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We discuss the modification of the interaction between a pion and a nucleon in the presence of an infinite

medium of nucleons (nuclear rnatter). The theory presented here is covariant and is relevant to the calculation
of the pion-nucleus optical potential. The specific effects considered are the modifications of the nucleon

propagator due to the Pauli principle and the modification of the pion and nucleon propagators due to
collisions with nucleons of the medium. We also discuss in detail the pion self-energy in the medium, paying
close attention to off-shell effects. These latter effects are particularly important because of the rapid variation

with energy of the fundamental pion-nucleon interaction. Numerical results are presented, the main feature

being the appearance of a significant damping width for the (3, 3) resonance.

NUCLEAR REACTIONS Effective r-N interaction, propagator modifications
in nuclear matter.

I. INTRODUCTION

In the theory of the scattering of a high-energy
particle from a complex target one usually invokes
the impulse approximation. In this approximation
the scattering amplitude for the projectile and the
target particle is taken to be the free two-body
amplitude. While this approach has been highly
successful in explaining a good deal of experi-
mental data, there are usually significant quan-
titative disagreements between theory and experi-
ment. As one begins to suggest improvements over
the simple approximations one finds that there are
a large number of specific effects which should be
studied. Among these are the general off-shell
aspects of the scattering and various kinematical
and dynamical effects arising from the motion of
the target particles. In addition, we should con-
sider the modification of the elementary scattering
amplitudes from their free-space values. It is
these latter effects which we will discuss in this
work, considering the situation in nuclear matter
for simplicity.

While we will consider the effects of the Pauli
principle on the nucleon recoil, as well as some
other modifications of the nucleon propagator, our
main attention will be directed to the study of the
modification of the pion propagator in the medium.
We then study the role of the modified propagators
in determining an effective pion-nucleon amplitude.
Intuitively, one expects that such propagator mod-
ifications will be important in the calculation of
the effective scattering amplitude, particularly
since the pion interacts very strongly with the
nucleus in the resonance region.

Since a full crossing-symmetric theory becomes
quite complicated, we will discuss corrections to

the linear theory we have used in the past. ' As we
will see, our equations for the effective pion-nu-
cleon interaction in the medium may be expressed
in terms of the free (off-shell) vN amplitudes and
va. rious modified propagators. (Equations of this
type have often been used to study the effects of
propagator modification when evaluating the ef-
fective nucleon-nucleon interaction to be used in
the calculation of the properties of nuclear matter. )
Our approach is fully covariant and, since we do
not invoke a static approximation, the ambiguities
associated with transformations of kinematic vari-
ables often found in calculations using the static
model are absent here.

It should be noted that our considerations may be
related to those of the isobar model. ' In that model
the pion, upon striking a nucleon, forms an isobar
which then propagates in the nuclear medium. In
addition to the interactions responsible for the de-
cay of the free isobar, there are further interac-
tions within the nuclear medium which give rise
to a shift in the effective isobar mass (i.e. , the
resonance position) and which modify the isobar
lifetime in the medium. While the mass shift and
modified lifetime of the isobar in the nucleus may
be treated as phenomenological parameters, it is
quite likely that these quantities are complicated
functions of the isobar energy and the density of
the nuclear medium. The model we use in this
work enables us to discuss the effective pion-nu-
cleon interaction in the medium without invoking
an extremely simplified isobar model. Also, our
model enables us to calculate the shift of the reso-
nance position and the modification of the width in
the medium on the basis of a dynamical model of
the underlying pion-nucleon interaction.

In Sec. II we present our covariant theory of the
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effecfi, ve pion-nucleon interaction. An essential
quantity needed for our analysis is the pion self-
energy: the calculation of that quantity is dis-
cussed in Sec. III. In Sec. IV me show that the
effective interaction may be obtained relatively
simply if we use a separable interaction for the
pion-nucleon system. This separable-interaction
model is covariant and includes the full dynamical
effects of the nucleon motion. In Sec. V, we dis-
cuss the interpretation of our equations when me
wish to consider the effects of inelasticity in the
m-nucleon scattering. In Sec. VI, me present the
results of our calculations and discuss some of
their implications for calculations of pionic inter-
actions with nuclei. Finally, in Sec. VII me pre-
sent a short summary of our work.

A A A A A

M» = M»+ M»(G» —G~)M»,

where
A A A A AM' =K +K Gf.M' .

(2 4)

(2.5)

Ultimately, me will focus our attention on the dif-
ference of the propagators in and out of the medi-
um, d=G„- G&. In terms of the quantity d, we
write Eq. (2.4) as

for the pion-nucleon system, also modified by the
m edlum.

