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A static model of nuclear fission is proposed based on the assumption of statistical equilibrium among

collective degrees of freedom at the scission point. The relative probabilities of formation of complementary

fission fragment pairs are determined from the relative potential energies of a system of two nearly touching,

coaxial spheroids with quadrupole deformations. The total potential energy of the system at the scission point

is calculated as the sum of liquid-drop and shell- and pairing-correction terms for each spheroid, and

Coulomb and nuclear potential terms describing the interaction between them. The fissioning system at the

scission point is characterized by three parameters —the distance between the tips of the spheroids (d), the

intrinsic excitation energy of the fragments (~;„,), and a collective temperature (T„„).No attempt is made to

adjust these parameters to give optimum fits to experimental data, but rather, a single choice of values for d,
r;„„and T„,& is used in the calculations for all fissioning systems. The general trends of the distributions of
mass, nuclear charge, and kinetic energy in the fission of a wide range of nuclides from Po to Fm are mell

reproduced in the calculations. The major influence of the deformed-shell corrections for neutrons is indicated

and provides a convenient framework for the interpretation of observed trends in the data and for the

prediction of new results, The scission-point configurations derived from the model provide an interpretation

of the "saw-tooth" neutron emission curve as well as previously unexplained observations on the variation of
TKE for isotopes of U, Pu, Cm, and Cf; structure in the width of total kinetic energy release as a function of

fragment mass ratio; and a diA'erence in threshold energies for symmetric and asymmetric mass splits in. the

fission of Ra and Ac isotopes. In spite of a number of recognized simplifications in the model, quantitative fits

to the data are generally within expected errors of the shell corrections determined by the Strutinski

prescription.

NUCLEAR REACTIONS, FISSION Po, Ra, U, Cm, Cf, Fm; calculated A. , Z, and KE
distribution of fragments. Liquid-drop model. Deformed-shell corrections. Strutinski

prescription. Asymmetric and symmetric fission.

I. INTRODUCTION

A satisfactory theoretical interpretation of the
asymmetric mass distribution observed in nuclear
fission at low excitation energies has been sought
since the discovery of this complex nuclear reac-
tion. Although a rough correlation of the most
probable mass division with ground-state nuclear
closed-shell configurations was recognized, it
was not until the development of the shell-eorree-
tion method of calculating shell effects for the de-
formed nuclear shapes encountered in the process
of fission' that a significant breakthrough in under-
standing began to emer ge.

Calculations" of the potential energy surfaces
for fissioning nuclei indicate the importance of
the sheH correction at defox mations correspond-
ing to the second saddle point and qualitatively
account for an asymmetric division of mass. On
the other hand, calculations employing a two-cen-
ter model ' indicate that the influence of the nas-
cent fragment shells at deformations near the
scission point also favors mass asymmetry in
fission. Other scission-point models of fission
have been proposed, including statistical calcula-

tions, ' a semiequilibrium approach, ' and a two-
spheroid model. ' Although all of these treatments
give qualltatlve agreement w1th some of the ob-
served distributions of fragment mass, kinetic
energy, ete. , in fission, the fundamental question
of when in the process the distributions are deter-
mined (i.e., at the second saddle point, at the
scission point or somewhere in between) remains
unanswered. The treatment of Pashkevich' in-
dicates that the mass asymmetry is greatest at
the second saddle point and then gradually de-
creases to the experimentally observed value at
the scission point. The importance of the dynam-
ical aspects of fission on these distributions is
also unknown and is now receiving more atten-
tion" " stimulated by the interest in heavy-ion
fusion reactions.

In a previous publication, "we presented an
interpretation of the mass and charge distributions
of fission fragments based on a potential energy
calculation for the par ticular scission-point con-
figuration of two nearly tangent coaxial spheriods.
The quadrupole deformations, P~ and j3„, for the
light and heavy fragment pair which gave the mini-
mum in the potential energy surface were deter-
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mined. The relative potential energies of all
other complementary pairs were then calculated
at these values of P~ and P„. The results of that
ealeulation were encouraging and indicated that a
surprisingly large number of the observable phe-
nomena of fission, including the mass and charge
distributions, could be described by such a static,
deformed-shell model of the process.

The present work represents an extension of the
previous model to include contributions from all
quadrupole deformations of the nascent fragments
a,t the scission point for each mass split. In addi-
tion, a nuclear interaction term between the frag-
ments has been added to provide an estimate of
the energy associated with the neck region. An

improved set of single-particle levels has also
been utilized for the calculation of deformed-shell
corrections with the Strutinski prescription.

This work should be viewed from the perspec-
tive of an evaluation of how successful such a
static, scission-point interpretation can be in

accounting quantitatively for a wide variety of
phenomena observed in nuclear fission and in

providing a basis for extrapolations to new fission-
ing systems and a guide to new experiments.

II. MODEL

The basic assumption of the model used is that
the fission fragment distributions can be deter-
mined at or near the scission point from the rela-
tive potential energies of the complementary nas-
cent fragment pairs. These energies are calcu-
lated as functions of their respective neutron and
proton numbers (N„N„Z„andZ, ) and deforma-
tion parameters (p, and P, ). The fragment pairs
are treated as nearly touching, coaxial spheroids
and an approximation is included for the surface
energy associated with the neck connecting them.

The total potential. energy of the system at the
scission point is treated as a. sum of liquid-drop
(collective) and shell- and pairing-correction
(single-particle) terms for each spheroid with
Coulomb and nuclear potential terms describing
the interaction between the two coaxial spheroids
whose tips are separated by a distance d. The
total potential is given by

V(&g Zg Pg»2, Z. P. 7~")=VLn, (Ni Zi Px)+VLo, Ã2 Z2 &2)

+ S,(N„p„7)+S,(Z„p„7)+S,(N„p„7)+S,(Z„p„7)
+s,(x„p„7)+p, (z„p„r)+P,(x„p„7)+P,(z„p„)7
+ Vc (N„Z„P„N„Z„P„d)+ V„(N„Z„P„N„Z„P„d),

where A and Z are the number of neutrons and pro-
tons and P is the deformation parameter for the
complementary fragments 1 and 2. [P is defined
in terms of the semimajor (c) and semiminor (a)
axes of a prolate spheroid with c = kryo'~'(1 +2P/3)
and a kr, A'~='(1 —-', P), where k is a volume con-
servation factor. J The liquid-drop energies (V„n)
and the shell (S) and pairing (P) corrections all
include their dependence on deformation P. The
dependence of the shell and pairing corrections on
the intrinsic single-particle excitation v is also
indiea, ted.

This approach implies a state of quasiequilibrium
for the system near the scission point similar to
that discussed by Norenber g. A condition of inter-
mediate coupling is assumed between the collec-
tive and single-particle levels populated as the
system moves along the fission degree of freedom
toward scission. We describe this situation by
introducing a collective temperature, T &, which
characterizes the quasistatistical equilibrium of
the collective degrees of freedom and a parameter,
r, , an effective intrinsic temperature which de-

termines the population of single-particle levels.
In the extreme of strong coupling between collective
and single-particle levels (the statistical model' ), a
statistical equilibrium is assumed among all de-
grees of freedom and a single temperature de-
scribes this state. The opposite extreme of zero
coupling between collective and single-particle
motion leads to the adiabatic model for spontaneous
fission, with essentially all of the energy in collec-
tive degrees of freedom and none in single-particle
excitation (i.e., r;„,=0). The actual fission pro-
cess probably lies somewhere between these ex-
tremes, with the nucleus exhibiting some coupling
between collective and single-particle degrees of
freedom, i.e., some viscosity.

The condition of intermediate coupling implies
a finite value for v;„, even for spontaneous fission.
In general, as the excitation energy of fission is
increased, most of the additional energy above
the fission barrier should contribute to intrinsic
excitations and increase the value of v;„,. For
convenience, we have chosen 7,.„,=0.75 MeV and
treated it as a constant for all fissioning systems.
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Justification for this choice of 7,„,will be given
below. The Coulomb and nuclear interaction be-
tween the two fragments are given by Vc and V„,
respectively.

The assumption of a quasiequilibrium among
collective degrees of freedom near the scission
point is fundamental for the calculation of the
relative probabilities of formation (fission yields)
of complementary fission fragment pairs. The
coupling among collective degrees of freedom is
expected to be strong compared with that between
collective and single-particle degrees of freedom
as discussed by Norenberg. The statistical equili-
brium among collective states can be character-
ized by a collective temperature T„», and the rela-
tive probability of formation of any fission frag-
ment pair is then given by

P(N, Z, T, d)

exp —V N, Z, p, 7, d) T„„dfj,dp, ,
8& =o B2 =o

ter'ms.
The formula for the binding energy of a spheri-

cal nucleus without shell and pairing corrections
is given by Seeger and Perisho" as

ayr, z) =le.ven —30.0eer'/~

—2o.oaves'~'+ 4v.aaaf'/w'~'

0.864Z' 0.76361 2.453
1.1927''~~ Z'~3 1.1927'g'~~

+ V exp(- ei I[/A) + 14.33 x 10-6Z"',

where A =N+ Z and I =N —Z. The dependence of
the various terms on deformation can be formu-
lated in terms of the eccentricity of the spheroid
and calculated analytically. These terms are con-
veniently tabulated by Hasse. "

The mutual Coulomb interaction V~ of two
spheroids of charge Z, e and Z, e is given by

Zl Z2e E

where V(N, Z, ti, r, d) is the value of the potential
calculated from Eq. (1). This is the basic equa-
tion in our model for the calculation of all distri-
butions in mass, charge, kinetic energy, etc.
The various distributions are calculated by sum-
ming over all deformation space and appropriate
(N, Z) combinations. The integrations in Eq. (2)
were terminated at $,„,„=1.0 since the single-
particle level calculation was limited to a basis
set of 14 oscillator shells and large inaccuracies
in the shell correction would be encountered for
larger values of ~. The value of ~„u was taken
to be a constant (=1.0 MeV) for all systems stud-
ied. The choice of this value is discussed below.

A. Collective parameters

Most of the energy of the system is contained
in the liquid-drop terms V „„.Fortunately, the
various terms of the liquid-drop model are rea-
sonably well known and their dependence on de-
formation can be calculated analytically. %'e have
investigated both the liquid-drop model' and the
droplet model" using the parameter values of
Ludwig et al."and have found no slgnlf leant dif-
ferences in the calculated total potential energy.
The potential energy calculation at the scission
point is sensitive principally to small changes in
the values of X, Z, and P in the two spheroids.
Both the liquid-drop and the droplet model vary
quite smoothly with changes in N, Z, and P, thus
minimizing the importance of any higher order

where E (= 1.0-1.1) is a, shape factor" represent-
ing the difference between the Coulomb interaction
of two uniformly charged spheroids and that of
two point charges separated by a distance D.

Krappe and Nix" have suggested a modification
to the surface energy term in the l.iquid-drop for-
mula. It is known that the deformation energy of
strongly necked-in configurations show anomalous-
ly strong dependence on the exact details of the
shape in the neck region. One of the special con-
figurations they consider is that of two nonover-
lapping spheres of radii g, and A, with a center
of mass distance D ~ R, +A, . They found the nu-
clear interaction energy between the two spheres
for this configuration is

V„= —4 — a, (1 -E, I ) —cosh ——slnh—A, R, . R,
a a

a, e-'~'—' cosh —' —smh-
a (z a D/a

where a (=1.4 fm), a, (=24. '(I' MeV), and K, (=4.0)
are parameters determined by Krappe and Nix"
from a fit to interaction barrier heights and fis-
sion barrier heights and yo is taken as 1.16 fm.

For the configuration of' two nearly tangent
spheroids, we approximate the nuclear inter action
by replacing the radii of curvature in the above
expression by the appropriate R, and B, radii of
curvature of the two spheroids at the point of clos-
est approach. Although such an approximation for



the neck x'egion underestimates the nucleax inter-
action texm in an absolute sense, it should repxo-
duce fairly accurately the dependence on the se-
paration distance between the two spheroids and
exhibit the correct dependence on small changes
iQN, Z, and p.

