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Cross sections for elastic scattering of "Ar on targets of ' 'Bi and "'U were measured at energies of 286 and
340 MeV. Cross sections for the elastic scattering of "Kr on ' 'Bi were measured at energies of 600 and 712
MeV. These experimental elastic scattering data were fitted with optical and Fresnel models. The total
reaction cross section deduced from the Fresnel model by the one-quarter point technique agrees within a few

percent with the result from the optical model. The Fresnel interaction radius and the optical model strong

absorption radius are found to be approximately equal and qualitatively reproduced by the sum of the half-

density electron scattering radii of the two heavy ions and a constant of 3.2~0.3 fm. A method of estimating
total reaction cross sections for heavy ions is presented. Some observations on the real and imaginary

potentials of very heavy ions are presented.

NUCLEAH REACTIONS 09Bi( Ar, Ar} and U( Ar, OAr) E =286 NeV, E =340
MeV, t09Bi( 4Kr, s Kr) E = 600 MeV and E = 712 MeV. Measured elastic scattering
cross section. Fitted optical and Fresnel models to the data. Deduced maximum

angular momenta, interaction radii, and total reaction cross sections.

I. INTRODUCTION

Recent investigations of the interaction of pro-
jectiles heavier than argon with heavy target nu-
cl.ei have shown the importance of a new nuclear
interaction mechanism. ' " In the determination
of the cross sections for the various reaction
mechanisms in heavy ion reactions, it is impor-
tant to have an estimate of the total reaction cross
section in order to determine the relative proba-
bility of each mode of interaction and to ensure
that all possible partial reaction cross sections
have been found. Estimates of the total reaction
cross section can be made from the analysis of
elastic scattering angular distributions using an
optical model, or from strong absorption models
which parametrize the partial wave reflection co-
efficients. ' However, for very heavy ion reac-
tions, where the Coulomb force is of similar mag-
nitude to the nuclear force, an analytic expression
for the elastic scattering angular distribution can
be derived from a model based on a Fresnel scat-
tering analysis. ' In addition, the total reaction
cross section can be calculated from the "quarter-
point" technique. '

This paper describes measurements of the elas-
tic scattering angular distributions for 286- and
340-MeV Ar on ' Bi and ' U targets, and 600-
and 712-MeV Kr on '"Bi. Analysis of the dats,
using both the optical. model and the Fresnel model
is also described and the results of both types of
analysis are compared. In addition, elastic scat-
tering data for which optical model analyses are to
be found in the literature 'o "have been analyzed
using the Fresnel model. The results of this anal-
ysis are compared with the published optical mod-
el analyses.

II. EXPERIMENTAL ARRANGEMENT

The elastic scattering of argon and krypton pro-
jectiles from bismuth and uranium were studied
using superhilac accelerator. The targets were
elemental. Bi and anhydrous UF, line targets of ap-
proxitnately 2-mm x 7-mm size and 70-500 pg/cm
in thickness. The targets were prepared by vacu-
um evaporation onto 100-Itg/cm carbon backing
foils, and mounted with the target material facing
the detectors.

Particle detection was achieved with two silicon
surface barrier detectors mounted on moveable
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arms. One detector (referred to as the defining

detector) was covered by a rectangular slit, sub-
tending at the target 1' in the reaction plane and

+2.5' out of plane. The second detector was a po-
sition-sensitive detector which subtended a total
of 25 in plane. The position-sensitive detector
was covered with ten rectangular apertures each
of which subtended 1 in plane and +3.7' out of
plane. The inherent position resolution of the po-
sition-sensitive detector corresponded to an an-
gular resolution in the laboratory system of-0.5 .
The error in the angular position of each detector
was less than ~ 0.5'. Each detector aperture was
covered by a 0.132-mg/cm2 Ni foil in order to
suppress background. In addition, electron sup-
pression was achieved for the position-sensitive
detector by a vertical 4-kV potential between two
horizontal metal plates placed in front of the de-
tector aperture.

Elastic scattering events were detected in both
detectors in a singles mode and recorded on mag-
netic tape for off-line data analysis. Beam moni-
tor counters consisted of two silicon surface bar-
rier detectors mounted at +25 from the beam,
and 15' above the reaction plane. Counts in the
monitor detectors were used to determine left-
right changes in beam direction and for cross
section normalization.

Signals from a pulse generator were fed into the
detector preamplifier during the beam pulses.
The system live time was obtained by comparing
the counts in the pulser peak in the recorded pulse
spectrum with the number of pulses counted by an
ungated sealer connected directly to the pulse gen-
erator. The pulsing system was not available for
live time correction in the case of the Kr re-
sults at 600 MeV. However, the relative Kr elas-
tic scattering angular distribution could be ob-
tained from the particle energy spectrum obtained
at different positions in the position-sensitive de-
tector. This was done over the range 41.6'& 6I,
& 74.3', which was subtended by the position-sen-
sitive detector at a single angular setting. For
such a measurement, the live time, although un-
measured, is the same for particles detected at
al. l. angles within the range of the position-sensi-
tive detector. In order to be certain that the dead
time did not distort the measurements, the beam
current was limited to keep the dead time below
-2(8p and measurements were made at several
values of beam current. For all angular distribu-
tions other than Kr+Bi at 600 MeV, the data con-
sist of measurements made using the defining de-
tector at several angles, and the position-sensi-
tive detector at a few angular settings. Normali-
zation of the ratio o „/o„„,„obtained from the po-
sition-sensitive detector to the ratio found using
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FIG. 1. Ratios of the experimental elastic scattering

cross section to the Rutherford cross section as a func-
tion of the center-of-mass angle 8 for the epi+ oAr re-
action at 340 MeV laboratory energy). The dashed and
solid lines are Fresnel and optical model fits, respec-
tively, to the data.