It is possible to separate the effects of the prop-
agator modification from those effects arising
from the change in the basic irreducible interac-
tion by writing Eq. (2.3) as two equivalent equa-
tions:

A A h Ah
M„=M„'+ M„'dM~. (2.6)

II. PION-NUCLEON INTERACTION IN NUCLEAR MATTER

In our previous work' we discussed the pion-
nucleon amplitude in free space within the frame-
work of a covariant equation of the Bethe-Salpeter
type,

M~ ——Kf + K~GIMf . (2.1)

Here Mf is the free space invariant pion-nucleon
amplitude and K& is an invariant irreducible inter-
action. The quantity Gz is the (renormalized)
propagator for the pion-nucleon system in free
space. We denote the four-vector of the pion by
k and the four-vector of the nucleon by P. Our
notation, defined in an earlier work, ' is such that
the matrix elements of M& (or fC&) in an arbitrary
frame are related to the matrix elements ex-
pressed in terms of the center-of-mass variables
by

(Pf, ~M~Pu}=6«(P+f P f)[(2.) (Pf ~M~Pf)]

=6"&(p +a p u)&I,'~M(&s) ~a,).
(2.2)

We now assume that we may write an equation
similar to Eq. (2.1) for the effective pion-nucleon
scattering amplitude M~ in the nuclear medium:

Mg =Kg+ KgG@M~ . (2 3)

In Eq. (2.3) K» is the irreducible interaction as
modified by the medium and G~ is the propagator

As discussed extensively in our previous work,
it is useful to convert the four-dimensional equa-
tions such as Eqs. (2.5) and (2.6) to equivalent
three-dimensional systems. Again, this is accom-
plished by writing tmo equations which are equiv-
alent to Eq. (2.6):

Mg = U~+ UodMg, (2.7)

Un = M»+ M„'(d —d) Un, (2 6)

with

(2.9)

being the difference of two appropriately chosen
modified propagators G„and Gz which are defined
in the following discussion.

We expect that the sequence of approximations,
U -M„'-Mz, mill be useful. The latter approxi-

A A

mation, M' -M&, implies that K„=Kf. Some dis-
f&

cussion of the deviation of K~ from K& due to
Pauli blocking of intermediate nucleon lines mhich

A

arise when calculating K& from a field theory ap-
pears in the literature', however, in this work me

mill take K~=Kf. Thus we finally direct our
attention to the equation

M~ = M~+ M~dMg. (2.10)

[our choice of d will be given in Eq. (2.23).]
Before considering Eq. (2.10) and d in detail,

let us return to Eq. (2.6) and use Eq. (2.2) to
mrite this equation as

[(2»)'(a', P' (M„(n, P}]= [(2»)'(u', P'[M„'~ u, P}]

+ d k" 2w O', P' M~ k", 0+P- k" d k", k+P —k" 2w k",k+P —k Mg k, P
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d(k", p+ k —k") = G„(k",P+ k —k") —G~(k",P+ k —k")

8(lk+p —k"
I —Pz)

2v k"—m, ' —II(k')+ie ()'f+p- f"—m„-Z„(k+p —k") +fe

1 1
k"'- m, '+ie g+P- P" —m„+I» (2.12)

e„q = (p'+m„')'~' (2.18)

Z»% = Z»(p P' = &N, g) . (2.14)

In general, we will write the energy of a nucleon
in the medium as

%e have chosen to work in the special Lorentz
frame in which the nuclem' medium through which
the pion is traveling has zero total momentum. In
that frame the medium is simply characterized as
a Fermi gas with Fermi momentum P~. (Although
the calculation can be done in an arbitrary frame
in which the covariance of the result wouM be
manifest, it is clearly simplest to work in the
chosen frame. ) Note that the modification of the
nucleon propagator in Eq. (2.12) involves the
restriction of scattering into states above the
Fermi sea and the inclusion of a "self-energy"
term Z»(k+ p- k") which represents other effects
arising from the presence of the nuclear medium.
Further, II(k') is the "polarization operator*' for
a pion of four-momentum k". (We will pay par-
ticular attention to the modification of the pion
propagator, leaving the detailed discussion of the
choice of Z„ to a later publication. )

%e now wish to specify d = G„-Gz by defining
the modified propagators G„and G&. To this end
we adopt a variant of a reduction scheme used
previously in the study of the pion-nucleon sys-
tem. In this case, however, we treat the nucleons
of momentum ~p~&P and ~p~&P differently. If
jp ~&())~, we constrain the zeroth component of the
nucleon four-vector p' to be equal to (~p ~'+ m„')' ',
that is, the nucleon is placed on its mass shell
(Z„(P)=0). If )p)&f)„we require P'=((p('+m„')'~',
where m„&m„. The introduction of m~ provides a
simple scheme for introducing the binding of the
nucleons in the nuclear medium. The constraints
discussed above correspond to the choice Z„(f))= 0
for [p(&p, and Z„(P)=m„- m„ for (p(&P~.