Minimization of the potential energy of two
spheroids connected by a neck would result in
the Unx'6Rlistlc solUtlon of two spheres at 1nflnlty
connected bp all illflllitesllllal lleck (1.8., V„=O).
A reasonable constraint on the calculation in-
volves a limitation of the nuclear intex'action V„
at the scission point to be the order of the binding
enex'gy of a nucleon. For a typical mass split and
nucleon blndlng energy, this corresponds to a sep-
aration distance d between the tips of the sphex-
oids of about 1.4 fm at the scission-point configuxa-
tion. Fox' simplicity in our calculation, we use
this value of d for all fissioning systems.

It is intexesting to note that the dependence of
the Coulomb and nuclear interaction terms on the
separation distance d produces a region of rela-
tively constant potential energy over the range
0~662 fm. There has even been a suggestion
that a "scission barrier'* may be present in this
region. ' Moreover„ the presence of a nuclear
vlscosltlj (collsls'tell't wltll tile vallle of T jjjj 0 75
MeV) could slow the collective motion from saddle
to scission. Thus, the time necessary for the
establishment of a quasiequilibrium in the pass-
age thxough the scission point may indeed exist,
and oux" assumption of a statistical equi. libx ium
among collective degrees of freedom at d=1.4 fm
as the basis for our calculation [Ejl. (3)] is a rea-
sonable one.

An estimate of the appropriate collective tem-
perature T„» to be used in Ejl (3) for. the calcula-
tion of fission yields may be determined fxom
charge dispersion data. The liquid-drop terms
in Eq. (1) show a parabolic dependence in potential
energy for a given mass split as a function of the
nuclear charge Z with a minimum at the most
probable charge Zp. The shell and paix ing terms
can be neglected in the present context of estab-
lishing an overall, average estimate applicable to
all mass splits, since they are generally small
and roughly sum to zero when averaged over all
N, Z, and p space. The equation of the parabola
V=u(Zj, -Z)' gives a value for a of 1.53 MeV
using the liquid-drop constants of Ludwig et aI, '8

a value of -1.51 MeV using the constants of Seegex'
and Pex isho'~ and a value of -1.72 MeV using the
constants of Myex'8 Rnd SwlRteck1. Charge dls-
pex'81OQ dRta 1QdicRte R roughly GRusslRQ dlstx'1-
bution with an average width of a' =0.56 +0.06."
Thus, one can equate the probability of formation
Rnd the chRx'ge d1speI'sion Gaussian ox'

-Y/T g -a(Zp-S) /7 -|'Zp-Z) /2g
2 2

Then, solving for T, one obtains values of 0.96
MeV for ~ = 1.53 MeV, 0.95 for z = 1.51, and 1.07
for + =1.72. We have chosen an average value of
T =1.00 MeV for our calculation and treated it as
a constant for all mass splits and fissioning sys-
tems studied.

Considerations of Q values and average total
kinetic energies observed in the fission of various
systems and our choice of T,,„=1.0 MeV lead to an
estimate for the average total intrinsic excitation
energy of 10-20 MeV. Although this value is only
poorly known, we have again chosen to simplify
the calculation by choosing a repx'esentative value
for the temperature corresponding to this energy
range (i.e., T, = 0.75 MeV) and tatung it as a constant
for all mass splits and fissioning systems. The
sensitivity of the results of the calculation to the
values of the parameters d, T„„,and v,„,will be
discussed below.

B. Shell corrections

The shell corrections can be easily calculated
with tile Strutinskl prescl iption once the slngle-
particle levels have been generated. We have
chosen for this purpose a Woods-Saxon potential.
The potential parameters were"

r, =1.265 fm, a=0.659 fm,

V„=52.5 —48.7O, Vp = 52.5+48.76,

where 5 =[(N —Z)/Z+0. 0113Z'/A'j']/(1+3. 5/A'j').
The strength function A. in the spin-orbit term was
set at A =38 to reproduce the known level splittings
in the mass region of interest. The use of a finite
potential well requires that the lower quasistation-
ary unbound states be included because the number
of bound states are insufficient to carry out the
appropriate averaging in, the Strutinski prescrip-
tion. T116 sheB corrections wex'6 obtained Using
Rn eighth-order Hermite polynomial with a smear-
1ng width p = 8 MeV. The shRpe deformations were
introduced into the potential via the substitution, "

r' —r'[ os'cee~&~'+ sin'8e"'»~'] .

No higher order deformation terms, e.g. , e„
e4, . . . , hav e been included in the calculation
reported here. At the largest deformations in-
vestigated (e, -1.0), the calculated shell correc-
tions begin to show sensitivity to inclusion of one
additional shell to the basis function set used to
generate the single-particle levels. The shell cor-
rections at the largest defox mations are thus more
uncertain. (It should be noted that the deforma-
tion parameter ~ used here differs slightly from
the p used elsewhex'e in. this paper and the differ-
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FIG. 1. Neutron-shell corrections calculated as a function of deformation (P) and neutron number. The contours are
plotted at 1 MeV intervals with the black regions (representing the strongest shell corrections) containing all values
lower than -4 MeV and the inner white region (representing the weakest shell corrections) containing all values
greater than +2 MeV. The contours do not include any pairing or liquid-drop terms. The letters refer to particular
shell regions as described in the text.

ence has been corrected for. )

The shell corrections calculated as outlined
above are given in Figs. 1 and 2 for neutrons
and protons, respectively. The contours indicate
deep, spherical shell corrections at nucleon num-
bers 50 and 82 and "valleys" with local, relative
minima (designated by letters) extending to large
deformations between the spherical closed shells.
The lettered regions will be referred to extensive-
ly in later discussions. The general features of
these contours are common to all calculations
using the Strutinski prescription. ' There are, of
course, differences in the detailed structure of

the potential energy surface depending on the
specific parameters used. A comparison of our
results at the appropriate deformations with the
experimental ground-state masses indicates a
reasonable agreement over the entire region of
interest except in the vicinity of the doubly-magic
nucleus ',"0Sn. It is expected that the problem here
is similar to the discrepancy in the '"Pb region
discussed extensively by Brack et al." Using a
Woods-Saxon potential, they found the calculated
shell correction at the doubly-magic '"Pb was
overestimated by 5 MeV. Away from the doubly-
magic region the Woods-Saxon potential gives
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FIG. 2. Proton-shell corrections calculated as a function of deformation (P) and proton number. Other notations are
the same as in Fig. 1.

very reasonable results for the shell corrections.
We find the Strutinski procedure using Woods-Sax-
on levels yields a shell correction of 14 MeV for
'"Sn, whereas ground-state mass systematics
would indicate a value in the vicinity of about 11.5
MeV." The calculated value of the shell correc-
tion has been corrected to the experimental value
in the region ¹82,Z=50 and 0& /~0. 1. For all
other values of (N, Z, P) space, the calculated val-
ues of the shell correction are used.

In much of the later discussion, the qualitative

trends of the minima in the potential energy sur-
face and the regions of deformation associated
with them will be related directly to the qualitative
trends in observed fission phenomena.

The nuclear shell effects calculated with the
Strutinski method apply only to zero excitation
energy. Qne can, in principle, calculate the shell
effects as a function of excitation energy in the
manner of Jensen and Damgaard. " For simplic-
ity, we use the approximation described by them
which reproduces their more exact calculations
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quite well. In this model the level density is
written as

271(e —e o)g(e) =g, + f cos
A(@ah

where g, is the average single-particle level den-
sity, k&, h is the shell spacing in the single-par-
ticle spectrum, e, is the energy midway between
two shells, and f is a strength parameter. The
intrinsic temperature T;„, is defined in terms of
a variable 0, and the temperature dependence of
the shell correction at a given deformation j3 and
nucleon number N is expressed as follows:

cos(2wy) coshe+ sin'(2')
2go

where 8 and y are defined along with other per-
tinent equations in Ref. 27. The values for Su,h,

f, andy, for any particular deformation P and
nucleon number N can be determined from the
single-particle level density spectrum and the
appropriate shell corrections at zero excitation
energy.

The energy dependence of the neutron-shell cor-
rection in the region N = 76 —88 and P =-0.65 is
shown in Fig. 3. As pointed out by Jensen and
Damgaard, " the figure illustrates that the maxi-
mum shell strength need not occur at zero excita-
tion energy.

C. Pairing corrections

The pairing energy E~ is calculated using the
standard BCS formalism" with the average pair-
ing gap 5 =11/vX MeV for both neutrons and pro-
tons at zero temperature. The dependence of the

FIG. 3. The neutron-shell corrections at a fixed defor-
mation g =0.65) calculated as a function of the intrinsic
temperature, w. , These shell corrections correspond
to those in the vicinity of point H of Fig. 1.

average gap parameter & on temperature has been
calculated by Moretto. " He has shown that the
average value of ~ deviates appreciably from the
most probable value at temperatures near the
critical temperature. We have approximated this
temperature dependence by the following expres-
sion

(10)

where f(r) is a polynomial fit to the results of
Moretto. The pairing strength was assumed to
be independent of surface area (i.e., deforma-
tion)."

III. MASS DISTRIBUTIONS

A. General discussion

Before discussing the detailed results of the cal-
culation, it would be appropriate to make some
general comments. We want to emphasize that
our principle aim is to investigate the general
validity and applicability of our model and not at
this stage in its development to attempt to achieve
the optimum fit to the experimental data for each
fissioning system. We have thus chosen to use a
constant set of values for the three parameters d,
'T;„1, and T„» for all fissioning systems in order
to reduce the computational chores. This sim-
plification could lead to some difficulties, espe-
cially in the case of T;„,. In addition to expected
differences in 7;„, for the two readily available
types of experimental fission data (spontaneous
and neutron induced) with which the calculation
will be compared, v,„, may also vary with the
Z'/A (i.e., the "fissility" ) of the fissioning sys-
tem. Furthermore, we have used a single value
for each of the three parameters, whereas it is
to be expected that some dispersion around an
average value would be a more realistic approxi-
mation. Thus, a consistent underestimate of the
variance of any calculated distribution is expected.

Although a complete calculation [Eq. (2)j must
be carried out to determine any particular distri-
bution in fragment mass, charge, etc. , much in-
formation on the observed trends and general fea-
tures of the fission process can be obtained from
an understanding of the influence of the deformed
fragment shells alone. In the following discussions
the complete calculation for representative sys-
tems will be presented and will be used as the
basis for a qualitative, overall view of fission in
terms of the fragment shell structure.

It may be helpful in achieving some perspective
and in following the later discussion of the results
in terms of the fragment shells to first examine
the effects of the various terms contributing to the
potential energy and to point out some general fea-
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tures of the calculation. The liquid-drop contri-
bution can be calculated with the shell and pairing
corrections of Eq. (1) set to zero. Such a calcula-
tion for the potential energy as a function of defor-
mation (p, and p, ) for a, symmetric mass split in"U fission i.s shown in Fig. 4. A broad minimum
in the potential energy (indicated by an X) occurs
at P, = P, = 0.6. These large fragment def or mations
at the potential energy minimum are the result of
the Coulomb interaction [Vc in Eq. (1)] between
the two fragments. The position of this minimum
changes little for asymmetric mass splits, only
becoming less deep as the asymmetry increases.
The formation probabilities can be readily cal-
culated from Eq. (2) and yield the symmetric mass
distribution expected from liquid-drop considera-
tions alone. " The liquid-drop behavior is similar
for all fissioning systems, with only the position
of the minimum changing smoothly and slowly to
higher values of P as the charge and mass of the
system increase.

Two points should be especially noted. First,
shell corrections in the vicinity of the broad,
liquid-drop minimum (at P =0.6) will influence
the probability of formation much more strongly
than shells of equal strength located at deforma-
tions far from this minimum. Second, a spherical
configuration for one fragment can be achieved
only at considerable cost in liquid-drop energy
and only be partially compensated by a large de-
formation in the complementary fragment.

I.O

The microscopic corrections to the potential
energy [Eq. (1)] include both shell and pairing
terms. The pairing corrections are small com-
pared to the shell corrections and are generally
out of phase with them. This opposing behavior
is understood in terms of the dependence of these
correction terms on the density of single-particle
states near the Fermi level. Owing to its relative-
ly small magnitude, the pairing correction does
not affect the position of the major shells or anti-
shells significantly. Thus, a good qualitative pic-
ture of the major effects of the microscopic cor-
rections can be obtained from an examination of
the shell correction alone. In our model, this con-
sists of a neutron and proton term for each of the
two fragments. In fact, at the N/Z ratios appro-
priate for fission fragments, the major contribution
to the shell correction for any particular mass
split is generally that of the neutron shells. Thus,
the overall trends in the microscopic correction
terms can be most easily followed and understood
in terms of the behavior of the neutron shells
alone. We shall make use of this simplification
in examining the results and predictions of the
model later.

