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Anisotropic angular correlation between the y rays and the K I rays
following internal conversion in '69Tmt
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The angular distribution of K x rays emitted following Ii. conversion has been investigated theoretically, It is
shown that the static nuclear quadrupole moment may sufficiently perturb the innermost electron shell to
cause anisotropy in the angular distribution between the X x rays and the coincident y rays, as suggested by
Sen and subsequently confirmed experimentally by Sen, Salie, and Tomchuk.

RADIOACTIVITY i69Tm; calculated yx(8) accompanying E conversion when per-
turbed by the static nuclear quadrupole moment.

I. INTRODUCTION

It ha, s been reported by Ben, Salie, a,nd Tom-
chuk' that a small anisotropy exists in the angular
distribution of K x rays, accompanying I| conver-
sion of the 17'7-keg transition, with respect to the
direction of the 131-keV y rays which are subse-
quently emitted in the deexcitation of "'Tm (Fig.
l). This new effect is ascribed to the mixing of
atomic states by a noncentral nuclear field; it
differs from the anisotropy produced by admixture
of magnetic quadrupole radiation, as reported by
Catz. ' The new result is explained as due to a
first-order perturbation of the K-shell wave func-
tion by the static quadrupole moment of the nu-
cleus.

It has been pointed out by Sen' that, because K
conversion takes place in or near the nucleus,
perturbation effects due to the nucleus may in-
fluence the internal conversion process. The
first-order perturbation (Church and Weneser') of
the K-shell wave function by the static nuclear
quadrupole moment adds the states ds/2, 1si/~yeJ- 2

and d', /„1s, /„J = 2 to the unperturbed states
1~i/2y 1i/2yt'j 0 When there is ejection of elec-
trons from these states due to the intera, ction of
the nuclear transition field, x rays will be emitted
mainly through electron jumps from the L«(P, &2)

and the 1,«(P, &,) levels (Figs. 2 and 3).
The selection rules for electric multipole x-ray

transitions of order I.„between the initial state
having orbital and total angular momenta lo and Jo,
respectively, and the final state having the cor-
responding momenta lz and ZI are (a) f.„+f,+ fz
must be even and (b) f.„, Z„and J& must form a
triangle, i.e. , ~S, -J~~~L, J,+Jz. These —condi-
tions allow only seven dominant x ray transitions

as shown in Figs. 2 and 3; a, b, c, d, e, f, and

g indicate the electron transitions resulting in
the emission of K x rays. In the absence of any
perturbation the x ray transitions arise from
electron jumps mainly from the 2 and & states
to the —,

"state only (Fig. 2); hence the resulting
E x rays have an isotropic angular distribution.
However, with perturbation the x rays will in
addition be emitted from electron jumps from the

&,2, 2' states to the &' and —,
' states (Fig. 3).
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FIG. 1. The partial decay scheme of i~sTm ILederer,
Hollander, and Perlman, Tawe of Isotopes (Wiley, New

York, 1967), 6th ed. „p. 334]. The transitions of inter-
est in the present woxk are drawn as heavy lines.
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FIG. 2. Electron transitions generating Kn x rays
(unperturbed situation). The quantum numbers j, n, and
l are the total angular momentum, parity, and the orbi-
tal angular momentum of the respective atomic states.

These K x rays will not be isotropic with respect
to the direction of emission of the subsequent
radiation in the cascade.

Sen' suggested the study of the angular correla-
tion between the K x rays and the corresponding
conversion electrons from nuclei with large static
deformation and for EO and retarded E1 and M1
nuclear transitions from long-lived isomeric lev-
els. For EO, and retarded Ei and M1 transitions,
the electron penetration in the nuclear volume
will be enhanced and the perturbation effect will
increase. A long-lived isomeric state will cause
the perturbation to act for a long time making the
effect larger.