For future use we will define

E., &=[p .[ .+Z.(p)]'P" (2.15)

= e))(, y+ I'))((p) (2.16)

where in lowest order V„(p) = (m„/e„&)Z„(p).
For the simple model discussed above we have

(2. IV)

E„,=(p'+m„')"', ~p~&P, . (2.18)

(2.19)

X(k",k"') = —[k"'- &o-„., ]'/2~„-. . (2.20)

Now, considering the propagator in the medium,
we write

1

(k 0)' —(uf, .2 —II(k )+i@

1

2(0„-„[k '- ~„-.—X(k, k ') —Z'(k, k"')+ie] '

(2.21)

Z'(k k ) = 11(k )/2&v (2.22)

In our previous work, ' one of the useful reduc-
tion schemes we used involved keeping only the
part of the pion propagator which is singular for
k"&0, that is [(k"')' —~„.'+is] ' = (2~„-„) '
x(k"' ru-, .+i&) '. This approximation is equiva-
lent to dropping X in Eq. (2.19). We again drop X
in Eq. (2.21), keeping in mind that this approxi-
mation may be poor if 0 =v„-„ is not a good ap-
proximation for the pion propagation. Our cur-
rent reduction scheme therefore yields an ex-
pression for d of the following form:

For the case of the pion, we may write the free
pion propagator as

1
(k"')' —~; '+~a 2&v-, [k ' —&of., —X(E', k"')+fe] '

d(k. , p+k k )= "A'(p—+R k )(){k"o-z,+E„s„„-„-,)8(k"')
2~g~ Qp y+g ) ~

8( ( p + k - k»
(

—P r)
», —[ -. »„;. -„., +z (k, »' ) —'«]», —( „~+f~p„,-—ie))

(2.23)
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E = [s+ (p+ k)']'" = (s+ P')"' (2.24)

s = (t)+ (p;)' = (p'+ k')' —p'. (2.25)

In writing Eq. (2.23) we have dropped terms
which are of the order (Z„/m„). In that equation
A'(p+ k- k"} is a projection operator for positive
energy nucleon spinors. For the specification of
E„z.„ ,„w-e may use either Eq. (2.15) or Eqs.
(2.1'I) and (2.16). [If we choose to use a complex
function for Z„(p+ k - k") we would replace
6(k"' —E,+ E„N„,- „...) by 6(k"- E,+ He E„-„- „-.,).)
In Appendix A we consider an alternate form for

d which may be more useful if the pion does not
propagate close to its mass shell. The quantity

E, represents the total energy of the pion-nucleon
system and the variable s has the usual interpre-
tation. We remark that P=(p+k) is unequal to
zero (in general) in the Lorentz frame in which
we choose to calculate the effective pion-nucleon
interaction.

Using Eq. (2.23), we may write our basic ap-
proximation, as given by Eq. (2.10), suppressing
reference to all zeroth components of the four
vectors, since these components may be obtained
as specific functions of the three-vector (for ex-
ample, k"'=E, He—E„-," -„„, P'=HeE„;, etc.).
Thus, we have

[(2v)'(k', p' IM„(E,) fk, p)7= [(2v) (k', p' fM&(E,) I
k, p)]

dk 2 k', p' M E, k, p+k- k"
N I+l7-k"

e(fp+k- k"
I

—P,)
Ep —[()s.(+E~ y~k f.~+ Zy p (k ) —1E'] Ep-

x[(2v)'&k", p+k k" IM„(E,) fk, p&].

In Eq. (2.26) we have introduced the quantities

ZPI], (k") = Z'(k" «)t" = E, —He E~, y,p ]",.)

(~k. + e](( Ipi-k —'«)

(2.27)

p'fM~(E. ) fk p&-=&+'»'IM. I»p&]';=" ".' ""'o' '= .~ »' (2.28)

etc.
Also, as in our previous work' we introduce spinors for off-mass-shell nucleons. We use the notation

u'(p) for such spinors and multiply Eq. (2.26} from the left by u' (P') and from the right by u'(P). The re
suiting quantity u' (P') f(2v)'&k'p' IM„(E,) I

k, p&]u'(P) is a Lorentz invariant and we may therefore choose to
evaluate it in the center-of-mass frame of the pion-nucleon system. We may write, for example,

u'(P') [(2v)'&k', p'
I M,(E,) I k, p)]u'(P) = u'(P,') &k,

'
I M, (&s)

I
k,&M'(P, ) . (2.29)

The notation used in Eq. (2.29) is best understood by reference to Fig. l. The evaluation of Eq. (2.29) will
be discussed at a later stage; however, we note here that we will make use of the approximation of ex-
panding the invariant amplitude about its value for the situation in which the nucleon is on its mass shell,
p, =P,"= m„', as discussed in detail in Ref. 1.

Rather than considering Eq. (2.26) directly, it is useful to introduce a more familiar 7-matrix equation.
Such an equation may be obtained from Eq. (2.26) after introducing the quantity [see Hef. 1, Eqs. (2.11)-
(2.14)]

[(2v)'-&k' p' "
I T.(E.) lk p s&-]=.'(j')[(»)'&k' p'IM. (E.) lk p&]"(j)ft"'(k' p')ft"'(k p)

where

R (k, p) = (m„/2(dfe „,[[) .

(2.30)

(2.31)

Similarly, we also introduce a quantity Tf related to M& as T„ is related to M„. We then obtain. from Eqs.
(2.20) and (2.24)

[(2 )' &k', p', 'IT' (E.)fk, p, ),] =[(2 )',&k', p', 'IT,(E,) fk, p, & ]

Z Jsk [(2 )' (k', p', s']1'«(P)[k, k«p —k", s") ]

xC,(k+p, k")[(2w)'„s&k,p+k- k «s
I
T„(E,) Ik«p«s&[([s] « (2.32)
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with

(2.33)
e(lp+k- k I

—p~) 1

E—[, i„E ~-:., )i'y (k )+ 'al R, —( .„+a„s,.-...—'t)I '

Equation (2.32) is the basic equation we will study in this work. It is apparent that to proceed with the
calculation of C,(P, k') of Eq. (2.33), it is necessary to first obtain the pion self energy Zf), (k"). We
consider the calculation of this quantity in the next section.