the defining detector is effected in two ways. (a)
If the position-sensitive detector subtends an an-
gular range such that counts in some of the most
forward slits should lead to a ratio o „/oa„,„=1,
then the normalization of the position-sensitive
detector measurements is obtained by setting the
average value of the ratio o„ /oR„,„equal to one at
the most forward angles for which measurements
are made. (b) In cases where the position-sensi-
tive detector is not sufficiently far forward to lead
to (7

~ /(7R gh
= 1 at some of the slit positions, then

the data from the position-sensitive detector are
normalized using the cross section ratios obtained
from the defining detector.

III. RESULTS

The experimental ratios of elastic to Rutherford
scattering cross sections &r„ /crR„u, (8, ) for Ar
at 286 and 340 MeV on Bi and ' U and Kr at
600 and '712 MeV on ' Bi are shown in Figs. 1-6.
The errors include the statistical errors and an

estimate of the errors introduced in separating
elastically scattered particles from the inelastic
and few nucleon transfer events in the energy
spectrum. This problem of separation of elastic
and inelastic events arises near the angle corres-
ponding to a grazing collision. In this case separ-
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ation has been effected by obtaining a standard
elastic peak shape from the spectrum at an angle
sufficiently forward to be unaffected by inelastic
and transfer events, but not so far forward as to
be affected by resolution degradation brought about

by high count rates. The standard peak shape is
then fitted to the elastic peak at angles near the
grazing angle in order to extract the integrated
count of elastic events. The use of this fitting pro-
cedure is illustrated in Fig. 7 for the reaction of
712-MeV ' Kr on 'o Bi. In this case the standard
peak is the 18.5' run. The experimental data
(points) at angles 28.8, 46.4, and 54' are com-
pared with the standard peak (solid curve obtained
from 18.5 spectrum) in the three right panels of
Fig. 7. The experimental spectra and solid curves
at the above three angles illustrate the peak fitting
and unfolding procedure for a forward angle, an
angle near the grazing angle, and a very backward
angle. The full width at half maximum (FWHM) of
the standard peak corresponded to an energy reso-
lution of - 2% for the defining detectors and 2-6%
for the position-sensitive detectors.

For the ' Ar data discussed in this paper, at an-
gles near the quarter-point angle (8,g,}where
o „/o„„,„=0.25, the number of transfer events in

the peaks is approximately equal to the number of
elastic events. At angles separated from 8, ~4 by
more than 10' the transfer events are negligible.
For the ' Kr data the separation of elastic events
from the spectrum is even more difficult since the
beam energy is higher than that for the Ar data
and hence the 2% detector energy resolution corre-
sponds to a larger energy range. The problem of
inadequate resolution is even more acute in the
position-sensitive detector. An estimate of the
errors introduced because of the transfer events
is not obtained for "Kr measurements as easily
as for 'OAr measurements since (near 8,~,} the
tail on the elastic peak in the spectrum extends
into the peak produced by strongly damped colli-
sions which have a large cross section for "Kr in-
cident on Bi. Hence, it is necessary to separate
three different types of collision events in the
spectrum. The errors in the elastic scattering
cross section measurements for the '~Kr projec-
tile are probably about twice as large as the er-
rors for the Ar measurements but error estima-
tion is more difficult in the ' Kr case.

The elastic scattering data have been compared
with the predictions of two different models: (a)
The Fresnel scattering model and (b) the optical
model.

A. Fresnel scattering model

The theory of this model has been discussed by
Frahn' who shows that the ratio o „ /o„„th(8, ) is

given by

' (8) =/~[2 —S(y)] + [~ —C(y)] ]',
~Ruth

where S(y} and C(y) are the Fresnel sine and co-
sine integrals. The argument y is

=
2'1"'

y = — csc~(8,y, ) sin[2(8- 8,g, )J.

The Coulomb parameter g is given by

kv

l = q cot(-,'8, y,}. (4)
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FIG. 2. Same as Fig. 1 except for the laboratory
energy of 286 MeV.

where &p and 828 are the charges on the target
and projectile and v is their relative velocity at
large separations. The angle e, y, is the quarter-
point angle obtained from the experimental angu-
lar distribution as the angle for which o„ /o„„~
= 0.25.

In this model the maximum angular momentum
L for a particle taking part in a reaction with the
target is given by
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FIG. 4. Same as Fig. 1 except for the ~ U+4 Ar re-
action at 286 MeV Jab).

FIG. 3. Same as Fig. 1 except for the U+ Ar re-
action at 340 MeV (lab).

The interaction radius corresponds to

8 =r (A''+A '')

10

209/i + 84K r

600 MeV

[csc(26~(4) + 1] .
~+010-

The reaction cross section is given by

g~ = &2(L + 1) (6)

This model is supposed valid for the cases where

l »1 and L,„sing, y4&1.

Comparisons between the predictions of this model
and the experimental data are shown in Figs. 1-6.
The Fresnel parameters deduced from the data
are given in Table I.