The influence of the shell-correction terms in
the total potential energy calculation [Eq. (1)]
may be illustrated for the case of a 140/96 mass
split in '"U fission. The liquid-drop contribution
to the potential energy surface is much the same
as that shown in Fig. 4. Addition of the shell-cor-
rection terms changes the surface markedly as
shown in Fig. 5. Similar potential energy con-
tours are shown in Figs. 6 and 7 for 134/102 and

0.8 f.O
N~o

~06
f-

o 0.44
4J
CI

tO

0 0.2 0.4 0.6
DEFORMAT) QN, P&

0.8 l.O
0.2

FIG. 4. A contour plot of the potential energy surface
t.Eq. (1)] for a symmetric mass split of 36U calculated
with the shell and pairing corrections set to zero. The
symbol X marks the position, in deformation space, of
the minimum potential energy. The numbers refer to the
energy contours, in MeV, relative to the minimum poten-
tial energy at point X.
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FIG. 5. A contour plot of the potential energy surface
[Eq. (1)] for the 140/96 mass split in the fission of 36'
calculated with the shell and pairing corrections included.
Other notations are the same as in Fig. 4.
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118/118 mass splits, respectively. The potential
energy minima (denoted by an X) in these figures
can be readily associated with the shell structure
at the appropriate deformations (P) shown in Fig.
1. Thus, in Fig. 5 the X corresponds to the neu-
tron shells in Fig. 1 at points B and H, and in Fig.
6 it corresponds to the regions near points E and
G. The symmetric mass split of Fig. 7 indicates
two nearly equal minimum potential energy con-

FIG. 6. A contour plot of the potential energy surface
[Eq. (1)] for the 134/102 mass split in the fission of
calculated with the shell and pairing corrections included.
Other notations are the same as in Fig. 4.

figurations denoted by X and Y. These do not cor-
respond to a strong shell region in Fig. 1 as in
the previous cases, but to a location to the right
of point D with N = 72. The Y represents both frag-
ments at N = 72, P = 0.76 and the X's represent one
fragment at this position and the other at N = 72,
j) = 0.52.

The mass yield for any mass split can be cal-
culated from Eq. (2). The fragment deformations
associated with the potential energy minima for
each mass split correlate mell with the well-known
"saw-tooth" curve for neutron emission"-" which
will be discussed later. In addition, the fragment
deformations associated with a particular mass
split (p, and p, ) enable one to estimate the distance
between charge centers (D) and, hence, the total
kinetic energy (TKE) for that split (i.e., TKE
= Z, Z, e'/D). It can be seen from the examples
of Figs. 5-7 that the deformation for a symmetric
mass split (P, +P, ~1.30) is significantly greater
than for the 134/102 mass split (P, +P, =0.95).
This accounts for the well-known "dip" in TKE
at symmetry for '"U fission. " A similar model
was used by Dickmann and Dietrich in their cal-
culation of TEE as a function of mass split for
236 U'

Calculations have been carried out for a wide
range of fissioning systems (Po to Fm). The rela-
tive mass yields as calculated from Eq. (2) are
shown in Fig. 8. These represent the primary

0.8
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4
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0 04
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FIG. 7. A contour plot of the potential energy surface
[Eq. (1}]for the symmetric (118/118) mass split in the
fission of 236U calculated with the shell and pairing cor-
rections included. The symbols X and Y mark the posi-
tions of minima in deformation space of two configurations
of nearly equal potential energy. Other notations are the
same as in Fig. 4.
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FIG. 8. Calculated mass-yield distributions for var-
ious fissioning systems using a single set of parameters
(T«~ ——1.0 MeU, ~IN' = Q.75 MeU and 0= 1.4 fm) for all
systems.
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fragment yields before neutron emission has taken
place. The general trends which were so poorly
understood for many years are well reproduced.
From a narrow, symmetric mass distribution in
the fission of nuclides in the region of Po the mass
distribution becomes triple-peaked at Ha. It rapid-
ly changes to an asymmetric distribution for nu-
clides from Th-Cf before once more favoring sym-
metry at "'Fm. The nearly constant position of
the heavy mass group and the shift in the light
group position toward higher mass numbers as
the mass of the fissioning nucleus increase are
well-known phenomena" and are reproduced in
the present calculation. As pointed out above,
this systematic behavior is principally due to the
deformed neutron shells and can be readily under-
stood in terms of the fragment shell structure
shown in Fig. 1.

In the case of Po, the nar1"0%', symmetr1c
peak is a consequence of the strong neutron shell
for a neutron number 64 at P = 0.55-0.60, indi-
cated by C in Fig. 1. The potential energy minima
for asymmetric splits lie along a "neutron channel"
following the path B-{-D in Fig. 1. Away from the
most favored symmetric configurations the yield
drops due to a reduced shell strength and a less
favorable liquid-drop enex gy. The total deforma-
tion remains nearly constant with mass split as a
result of the nearly constant slope (dp/dN) of this
neutron channel. A "proton channel" (path O'-C'
in Fig. 2) is in phase with the neutron-shell cor-
rections in this case and enhances the effect of
the latter.

Experimental data on the fission of Po are avail-
able only for excitation energies above about 40
MeV which are sufficiently high to reduce shell
effects relative to liquid-drop effects. However,
if experiments were performed at excitation en-
ergies of 30 MeV or less (e.g. , using heavy-ion
reactions with negative Q values) where shell
effects would still predominate, our model pre-
dicts a narrow, symmetric mass distribution.
The nuclides ',",Os (with symmetric fragments
of Z, , = 38 and N, , = 58) and "88'Ra (Z, , = 44, N, ,
=66) which have optimum shell strengths for both
neutrons and protons should exhlb1t the nal" x'owest,
symmetric mass distributions at low excitation en-
ergies.

As the mass (and corresponding neutron number)
of the fissioning system increases, the neutron-
shell correction favoring symmetry rapidly de-
creases in strength beyond point D of Fig. 1 (N
—&0, /=0. 75). Thus, for nuclides of total X&140
a rapid inhibition of symmetric fission is expected
and is observed experimentally. In the higher
mass region (N&140), the strong spherical neu-
tron shell at N =82 (point G, Fig. 1) and the de-

formed neutron shell at /=88 (point H) become
dominant and lead to asymmetric fission. The
fact that the value of 1.0 MeV for T„IIis of the
same order as (and, in particular, is not large
compared with) the changes in shell strength per
nucleon number enhances the rapidity with which
particular shells can influence the relative prob-
abilities for symmetric and asymmetric mass
splits. This is evident from the exponential de-
pendence on T„»in Eq. (2).

The most prominent feature of nuclear fission
in the actinides (N~ & 140) is the asymmetry of the
mass split, with the heavy peak remaining essen-
tially constant in position as the mass of the fis-
sioning nucleus increases. This feature is ac-
counted for by the influence of the strong neutron
shell at point H (Fig. 1) with N= 88 and P =0.65.
The complement of this fragment will be at a
deformation which lies along the neutron channel
B-C-]3 discussed above in connection with the
symmetric fission of '"Po. Its position along the
channel depends on its neutron number. Thus, as
the mass of the fissioning system increases, the
most probable mass split will be a heavy fragment
of nearly constant neutron number and P close to
point H with its light complement varying along
the path B-C-D. Within a given system for mass
splits more asymmetric than the most probable,
the heavy fragment moves toward point J while the
light fragment becomes less deformed, moving in
the direction C-B-A. It may be noted here that
these changes in deformation for the complement-
ary fragments are consistent with the observations
of the saw-tooth structure for neutron emission as
a function of mass split in fission. "" For exam-
ple, in the case of '"Cf the paths A-B-C-F for the
light fragment and G-H-J for the heavy fragment
closely follow the observed neutron emission pat-
tern (Fig. 9). The energy available for neutron
emission in each fragment is the difference in en-
ergy between the scission-point and ground-state
shapes (Eg f) plus any intrinsic excitation energy.
Notice that at the deformation corresponding to the
strong neutron shell at point H (/ =0.65) there is
no stx ong proton shell (52& Z& 60). The signifi-
cance of this will be discussed later in connection
with odd-even effects in the division of charge (cf.
Sec. VI).

The complements of a spherical fragment with
6' =82 are forced by liquid-drop considerations to
become very deformed. The path E-F in Fig. 1
represents the locus of X and P for such fragments.
Although a strong proton shell is present at Z = 50
(point G', Fig. 2), its combina. tion with K =82 to
give a "doubly-magic", ",'Sn fragment is not par-
ticularly favored. The formation of such a frag.-
rnent is hindered by a strong preference in the
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FIG. 9. The average deformation P of the fragments
(symbol ) calculated for the fissioning system 2 Cf
compared with the results of Terrell (Ref. 32) for v(A)
in '"Cf(sf) (symbol x).

liquid-drop terms [Eq. (3)] for maintaining the
N/Z ratio of the fragments close to that of the
parent nucleus. To maintain the N/g ratio of a
typical actinide (e.g. , ~~36U, '98~Cf with ratios of
-1.57) an A of S2 would require Z =52. The energy
gained from the liquid-drop considerations (-6.5
MeV) more than compensates thelossinmovingout
of the Z = 50 shell to Z = 52 (-2.5 MeV} and a frag-
ment of A-134 is thus favored for N =82. It should
be noted that the total potential energy also involves
consideration of the complementary fragment
structure, but since these do not involve particu-
larly strong shells along the path E-F they do not
qualitatively affect the character of the ma, ss split.

A surprisingly large number of the phenomena of
fission, from general systematic trends to the de-
tailed structure of various distributions in mass,
kinetic energy, neutron emission, ete. , can be
accounted for rather simply in terms of the inter-
play of three basic configurations —a strong neu-
tron shell at N= 88, P =0.65 (point H of Fig. 1),
the spherical neutron shell at N= 82 (point G), and
the symmetric mass division favored by the liquid-
drop terms in the potential energy calculation. A

convenient presentation of this interplay is given
in Fig. 10. Here the differences between the po-
tential energy minima for two of these basic con-
figurations and a symmetric mass split are plotted
as a function of the mass of the fissioning system
(A~). The solid curve is the difference between
the minimum potential energy for a mass 142
(effectively, the neutron shell at H in Fig. 1}plus
its complement and the minimum potential energy
for a. symmetric mass split. The dashed curve is
the difference between the minimum potential
energy for a nearly spherical mass 134 (effectively,
the neutron shell at G in Fig. 1) plus its comple-
ment and that for a symmetrical mass split. For
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FIG. 10. The difference between the potential energy
minima associated with two particular mass splits plot-
ted as a function of the fissioning system Az. The solid
line represents the difference in energy between the mass
split (142+ complement) and a mass symmetric sp1it.
The dashed 1ine represents the difference in energy be-
tween a spherical mass 134+complement and a mass
symmetric split. The N/Z ratio for Az wa, s chosen to
lie approximately along the valley of P stabi1ity for this
calculation.

the calculations of this figure, the N/Z ratio of A»
was chosen to lie approximately along the valley of
P stability. In addition, it should be noted that the
potential energies in this figure are calculated for
r,= 0.

Each curve in Fig. 10 is associated with a par-
i

ticular configuration for the heavy fragment. Thus
the structure seen in the curves is, to first order,
representative of the complementary light frag-
ment configuration. For example, the peaks in the
dashed curve at A~ = 234 and 247 are a consequence
of the shell structure in the complementary light

fragment at points E and F, respectively, in Fig.
1. This structure is reflected in prominent fission
yield peaks for masses of the heavy fragment near
A~ = 134 for these values of A~ and is observed as
"fine structure" in the exper imental mass yield
distributions" for "'U(n, f), ' 'Cm(n, f), '"Cm(sf),
and '~SCm(sf), where the compiementary light
fragments are A~ =102, 112, 112, and 114, re-
spectively.