III. PION SELF-ENERGY IN NUCLEAR MATTER

In order to evaluate the effective pion-nucleon interaction we need to be able to calculate the pion self-
energy Zf), (k ). [In order to simplify the notation of this section we use Eqs. (2.17) and (2.18) to describe
the nucleon dynamics. ]

The pion self-energy is then given by the following expression [(Z„/m„) = 1],

z'y, (k")

fdic=(2

Tr((2 )'(k', q(M, (~) lie", q&I&'tq)lg()' —Iq()k" Ng if

(3.1)

where A'(q) is a projection operator of positive energy spinors having a, mass parameter m„. In Eq. (3.1)
we have, with E,= (s+P')' ', f= (k +q)',

&"' qlM (&) I" q&
= &" e IM-~1 k" e) -'=; ~ „y;.. .

RSEN g

(3.2)

The kinematical variables relevant to calculating the self-energy are displayed in Fig. 2.
The presence of M„ in Eq. (3.1) leads to a complicated self-consistency problem since M„ is a functional

of Z. Therefore, we content ourselves with the simple approximation of replacing M„by Mi in Eq. (3.1).
Thus using Eqs. (4.1) and (4.4) of Ref. 1, we may write, using Eq. (2.18),

IT"= (IT = E —E„--„,k") k"

k= (Es-E& —,k) k= (Es Es-, , k')

Mf q=(E, q)

M„N

p=(E„,p) p'=(E„,, p')
I

(a)
(a)

0
%.c= (%. = Js —E —,+ )

N, %

q =(E —,—~ )c N&c c q

c ' k )
C

p = (E, , -k )
C

FIG. 1. Kinematic variable for the pion (dashed line)
and the nucleon in (a) the Lorentz frame in which the
medium is at rest and (b) the center-of-mass frame of
the pion-nucleon system. If, for example, ip'i(pz, we

N ' (p 2+mb )1/2 and also N k (k 2 +m )1/2

etc. , in the simple model of Eqs. (2.17)—(2.18).

FIG. 2. Kinematic variable for the calculation of the
pion self-energy in (a) the Lorentz frame in which the
medium is at rest (iqi(pz), and in (b) the center-of-
mass frame of the pion and the nucleon. Recall that
E =(s+P ) and E~ k ——(k. +mh ) if we use Eq.
(2.18).
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z, .(& )=-,Jd&e(), 1&—)(l)(
" T (&"+&"&)

2 ")

4 1
dqe(Ps- lql}

" A"(S, O, k ', k"', m„', m„')+ B—"(f,0, k",2k~', m„', m„')m N 2 t2 2 2 +

Q tI

(3.3)

[Note that there is a factor of 2 on the right-hand side of Eq. (3.3) due to the isospin trace. ] The parame-
ter v is given by

2 2v=k q= «g„„- + «, =v SE„„—m„.
Using Eq. (4.31) of Ref. 1, we obtain for forward pion scattering

(.) (v e'+ m„) &.) (vV —m„)
A ' =47'

EN „- +m„EN „" —mq

a&'& = 4~
1

y (+) 1
y (+)

1 2
EN - +mq EN - —m„

~ Kg ~ K

Using Eqs. (3.4)-(3.6), we obtain

(3.4)

(3 6)

(3.6)

(3.7)g(+) B(+) (F(+) E(+))
1 2

mlt mQ

We may also use Eqs. (4.17) and (4.30) of Ref. 1 to relate this last quantity to the forward scattering am-

plitude:

fo(s, 0, «,', 7&,', «,', &&,') =fo(%) «,'), & ' +—B' = P(f)«,'}.( ) p ( )
471&f

m„m„jTc, I
' (3.8)

(3.9)

With the separable potential model of Londergan, McVoy, and Moniz (LMM), we have upon using Eqs.
(4.14) and (4.23) of Ref. 1 (m„/m„=l):

2«&f fo(X, «,')
Q -'[-,'(2T+1)2(2l+ 1+ a)])(2r „„lv,'r „, (l «, l) l'/D, 'r „, (S).

N, tg I C I l-"0 T=1/2, 3/2 0=41

Finally, we obtain {with (m„/m„) =1)

~i,.(" )=) 2, f~t)g(P, .lt)l)—
P7" Ns q

(2T y 1)(2f + 1 y o() 2 2 r+ &(M2r. 2)+a( c )Iv' & la I&l'

Dll=0 T"-1/2s 3/2 +=+1 2 Tt 2 l+e K I

where (3.10)

l2 h
(k». &f)2 k»m 2

(3.11) [(2v) ss(k P s
I Ti(Es) l»P s&)((s]

and

(k")'=(E, E„ f) f„)'—(k )—',
(k" q)'= [E„s(E,—E„ f) g,.) —k" ~ q]',

(3.12)

(3.13)

(3.14)s = (E„s+E,—E„ f) )",„)'—(k" + q)'.