B. Optical model
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The optical model search routine GENOA, , '
capable of handling 450 partial waves, has been
used to find nuclear potentials which lead to a fit
to the data for the elastic scattering angular dis-
tributions. The nuclear potential has a Woods-
Saxon form and the total potential is given by
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FIG. 5. Same as Fig. 1 except for the ~Bi+ Kr re-
action at 600 MeV g.ab).
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where

R=r„, [A
' '+Ar'~ ]. (9)

The Coulomb potential V~ r is thc

ZqZ~&c(r)= ' ~3(3)tc2-r'}, r~Zc
C

IV. DISCUSSION

A. Comparison of results fromrom Fresnel and optical models

Because is I.q arge for the projectiles
gies used to obtain the d

i es and ener-
in e data shown in Figs. 1-6,

e elastic scattering angular dist b tiri u ons show a

TABLE I. Parameters deduced from the
d f e ta of Figs. 1-6.

Zi Z28 r&ac,

Bq=rcAq ~ .

The Coulomb radius parameter r
a cu ations. The quanti+ V r

t ifu 1 ot ti 1.
For a given target the elastic scatterin"e--g.--- f tt~-

ependent parameters. Optical. model o

n in igs. 1-6 are listed in Table II.

(10)
Estab

Target (MeV)

209Bi
209BI
238U

238U

340
286
340
286

'0'Bi
209Bi

712
600

c.m.
gg'g4 r0
(deg) (fm)

40Ar projectile

80.63 47
87.91

1.411 185 2382

89.37 51
60 1.433 151 1887

97.44
1.414 187 2336

68 1.411 144 1648
84Kr projectile

161.6 50.5
175.9 66

& max (mb)

1.37 343 2533
1.38 270 1880

'
r0 is defined in terms of the ua

by Eq. (5).
o e quarter-point angle &&y4
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classical Fresnel scattering shape. The ratios
o„/c„„,„are close to 1 (at forward angLes) and fall
exponentially without oscillation as 8 increases.
In all cases shown, the Fresnel model predictions
for c„/o„„,„(8) show larger oscillations at forward
angles than are present in the data. However, the
decrease in the ratios c„/c„„~near the quarter
point are well reproduced over more than one or-
der of magnitude. At angles for which &r„/c„„u,
& 0.1, the Fresnel model predicts elastic scatter-
ing cross sections which are usually too large.

The optical model curves fitted to the data re-
produce the details of the experimental. angular
distributions somewhat better than the Fresnel
model, especially at large scattering angles.
However, by comparing the parameter values in
Tables I and II, it can be seen that the maximum
angular momentum l,„extracted from the Fresnel
model using Eq. (4), is very close to the angular
momentum f, g2 for which the optical model trans-
mission coefficient is 0.5. In addition, the reac-
t&on cross sections predicted by both the optical
model and the Fresnel model agree for most cases
to well within 10%. These properties are present
for all the optical model parameter sets which
have been tested.

If, in the data analysis, no correction is made
for few nucleon transfer events in the spectrum,
then the observed quarter-point angle will. be too
large and the corresponding reaction cross section

will be too low. Since the anal. ysis described in
this paper estimates the contribution of transfer
events in the energy spectrum, errors in the quar-
ter-point angle are + 1' for the Ar measurements
and '2 for the '4Kr measurements. These errors
arise from the uncertainty in the detector positions
and the problem of separating elastic and transfer
events. The projectile energy uncertainty and er-
rors in the quarter-point angle together lead to er-
rors in the total reaction cross section of +5/p for
the ~Ar reactions and '~~0+ for the '~Kr reactions.
However, because of the large corrections neces-
sary for transfer and strongly damped events, the
detailed shape of the elastic scattering angular
distribution is not well determined by experiments
with low or moderate energy resolution. In parti-
cular, for the case of ' Kr+' Bi, if the transfer
events are not separated completely from the elas-
tic scattering events, then the calculated ratio
c.~/o„„,„wiLL show a rise at angles just forward of
the falloff in the ratio. Such a rise in the ratio of
c„/c„„uup to 1.S before the falloff has been calcu-
lated by Rowley and attributed to the effects of the
nuclear potential on the ion trajectories. " Exper-
imental evidence quoted in support of such a large
peak is the reported peak values" of c„/c„„,„of
1.6 for the reaction of 500-MeV Kr on targets of
0 Pb and Th. However, careful analyses of ex-

perimental. data of high resolution are necessary
before the details of such an effect of the nuclear

TABLE IL Parameters for the optical model fit to the data displayed in Figs. 1-6.

E lab V
Target (Me V) (MeV)

R
a

(fm)
a& 8'

(Mev)
r aI
(fm)

a a pz
(fm) l

&~& (mb)

209Bi 340

286

68.0
214.5
43.2

68.0
214.5
43.2

40Ar projectiles

1.167 0.540 83.9
1.104 0.536 261.1
1.196 0.529 56.0

1.167 0.540 83.9
1.104 0.536 261.1
1.196 0.529 56.0

1.167
1.104
1.196

1.167
1.104
1.196

0.540
0.536
0.529

0.540
0.536
0.529

187 2491
185 2455
187 2494

150 1937
149 1902
150 1939

238 U 340

286

73.0
17.7

73.0
17.7

1.131 0.624
1.26 7 0.531

1.131 0.624
1.26 7 0.53.1

80.3 1.131 0.624 187 2416
15.4 1.267 0.531 187 2408

80.3 1.131 0.624 147 1803
15.4 1.267 0.531 147 1791

Kr projectiles

209Bi 712 7.68
144

1.344 0.217
1.123 0.560

10.0 1.344 0.21 7 346 2610
10.0 1.344 0.217 346 2602

600 7.68 1.344 0.217
144 1.223 0.560

10.0 1.344 0.217 272 1924
10.0 1.344 0.217 272 1919

~r&, az, rI, and ar are the radial parameters used in Eq. (9) to define the real and imag-
inary potentials, respectively, in Eq. (8) ~
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TABLE III. Comparison of parameters found from the
optical model and the Fresnel model fit to the data dis-
played in Figs. 1-6.