In a similar way the peaks in the solid curve of
Fig. 10 at A~ = 239 and 252 are associated with
the light fragment shells at points 8 and C of Fig.
1. Large peak-to-valley ratios might be expected
in the fissionof species at these maxima. Before
making a comparison with experimental data it is
important to note that Figs. S and 10 refer to pri-
mary fragments and to a single value of T, . Ex-
perimental data represent the "secondary yields"
of fission products after neutron emission from the
fragments and must be corrected for comparison
with the calculations. The yields at symmetry are
particularly sensitive to the saw-tooth nature of the
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posing trends —the increase in the Coulomb inter-
action term and a slow increase in the separation
of charge centers as indicated by an increase in a,

average total deformation (P, +P )„. The narrow,
symmetric mass distributions governed by shell
effects (e.g. , "'Os, "'Ra, and'"Fm) should broad-
en as the shell corrections mash out mith incx'easing
excitation energy of fission and approach the sym-
metx ic mass distribution expected from liquid-
drop considerations.

Although the mass distribution for any fissioning
system can be calculated expl. icitly from our mod-
el, it is interesting and informative to extend the
implications of the simple neutron-shell structure
picture in Fig. 1 to give qualitative predictions of
expected trends for systems beyond" Fm. The
dominance of symmetry with the fragments near
points 0 and K should continue until competition
from asymmetric configurations involving points
H and K is felt at iVF 2165. The mass-yield curve
in this region should be quite narrow with a small
peak-to-valley ratio. Since the asymmetric scis-
sion configuration has a significantly larger total.
deformation than the symmetric one associated
with the heavier fermium isotopes, the TEE should
decrease accordingly. As additional nucleons are
added to the fissioning system the most probable
mass splits mill comprise a heavy fragment at
point JI and its light complement moving along the
path K-H. At iVF = 176 (A~ - 284) a very narrow,
symmetxie mass distribution is expected with both

fragments at H. This configuration (in contrast with
the'"Fm case) is symmetric in deformation as well
as mass and its total deformation (P, + P = 1.30)
mould imply a TEE consistent with the general
systematics as a function of Z'/A' '." Above
A. ~ = 284, the mass distribution should become
broader and more asymmetric with the light frag-
ment now relatively fixed in position at H while
the heavy fragment moves toward J. This trend
should continue until the next major competition
with shells at new configurations. Qf course, in
any specific case the effect of the proton shells,
the contributions of other configurations, and,
in fact, the complete calculation of the potential
energy [Eq. (1)] is needed to evaluate the mass
distribution. However, the simple qualitative
approach utilizing Fig. I, as outlined above, pro-
vides a useful pex'spectlve.

8. Detailed comparison with experimental data

Although the choice of a single parameter set
(7' „=1.0 MeV, r. , =0.75 MeV, and d=1.4 fm)
may not be optimum for all fissioning systems, it
is of interest to compare our results with the ex-
perimental data in detail. Such a comparison pro-
vides a useful insight into the validity of the model
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FIG. 12. Comparison of the calculated mass distribu-
tion for Cf ]dashed line) with the experimental data
fox ~"~Cf(sf) (Ref. 33) (solid line).

and may suggest functional dependences of the
parameters of our model on the Z'/A and excitation
energy (E*) of the fissioning system.

Primary fission yield data for '~Cf(sf) (Ref. 33),
2"U(n,„,f) (Ref. 33) 32'Ra(p, f) (Ref. 38), and ~57Fm-

(s,f) (Ref. 35) are compared with our calculated
mass distributions in Figs. 12-15, respectively.
The general features of the data are mell reproduced
by our model. However, there are several quan-
titative discrepancies. The calculated distxi-
butions are too narrow and the positions of the
asymmetric peaks are displaced somewhat —par-
ticularly for "'U(n, f) and '"Ra(P, f). In addition,
the calculated peak-to-valley ratios for "6U and
'~Cf are too small.

Apart from any inadequacies in our model and

the neglect of dynamical effects or dispersions in
the values of the parameters used, there are sev-
eral possible sources of the discrepancies between
the data and the calculations. Errors in the shell
correction can arise in three ways: (1) errors in

the parameters of the single-particl. e potential,
(2) the neglect of higher-order multipole deforma-
tions in our calculation, and (3) errors arising
from the Strutinski prescription for calculating
shell corrections.

The agreement between our calculations and ex-
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FIG. 14. Comparison of the calculated mass distribu-
tion for 227Ha (dashed line) with the experimental data
for ~26Ha(p, f) at Ep=13 MeV (Ref. 38) (solid line).

perimental mass distributions is consistently im-
proved for all systems by deepening the neutron-
shell correction at P-0.3 for the region of neutron
numbers between -54-68 in Fig. 1 and/or the
proton-shell correction at the same P for proton
numbers -35-44 in Fig. 2. For the heavier actinides
this region is associated with mass splits of low
fission yield and the effect appears as a shoulder on
the asymmetric wings of the calculated mass dis-
tributions at A~ =96 {cf.Figs. 8, 12, and 13). In

the range of fissioning nuclei from Ra to U, how-
ever, some of the most probable light fragments
have deformations corresponding to this region.
This leads to a prominent effect on the mass-yield
curve in the asymmetric peak regions of '"Ra at
A~ ~95 and A„» 132 (Fig. 14) and of '~'U at A~
«96 and A„~ 140 (Fig. 13). An increase in the
sum of neutron- and proton-shell corrections of
-1.5 MeV is sufficient to give good agreement be-
tween the calculated and experimental results. The

shell correction method of Strutinski is not ex-
pected to be more accurate than -0.5-1.0 MeV
(Ref. 24) and, hence, a combined error of -1.5
MeV for neutron and proton shells is quite plaus-
ible. The effect of such an error in the shell
correction can also be seen in Fig. 10. For sys-
tems with 237 &AF & 258, the model correctly pre-
dicts a peak in the asymmetric mass yields near
A „=142. However, for systems with 228 &A ~ & 237,
the solid curve in Fig. 10 shows a rapid decrease
below the dashed curve associated with A ~

= 134.
A broad maximum in the solid curve which main-
tains it above the dashed curve would result from
the suggested shell-correction increase of -1.5
MeV and raise the yield of fragments in the region
of A„=142 relative to that at A„=134. This would

bring the position of the peaks in the mass distri-
butions of '35U(n, f) and '"Ra(P,f) in better agree-
ment with experimental data.

Higher multipole-order deformations would lower
the entire liquid-drop potential energy several
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should be larger for reaction-induced fission than
for spontaneous fission. The sensitivity of the
calculated mass distribution to 7&, is illustrated
in Fig. 11. The choice of 7, =0.75 MeV gives a
good fit to the peak-to-valley ratio for '"Cf (Fig.
12). A smaller value for '"U and a larger value
for Fm would help to remove the discrepancies
between the calculations and experimental data in
both systems, giving a larger peak-to-valley ratio
in '"U (Fig. 13) and raising the deep valleys in
'"Fm (Fig. 15).

In general, the discrepancies between the calcula-
tions of our model and experimental results are not
large and have plausible explanations. It is, in

fact, rather surprising and encouraging that one
set of the parameters T „, 7, , and 4 and a sim-
ple, static scission-point model yield such good
results over so broad a range of fissioning sys-
tems. We hope to extend the calculations to in-
clude P, and P, deformations and to investigate
the role of 7 -, in more detail.

IV. KINETIC ENERGY DISTRIBUTIONS

A. General discussion

The total energy release at scission is given by

Q,„.„=Vc +Ep„, + Q Ed„+ Q E
1,2

where V~ is the Coulomb interaction energy at the
scission point [Eq. (4)], E~„ is the prescission
kinetic energy (i.e., the relative motion of the
nascent fission fragments in the fission direction
developed along the path between the saddle point
and the scission point), and Q, , E~,f and Q, , E,„,
are the sums of the energies contained in deforma-
tion and intrinsic excitation, respectively, of the
two fragments at the scission point. Essentially
all of V~ appears as relative motion of the frag-
ments on separation (i.e., post-scission kinetic
energy). A small fraction may appear as intrinsic
excitation in the fragments. The post-scission
KE may be approximated as Z, Z, e'/D since the
shape factor F [Eq. (4)]and the fraction of Vc lost inex-
citation of the fragments are of about the same
magnitude (a few percent) and tend to cancel. The
deformation energy E„„is the energy required to
deform each fragment from its ground-state shape
to its shape at the scission point and can be cal-
culated from the deformation dependence of the
liquid-drop and shell- and pairing-correction
terms of Eq. (1).

Two approximations for the total kinetic energy
(TKE) of the fragments can be obtained from Eq.
(11). In one, E„„is assumed to be zero and TKE
is then simply the post-scission contribution, i.e.,

ZZ 2

TKE =
D

(12)

In the other, P, ,E, is assumed to be zero, and
TKE is given by

ragme
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FIG. 18. The average total deformation coordinate
(p f +p2) plotted as a function of the fissioning system A~
for two different scission configurations —a spherical
mass in the region of A-132 plus its complement and
mass symmetry.

TKE =Q,„-QE~,f.
1,2

The actual TKE is expected to lie between the two
values. The difference between these two esti-
mates for a particular configuration is equal to
(E~„+Q, ,E,„,) and must be ~0. The value of TKE
for any mass split is obtained for each of the
above estimates by the use of Eq. (2) with appro-
priate weighting over all deformation space and
(N, Z) combinations.

Dickmann and Dietrich' have shown that the ex-
perimentally observed variation in kinetic energy
as a function of mass split is reasonably well ac-
counted for with the scission-point fragment
shapes derived from a deformed-shell model. A

dynamical calculation by Davies et al."indicates
that very extended scission shapes for the frag-
ments are also consistent with the observed TKE
data if a large prescission kinetic energy is pres-
ent. Clearly, fitting of the TKE data alone is not
sufficient to determine the scission-point config-
urations. The latter must also be consistent with
other data such as the saw-tooth structure in the
neutron-emission function and the mass and charge
distributions of the fragments if these are deter-
mined near the scission point.

The most prominent structure in the experimen-
tal data on TKE as a function of mass split in the
fission of actinide nuclei is the appearance of a
"dip" at symmetry. """This is readily under-
stood in terms of the shell structure of the frag-
ments at scission. Figure 18 shows the variation
of the value of the parameter (P, + P, ) as a function
of A~ for two scission configurations —mass sym-
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metry and a division with one fragment spherical
at A =132. Note the inverted scale in the figure.
The smaller the value of (P, +P2), the smaller the
total distance between the fragments at scission
and, hence, the larger the value of the TKE. The
difference between the curves in Fig. 18 is pro-
portional to the extent of the dip in TKE expected
at symmetry. The largest difference is seen to
occur in the region of A~-235 (N~-144), in agree-
ment with the experimental data. This behavior
can be understood in terms of the shell structure
of Fig. 1. The spherical fragment of A-132 (N
-82) is at point G while its complement (N-62) is
near point E at P -0.85. For the symmetric mass
split, one fragment is near point D at P-0.75 and
its complement is split between P-0.75 and P-0.5

with about equal probability, giving a much larger
total deformation (cf. Fig. 7).

In the curium region (Ar-245), the situation
changes significantly. The complement of the
spherical 132 fragment moves to larger deforma-
tions near point F in Fig. 1 while the mass sym-
metric split occurs with P values of 0.75 and 0.45,
thus greatly reducing the extent of the dip in TKE
expected at symmetr y. Another significant change
is expected in the region of the heavy fermium iso-
topes. The complement of the spherical A. -132
fragment at point G is now near symmetry and its
shape is determined by the shell at point K. This
configuration represents a small total deformation
and leads to the prediction of a high value for TKE
at symmetry and the disappearance of the dip.
This has recently been observed experimentally. "4'

An interesting situation arises in the region of

AF -270. Figure 18 indicates a difference in def-
ormation appearing for the two configurations.
However, this does not necessarily mean that a
reduction in TKE is expected at symmetry in these
systems. Each configuration must be weighted by
its contribution to the fission yield. For systems
of very high Z, the energy gain from the shell
stabilization of the spherical 132 fragment is not
sufficient to overcome the increased repulsion
arising from the Coulomb interaction term and
thus the spherical 132 does not contribute to a
significant fraction of the yield for this mass split.
The appropriate deformations of high yield are as-
sociated with points H and K (Fig. 1) and are com-

parablee

to those for mass symmetr y. A conse-
quence of this is the expected disappearance of
the saw-tooth structure in the neutron-emission
function which is due to the predominance of the
strong spherical shell in the A-132 region.

