM and the
averaged CC model gives further proof that
R~f is the size parameter that is best
determined in this experiment.

VI. CONCLUSIONS

In summary, it is apparent from Fig. 1
that significant differences in elastic
g scattering from the Nd isotopes have
been observed. For a given isotope, the
departure of the elastic cross section
from the Rutherford value is approximately
a function only of the distance of closest
approach, as shown in Fig. 2 ~ Although
ambiguities exist among the parameters
determined by the three analyses — OM, IWB,
averaged CC — the radius Rcf at which the
real nuclear potential is 2~0 of the
Coulomb potential is almost independent
of these ambiguities.

Because it is optimally determined in
this experiment, we confine the following
discussion to the interaction parameter
R f. The most important observation
concerning R~~ is that, in addition to
being almost independent of the ambigui-
ties of each model, it is also almost
independent of which model is used. The
agreement between values of R~f in the

11.0—

I

~ OM

CC

~- 10.9
2
Cl

10.8
0~O

OJ

) 0.7—
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I I I I
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N (j I SOTOPE

E

-66 ~
2a

—6.5
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(3
UJ

FIG. 5. Size measurements of the neo-
dymium isotopes determined by elastic
scattering of electrons and n particles
and from line shifts in x rays from muonic
atoms. The charge sizes are equivalent
uniform radii. Those determined by
electron scattering (Ref. 9) are labeled
by "e" and those determined from muonie
atoms (Ref. 10) are labled by "p". The
values of R & determined in the present
work from the optical model and coupled
channels analysis are labeled by "OM" and
"CC", respectively. The validity of
comparing charge and potential sizes is
discussed in the text.
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spherical model and the averaged deformed
model was not entirely expected. It
apparently indicates that, under the con-
ditions of the present experiment, the
scattering cross section from a spherical
potential is almost identical to that from
a deformed one which has the same average
over the sphere.

The usefulness of Rcf as a nuclear size
measure deserves some comment since radial
moments, such as &r2&, are more commonly
used. Unlike electron and nucleon scat-
tering, the scattering of heavier ions
near the Coulomb barrier is not sensitive
to the more interior regions of the nu-
clear potential which determine the mean
souare radius. In this experiment we have
measured essentially the distance at which
the nuclear force begins to modify the
Coulomb scattering. From this perspective,
a size measure such as R &

which depends
on the relative magnitude of the two
potentials at the fringe of the nuclear
potential appears reasonable. The best
fraction (2% in this case) probably de-
pends on the extent of the region above
the Coulomb barrier over which the elastic
cross sections are measured.

A direct comparison of the results of
the present work with previous measure-
ments of the mean square radius of the Nd
charge distributions is difficult because
Rcf is directly related to the interaction
potential and only indirectly to the
matter distribution. Changes in the size
of the nuclear matter distribution will
certainly affect the extent of the
potential field, but detailed knowledge of
the distribution would be needed to

establish the exact relationship. However,
a visual comparison of the values of Rcf
with those of the charge sizes is infoxma-
tive.

The values of Rcf determined from the
optical model and from the averaged
coupled channels model are shown in Fig. 5.
The sizes of the charge distributions
determined from electron scattering and
from muonic atom x rays' are included in
this figure. The charge sizes shown are
the radii of uniform distributions which
have the same mean square radii as those
determined in the experiments. One can
conclude that the fringe of the nucleax'
potential increases in size more rapidly
(on an absolute basis) than does the
equivalent uniform charge radius. As
noted above, knowledge of the shapes of
the distributions would be needed to
establish whether this implies that the
size of the nuclear matter distribution
increases more rapidly than does the
charge distributions On the other hand,
any description of the matter distribu-
tions of the Nd isotopes must produce
agreement with the results of this exper-
iment as to the extent of the nuclear
potentials. It is interesting to note
that the increase in R f when two neutrons
are added to the closed neutron shell in

Nd is not much larger than when they
are added to the partially filled shells
in the other Nd isotopes.
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