We remark that Zf), (k~) is actually best dis-
played as a function of the two variables lk"

l
and

k" =E,—EN y P„.
with

4m A

)3 F& s-s k()~sr. 2z

"ar.2z( c } 2r.2z( (: }x D,
' (~ '

Y& „,(k,),
2T, 2J S

k,' = [(k p)' —k'p']/s

N-s's' N N-ss N

JNl ~N, g k ~N, g' k'

(4.1)

(4.2)

IV. EFFECTIVE PION-NUCLEON INTERACTION IN

A SEPARABLE COVARIANT MODEL

We consider, in this section, the solution of
Eq. (2.26) in the case the free T matrix Ti has a
separable form (see Fig. 1)

(4 3)kt2 [(kI,PI)2 kt2P(2]/s

We note that k,' and k,"are the squares of the
relative momentum vectors in the mN center-of-
mass frame. Our dynamical (covariant) model
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assumes that the function v,'~, J depends on the
four-vectors k and p only through the invariant
k,'. The factor in Eq. (4.1) involving the nucleon
and pion energies &„g,u&, . . . etc. , arises be-

C

cause the T matrix is evaluated in a general
Lorentz frame —see Eq. (2.26). We remark that

this factor is equal to 1 in the w1V center of mass
frame where ipse

= ski = ik, i. We further remark
that the decomposition in Eq. (4.1) is made for a
particular isospin T.

In order to solve Eq. (2.26) we assume that Ts,
the T matrix in the medium, is given by

, (k,')v2r 2z' « i'z% &zs(P~Ws)

(4.4)

Inserting Eqs. (4.1) and (4.4) into Eq. (2.26), we obtain

si
r I— ~St' ~ J J' ~re' SAt, pic' it~(Pi vs)= g ~ gr2g y i ~ p— At'z's' i«t s«(P)»s) Ag„g «stye(P) vs)

D2r, q(&s )
' Dr 2+i(vs

with

A| i~iso i a~es(P»&si) =
2 ~ dk Yg t st «»(k& )v2r 2ii(k& )2P

(4.5)

n gf g 4 p ii
&(

' ««C (P k )v2r & (2k«& ) Y&» s» & i(k&i)Csi &«& ~ srCs» &»&» g«. (4.6)
Cg p g ii47$e

We note that the vector k," may be obtained by performing a Lorentz transformation to the center of mass
of the pion-nucleon system. This vector gives the direction of the three-momentum of the intermediate
pion of momentum k" Isee Eq. (2.26)] in the Lorentz frame in which II=0. It is convenient to choose the z
axis al.ong 0; it is then readily seen that the matrices A. and A are diagonal in M. We define

A, .i.„, ,~„(P,Ws) = 5ss.A, .~,~(P, v s, M)

and

A, iz.u. , ,z„(P, Vs ) = 5„„iA, .zi, ,z (P, vs, M) .

(4.7)

(4.8)

Finally, we find

Ai, g, ii(P, &s, M)= i,",~, &,r,pi+ Q i, , ~, A/tJIf»j»(P, vs, M)A, g'ig(P«, »Ws, M), (4.9)

where

-r 1 -, , „„(2l'+1)(2l"+1) 'l'

Lo c) 2r 2J' c ) ~ ~ ) 2r 2J" c
~NP -T(" d%"

(4.10)

and

qi(IV l J 'M)=Q( 1) C«» ss»«0Cs»»»s C» (4.11)

(4.12)

We remark that in the special case that l and J are (approximately) good quantum numbers we have
l

D' (W) — ' A' (P W M)

~ t1'~JJ'~ZT. 2J'

X,', „(P,vs, M)
(4.13)
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In our numerical calculations we found that the
expression given in Eq. (4.13) was a rather good
approximation and we will later present results
for the quantity K),«r~(P, v s, M). (The shortened
notation g),r,z(Ws) will be used if P and M are
spec if ied elsewhere. )

Finally, we note that once the modified T matrix
i'„of Eq. (4.4} is obtained it is possible to recal-
culate the pion self-energy. Further iteration
could be used to obtain self-consistency. We did
not undertake such self-consistent calculations.

(kl&(')(~s)lk') = 5(k —k')& '(Ikl)
Ws —(e„g+«vf, )+i& ' (5.8)

It is useful to separate this propagator into por-
tions that describe the propagation in the elastic
and inelastic m-N channels, respectively,

(kl«;&;, '(Ws) lk') =5(k —k') ~vs —e„7, + «d«, )+ ie

equation (with relativistic kinematics) containing
an effective propagator,

V. ROLE OF PION-NUCLEON INELASTIC CHANNELS

The discussion presented thus far is adequate
for the situation in which we neglect inelasticities
in the m-nucleon system. However, only small
modifications of our treatment are needed if we
wish to take into account inelastic effects using
the model introduced in Ref. 4. We recall some
of the procedures of that work.