B. Detailed comparison with experimental data

Experimental data for total kinetic energy re-
lease as a function of fragment mass are shown

227R
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FIG. 19. Comparison of the calculated total kinetic
energy (TKE) for " Ra with the experimental TKE for

Ra(p, f) at E&——13 MeV (Ref. 38). The solid line rep-
resents the experimental data while two estimates of
the TKE from our model are represented by the symbols
X (from QHgjHH j 2 deaf) and ~ (from Z&Zp /D) as de-
scribed i.n the text.

in Figs. 19-21 for the systems Ra(P, f ),
'"Cf(sf),~' and '"Fm(sf)," respectively. These
data are compared with calculations from our
model for the two estimates of TKE as described
in the previous section. The calculation of TKE
is particularly sensitive to the value of d, the dis-
tance between the spheroids. An increase in d re-
duces directly the value of TKE from Eq. (12).
However, the value obtained from Eq. (13) may
or may not be affected. The average deformation
of the fragment at low excitation energy is deter-
mined by particular shells. Reducing the Coulomb
interaction term (Vc) through an increase in d may
or may not be sufficient to shift the potential en-
ergy minimum to a less deformed shape. If no
shift occurs, this estimate of the TKE does not
change appreciably with a change in d.

The calculations follow the general trend of the
data quite well. The dips at symmetry and peak-
ing at A„-132 for "'Ra and '"Cf fission are well
reproduced. For "'Fm, the calculated peak at
A.„-132occurs near symmetry and reflects the
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FIG. 20. Compaxison of the calculated total kinetic
energy (TKE) for 2~2Cf with the experimental TKE for
~52Cf(sf) (Ref. 43). The solid line represents the experi-
mental data while two estimates of the TKE from our
model are represented by the symbols X (from Q„;»

z&p Ea f) and (from &&&~f.'2/

influence of the shells at 0 and K (Fig. 1). The
calculation is in reasonably good agreement with
experimental data for "'Fm. Since the neutron-
emlsslon function for FQl 18 not known, the cor-
rection of observed data to primary fragment
masses and energies may lead to some uncertain-
ty, particularly in the symmetric mass region.
There is obviously a difficulty in the case of "'Ra
where the data lie below both TEE estimates. The
TKE estimate of Eq. (12) could be reduced -3.5/q.

by an increase in the value of d from 1.4 to 2.0
fm. Such a change removes the discrepancy with-
out affecting the value calculated from Eq. (13)
appreciably. The agreement between experimen-
tal and calculated mass distributions is not sig-
nificantly affected by such a change (cf. Fig. 16).

A large body of experimental data has been ac-
cumulated on average total kinetic energy release
(TKE) for many fissioning systems. These data

FIG. 21. Comparison of the calculated total kinetic
energy {TKE) for 25 Fm with the experimental TKE for

Fm(sf) (Ref. 42). The solid line represents the experi-
menta1 data while two estimates of the TKE from our
mode1 are represented by the symbols X (from Q„,.~—
Zt & Ed f) and (from Z&&2@~/D).

are heavily weighted by the contribution from the
most probable mass splits. As discussed in the
section on mass distributions, the most probable
mass split for the fissile nuclei from Th-Cf is de-
termined by the shell near point H (Fig. 1). For
these systems the most probable heavy fragment
remains fixed near AH = 142. Systematic trends
in TEE, then, should reflect the most probable
deformations of the complementary light frag-
ments.

In Fig. 22 we plot the sum of the neutron- and
proton-shell corrections of the fragments com-
plementary to 142 [i.e., (A~ —142) ) as a function
of the fissioning system Az. The X/Z ratio of A~
is chosen along the valley of P stability. For con-
venience, scales for (A~ —142) and X~ are also
given. The open circles mark the deformations
associated with the calculated minimum potential
energy for the most probable light fragments.
The additionof neutrons to the light fragment does
not change the deformation appreciably over the
range 234&A„&244. Since the heavy fragment is
fixed at point H (Fig. 1), the TEE for these sys-
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FIG. 22. The sum of the neutron- and proton-shell
corrections at different deformations P, for the Iight
fragment complementary to mass 142 at PH-—0.65. For
convenience, the mass of the fissioning system (&z), the
mass of the light fragment (Az —142), and the neutron
number of the light; fragment are all shown on the abscis-
sa. The N/Z ratio for the fissioning system was chosen
to lie approximately along the valley of P stability for
this calculation. The open circles represent the defor-
mation of the light fragment (4z —142) at its potential
energy minimum for various fissioning systems.

tems should be independent of neutron number for
a given Z~. The situation changes abruptly, how-
ever, for A~a 244 (A~a 149). The average defor-
mation of the most probable light fragment shifts
rapidly to a different shell-correction minimum
at greater def ormation. The def ormation of the
light fragment increases further with the addition
of neutrons to the light fragment so that a de-
crease in TKE is expected for isotopes of fission-
ing species in this region.

Experimental data on the isotopic dependence of
TKE for U, Pu, Cm, and Cf fission have been
published by Vorob'eva et a/. 44 and are reproduced
in Fig. 23. No interpretation of these results was
proposed by the authors. However, the trends
are precisely those suggested by the discussion
of Fig. 22 above.

FIG. 23. The experimental results for TKE for the
isotopes of U, Pu, Cm, and Cf as given by Vorob'eva
et al. (Ref. 44).

A general increase in TKE is expected as the
nuclear charge of the fissioning system increases
and has been shown by Viola and Sikkeland" to
follow a linear Z'/A. '~' dependence. A deviation
from this systematic behavior in the case of the

spontaneous fission of Cm and Cf isotopes has
been noted by lJnik eI, at.'." This is explained by
an abrupt increase in the deformation of the light
fragment at Az 244 (Fig. 22) which leads to the
reduction in the magnitude of the Z dependence
of TKE in this region. In the case of Fm iso-
topes, the yield of the mass-symmetric compo-
nent (with the fragments near points G and K in

Fig. 1}increases rapidly with neutron number.
This configuration has a smaller total deforma-
tion and its contribution to TKE will cause the
latter to increase with increasing neutron num-
ber for Fm isotopes of A. a 256.

Further evidence in support of the general pat-
tern of the shell structure for the light fragment
and its deformation dependence can be found in
data on the average number of neutrons emitted
per fission (vz) for different fissioning systems.
The quantity v~ is weighted by fission yields and
its dependence on the total deformation of the frag-
ments is the inverse of that of the TKE. Figure
24 shows data on v~ as a function of A.„." The
two relatively flat regions for 230 SA.F ~236 and
246 » A~~256 with a transition region between
them correspond to the deformations associated
with the open circles of Fig. 22. The transition
in the deformations is seen to be quite sharp at
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FIG. 24. The total average neutron emission vz as a.

function of the mass of the fissioning nucleus as given by
Unik et al. (Ref. 33). The solid squares represent data
for neutron-induced fission and the open squares, spon-
taneous fission.

A+=244 (Nz=149) in Fig. 22. However, the

change in v~ for this mass region would not be as
sharp owing to contributions from yields both
lighter and heavier than the most probable.
Again, the Fm isotopes will exhibit the effects of
the high yields of the low-deformation, symmetric
mass splits on v~.

The specific shell effects we have been discuss-
ing are dependent on excitation energy as illus-
trated, for example, in Fig. 3 ~ Although a large
body of data exists on the effect of excitation en-
ergy on TKE, the averaging process complicates
any resolution of the contributions of specific ef-
fects. The shell effects would be more readily ob-
served in kinetic energy data for particular mass
splits as a function of excitation energy and fission-
ing species. These effects will depend on such
factors as the scission-point temperature, the def-
ormation and "strength" associated with particu-
lar shells, the availability and competition of other
shells at different deformations for the mass
splits under consideration, and the preferred
liquid-drop def ormation.

As pointed out previously, Fig. 3 indicates that
the excitation energy (E*) dependence of the shell
correction is complex and changes with the region
of 7;„,. For values of 7;„, in the region of -0.5
MeV, several MeV of additional E* may result
in no significant change in the shell corrections
and, hence, no change in deformation or fission
yield. For larger values of 7;„, (~0.7 MeV) an
increase in E* leads to a diminution of the shell
correction which is approximately proportional
to the value of the correction. As E* increases
and the shell correction diminishes, the potential
energy surface relaxes to that determined by the
liquid-drop terms. The configuration of the frag-
ments at the scission point changes accordingly
from a total deformation (Py+P2) associated with

the potential energy minimum resulting from the
shell correction to that associated with the liquid-
drop terms, with accompanying changes in TKE,
v, etc. This change will take place rather slowly
as the large shell correction diminishes with E*. If,
however, a secondary minimum in the surface is pres-
ent atlow E*(associatedwith another shell) at a value
of (P, + 6,) close to thatof the liquid-drop value, its
relative coritribution to the fission yield for the
mass split involved will increase quite rapidly
with increasing E* for 7 ~0.7. The rate at
which this occurs should be related to the differ-
ence in the liquid-drop potential energies at the
two deformations involved.

This situation can be illustrated for '"U fission
by reference to Figs. 4-7. For this system the
liquid-drop calculation favors a total deformation
of P, +P, =1.25 (cf. Fig. 4). The symmetric 118/
118 mass split (Fig. 7) and the 132/104 mass split
(Fig. 6) both have secondary minima. in their po-
tential energy surfaces close to the total deforma-
tion of 1.25 favored by the liquid drop in addition
to the one favored at low E*. In the case of the
symmetric mass split (Fig. 7) the system relaxes
with increasing E~ toward a smaller total deforma-
tion (i.e., from point Y to point X) while for the
132/104 and 140/96 mass splits, the relaxation is
toward a larger deformation. This leads to the
expectation that for ~;„,& 0.7 MeV the TKE for
symmetric mass splits in '"U should increase
with increasing E* and decrease for the 132/104
and 140/96 mass splits. This effect should be
especially large for mass splits near A„=132 be-
cause of the large difference in the liquid-drop
potential energy between the low-E*, shell-stabi-
lized configuration (P, + P, =0.95) and the configura-
tion of the secondary minimum (p, + p., =1.4). The
difference in the liquid-drop potential energies
for these two minima, seen in Fig. 6, can be
estimated by referring back to Fig. 4 at the ap-
pr opr iate def ormations. Clearly the strength of
the shell correction for the configuration (P, +P,
=0.95) is very much larger, and thus a reduction
in the shell corrections with increasing E* pro-
portional to the shell strength must lead to the
relative enhancement of the configuration at the
secondary minimum. For the 140/96 mass split,
no secondary shell is available and the relaxation
should occur more slowly. Experimental data on
the excitation-energy dependence of TKE for vari-
ous mass splits in the proton-induced fission of
'"U, '"U, and '"U have been obtained by Fergu-
son et al.4' All the systems show similar behav-
ior, and the '"U(P, f) data. are reproduced in Fig.
25. The dependence is just that expected from the
shell-correction analysis presented above. Such
data are particularly useful since they give in-



B. D. WILKINS, E. P. STEINBERG, AND R. R. CHASMAN 14

I
I

f I I )
I

]
I

233@( f )

l80—

E9

QJ

~~ t70

I-
4J

fa
(3I-
43~ l60
K
LIJ0

(5O
l I 7 l27 l 37 i%7 l 57

FRAGMENT MASS NUMBER

l67

formation on the difference in total deformation
between the shell-stabilized and liquid-drop fav-
ored configurations and, hence, on scission
shapes as a function of F.* and mass split. More-
over, with suitable corrections to the experimen-
tal data for multichance fission and neutron evap-
oration, the observed E* dependence may yield
information on the rate at which the shell correc-
tions are diminished and, hence, on 7. , at the
scission point.