208Bi

238U

209Bi

E [gb

340
286

340
286

712
600

g Fresnel

Ar projectile

13.21
13.43

13.59
13.56

Kr projectile

14.16
14.24

Optical model
as„gm)

13.30
13.35

13.60
13.68

14.25
14.28

potential are confirmed. In the present experi-
ments we do not observe such large peak values
of g„/g„„~ for the Bi+~4Kr react'ion. Further-
more, the peak values of o„/o„„lh of 1.2 and 1.2
shown in Figs. 5 and 6, respectively, must be con-
sidered upper l,imits due to the possibl. e underesti-
mate of the correction for the transfer events.

In general the radius parameters found from the
Fresnel model are larger than the radius para-
meters of the real optical potential. This differ-
ence in radius parameters is not unexpected since
in the Fresnel model the radius parameter defines
the nuclear separation in a grazing collision, and
in the optical. model the radius parameter defines
a smaller radius corresponding to the overlap of
the two nuclei where the nuclear potential. has
reached 50% of its central value. However,
Blair" defines a strong absorption radius for the
optical model which is analogous to the Fresnel
interaction radius and may be written as

kR~„=q+[@ + I,(2(l y, +1) j' (12)

This strong absorption radius represents the dis-
tance of closest approach for the classical. Ruther-
ford orbit of angular momentum /, for which the
transmission coefficient T, =0.5. The value of

R&& is generally constant for all the ambiguous op-
tical. potentials which lead to good fits to elastic
scattering data. The interaction radius defined by
the Fresnel model is also given by an expression
similar to Eq. (12) if l is substituted for l, y„
as can be verified by eliminating O, y~ from Eqs.
(4) and (5). The Fresnel interaction radius and

R» thus represent the same classical distance of
closest approach, and since for the data discussed
in this paper l,g, =I, the strong absorption ra-
dius is very close to the interaction radius found
from the Fresnel model (Table III).

Brink and Rowley" have given some considera-

tion to possibl. e static deformation effects on elas-
tic scattering. Since uranium is known to be de-
formed, it is possible that deformation effects are
present in the elastic scattering data for Ar on U.
However, the deformation effects are expected to
be small at energies well above the Coulomb bar-
rier and have not been explicitly considered in the
analysis described in this paper.

Table IV contains parameters deduced from a
Fresnel scattering analysis of published heavy ion
elastic scattering data. Table V compares the
values of l found for the data in Table IV with
other optical model analyses of the same data. "''
As can be seen from Table V there is good agree-
ment between l from the Fresnel model and ly/2

from the optical model analyses.

8. Optical model parameters

For the Ar reactions the optical model poten-
tials tested were restricted to those with four free
parameters, V, 8', r„=r„and a~=a, . Even then
the well known Igo' ambiguities are present as
evidenced by the potentials listed in Table II. One
of the common features of all the potentials de-
rived from fitting elastic scattering of Ar on tar-
gets of Bi or U is the similar values of the
potential at the strong absorption radius [defined
by Eq. (12)]. The average values of the real po-
tential ( V„) at Rz„ for the various potentials
listed in Table II for 'O'Bi and U are given in
Table VI. The magnitudes of the various imagin-
ary potentials listed in Table II are also the same
at the strong absorption radius. With the above
restrictions that r„=&, and a~ =a„ the magnitudes
of the central real and imaginary potentials are
comparable. This resul. t is in agreement with the
observations of Satchler for "C, "0, and Ne
elastic scattering from ' 'Pb. For the various po-
tentia, ls tested we found that the fits to the elastic
scattering are very insensitive to the values of the
real and imaginary potentials for radial distances
a few femtometers smaller than R».

For the Kr reactions the optical model poten-
tials initially examined were again restricted to
those with four free parameters. The best fits to
the elastic scattering for the ' Bi+ "Kr reaction
resulted in a class of potentials with similar val-
ues of the potential at 8» and with rather small
values of the diffuseness parameter. For the po-
tentials we tested, the parameter searches always
resulted in diffuseness parameters which were
much smaller for ' Kr than those found for ~Ar.
The four parameters of one such '~Kr potential are
listed in Table II. Equivalent or better fits to the
elastic scattering were obtained with a six para-
meter%oods-Saxon potential. including V, r~, a~,
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TABLE IV. Parameters of the Fresnel model fit to the elastic scattering data of Refs.
10—25.