If the experimental phase shift and inelasticity
parameter are denoted by 5 and q, one defines a
quasiphase 6 and a parameter fj by means of the
equation

2'6
f)(1 e «6)2 (5.1}

If one writes the T matrix in the channel in ques-
tion as

I
z,(~) I t s )

v(l kc I )v(l ke I )
C C ~(~) (5.2)

one obtains a solution to the inverse scattering
problem expressed in terms of g and 5,

and

D(vs ) =exp—1 5(v s')
d(Ws')

Fs —~s+'E f
(5.3)

v (lkl)= ~ " /(~s) (e «~ 1)
k

(5.4)

where

g'(Iql) =v'(Iql)/j(lql) .

(5.6)

(5.7)

We see that the l' matrix of Eq. (5.2) may be
thought of as a solution of a Lippmann-Schwinger

2Ag Egg j~g
k (u%&g p

1 5(Ws') d(Ms')
& exp P — —

«} sin5 . (5.5)
vs -Ws'

One may show that

g'(lql)

«) (Ik I) 1

Ws —(e„g+«v-„)+ie

(5.9)

[While it is not apparent from Eq. (5.9) that the

second term does describe the propagation in the
inelastic channels, that may be seen to be the cor-
rect interpretation of this quantity if reference is
made to Eqs. (3.5), (3.10), and (3.11) of Ref. 4.]

In our model of the modified propagator we in-
sert the pion and nucleon self-energy terms only
in the propagator for the elastic m-N channel. If
we also insert the Pauli principle restriction in the
elastic channel only, we see that the second term
in Eq. (5.9) is canceled when the propagator dif-
ference is formed as in Eq. (2.23).

With these considerations in mind, the equations
of the previous sections are valid for a model
which includes the effects of inelasticity, as long
as the form factors v(lk I) and the denominator
functions D(vs ) for each channel are obtained by
the procedures outlined in Eqs. (5.1)-(5.7) of this
section. These expressions have been evaluated
and form factors so obtained have been exhibited
in Ref. 4. The solutions are characterized by
functions which have very great extensions in mo-
mentum space (to about 10-30 GeV/c). This fea-
ture reflects the fact that the work of Ref. 4 pro-
vides a separable T-matrix fit to phase shifts and
inelasticity parameters extrapolated to very high
energies. While a model based on a separable
form for the T matrix is reasonable in the region
dominated by resonance structures, the use of
such a model to fit phase shifts extended into the
multi-GeV range seems unreasonable. Also, we
expect that the dynamics of the pion-nucleon inter-
action in the nuclear medium (at low energy)
should not be sensitive to the assumed m-N phase
shifts above 1 GeV. For these reasons we felt that
a fit to the data below 1 GeV with form factors
which had much smaller extensions in momentum
space should be preferred. We therefore used Eqs.
(5.1)-(5.7), but with different specifications of the
high energy behavior of q and 5 than those used in
Ref. 4. Some results of our model are compared



1098 L. S. CELENZA, L. C. LIU, W. NUTT, AND C. M. SHAKIN 14

to those of Ref. 4 in Figs. 3 and 4. In Fig. 3 we
compare the 5»(k) and q»(k) for 0&k&1 GeV/c.
We remark that in this case the results for these
quantities taken from Ref. 4 correspond to phase
and inelasticities obtained from a detailed analysis
of m-N scattering. Our model provides an adequate
fit to these quantities in the region of interest and
also exhibits form factors which are constrained
such that v(k) =0 for k&1 GeV/c. In Fig. 4 we
compare our form factor for the (3,3) channel with
that of Ref. 4. While both models give essentially
similar on-shell T matrices for energies less than
1 GeV, they are quite different above that energy.
Further, the corresponding T matrices will be
quite different when compared for highly "off-
shell" values of their parameters.

We have obtained a set of form factors and de-
nominator functions based on a model in which
q(k)=1 and 5(k}=0 or 5(k)=n for k&1 GeV /c Re-.
sults for the effective m-A interaction in nuclear
matter based upon this model are presented in the
next sections.

3.0—
This work

2.0—
CO

%33

VI. RESULTS OF NUMERICAL CALCULATIONS

We have chosen to calculate the effective pion-
nucleon interaction at several values of p~, corre-
sponding to one-quarter, one-half, and full nuclear
density, since we are ultimately interested in the
situation in finite nuclei. (In the latter case, the
interaction often takes place in the nuclear sur-
face. ) Our results for the real and imaginary
parts of A[D»(vs )] ' and X[&»(vs )] ' are shown in

Figs. 5-7. We note a small shift in the resonance po-
sition and a rather significant increase in the width

D„(Ws) = N, (W-s h, +-,'ir„-) (6 1)

in the vicinity of the resonance energy On.e finds
iV, =1.73x10 ' (MeV) ', E„=1236MeV, and re
= 127 Me V. Fur ther, for given P, Af, and P ~ we
write

N, r„ r'
(Ws) = -N v s E, ' + i ——' —e+—

33 N 2 2
(6.2)

= -N[Ws —E,'+-,'trj, (6.3)

where I'—= (N,/N)I'„+I' . This parametrization is
motivated by the fact that the quantity 1"~ provides
a measure of the deviation from unitarity of the T
matrix in the medium T„. Indeed, if I'=0, the ef-
fect of the medium may be expressed through a
"coupling constant r enormalization, " expressible
as (A/N, }-(A/N). Clearly, E, e is the energy of
the resonance in the medium. We note that the
parametrization given in Equations (6.2) and (6.3)
and Table I is accurate only in the vicinity of the
resonance. For values away from the resonance
energy one may refer to Figs. 5-7.