In the present work we analyze theoretically the
anisotropic angular correlations observed by Sen,
Salie, and Tomchuk. ' These investigators' experi-
ments were performed using the "'Tm nucleus
formed by electron capture decay of "Yb (Fig. 1).
'"Tm is a highly deformed nucleus, uniquely
suited for the study of the nuclear quadrupole
interaction with the K shell. The 177- and 198-keV
(predominantly Ml) transitions originating from
the 316-keV level are strongly forbidden by the K
selection rule (4K= 3). The 316-keV isomeric
level (T,~,

= 0.66 ps) isolates most of the K x rays
following K capture by the '"Yb nucleus from
those below in coincidence measurements with K
x rays. No electron capture decay of "Yb to
'"Tm occurs below the 316-keV level. The energy
resolution of the x-ray detector, defined by a full
width at half maximum of 430 eV at 14.4-keV ener-
gy, was good enough to resolve the Ka. from the
KP x rays completely. The experimental result'
for the angular correlation W(e) between the K
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FIG. 3. Additional electron transitions generating Kn
x rays when the K shell is perturbed by the static nuclear
quadrupole moment. Here j, z, and l are the total an-
gular momentum, parity, and the orbital angular mo-
mentum of the atomic states, respectively.

FIG. 4. Atomic and nuclear states involved in the
internal conversion process and the deexciting transi-
tions leading to the emission of x rays and y rays.
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x rays following E conversion of the 177-keV z ray
and the 131-keV y ray in "'Tm (Fig. 1}was

W(8) = 1 —(0.051 a 0.023)P,(cos 8)

+ (0.011+ 0.024)P,(cos 8),

where P,(cos8) and P4(cos8) are Legendre poly-
nomials.

A theory of directional correlation between the
L, x rays and y rays after nuclear electron capture
and internal conversion has been developed by
Dolginov. ' Recently Hupnik and Crasemann' have
reviewed Dolginov's work and extended it to cal-
culate the directional correlation between L, x rays
and y rays emitted following second forbidden non-
unique electron capture. ' In the present paper we
derive a general expression for the angular dis-
tribution between K x rays following K conversion
and the coincident y rays in nuclear decay. We
apply the xesult to show that under normal condi-
tions, i.e. , in an unperturbed situation (Fig. 2),
the angular distribution is isotropic (as would be
expected), while under a perturbed condition
(Fig. 3), as for example when the nucleus affects

its own atomic electrons through the quadrupole
interaction, the distribution becomes anisotropic,
in agreement with the reported experimental
results. '

II. THEORY

As illustrated in Fig. 4, jo is the spin of the
initial state, j, is the spin of the intermediate
state after electron conversion, j, is the spin of
the final state of the nucleus upon y-ray emission
(j,—j,}of multipolarity L„; Jo and fo= Jo+ X, are
the total and orbital angular momenta, respec-
tively, of the conversion electron; J& and l&= J&
+ Xf are the total and orbital angular momenta of
the electron which fills the vacancy created by the
ejection of the internally converted electron to the
continuum state with total angular momentum J
and orbital angular momentum /=4+ X; L,, is the
multipole order of the accompanying x ray (J,- J&)
emission. The parameters X can have values + &

and -&. The angular correlation function between
the directions of the x rays following internal
conversion and the coincident y rays is"

W„„=Q (- 1) (2J + 1)(2g+ 1) ~P~„oP~f W(JQ gL', LJo)W(jj,L'L, gj 0)Bq&~&~oB &&"&&, (2)

where L, and L, ' are multipole orders of the conversion transitions; q= 0 if the quantization direction is
chosen as that of either the x ray or the y ray. The permitted values of g depend on the various angular
momenta involved in the expression [O~g~ (2L„,2L„,2 JO, 2j,)]. The summation in Eg. (2) is taken over the
permissible values of all indices. The y-ray polarization tensor is

P~~~ = 2[4m(2 g+ 1)(2L„+l)(2j, + 1)p~2[1 -g(g+ 1)/2L„(I„+1)]C~&&' p'~„(8„,p„)W(Lj 2 '„j~L„),

while the x-ray polarization tensor is given by

P,„' = 2[4s(2g+ 1)(2I„+l)(2J', + 1)]'~'[1-g(g+ 1)/2L„(L, + 1)]C~~+OO~,F,„(8„,Q„)W(L„J~gJ„Jg,),
'

(3)

(4)

where 1' „(8,p) are spherical harmonics, and 8„, Q„, and 8„,Q„define the direction of the y rays and the
x rays, respectively. The 8"s are Racah coefficients while the C's are Clebsch-Gordan coefficients. The
B's are the matrix elements of the operator which describes the internal conversion process. For electric
conversion transitions, we have

B 0 o [(2JO+1-)(2L+1)/L(L+1)]&&

x ((2J'o —210+ 1)"~2W(LJJO —Log, JQ —X)Cq "„~o(LR~+[I.+ (2JO+ 1)Xo —(2J'+ 1)X]R6].