Reaction
Energy
(MeV)

k

(fm) 1

+0

(fm) (mb)

12C + 208pb

(Refs. 24 and 25)
96 7.02 27.39 55.5 1.44 52 1791

16p + 54Fe

{Ref. 15)

P+ Fe
(Ref. 14)

6p+ 58N

(Ref. 16)

16p+ 70ae

{Ref. 14)

16p+ 740

{Ref. 14)

16p+ 88sr

(Ref. 16)

"p+ 90Zr

{Ref. 14)

16p+ 116Sn

(Ref. 13)

f6p + 120S

{Ref. 13)

46
48
52

40
50
60

44
50
60

44
50
60

44
48
56

52
60

50
60

66
67

65.8
66.7

4.58
4.68
4.87

4.30
4.81
5.27

4.55
4.85
5.31

4.72
5.04
5.52

4.77
4.98
5.38

5.34
5.73

5.25
5.75

6.25
6.29

6.26
6.29

19.3
18.9
18.2

20.2

18.5
16.9

21.3
20.0
18.2

24.3
22. 8

20.8

24.3
23.3
21.5

26.6
24. 7

28.5
26.0

31.0
30.8

31.1
30.8

97.8
87.6
75.0

143.6
77.7
56.6

125.6
90.0
62.5

145.0
96.9
67.9

128.1
103.5

70.7

120.0
83.2

167.0
91.0

102.0
96.2

99.0
95.8

1.56
1.57
1.57

1.56
1.57
1.57

1.55
1.55
1.57

1.59
1.59
1.59

1.60
1.58
1.63

1.54
1.52

1.56
1.55

1.53
1.55

1.54
1.54

17
20
24

7

23
31

11
20
30

8
20
31

12
18
30

15
28

3
26

25
28

27
28

478
617
808

78.7
781

1187

1S1
586

1070

105
557

1053

227
473

1067

294
795

21.2
671

548
649

606
663

16p + 208pb

(Ref. 20)
104 8.29 40.5 82.5 1.46 46 1020

16p+ 208pb

(Ref s. 24 and 25)
129.5
192

9.24
11.26

36.31
29.82

53.1
30.8

1.51
1.49

73
108

2015
2944

16p+ 235U

(Ref. 22)

20Ne+ 197A

{Ref. 21)

20Ne+ 206pb

{Ref. 21)

140

208

208

12.8

12.8

39.12

38.6

40.0

56.5

40.0

1.45

1.423

1.418

72.9 1830

110 2376

110 2344

Ne+ pb
{Ref. 21)

208 12.9 40.0 40.0 1.415 110 2340

20Ne + 208p

(Refs. 24 and 25)
161.2 11.33 45.48 53.1 1.50 91 2071

20Ne + 208pb

(Ref. 21)

20Ne y 209Bi

(Ref. 21)

20Ne + 235 U
(Ref. 22)

208

208

175
252

12.9

12.9

11.92
14.30

40.0

40. 5

48.99
40.82

39.5

40.0

56.2
33.8

1.425

1.422

1.45
1.43

111 2400

111 2374

91.8 1900
134 2810
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TABLE IV. (Continued)

Reaction
Energy
(MeV)

k
(fm) ~ c.m.

8)'g 4'

+0
(fm) l max (mb)

32S+ 24Mg

(Ref. 17)
75
90

110
120

4.59
5.03
5.56
5.81

19.7
18.0
16.3
15.6

80.0
54.8
46.0

1.52
1.55
1.58

110.0 1.58

21
32
37

623
1093
1323

S+ 27Al

(Ref. 17)

32S + 40ca
(Ref. 17)

40A~ + f09Ag

(Ref. 23)

Ar + ~2~Sb

(Ref. 23)

40A~+ 209Bl

40A p + 238 U

84K + 65Cu

(Ref. 23)

84~ + f84 Ta
(Ref. 18)

84K ~ 197Au

(Ref. 18)

84K'+ 208Pb

(Refs. 10 and 11)

Kx+ Bi

84Kr + 232Th

(Ref. 11)

73
85

110

82.5
85
90

169
197
236
288
337

282
340

286
340

286
340

494
604

457

500
500

600
712

500

4.84
5.22
5.94

6.24
6.34
6.52

13.1
14.2
15.6
17~ 2

18.6

17.4
19.1

19.6
21.4

20.0
21.8

19.4
21.5

29.3

30.0

31.9
31.9

35.2
38.2

32 ~ 9

21.7

20 ~ 1
17.1

31.4
30.9
30.0

64.8
60.0
54.9
49.7
45.4

54 4
49.6

87.9
80.6

97.4
87.4

67.8
61.2

177

192

190
190

176
162

210

115.0
84.2
55.0

135.0
120.0
102.0

88.0
65.0
50.0
39.0
32.5

41
32

60.0
47.0

68.0
51.0

48
36

113.0

131.0

97.7
101.0

66.0
50.5

125.0

1.60
1.55
1.52

1.59
1 ~ 59
1.59

1.46
1.47
1.45
1.40
1.38

1.44
1.43

1.43
1,41

1.41
1.41

1.44
1.44

1.31

1.35
1.33

1.38
1.37

1.28

14
22
34

13
18
24

67
94

118
140
157

145
173

151
185

144
187

152
188

118

88

166
157

270
343

109

294
620

1084

158
276
473

850
1410
1830
2110
2270

2210
2600

1887
2382

1648
2336

1950
2430

866
769

1880
2533

351

84K + 238U

(Ref. 12)
456 31.6 223 168.0 1.34 24

W, r„and al. The real potential for this class of
potentials was not limited to those with small val-
ues of a„but only had the restriction of similar
values of the real potential at 8». One such six
parameter potential. is listed also in Tabl.e II. All
of the potentials found to give the better fits to the
"Kr elastic scattering required the imaginary po-
tential to have smaii values of az (-4 fm) and cor-
responding rather large values of r, . However,
real. potentials with a variety of values of V, r„,
and a, give essentially equivalent fits to the elas-
tic scattering data as long as the real potentials at

A» are approximately the same.
In summary it shoul. d be emphasized that the

Woods-Saxon potential. s listed in Table II are re-
presentative of those found during our limited
number of calculations and are in no way to be
considered an exhaustive list.