Additional experimental evidence bearing on.
the above analysis has recently been obtained
by Roche et al."who measured fission-fragment
mass and kinetic energy distributions for (d, p}-
induced fission of "'Th, "'Pu, and ' Cf as a
function of E* of the compound nucleus in the
range 4.5-10.0 MeV. Essentially no change in
TKE for several different ranges of fragment
mass was observed in the case of "0Th for an
-4 MeV change in E*. For "Pu and '"Cf, they
observed a fairly rapid decrease in TKE for mass
splits involving A„-132 and a slower decrease for

FIG. 25. The experimental values of the total kinetic
energy for the system 2~3U(p, f) at various proton bom-
barding energies [from Ferguson et al. (Ref. 45)]. These
data are for "provisional masses" with no correction
included for neutron emission.

mass splits involving AH-142. These data are
consistent with the analysis given above, except
for the mass split involving A~-142 in "OCf. As
discussed in Sec. IIIB on mass distributions, 7„,
at the scission point is expected to increase with
the Z'/A of the fissioning system. The "OTh
system (at low Z'-/A) is expected to have a low
7 f $ at scission . With smal I increases in 8*, the
shell corrections which contribute importantly to
the potential energy calculation are not expected
to change significantly (cf. Fig. 3). The observa-
tion that TEE for" Th does not change with
small increases in Z* may, indeed, be evidence
for estimating the value of r,„, at scission (i.e. ,-0.4 MeV). Both ' 'Pu and "OCf (with expected
higher values of 7'„,) should show an F.* depen-
dence. The mass splits involving A„-132 should
show a rapid decrease in TEE with increasing F. *
as discussed for '"U above. The analysis would
predict for the splits involving A~-142 that in
'"Pu the TKE should decrease more slowly with
F. , as observed. This is again analogous to the
140/96 mass split in '"U discussed above. In the
case of" Cf the neutron number is just at the
edge of the rapid transition in deformation ex-
pected for the complement of the A 0

—142 frag-
ment (i.e. , the transition from B to C in Fig. 1 or
in the region of N~ -64 in Fig. 22}. The total def-
ormation of the 142/108 mass split in '"Cf is
expected to be close to that of the liquid-drop
value, and no change or a slight increase in TEE
with increasing E~ would be predicted. However,
a, decrease is observed. A more definitive test
would be provided by data for mass splits involv-
ing A„-142 in a, system with more neutrons, such
as '"Cf or an isotope of Fm, which would move
the N~ value of the complementary mass away from
the transition region.

C. Width of total kinetic energy distributions

Another interesting feature of the fission pro-
cess is observed in measurements of the root-
mean-square width of the total kinetic energy
release as a function of fragment mass
o„(TKE). A peak in the distribution of cr„(TKE)
has been attributed to the overlap of the "sym-
metric" and "asymmetric" TKE distributions in
a. "two-mode" analysis of fission. '7 A recent de-
tailed study of the energetics of fission in a. num-
ber of fissioning systems"" reveals an interest-
ing pattern in the structure of c„(TKE). These
data are plotted in Fig. 26 as a function of the
fragment mass along with data on "'Re(p,f).'
Three of the systems (~27Ac, "'Cf, and "'Es) show
a peak in o„(TKE) at mass number 130. '"Th,
'"U, 2~'Cm, and'"Cf all show a peak at A =123.
A third coincidence of peaks occurs in the mass
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FIG. 26. The rms width of the total kinetic energy
distribution as a function of the fragment mass for var-
ious fissioning systems.

region 105 ~A ~ ill for "oTh, "'Cm, and'"Cf with
the "Th peak being intense, narrow, and centered
in this mass range.

Calculations of o„(TKE) from our model are con-
sistently smaller than observed. However, as
pointed our previously, the model assumes a
single value for the parameters and, realistically,
some dispersion in these should be included. In
particular, a. dispersion in the parameter d (the
distance between the ends of the spheroids) would
directly affect the TKE and increase o„(TKE).
The presence of structure in o„(TEE) should be
independent of the absolute value of o„(TKE) and
can be qualitatively understood as resulting from
comparable contributions to the formation of a
given mass split from configurations of different
total deformation. The occurrence of peaks at the
same mass number in different fissioning systems
indicates that the effect is very likely the result

of competing deformed-shell corrections at these
masses and/or their complements. For simplicity,
we shall again use only the neutron-shell correc-
tion whenever possible to illustrate our interpre-
tation of the data. The complete potential energy
calculation does, of course, involve all the terms
of Eq. (1), with the yields calculated from EQ. (2).

For the N/Z ratios appropriate to the fissioning
systems of fig. 28, the mass numbers 130, 123,
and -108 correspond to neutron numbers (N) of
-80, -75, and -66, respectively. From Fig. 1 it
can be seen that at N-80, three possible defor-
mations compete —namely, at P=0.1, 0.5, and
0.85. In the case of the "'Ac compound nucleus,
the complement of AH=130 is A~ =97 with N~ -58.
This neutron number has two competing shell-
correction minima at P-0.4 (point B) and P-0.85
(near point E). The most probable competition is
between configurations with P~ -0.4, P„-0.85
(points B and K) and P~-0.85, P„-0.1 (point E and
near 6). The large &r„(TKE) seen at A„=130,
then, is the result of comparable yields from con-
figurations varying in total deformation (p~+ p„)
from -0.95 to 1.25. At "oTh the addition of two
neutrons to the light fragment complement of
A„= 130, shifts the neutron-shell correction mini-
mum away from point 8 and toward point E. Hence,
the configurations P~-0.85 (at point E) and p„-0.1
(near point 6) now dominate the yield at A„-130
and the corresponding o'»o(TKE) for "OTh is small.
A peak in o», (TKE) again appea. rs in "'Cf where
the deformation at point K (P„-0.85) competes
with that near point 6 (P„-0.1). The former combines
with P~ -0.47 at N~ -75 and the latter with P~ -0.9
to give a total deformation (P~+P„) varying be-
tween -1.32 and -1.0. The structure at A =130 is
also present in "'Es fission and is evident in the
data for '"Fm(sf) (Hef. 42) and "Fm(n, f) (Hef.
35) which show an increasingly large spread in
TEE at this mass. The effect should be a maximum
at '"Fm with an exceptionally large value of
o»~(TKE) resulting from various combinations of
the deformations of both fragments among P = 0.1,
0.5, and 0.85.

The structure in o„(TKE) at ma. ss number -123
for" Cf is principally a reflection of the structure
discussed above at A =130. For the systems
"0Th, "'U, and '4'Cm, the peak in a», (TKE) is
the result of competition between comparable
shell corrections at X-75. This is not so obvious
from Fig. 1 alone; however, if both proton- and
neutron-shell corrections are considered (at
Z -48, N-75), competitive regions occur at
P= 0.47 and 0.77. For '~6Cm, A = 123 represents
a symmetric split for which the deformations
(P, + P, ) = 1.24 and (P, + P, ) = 1.54 are the principle
configurations. The value of 0~(TEE) data is well
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illustrated in this example. Such data can serve
as an indicator that shell-correction minima. at
different deformations must be present in compa-
rable strength in a particular mass region even

though none of them is especially probable in total
fission yield.

The peak in o(TKE) centered at A =108 in "Th,
'"Cm, and '"Cf should be associated with neutron
number N~ = 66. Figure 1 indicates only one strong
shell- correction minimum for neutron numbers
nea. r this value near point C (t}-0.6}. Our inter-
pretation of the 0~(TEE) data suggests another
competing shell should be present, however. Some
additional considerations make such a conclusion
plausible. The neutron-emission function for
'"Cf, e.g. , indicates that a fragment in the mass
range A~ = 108 is not highly deformed, thus the

competing shell correction we seek should be at
relatively low P. In the discussion of mass dis-
tributions (Sec. III B) it was pointed out that for
neutron numbers -54-68 in Fig. 1 at p-0.8 and/or
proton numbers -35-44 in Fig. 2 at the same P, an
increase in the shell correction would be more
consistent with the data. Such an increase is now

also seen to be consistent with the u(TKE) data
and provides the alternate configuration needed.

For '"Cm and '"Cf the configurations contribut-
ing to o„,(TKE) are P„-0.65 (point H} with P -0.6
and -0.3. The exceptionally large value for
&„,(TKE) for "Th is understood in terms of two
alternatives in the deformation at N-66 being in

phase with two alternatives in the complement at
N-V4 (i.e. , P~-0.8 and -0.6 with P„-0.4'I and
0.77). The combination of four configurations
with comparable probability of formation leads
to a large spread in total deformation and, hence,
to a large o(TKE).

The qualitative arguments presented above are
useful in providing a simple interpretation of ex-
perimental data in terms of the dominant role of
the deformed-shell corrections of Figs. 1 and 2,
However, the relative contributions of competing
configurations must be determined from the full
potential energy and yield calculations of Eqs.
(1) and (2). Such a calculation is illustrated in
Fig. 27 for "'U. The distance between charge
centers D is given (in fm) as a function of the
fragment mass number. The contour lines
connect points of equal fractions of the most
probable yield for each mass split. Thus, the
black areas represent the yield between the most
probable yield I',„and 0,751', the cross-hatched
area. that between 0.75K and 0.50K, and the
vertical- striped area that between 0.50K and
0 25. 5F . The open areas represent yields below
0.25,„for each mass split. The effect of a varia-
tion in D on the observed width of the TKE distri-
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bution for any mass split can be judged by the
relative yield values. Thus, the largest effect is
expected near A „=123and a somewhat smaller
effect near 2~=135. These locations are marked
by arrows in Fig. 27 and agree very well with the
relative heights and locations of the observed
o(TKE) data for "'U(n, f) given in Fig. 26. The
minima observed in the data of Fig. 26 are also
consistent with the regions Of small variation in D
fl om Flg. 27.

An excitation energy dependence of o„(TKE}is
also expected. This should be especially pro-
nounced for mass splits where a second shell
correction at different total deformation becomes
more probable as F. * increases. For mass splits
near A =132, this effect is particularly prominent
(as discussed in Sec. IV B above) and should lead
to the development of a peak in o», (TKE) with
increasing F. . This can be seen in the data on
charged-particle fission of U isotopes, for ex-
ample. " On the other hand, if a peak in o„(TKE)
is present at low F. *, it would decrease with in-
creasing F-* if one of the competing configurations
were to become dom1nant.

V. RADIUM THRESHOLD ANOMALY AND PRESCISSION
KINETIC ENERGY

Konecny, Specht, and Weber" have observed a
difference of 1-2 MeV in the fission thresholds
for asymmetric and symmetric mass splits in a

l6.0— j; 'lC
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I l8 l22 I 26 I 30 l34 I 38 l42 I 46 I 50 l54 I 58

FRAGMENT MASS NUMBER (AH)

FIG. 27. A plot of the calculated yield as a function
of the distance between charge centers for different
mass splits in the system 236U. The lines join points of
equal percentage yield (25, 50, and 75%) relative to the
maximum yield calculated for the distribution of D val-
ues at each mass split. No direct comparison can be
made in this figure between the absolute yields of dif-
ferent mass splits. The arrows indicate the positions
of peaks in the experimental data on fT& (TKE) for ~35U

(n,f) seen in Fig. 26.
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study of the excitation functions for several radium
and actinium isotopes. This observation suggests
the possibility of different saddle points for asym-
metric and symmetric fission "modes" and that
the mass split is determined at the saddle point.
However, an interpretation of this result, con-
sistent with our scission-point model, is also
pos sible.

The total available energy release at the scission
point comprises mainly the Coulomb interaction
energy (Vc), the deformation energies of the two
fragments (E~,), the intrinsic excitation energies
of the fragments (E„,), and any precission kinetic
energy (E„,). The total kinetic energy, approxi-
mated by (Vc+E„,), is known to decree. se slowly
as the mass of the fissioning system decreases,
while the total energy release between the saddle
point and the separated fragments at infinity

(Q„«,) decreases much more rapidly. Within
the framework of our model, E~„and V~ are de-
termined at the scission point and are independent

addi . Thus, a decreasing @ addle should be
reflected in a decrease in the sum of E„,and E„,.
For a sufficiently small fis sioning mass, the
saddle-point and scission-point energies approach
each other and the sum E„,+E„,approaches zero.

If the minimum potential energy [Eq. (1)J as-
sociated with the scission configuration lies above
the saddle-point energy for a particular mass
split, then a fission threshold at some excitation
energy above the saddle-point barrier will appear
for that mass split. Such a threshold would be
expected to occur only for those fissioning systems
in which E„,+E„,=O. For systems of larger Z'/A
for which the minimum potential energy at the
scission point for all mass splits lies well below
the saddle-point energy (i.e. , E„,+E,„,&0) no
such threshold occurs and the yield for any mass
split can be calculated from Eq. (2).