+ (2J'o+ 2Xo+ 1)'~'W(I JJO+ Log, JoJ+ X)C~'."„~~(LR~ —[L —(2JO+ l)XO+ 2(J+ 1)X]R,])M~,

and for magnetic conversion transitions,

B+~ = —[(2JO+ 1)(2L+ 1)/L (L + 1)]' 2[A, (2J+ 1)+ Xo(2Jo+ 1)]

&& [(2J'0+ 2XO+ 1)'~'W(L JJO+ X,g, J,J—X)C~ ~~0 ~p,
+(2J —2X +1)'~2W(LJJ —X —', Jg+x) C,""„, P ]m .

Here, A~, A2, R„B~,A„and Ae are radial inte-
grals which depend on the multipole orders of the
internal conversion transition, on the total (J,) and
orbital (la= Jo+Xo; ho=+2) angular momenta of the
conversion electron as well as on the total (J) and

orbital (f =J+ X X = +—,) angular momenta of the
electron after conversion. The quantities M~' and
M~~ are reduced matrix elements' for the nuclear
transition and depend on the structure of the nu-
cleus. ' The expressions for R are given by Rose.'
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These are difficult to calculate with any certainty.
Significant correction in the expressions is needed
if the electron penetration into the nuclear charge
and current distributions, that is, the dynamic
effect of nuclear structure, " is taken into
account.

Considerable simplification of Eq. (2) is possible
fox" the eases of practical interest. Unless cir-
cular polarization is observed, only even values
of g need be considered. The R factors used in

Eqs. (5) and (6) are such that B~~+0 depends pri-
marily on the conversion transition energy (k) as
(k)'. Now k, measured in units of mc', is small
(& 1) in most nuclear decays of interest, hence
only the minimum allowed values of l ean be re-
tained in the cal.culations.

Let the angular momenta other than J,I.', I., &

have fixed values. Considering first the case
g= 0, one finds P~~' = p,'& = 2 from Eqs. (3) and (4).
Equation (2) then is reduced to

W„,(g= 0) = Q (- l)~4(21+ 1)W(ZOJOII, I Jo)W(j j,I 'I, 0j 0)Bgg@Bgp~~

For the ease g= 2, we have

P, 0 = 10[(2L„+1}{2J',+ 1)'~'[1 —3/L„{I„+l)]C~ O„W(I,J&2J„JQ„)P,(cos8,)

P~~ = 10[(2I„+l)(2j,+ 1}]'I2[1—3/I, „(L„+l)]C~~&oo20 W{I.„j22j„j,I„)P2(cos8„). (9)

lf the direction of either the y ray or the x ray is chosen as the quantization axis then one of the P,(cos8)
equals unity. Then Eq. (2), for g= 2, becomes

W (g= 2) = P (-1)'[(M+1)/5]P,',OP', ~W(Zg21, ', ZZ, )W(j,j,z.'1„2j,)B',»B,'o",f
ZL, L;g

(10)

Similarly, expressions for 8'„„with g& 2 can be
derived, but the case to be studied here is such
that only 5"„„for g=0 and g= 2 are required. The
expxession for the directional corx'elation, nox-
malized with respect to W„„{g=0), can now be
vrritten in a form suitable for experimental studies:

W,.(g= 2)
W„„(g=0)

=—1+A»(y x)P,-(cos 8),

(lla)

(lib)

where A» is the angular coxxelation coefficient.
It should be kept in xnlnd that this expression ls

TABLE I. Atomic states following the E'-conversion transition Pf1) of i69Tm. (The atomic E shell is perturbed by
the static nuclear quadrupole Inoment. )

Transition
label J~ J~ $0 Xo J l X I

Tl ans it 1on
1abel I„J'y J'0 Eo X0 J' l X I

1 — 01 i i
2 Y

0 -- 3i
2

2 +2 43 1

0 -y 5i i

3 i
2

2 + — 6
2

2 -7 75 i

11
2

+-,'
i 13

+2 17

18i
2

+ — 19
2
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TABLE II. Calculated expressions for 8 and 8' [Eqs. (11)-(13)]and the anistropy parameter values in the angular cor-
relation for each of the transitions listed in Table I. The indices in the parentheses associated with the A's are used to
indicate that the radial integrals Q and Q are not the same for all the transitions .The I's are the same as in Table l.