C. Uariations of ro with Z g2

The variation of the radius parameter xo with the
product &,Z, is shown in Fig. 8 for the reactions
listed in Table IV. Similar correlations have been
made previously"'" of the radius parameter r, as
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TABLE V. Comparison of the Fresnel prediction for
lm~ with the optical model value of l &g2.

Reaction

28+ Mg

32S + 27A1

32S+ 40Ca

40Ar + 77se

4QAr + 20 Bj

40Ar + 238U

84K + 209Bi

Lab energy
{MeV)

75
90

110
120

73
85

110

82.5
85
90

146

286
340

286
340

600
712

Fresnel /ma

14
21
32
37

14
22
34

13
18
24

52

151
185

144
187

270
343

L( /'2

13
22 a

31
36

16
22 a

33

14 a

18
23 a

56b

150'
186

147
187

272
346

'Data of Gutbrod et al. , Ref. 17 (optical model).
Data of Galin et al. , Ref. 19 (optical model).

'" This paper (optical model).

160
Ne

g 325

o 4OAf

v'4K,

1.4—
0

~Q
I

13-
I I I I I I I

0 600 1200 1800 2400 3000

Z] Z2

FIG. 8. Plot of the interaction radius parameter r0
[where r0 =-Rm, /(Ag +A2 3)j as a function of z f ~ 2 for
various projectile-target combinations. The solid line
is calculated with Eq. (13).

a function of q and Z,Z, . Since the correl. ation of
r, with q contains an implicit energy dependence
for r„we have chosen to show the correlation of
~, with Z,Z, as existing data do not clearly show
that +p is dependent on the projectile energy. The

data of Fig. 8 may be used to estimate the total re-
action cross section for an unmeasured heavy ion
reaction. The procedure for prediction of the total
reaction cross section is to first estimate ro from
the data of Fig. 8 for the Z, Z, value appropriate to
the projectile and target combination. Then, this
value of xo is used to calculate an estimated quar-
ter-point angle e, y, from Eq. (5). The resulting
value of H, y, is substituted into Eq. (4) to obtain an
estimate of I, „, and finally the estimated l is
used in Eq. (6) to calculate the total reaction cross
section. The accuracy of a total reaction cross
section estimated by this method is better than
+ 20%%u~ for projectiles and energies for which the
Fresnel. model is valid.

The line drawn in Fig. 8 is calculated with the
formula

r, = [C, +C, +S(-,')]/(A, ""+W,'"), (13)

where Cj + C2 are the electron scattering half -den-
sity radii ' from a two-parameter Fermi distribu-
tion function, and S(~) is a constant of 3.2 fm. The
fact that several configurations of target and pro-
jectile with similar values of Z,Z, are possible
means that individual calculated values of r, are
spread about the line drawn in Fig. 8. One ob-
serves from this figure that the variation in ro
based on the experimentally measured values of
the interaction radius 8,„, [where ro=B, /(4, ' '
+A, ' ')] is qualitatively reproduced by Eq. (13).
This suggests that heavy ion nuclear reactions are
initiated at a fixed distance between the half-den-
sity radii of the two nuclei as illustrated in Fig. 9.
The uncertainty in the distance S(~)is -0.3 fm. An

uncertainty of this magnitude transforms into a
change of 0.05 fm in the calculated value of ~, at
small Z, Z, and a change of 0.03 fm at large values
of Z, Z, . With an error in S(~) of 0.03 fm some of
the experimental points in the neighborhood of
Z,Z, = 3000 are still slightly smaller than the cal-
culated values of r, . This may indicate that the
distance S(&) for the krypton induced reactions on

heavy targets is slightly smaller than 2.9 fm. Al-
ternatively, most of the experimental values of r,
determined from elastic scattering measurements
may be too small due to the fact that the correction
for non-elastic processes in most of the existing
krypton measurements is underestimated.

If the diffuseness parameter in the Fermi density
distribution is assumed to be in the range 0.5 to
0.6 fm, the value of p/po at S(~) =3.2+0.3 fm is
0.05+ 0.02. The result that nuclear reactions are
initiated when each ion overlaps the other to about
5$ of its central density is approximate insofar as
the density distribution of each of the heavy ions
may not follow a Fermi distribution out to the
radii considered here.
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0.5 =
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0.1 =
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1.0
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0.1 =

0.05—

P 002

P,

C)

209' + 40A

C) = 6.62
C2= 3.50
0 =0.55

C)

tion is very small for heavy ions. An alternate ap-
proach to this problem is to util. ize the elastic
scattering data in conjuction with the liquid drop
model.