Our analysis of the total kinetic energy data for
'"Ra fission has indicated that the experimental
TEE can be fitted with a value of d (the distance
between the tips of the spheroids at the scission
point) of 2.0 fm (cf. Sec. IVB). Experimental
TKE data" and calculated values of V~ are com-
pared in Fig. 28(a). The latter are calculated a.t
each mass split for the scission shape associated
with the minimum potential energy (V „)of Eq.
(1) using d = 2.0 fm. The Coulomb energy, Vc,
is expected to overestimate slightly the TEE owing
to small amounts of the Coulomb interaction energy
being converted into excitation energy of the frag-
ments. Approximately 2 MeV should be added to
the experimental data to correct for neutron emis-
sion. This would bring the observed and calcu-
lated result into excellent agreement and indicates
that the distance between the charge centers at the
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FIG. 28. (a) Comparison of the experimental TKE data
for Ac (Ref. 49) (solid line) with the calculated Cou-
lomb energy V& (points) for 2 Ra. (b) The calculated
threshold energy for different mass splits in the system
~~~Ra. The dashed line is the approximate experimental
saddle-point barrier, while the dotted line represents an
available energy which separates symmetric from asym-
metric mass splits. The solid line is drawn only to guide
the eye. The calculations shown in this figure were
carried out with w,.« ——O.

scission point is being calculated correctly. The
energy difference between the ground state of
"'Ra and the scission configuration at each mass
split associated with V „from Eq. (1) (i.e. , the
threshold energy calculated at T,„,=0) is given in

Fig. 28(b). The saddle-point barrier is known to
be -7.5 MeV for this system" and is indicated by
a dashed, horizontal line in Fig. 28(b). A hori-
zontal, dotted line representing the available ener-
gy in this fissioning system is arbitrarily drawn
at 8.7 MeV. This line is seen to separate sym-
metric and asymmetric mass splits. The forma-
tion of mass splits above the dotted line is inhibited
since the minimum value for the sum (Fd„+ Vc)
for these splits is greater than the available ener-
gy. This analysis is consistent with the observa-
tions of a separate "symmetric threshold" above
the fission barrier for masses between -105 and
123,"and, moreover, indicates a similar thresh-
old should exist for very asymmetric splits
(A„~ 145). The most probable asymmetric splits



B. D. %I LKINS, E. P. STEINBERG, AND R. R. CHASMAN

(123 «A „«145) experience the usual threshold
and excitation function associat;ed with the fission
barrier. It should be noted that mass splits which
include an odd-odd fragment will lie -2 MeV above
the curve shown in Fig. 28(b), and would be ex-
pected to show an even higher threshold energy.

Also, the difference in slopes of the excitation
functions for symmetric and asyxnmetric splits
observed in the studies of Konecny et al." in the
region just above the thresholds (7«E*» 15 MeV)
can be understood in terms of the energy depen-
dence of the fragment shells. This energy region
corresponds to values of E„,between 0 and -8
Mev or v-... 0.6 Mev.

In the fission of radium isotopes, the potential
energy minimum for symmetric mass splits occurs
for N-70 P-0.6-0.7 (cf. Fig. 1). This is close to
the location of a strong shell at %=65, P=0.6
(point C, Fig. 1). As illustrated in Fig. 3, the

energy dependence of the shell correction at a
given deformation is a function of the neutron nurn-
ber. In the excitation energy region of interest
above the radium fission thresholds, configura-
tions with several neutrons away from the strong-
est shell show an incvease in shell strength with
increasing excitation energy. The average shell
correction for symmetric splits in radium fission
(with N 70) is ex-pected to show this behavior for
a, range w„, from -0.4 to -0.8 MeV.

The average shell corrections for the asymmet-
ric splits in the radium region are dominated by
points 6 and H of Fig. 1. These are strong shells,
and the excitation energy dependence shown for
%=88 in Fig. 3 is that of point H, with the strength
decreasing as w, „, inerea, ses above 0.4 MeV. The
same dependence is expected for the %=82 shell
at (3-0.1 (point G). This difference in energy de-
pendence for the shell corrections accounts for
the observed relative enhancement of symmetric
fission with increasing F * in radium fission at
these low values of 7„,. Of course, further in-
crease in E ~, to values where the shell correc-
tions are substantially xeduced and the liquid-drop
behavior begins to dominate, lead to a continued
enhancement of symmetric over asymmetric
fission.

We believe that the above interpretation of the
"radium threshold anomaly" is plausible and con-
sistent with our scission-point, model of fission.
It implies that for nuclei such as "Ra the saddle
point and scission point may be essentially at the
same energy, whereas in more fissionable
species, the energy difference between the saddle
and scission points increases with Z /A. This
is also consistent with our previous remarks re-
garding viscous heating duxing the path from
saddle to scission and the increase in 7'„, with

Z'/A of the fissioning nucleus. This interpretation
of the threshold anomaly also implies, in princi-
ple, a. different threshold for each mass split for
which the minimum potential energy lies above
the saddle-point energy. This may be difficult to
observe experimentally, however, owing to limi-
tations in mass resolution and statistics. More-
over, since this condition will be satisfied by only
a nar row region of shapes at excitation energies
just above the "symmetric threshold, " the width
of the total kinetic energy variation for such splits
should be very narrow. Data such as that ob-
served by Konecny et al."should, then, be very
useful in establishing the shape of the nucleus at
the scission point.

The observed kinetic energy of fission fragments
is the sum of the Coulomb repulsion at scission
and any preseission kinetic energy developed in the
fissioning system between the saddle and scission
points. A knowledge of the shape of the system at
scission is needed to determine the division of
kinetic energy between these two forms. A near
spherical shape for mass number 132 is probably
the best established fission fragment configuration
at low excitation energies. Any structure in the
experimental data on TKE as a function of the
fissioning system for mass splits with A =132 for
one of the fragments should reflect the shape of
the complementary fragment.

In our model, the Coulomb energy is ealeulated
from Eq. (4), with D given by,

For the mass splits involving nearly spherical
fragment at 2 =132 (}3,=0.05), Eq. (14) can be
solved for the deformation of the complementary
fragment (P, ) with d=1.4 fm and D determined from
Eq. (4) and the experimental TEE for this mass
split. This calculation assumes no prescission
kinetic energy. The points in Fig. 29 represent
the result of such calculations for different fis-
sioning systems, plotted as the sum of the tota, l
fragment deformation (p, + P,). A calculated value
for (P, +P, ) for each fissioning system is also de-
rived from our model directly from considex ations
of the minimum potential energy for the appropri-
ate mass split. This "theoretical" value is plotted
as a solid curve in Fig. 29. The theoretical line
and "experimental" data should be compared at
equivalent scission-point excitation energies (E*),
but the latter are not well known. The experi-
mental points are seen to follow the general struc-
ture trends in the calculated curve. However,
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FIG. 29. A comparison of "theoretical" and "experi-
mental" values of total deformation as a function of A+.
The solid line represents the calculated deformation
coordinate g&+P2) of the potential energy minimum as-
sociated with the mass configuration (132+ complement)
as a function of the fissioning system Az. The points
represent, for the same mass configurations, the defor-
Ination inferred from the experimental value of the TEE
(see text). An error bar is given on one of the points
showing a typical spread in deformation due to the quoted
uncertainty in the experimental value of TKE.
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FIG. 30. Prescission kinetic energy as a function of
Az. The points represent estimates of the prescissiofs
kinetic energy based on the scission shapes derived from
our model. The solid lines are the calculated prescission
kinetic energies for three different values of the visco-
sity coefficient as obtained in the dynamic calculation of
Davies et al. (Ref. 40).

there is a discrepancy in the values of (j3, +P,)
between the two that diminishes with increa, sing
A~.

The discrepancy may be removed by adjustments
in the value of d (the separation distance between
the tips of the spheroids at scission) for each
system. However, this would lead to a decreasing
value of d with increasing Z'jA of the system in

conflict with the calculations of Cohen and
Swiatecki. ' They found d, in a two-spheroid
model, to be a slightly increasing function of A~
in order to fit the scission-point energies for
Frankel-Metropolis shapes. A constant value of
d = 2.0 fm is consistent with their results and
would lead to new values of (P, +P,) from the ex-
perimental TEE data which lie above the curve
in Fig. 29, i.e. , at lower (p, +P,). This value of d
is also consistent with the analysis of the radium
threshold anomaly given above. If it is assumed
that the calculation with d = 2.0 fm yields the cor-
rect scission shapes in our model, then the dif-
ference between the total deformation derived from
the experimental TEE data and that calculated
from the model can be converted to an equivalent
difference in kinetic energy. This difference in

energy can be ascribed to prescission kinetic ener-
gy and is plotted in Fig. 30 along with estimates
from the dynamic ealeulations of Davies et al.
Our estimated prescission kinetic energies increase
with A„ from a value near zero in the radium
region ~

The much smaller values for the prescission
kinetic energy derived from the scission shapes

given by our model are consistent with the narrow
angular distributions observed in long-range a-
accompanied fission"'" and with expectations of
relatively high nuclear viscosity as suggested
by Swiatecki. " Recent calculations of nuclear
viscosity based on one-body dissipative forces
between the nucleons and the moving potential
wall"" indicate values of the preseission kinetic
energy and compact scission shapes which are
consistent with the results derived from the
static, two-spheroid model discussed here.

VI. NUCLEAR CHARGE DISTRIBUTiON

Severa. l calculations of nuclear charge distribu-
tion in fission have been published. "" In our
model, the distribution in nuclear charge for any
given mass split is obtained directly from Eqs.
{1)and (2). As in the case of the mass distribu-
tions, the calculated charge distribution is de-
pendent on the configurations at the scission point.

Experimental data on charge distribution have
been obtained from determinations of independent
yields of fission products by radiochemical meth-
ods,""E x-ray measurements, " the intensity
of 2+ to 0+ ground-state-based transitions, " the
number of P rays emitted from mass-separated
products, "'"and the energy loss of mass- and
energy-separated products, ' '6' Such measure-
ments establish the most probable charge for a
given mass, Z~{A) Ior the average charge, Z(A),
if the distribution is not GaussianJ and the width
of the distribution o~(A). These are difficult mea-
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surements, and each method has its own limita-
tions in range of applicability, accuracy and reso-
lution.

The dependence of the most probable charge on

mass split is generally plotted as the quantity

(Z~ —Z„c„), where Z„cn refers to the unchanged
charge distribution (i.e. , the same Z/4 as the
fissioning nucleus).

Figure 31 shows a curve (labeled Q) which gives
(Z —Z„.~D) as a function of mass split, where Z
(or Z~) is defined as the charge division leading
to the maximum energy release in the formation
of odd-mass fragments in their ground states in

the thermal neutron fission of '"U." A shaded
area which outlines the assessed limits to the ex-
perimental data obtained from & x-ray emission, "
and solid circles representing calculations from
our model are also given in the figure. The curve
for maximum energy release (Q) represents the
system with the fragments in their ground states
and at infinite separation and is, of course, ex-
pected to differ from our scission-point calcula-
tion.

The calculation of charge distribution is par-
ticularly sensitive to the distance between charge
centers at the scission point. The values in Fig.
31 are calculated with d =1.4 fm. As stated ear-
lier, it is our intent to utilize the same set of
parameters d, 7;„„and T,„» for all calculations
to assess the general applicability of the model.
There are some indications from kinetic energy
data in the fission of nuclei in the radium region
that a value of d = 2.0 fm would give a better fit to
the data. This is apparently the case for the

charge distribution data of Fig. 31 as well, since
such a change would move the calculated points
toward the Q curve 0.1 unit in (Z —Z„cn) and
bring them into better agreement with the shaded
area.

An outstanding feature of the calculated charge
distribution data is the prominent fine structure.
In a recent set of experiments, Clerc et at." have
obtained data on the charge distribution of mass-
separated light fission products in '"U thermal-
neutron fission at the most probable kinetic en-
ergy. These data have sufficient resolution to
observe any fine structure in the (Z —Z„co) dis-
tribution. Their results are plotted in Fig. 32
along with the calculations from our model. Both
sets of points are joined by lines simply to guide
the eye. The correlation in the structure between