0 0/MmgJXi i

&3[Ri(1)+R2(1)]

-(~3/2) [R,(2)+ ~R2(2)]

Same as for I=1
Same as for I=2

[R,{3)+WR2{3)]

-2&[R,(4)+ R2(4)]

+ W[R, (5)+R, (5)]

Same as for I=5

Same as for I=6

Same as for I=v

Same as for I=5

Same as for I=6

Same as for I=7

-(3/~10) [R,(6)+ R, (6)l

3~[R,(7)+R, (v)]

(3/~14) [R,(8)+ -', R, (8)l

Same as for I=14

Same as for I=15

Same as for I=16

-2[Ri (1)+R2(l)]2

[R,(2)+ &2R2(2)]2

Same as for I= 1

Ti&2[R, (s)+ WR2(s)]2

—",, &2[A, (4)+ R, (4)]'

—', ~2[R (5)+ R2(5)l'

Same as for I=5

Same as for I= 6

Same as for I=V

Same as for I=5

Same as for I= 6

Same as for I=v

,
' Ws[R, (6)+R, (6)]2

—,",Ws[R, (7)+R, (v)]'

-' v s[R, (8)+ TR, (8)]'

Same as for I=14

Same as for I= 15

Same as for I=16

V„„(g=2)/QVSi ~)2

,~„&2[A,(3)+ WR2(3)]2

,",, &2[R,(4)+R, (4)]'

—„',&2[A, (5)+ R, (5)]'

4'9 {a2/3)[Ri(3)+ ~R2(3)]2

—,",, (~2/3) [R,(4)+ R, (4)]'

—,'„&2[A,(5)+R,(5)]'

—,' &2[R,(s)+ WR2(3)]2

'-'-6 ~2[R (4)+ R, (4)1'

—,'„',—V 2 [R,(5)+R, (5)]'—„',Ws[R, (6)+ R, (6)]'

,",,",, Ws[R, (v)+ R, (v)]'

244001&3[Ri(8)+ i3R2{8)]2

—,",, ~3 [R,{6)+R,{6)]'

--,",,', Ws[R, (v)+ R, (v)]'

—„',Ws [Ri(8)+ —,'R, {8)]'

+ 0 ~ 1020

-0.0816

+ 0.0204

-0.1020

+ 0.0816

-0.0204

+ 0.0816

-0.0653

+ 0.0163

+ 0.0816

-0.0933

+ 0.0292

-0.0571

+ 0.0653

-0.0204

that for the angular correlation between the y ray,
of a single multipole order I.„for a transition be-
tween two nuclear states (j,-j,), and the coinci-
dent x ray of a single multipole order I.„for a
transition between 'two atomic s'ta'tes (Jo el'), If
either the y ray or the coincident x ray is emitted
by alternative transitions, a summation over ap-
proximate angular momenta must be taken sepa-
rately for numerator and denominator in Eq. (lla).
A nonzero A» indicates the presence of anisotropy
in the y-ray-x-ray angular correlation.

III. APPLICATION TO i69Tm DECAY

with J= Jo+ 1 Jo Jo 1 ~n the present case; I =J
+ X with A=a&, and (-1)'o(-1)'=+1 (no parity
change for an Ml transition) and since l, = 0 or 2,
/ must be even. The angular momenta of the
allowed atomic transitions are listed in Table I.
The expressions for W~ [Eqs. (7) and (10)] are
then simplified to

TABLE III. The x-ray directional coefficients
A2(Aai&&) and the coupling coefficients 02. The I's are
the same as in Tables I and II.