In the liquid drop model the maximum nuclear
force is obtained at the touching distance, which
for two spherical nuclei is given by '

dV„2r(y, +y, )R„R„
(14)

where y = 0.9517[1—1.7826(N- Z/A)'], R =R, +R„
and R, and R, are the radii of the target and pro-
jectile nuclei, respectively,

R,. = (1.13+0.0002A()A.

x[1 —(1.13+0.0002A() A( ]. (15

If the above value of the nuclear force is equated to
the force found for a Woods-Saxon potential at
r =R then one obtains a relation" between Vo and
the diffuseness parameter a

0.02— dV„V . (16)
0.01

6 8

r (frnj

I

10 12 14

FIG. 9. Plot of the ratio of the nuclear density to the
central nuclear density of each heavy ion as a function
of the interaction distance between the two ions. It is
assumed that the density distribution of each ion is given
by a two parameter Fermi distribution function. For the
one-quarter point where 0',&/o«~=1/4, the quantity
8(1/4} is a constant of 3.2 +0.3 fm and independent of re-
acting iona. The correspo~&~ value of p/p 0 is 0.05
+0.02. The bottom part of the Qgure corresponds to the
one-hundredths point, where 0,~/O'R„+=1/100. The value
of S(1/100) is 1.6 +0.2 fm and corresponds to a value of
p/p, 0.20 40.05.

D. Estimate of Koods-Saxon potential parameters V0 and

a from elastic and the liquid drop model

It is well known that heavy ion elastic scattering
measurements determine the real potential at
large radial distances near the interaction radius.
Although it is possible to obtain information on the
radial dependence of V by varying the projectile
energy, "the radial range available to investiga-

Use of Eq. (16) along with the value of (V„) deter-
mined at the strong absorption radius R» from
the optical model fits to the elastic scattering al-
lows one to deduce the parameters Vo and a [as-
suming a Woods-Saxon type potential for which R
is given by Eq. (15) as listed in Table VI]. For the
reactions of this paper the values of Vp and a esti-
mated by this procedure are shown in Table VI.
The potentials derived in this way give optical
model fits to the data which are of a similar qual-
ity to the potentials listed in Table II. The poten-
tial derived in this way may be a reasonable esti-
mate over the radial distance from R&& to the ra-
dius where the nuclear force dV„/dr, has its
maximum value. As the radial distance is further
decreased the potential may become repulsive as
the two nuclei penetrate each other. Such a repul-
sion is a natural consequence of keeping the inter-
action degrees of freedom frozen as, for example,
in the proximity potential or the energy density
potential. ""

An interaction potential. for heavy ion scattering

TABLE VI. Values of Vp and a determined by combining the elastic scattering data and
the liquid drop model.

Reaction
Rs~
(fm)

&V~) at R&&

(MeV)
Vp

(MeV) gm)

2 09@i + 40Ar
238U + 40hr
208+i+ 84Kr

13.33
13.64
14.27

10.445
10.796
11.634

-0.77
-0.97
-1.10

-69
-72
-79

0,64
0.66
0.62
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has often been estimated by folding the density
distribution of the projectile with the real part of
the single-nucleon optical potential of the target
nucleus. Using this type of folded potential, Brink
and Rowl, ey" deduced a radial parameter of the
folded potential by matching the calculated value
of /, „with the value of L,„determined from a
Fresnel analysis of the experimenta1. elastic scat-
tering cross sections using the one-quarter-point
method [Eqs. (1)—(4)]. The difficulty with the
Brink-Rowley procedure is the assumption that
L,„can be calculated from the position of the max-
imum in the total potential energy V(l, r) at some
radial. distance by equating this maximum potential
energy to the center-of-mass energy. For very
heavy projectiles the total potential energy V(l, r)
probably does not have a radial maximum for large
angular momenta near I, ,„. Therefore, use of the
Brink-Rowley procedure produces a nuclear po-
tential strong enough to force a maximum in
V(l,„,r) at some radius, and hence, such a pro-
cedure gives an unrealistically deep nuclear po-
tential for very heavy ion interactions. '

E. Semi classical model analysis

The gross features of heavy ion elastic scatter-
ing are described qualitatively by a semiclassi-
cal model. " Such a description is applicable since
q =D(8 = w)/2X has values for the present experi-
ments of approximately 85 (for 40Ar) and 170 (for
"Kr). Here D(8= w) is the distance of closest
approach in a head-on collision (neglecting the
nuclear field) and K is the reduced wavelength at
infinite ion separation.

In Fig. 10 are plotted the elastic to Rutherford
scattering cross section ratios, o„/o' R„,„for the
'~Bi+"Ar reaction as a function of the distance
d(8), where d(8) =D(8)/(A, ' '+A, ' ') and D(8) is
the distance of closest approach for a Rutherford
trajectory with scattering angle 6'. The distance
D(8) is given by

TZ e'
D(8) = ' ' (1 +csc —,'8)

2E

where

&... (d)

{I
0 ford(8)& d,

[d(8) -d.](A, ' ~'+ A, ' ~')

1.0—
d, =i.495 f&

I
f2+LQ ca

0.5—

0.2—
209). 40A

0 286 MeV
D 34QMeV

0.1—

0.05—

(19)
with do=1.495 fm and ~=0.47 fm. These values
are to be compared to d, =1.68 fm and 4 =0.55 fm
obtained for i2C and xe, x 0 scattering on a number
of targets (A =40 to 96).40