The real and imaginary parts of X[D(v s )] ' and

A[&(Ws)] ' are presented for the P» and S» chan-
nels in Figs. 8 and 9. We note rather large
changes in the P» channels, but we feel that our
results in this channel may be less reliable than
in other channels. The presence of a resonance
at about 1.5 GeV in the P» channel and the shape
of the form factor in this channel (a relatively
narrow peak at k 550 MeV/c) make the calcula-

0.7

0.6— This work

0.5

0.4

of the resonance, particularly at high density. 'The

curves shown are for P= 207 MeV/c andM= -, . Thede-
pendence of our results on P and 3f, for various
values of p~, is presented in Table I, where we
have presented several parameters defined in the
following discussion.

It is useful to parametrize D»(vs ) by

1.0 - 1.0 0.3

0.2

200
I I

400 600
k (HeV tr'c)

I

800
0.1

FIG. 3. The phase shifts 6 and inelasticity param-
eters g for our model and that of Ref. 4 (LMM). The
latter model provides an accurate fit to the experi-
mentally determined ~-N phase shifts.

200 400 600
k (MeV jc~

800 1000

FIG. 4. Form factors v33(k) for the model of this work
compared to that of Ref. 4 (LMM), given in units of

-1
N~
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TABLE E. Parameters of the (3,3) resonance in the nuclear medium, tabulated quantities
are given in MeV. Free spa"e values: E&=1236 MeV, +0=1.73 &10 ~

4, MeV)"~, I'&=127 MeV.

Pp-=1.36 fm

2 2

Pg-1.08 fm
M= — M=—3

2 2

p~=0.86 fm '
M=p M=—3

2

130

N x].03

r
pk

1252
1.58
188

49

1240 1240
1.79 1.79
143 137

20 14

1236
1.83
120

0

X &103
I'

1261
1.46
203

52

1242
1.79
143

20

1245
1.78
135
11

N &10'
I'

1259 1272
1.73 1.79
196 160

70 38

1255
1.97
120

8

1242
1.97
127

15

1249
2.03
ill

3

tion of the effects in this channel sensitive to the
details of our self-energy ealeulations at higher
energies, where the effects of inelasticity are
quite important. Finally, we remark that we have
only small effects in the S» channel (Fig. 9) and in
the P» and S„channels (not shown).

In the calculations we have described we have in-
cluded a nucleon self-energy. This was repre-
sented by a real potential which mas approximately
-70 MeV for nucleon momentum P =0 and which
then decreased linearly mith energy, reaching a
value of 0 at 350 MeV (nucleon energy). An imag-
inary potential of about -20 MeV was also included

6.0

in the nucleon self-energy. These values mere
used for p~ = 1.36 fm ', and reduced by a factor
(ps/1. 36)s when other values of pr were considered.
It was found that, except for the values of Ws near
1100-1150MeV, the results mere not significantly
changed if the nucleon self-energy mas neglected
entirely.

In summary, the main feature of our results ap-
pears to be a damping of the resonance in the (3, 3)
channel, that is, me have I' & I'„. This effect is
rather strongly dependent on the density of the
medium.

We remark that our results are largely domi-
nated by the effects of the pion self-energy. For
example, we have investigated the effect of drop-
ping the Pauli principle restriction from our mod-

2.0-
3a

p = 0.86 frn
F

4.o—

2.0— p =1.OS fm '
F

-4.0

-10.0

1100

I

1200
I

1300

-6.0

—S.O

Imh[D~s)]

FIG. 5. The real and imaginary parts of X[2 tj s)]
and X[K)(v s)] ' for the P3& chsooel calculated for pz
=0.86 fm ~, P=207 MeV/c, and M=23.
Hek[D(vs)l ~; ---, Bek[g)(v s)] ~;

, Im&f&(~s)l

1200

Ws (vev)

I

1300

FIG. 6. Saxne as Fig. 5 except that p& =1.08 fm ~.
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4.0

2.0—
P33

p =1.36 fm
F

1.0—

0.8—

0.6—

S3
pF= 1.36fm '

-2.0 0.4—

- 4.0 0.2—

—6.0

-8.0 —0.2

-10.0

1100

I

1200
I

1300

-04—
1100

I

1200
I

1300

WS (MeV)

FIG. 7. Same as Fig. 5 except that pF =1.36 fm 1.
WS (Mev)

FIG. 9. Same as Fig. 8, but calculated for the S31

channel.

ified Green's function, and in Table II we present
the values for a[A»(vs )] ' as calculated with and
without the function 8([p+k —k" [-Ps) in Eq. (2.33).
As may be seen from this table, the results with
and without the Pauli principle effects are similar.

A rigor ous treatment of the self -ener gy inser-
tions in the inelastic channels is complicated and
beyond the scope of this work. We believe our re-
sults for those values of vs where inelasticity is
not particularly important (vs &1300 MeV) are
reliable and will not be altered significantly by a
proper treatment of the self-energies pertaining
to the inelastic channels.