The electron conversion nuclear transition, jo
= —', to j,=—', , in "'Tm is assumed" to be pure Ml
giving X=I.'=1 (Fig. 1). The succeeding nuclear
transition (j,= —', to j,= &) is accompanied by a y

ray, a pure E2 transition (I„=2). The possible
atomic transitions leading to the emission of x
rays are shown in Figs. 2 and 3. The allowed J
and corresponding E values are determined from
the conditions,

5, 6, 7
8,9, 10
11,12, 13
14, 15,16
17,18,19

A2 (KO. i77)

-0.500
+ 0.500
-0.400
—0.535
+ 0.374

5, 8, 11
6, 9,12
7, 10,13
14, 17
15, 18
16, 19

gl
2

+ 0.436
-0.349
+ 0.087
+ 0.326
-0.373
+ 0.117
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W„,(g=0) = ——g (2J'+ 1)[2(2J',+ 1)] ' '~Bg'o~ '8
(12)

W„„(g=2) =~ ~~ Q (2J+ 1)[(2L„+1)(2JO+ I)]'~'[I —3/L„(L„+1)]Cf~o»W(L„Jy2JO, JQ„)
J'X

x W(J+21, 1JO}
~
Bzuo

~

'P, (cos 8),

where

[—,'(2J + 1)]' '[x(2J+ 1)+ A.,(2JO+ 1)]

x [(2j + 2Xo+ 1)'~ W(1JJO+ Log, JOJ —&}Cg,~ O, OR,

+ (2J —2y + 1)' ' W(1JJO —Xoa, J++X)Cg'"„oJt~]M,

(13)

(14)

The calculated B~o~~', W„„(g=0), W„„(g=2), and

W~(g= 2)/W„„(g=0) are given in Table II for each
of the 19 transitions presented in Table I.

The weighted average value' of the observed
angular correlation coefficient, A»(Kn, » —y», ),
for the Kn„, x rays in coincidence with the y]3$
rays in "'Tm (Fig. 1) is -0.053+0.023. As ex-
pected, the transitions withI=1, 2, 3, and 4 are
isotropic. In Tables I and D the I is used as an
index to refer to the various transitions. Recalling
that only those transitions with a minimum l. value
(Table I) contribute nontrivially to an anisotropic

correlation, we need consider only those transi-
tions with I= 5, 8, and 11. Furthermore it is
known that x rays with a multipole order L,& 1 are
forbidden. Hence we find that the total anisotropy
(Eq. 11) is

A„(Kn„, -y„,) = g W'„„(g= 2) g W' (g=0),

(15)

with e=1, 2, 3, 4, 8, and 11.
Thus we have

(W2/147)[R, (3)+ ~R,(3)]'
4[R,(1)+R,(1)]'+2[R,(2)+R,(2)]' + —', ~2[R, (3)p ~R,(3)]'

(16)

The sign of this A» is the same as that of
the observed A». It is not possible to calcu-
late the numerical value of A» unless the ra-
dial integrals are specifically evaluated. How-

ever, an upper limit of A»= —0.0102 is obtained
by neglecting the first two terms in the denomina-
tor of Eq. (16). The experimental value is at
least 3 times larger than this.

A scrutiny of the various expressions and as-
sumptions involved in the calculation of the aniso-
tropy parameter A» reveals that the present cal-
culations pertain to a much simplified situation.
This is particularly true for the transitions from
the 316-keV state (T,&, =0.66 p.s) of the highly
deformed '"Tm nucleus (Fig. 1) where the pene-
tration of the atomic electrons into the nuclear
volume may be very important. A proper theoret-
ical value of A» cannot be obtained until all the
relevant radial integrals R, and R, are calculated
using realistic wave functions for both the nuclear
and electron states. Nevertheless, the present
calculations establish that an anisotropy can arise
in the angular distribution of the Kn x rays if the
E electron shell is sufficiently perturbed by the
static quadrupole moment of the nucleus.

The value of A'„[Table II, W~„(g= 2)/W' (g= 0)]

W',.(a'= 0)
Z W,'.(g= 0)
I

(18)

and the total angular correlation coefficient is

A»(y -x) = Q F A, , (19)

for each transition can be written in the conven-
tional form for comparison with experimental
results:

A'„=A, (y)GQ', (x).

Here, A, (y) and A~(x) are the directional correla-
tion coefficients of the individual rays, tabulated
by Ferentz and Rosenzweig, "and G, is the param-
eter defining the coupling between the two radia-
tions. Now, taking A, (y„,)= —0.468 and the values
of A, (Ko,») from the work of Ferentz and Rosen-
zweig, "the G, were calculated (Table III) for
I= 5, 6, . . . , 19. The G, for I= 1, . . . , 4 are mean-
ingless because the corresponding A» vanish. It
is evident from Eq. (15) that to obtain the total A»
from the A»'s, aweight factor involving the radial
integral R 's must be calculated for each A». The
weight factors are
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