experiment and calculation is striking. Clerc
el aL."point out the difficulty of making a correc-
tion for neutron emission to obtain (Z —Z„cn) for
the primary fis sion fragments ~ This leads to a
possible error of as much as 0.28 units in the val-
ue of (2 —Z„„)for mass splits away from the

mos t pr obable. The er r or is such that the ver y
asymmetric splits would be lowered on the plot
[i.e., moved toward (Z —Z„cn) =0] and the more
symmetric splits raised on the plot (i.e., toward
larger negative values). As pointed out above,
the use of d=2.0 fm in the calculation rather than
1.4 fm would raise the calculated points on the
plot, bringing them into closer agreement with
the data. Neither of the corrections would affect
the character of the fine structure, however.

The peaks in (Z —Z„cn) which occur every 5

mass units are a result of proton pairing. At
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FIG. 31. A plot of (Z-ZUcD) as a function of mass split
for the system U. The points are calculated from our
model. The elongated box encloses the data of Reisdorf
et al. (Ref. 37), obtained from Kx rays. The solid line
(Q) gives the nuclear chage division associated with the
maximum energy release for odd-mass fragments (see
text).

FIG. 32. The quantity (Z-ZUCD) for different mass
splits in the fissioning system U as calculated from
our model (dashed line) compared with the experimental
results of Clerc et al. (Ref. 65) for U(nt„,f) (solid
line). The locations of the odd values of ZUCD are shown
in the figure.
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these points the value of Z„c is very near an odd Z.
Since the pairing correction favors the production of
even-Z fragments, the largest difference between Z
and Z«D will occur when Z«D is odd. 'The calculated
fine structure in (Z —Z„cn) is seen to alternate be-
tween narrow and wide peaks. The narrow peaks
occur for odd-odd fragments and the wider, less
pronounced ones occur where Z«D is odd, but the
neutron number is even. Structural effects are
also seen in the dispersion around Z in the experi-
mental data of Clerc et al." as well as in the cal-
culations of our model. When Z is close to an
even value of Z, the dispersion is very narrow,
whereas it is much broader when Z is near an
odd value of Z, again reflecting the effect of the
pairing correction.

It was pointed out earlier in this paper that the
neutron-shell correction is generally stronger
than the proton-shell correction and is thus the
dominant factor in determining the most probable
deformation of the fragment at the scission point.
It was also noted that the pairing corrections are
out of phase with the shell corrections, i.e., large
shell corrections are associated with small pair-
ing corrections and vice versa. These observa-
tions readily explain the strong odd-even proton
effect and much weaker odd-even neutron effect
seen in the experimental data. "" The odd-even
effects in Z and N can be correlated with the cal-
culated total proton- and neutron-shell corrections
for complementary, primary fragments. The data
of Clerc el al." for '"U(n, f) are shown in Figs.
33 and 34. We have made a small adjustment in
the neutron scale (upper abscissa in Fig. 33) using
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FIG. 33. The odd-even effect for neutrons as calculated
by Clerc et al. (Ref. 65) from their experimental data on
the fissioning system U(nth, f). The upper abscissa
gives the neutron number of the primary fragments
estimated from the neutron emission curve. The letters
refer to the location of the major neutron shells which,
according to our model, play an important role in the
fission of U: these correspond to the designations of
the shell corrections in Fig. l.
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FIG. 34. The odd-even effect for protons as calculated
by Clerc et al. (Ref. 65) from their experimental data on
the fissioning system 23~U(nt„,f). The letters refer to
the location of the two major proton shells (cf. Fig. 2)
which according to our model, play an important role in
the fission of U.

the experimental neutron-emission curve so that
the data can be compared more directly with the
neutron numbers of the primary fragments given
by the calculations of our model. The letters in
Figs. 33 and 34 identify the location of the strong
shell corrections (and, hence, weak pairing cor-
rections) and correspond to the lettered regions
in Figs. 1 and 2. Except for the locations G and
G' in Figs. 33 and 34, regions of small odd-even
effect correlate very well with the strong shell
correction (or weak pairing correction) regions
of Figs. 1 and 2.

This interpretation of the odd-even effects leads
to some interesting predictions for other fission-
ing systems. If strong shell corrections occur
simultaneously in both complementary fragments,
the pairing corrections will be exceptionally small
for these mass splits and the odd-even effect would
be expected to be much reduced. This situation
should prevail for neutrons in the systems
"'U(n, f ) and "'Cf(sf) where the strong neutron
shells for the most probable complementary frag-
ments are at points H and B and at H and C in Fig.
1, respectively. Likewise, systems for which the
odd-even effect for neutrons should be greater
than that for protons can be identified. Such a
system would require the proton-shell correction
to be greater than the neutron-shell correction.
Inspection of Fig. 2 suggests only one region
where this may be likely for readily available



flsslonlng systems —namely, the region near
"'Ra. The proton-shell correction at point C'

(Z = 44, ii = 0.55) is stronger than any neutron-shell
correction w'ith X= 70 at the same deformation.
We would thus expect that the system '"Ra(n, f ),
B.g. , would exhlblt R stronger odd-even effect for
neutrons than for protons for mass splits near
8ym Me tx' y.

The discrepancy noted above ln the correlation
of the odd-even effect at points 6 and 6' of Figs.
33 and 34 with the strong shell eorreetions of the
heavy fragment Rt X=82 Rnd Z=50 is still in need
of explanation. A small odd-even effect is ex-
pected, but R large effect is observed. The light
fragment complement of the N = 82 fragment in the
"'U system is at ~V =62 with p=0.9 (cf. Fig. I).
This occurs in a, region between points E and F
whex'6 the shell correction is not particularly
stx'ong. The odd-even Qeutr'GQ effect ln Flg. 33
is seen to fa.ll off as the neutron number of the
light fragment either increases or decreases to-
ward the region of stronger sh611 corxection Rt

points E and F in Fig. 1. This suggests that the
experimental data reflects the paix ing correction
of the highly deformed complement of the nea, rly
spherical X =82 fragment. It has been suggested"~
thRt the pRlx'lng stl ength May be px'opox'tlGQRl to
the surface area of the fragment. This would be
consistent with the highly deformed shape of the
light fxagment at this mass split deduced from
Gur model Rnd might account for the observations.
It mould be instructive to study the odd-even effect
in systems for which the complement of the N =-82

fxagment lies closer to points E and F in Fig. 1,
e.g. , in "'Th(n, f) and "'Cm(sf), respectively. If
a reduced odd-even effect is observed in these
systems for the highly deformed complements of
the X = 82 fragment. , this would be confirming evi, -
dence that the pairing correction in the highly de-
fol med fragment ln the cR86 of U ma, s indeed the
dominant factox' ln the Gdd-even effect obsex'ved.
A similar argument mould apply to the deformed
complement of the 8= 50 fragment at point 0' in
the case of proton pairing (cf. Fig. 2).

If the strength of the pairing correlation de-
creRses x'Rpldly Rt tempex'Rtux'es Rppx'GRchlng tI16

critical temperature, as calculated by Moretto, '9

the structure in Z& seen by Clerc et al.6' mould be
expected to be a strong function of the excitation
Bnex'gy Rt the sclsslon point. Nlfenecker gE Ql.
hRVB suggested thRt the excltRtlon encl gy is Rt R

maximum value for the most probable TKE(A)
for a given mass split and falls to zero at the
upper and lower limits for TKE(A). As pointed
out by Clere et uI.'~ charge dispersion data should
be useful in testing this suggestion. In addition,
expeximents such as those of Clere eg al."which

observe structure in Z~(A) as a function of kinetic
energy mould not only test. the Nifeneeker, et ak.
suggestion, but also provide information on the
distance between fragment charge centers at seis-
slon. From the calculations Gf our model, lt ls
expected that the structuxe in Z~(A) will diminish
with incxeasing excitation energy and the average
Z~ will move toward Z„cD with increasing TKE(A)
(i.e., with decreasing distance between charge
centers). Experimental verification of a change
in the average Z~(A) with TKE(A) would support
a basic premise of our model that the distribution
of nucleons between the fragments and the distance
between charge centex s are determined at the
8Rme time —namely ~ QBRl the 8c1ss ion point.

The x'Rpld lncl BRse lQ th6 stx'ength of the pRlx'-

ing correlation as temperatux'e is reduced below
the critical temperature may explain the observa-
tloQ' of UQUSURlly stx'ong odd-even effects ln the
TKE and mass distributions for Th(n, f) ln con-
trast with the more typical effects for "'U(n, f).
If the energy ava, ilable for internal exeitations at
the scission point decreases as Z'/A decreases
(as discussed earlier) then at some value of Z'/A
the average ternpexature at the scission point
must pass through the region 0.3 ~ I ~0.5 MBV
where the pairing cox relation increases rapidly
as seen in Fig. 35 taken from Moretto. ' The ob-
served data for "'Th(n, f ) and "'U(n, f ) suggest
that the average temperature at the scission point
fol Th ls ~0.4 Me+ whex'BRS fox' U the vRhle
is greater than -0.5 Me&.

t
t
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~ O.a

bd~0.6

K
o 0.4

Tc

I

O.P. 0.4 0.6 0.8 t .0
7)„)(MeV)

FIG. 35 Tke average gRp parRQ1etel' (+~~~) Rlld the
most probable gap paraxneter {A~~g as a function of
temperature [from Moretto (Ref. 29)]. The critical tem-
perature P'~) is at 0.57 MeV.
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VII. SUMMARY AND CONCLUSIONS

We have proposed a simple, static model of
nuclear fission based on the assumption of statis-
tical equilibrium among collective degrees of free-
dom at the scission point. The relative probabili-
ties of formation of complementary fission frag-
ment pairs are determined from the relative po-
tential energies of a system of two nearly touch-
ing, coaxial spheroids with quadrupole defor-
mations. The total potential energy of the system
at the scission point is calculated as the sum of
liquid-drop and shell- and pairing-correction
terms for each spheroid, and Coulomb and nuclear
potential terms describing the interaction between
them. Three parameters characterize the system
at the scission point —the distance between the tips
of the spheroids (d), the intrinsic excitation of the
nascent fragments (T,.„,), and a collective tempera-
ture (T, q) ~ No attempt has been made to adjust
these parameters to give optimum fits to the ex-
perimental data. Instead, calculations for all fis-
sioning systems have been carried out with a con-
stant set of values for d, v,„,, and T,.„.

The general trends of the distributions of mass,
nuclear charge, and kinetic energy in the fission
of a wide range of nuclides from Po to Frn are
well reproduced in the calculations. The major
influence of the deformed-shell corrections for
neutrons is pointed out and provides a convenient
framemork for the interpretation of observed
trends in the data and for the prediction of nem re-
sults.

The scission-point configurations derived from
the model provide an interpretation of the saw-
tooth neutron-emission curve as mell as some
previously unexplained observations on the varia-
tion in TKE for isotopes of U, Pu, Cm, and Cf;
structure in the width of the total kinetic energy
release as a function of fragment mass ratio; and
a difference in threshold energies for symmetric
and asymmetric mass splits in the fission of radi-
um and actinium isotopes. The value of data on
kinetic energy for particular mass splits as a func-
tion of excitation energy and fissioning species in
observing specific shell effects is pointed out. Al-
though the model does not include any dynamic con-

siderations, the results of the calculations can be
utilized, in conjunction with TKE measurements,
to estimate values of the prescission kinetic energy
and its dependence on the mass number of the fis-
sioning system.

In spite of a number of recognized simplifications
in the model, quantitative fits to the data are gen-
erally within expected errors of the shell correc-
tions determined by the Strutinski prescription.
Plausible explanations for discrepancies with ex-
perimental data are given. The fact that so many
of the observed phenomena of fission are well re-
produced in this static, scission-point model im-
plies that the dynamics of the process in the path
from saddle point to scission point either does not
play a major role in the determination of the dis-
tributions calculated here or would lead to the
same result.

Quantitative comparisons of the calculations
with experimental data indicate that a value of
d =2.0 fm may be a better choice than the value of
1.4 fm used. Moreover, a variation of T;„, with
the Z'/A of the fissioning system should also be
considered. Ekowever, until more accurate de-
for med-shell corrections can be determined and
the effects of higher-order deformations and a
normal dispersion about the parameter values
are investigated, it seems premature to make
such changes. The general applicability of the
model to the interpretation of a wide range of
fission phenomena and its utility in providing
some new insight into the fission process has been
successfully demonstrated. Its validity will be de-
termined by experimental tests of its conclusions
and predictions.
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