If we consider the situation in finite nuclei, we
face various complications. For example, since
the pion-nucleus interaction is often a surface
interaction [particularly in the (3,3) resonance
region], it is difficult to specify the effective nu-
clear density at which the interaction should be
calculated.

It is probably a good approximation to identify

P with the laboratory momentum of the pion, a re-
sult which obtains if one averages over the Fermi
motion of the nucleons in the target. This choice
is less critical than the choice of pF since our re-
sults are not strongly dependent on the value of P.
Finally, we note that the calculation of the value
of Ws for the 1t-nucleon collision should take into
account the binding energy of the struck nucleon
and its momentum. It can be shown that when

these effects are taken into account the calculated
value of vs is approximately 40-50 MeV less than
the value one would calculate using the usual fixed
scatterer approximation for the nucleon.

VII. CONCLUSION

Since the pion-nucleon interaction is strongly
energy dependent, it is quite possible that it is

TABLE II. Effect of the Pauli principle restriction on
the calculation of &3&[X)33(vs)] for P=207 MeV/c and

pF = 1.36 fm-1

-0 4—

~ 3@s3~&si~
Ts With Pauli principle Without Pauli principle

(MeV) Real part Imag. part Real part Imag. part

-0.8—

—1.2

—1.6

—20—

-2 8—
-3.2

1100

p =1.36 fm '
F

I

1200
I

1300

VS (MeY)

FIG. 8. The real and itnaginary parts of A[g)(v s)) i

and &%&(v s)) for the P«channel calculated with p F
=1.36 fm, P =207 MeV/c, and M= 2. See caption of
Fig. 5.

1050
1070
1090
1110
1130
1150
1170
1190
1210
1230
1250
1270
1290
1310
1330
1350

—3.49
—3.83
—4.23
—4.64
—4.91
—5.02
—4.93
—4.44

3 ~ 32
—1.77
-0.15

1.02
1.78
2.06
2.16
2.12

-0.24
—0.46
—0.81
—1.32
-2.00
—2.84
-3.92
—4.05
—6.18
-6.69
—6.45
—5.65
—4.61

3 ~ 77
—2.98

2%37

—3.59
—3.79
—4.01
—4.24
—4.39
—4.42
—4.28
—3.78
—2.77
—1.49
—0.23

0.68
1.36
1.67
1.87
1.93

—0.68
—0.94
—1.29
—1.75
—2.30
—2.98
—3.88
—4.81
—5.65
—5.96
—5.72
—5.13
-4.36
-3.71
—3.04
—2.49
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necessary to obtain a satisfactory theory of the
effective pion-nucleon interaction in the nucleus
before good results may be obtained in the calcu-
lation of pion-nucleus scattering. In this work we
have outlined such a theory, paying particular at-
tention to the calculation of propagator modifica-
tions. As part of this program we have studied
the pion self-energy in nuclear matter in the con-
text of a eovariant reduction scheme used previ-
ously.

As mentioned previously, the main feature of
our calculations is a significant increase of the
width of the (3, 3) resonance, the resulting effec-
tive I' matrix exhibiting an important deviation
from the unitarity condition Im T = -») T p. This
decrease of the lifetime of the resonance in the
medium (collision broadening) may lead to some

difficulty in defining a useful isobar model for the
study of the role of the (3, 3) resonance in nuclei.

As remarked previously, there are various com-
plications in the application of our results to the
calculation of the pion-nucleon interaction in finite
nuclei. At this point, we hope that a study of the
scattering of pions from nuclei at low energy may
be sensitive to the details of the effective interac-
tion. We hope to investigate this question in a
future publication.

APPENDIX A

In this Appendix we introduce a form for d

which we expect will yield a better approximation
in the case where the pion does not propagate so
as to be close to its mass shell. Specifically, we

put

„(E,-E» p, g g )' —(uT, ,P-II(k", }t"')+is (E, —e» p, g g., )' —(uT, „'+is (Al )

To the extent that the pion remains fairly close to its mass shell, i.e., k"'=&y „, we can show that Eq.
(Al} reduces to Eq. (2.23), since

(E, -E» z+T, I, . )' —~T, .' -II(k", k")+i@= [k"' —Im V„(p+k -k")]' —~g,P —2&g „2'(k")+i&
(k"')' —ug„' —2k"'Im V„(p+k —k")

2COQ ir

= 2eg .[0"'—
&uk

„—Im V„(p+k —k"}—Z'(k")+ ie]

2~Ye "[Es E» p+Tc T&" ~Ti" ~ (k }+~el (A2}

(Eq —E'» p~T T ii} —
&gpT „+i e = [0 +Re V»(p+k —k )] —(d'f + 1 f

(k —(d$ i ){k i+ (d'f( w) 2k—2&$ a
2+$ ri

=2+g [i," —~„+ReV„(p+k —k")+i«]

=2&T("[Es &» p+T( %" —~% + i&].

In general we expect that Eq. (Al) will yield a somewhat better approximation than Eq. (2.23).
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