In Fig. 11 a similar plot is made for the "U
+ "Ar reaction. Values of 4, and 4 are 1.47 fm
and 0.46 fm, respectively, for the "U+ Ar re-
action in rather close agreement with similar
values found for the ' Bi+ Ar reaction. How-
ever, the '"U+"Ar reaction appears to have
more of a knee with the actual values of o, , /oR„, h

dropping below one at values of d less than 1.54.
The values of ~, and & are somewhat smaller
for the '~Bi+ "Kr reaction, although the uncer-
tainties in these quantities are large for this re-
action. For the Ar reactions the error intro-
duced in 4, by the uncertainty in the contributions
of transfer events in the energy spectra is less
than 0.03 fm. The reduction of &0 with increas-
ing values of ~,Z, is analogous to the reduction of

= 0&(1 + csc —,
'

8) . (17)
0.02—

[d{8) do] {AI A1

6=0.47'- 0.05 fm
As d(8} or D(8}decreases, corresponding to an in-
crease in angle 0, the projectile comes into a re-
gion where it experiences the attractive nuclear
potential and is deflected to smaller angles. The
use of the parameter d(8) allows one to describe
the elastic scattering of "Ar on '~Bi at our two
energies by the expression

=1 P„„(d), -.
Ruth

0.01
1.0 1.2 1.4 1.6 1.8 2.0 2.2 2.4

d(8) =D(8) / (A) + A2 ) (fm)

FIG. 10. Ratios of the el.astic to Rutherford cross
sections for the 9Bi+ Ar reaction at 340 and 286 MeV
as a function of the distance d(8) [where d(&) = D(&)/(&&&~3
+42' )]. The quantity D(8) is defined in Eq. (17) and is
the distance of closest approach for a Rutherford tra-
jectory with scattering angle 8.
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1.0—

I I I

do=1.47 fm

ya J ~ ~ ~ a

0.5-

~~ 0.2-

O.l—

0.05—

238U ~ 40A

286 MeV
e 34O MeV

0.02—

0.01
1.0

0 [d(e)-d ](A +A
= exp

~RUTH

6=0.46+0.05 fm

I I I I I

1.2 1.4 1.6 1.8 2.0 2.2 2.4

d(8)=D(8)/(A, +A ) (f )

FIG. 11. Same as Fig. 10 except for the U+ Ar re-
action.

&, [when the interaction radius is parametrized
in terms of ro(A, '~'+A2' ')] with Z,Z2 as dis-
cussed earlier.

Values of D(1/100} have been calculated from
the present data displayed in Figs. 10 and 11 and
from data4' reported in the literature. The quan-
tity D(1/100) is evaluated from Eq. (18) and is
defined as the distance of closest approach be-
tween the two nuclei at the angle 8 where the ratio
o„/a'„„,„ is equal to 0.01. If one interprets these
data in analogy to the one-quarter-point distances
discussed earlier (see Fig. 8}such that

D(1/100) = C, + C, + S(1/100), (20)

CONCLUSION

Analysis of elastic scattering data is compli-
cated by the presence of few nucleon transfer

one finds that S(1/100) is approxhnately equal to
1.6~ 0.2 fm and independent of Z,Z, [as was S(—,')].
Again assuming a diffuseness parameter in the
range of 0.50 to 0.60 fm, the corresponding value
of p/p, for S(1/100) =1.6 fm is 0.20+0.05. At
these smaller distances of D(1/100} the pro-
jectile experiences the attractive nuclear poten-
tial more strongly and larger deviations are ex-
pected from the classical Rutherford trajectories.
Even so, for all heavy ion reactions examined the
value of o„/o„„,„=0.01 or P„„(d)=0.99 is reached
at approximately the same value of p/po.

events which give rise to scattered particles of
energy close to the energy of the elastically scat-
tered projectile. Hence, it is essential that data
be collected with a high energy resolution if the
detailed shape of the elastic scattering angular
distribution is to be examined. Because of the
rapid decrease in the ratio o„/o „„,„near the quart-
er point, it is still possible to extract from elas-
tic scattering values of the total reaction cross
section for heavy ion reactions to within +10%,
even from data taken with moderate energy reso-
lution (-2%).

The comparison of optical and Fresnel scatter-
ing models used to fit heavy ion elastic scatter-
ing data indicates that the Fresnel model repro-
duces the gross features of the elastic scattering
angular distributions at angles not too far from
the quarter point. For heavy ions the Fresnel
model leads to reasonable estimates of the max-
imum angular momentum for reacting ions and
the total reaction cross section. Further, the
Fresnel interaction radii are in good agreement
with the optical model strong absorption radii.

The systematics of the variation of the Fresnel
interaction radii indicate that the probability of
nuclear reactions between heavy ions is a univer-
sal function of the separation of their surfaces.
Assuming a two-parameter Fermi density distri-
bution for each of the heavy ions with a half-den-
sity radius of C;, the onset of nuclear reaction
between heavy ions occurs at a constant separa-
tion distance of 3.2 a 0.3 fm, where the Fresnel
interaction radius is given by B;„,= C, +C, +3.2 fm.
With a diffuseness parameter of 0.55 fm in the
Fermi density distribution, the onset of nuclear
reaction between heavy ions is also describable
in terms of a universal function of the ratio of the
maximum overlap density to the central nuclear
density of approximately 5% for each ion.

The radial dependence of the real nuclear poten-
tial is obtained from a combination of the nuclear
potential at the strong absorption radius derived
from optical model fitting of the elastic scattering
and the maximum nuclear force between heavy
ions as predicted by the liquid drop model. Such
a potential may be a reasonable estimate of the
internuclear potential at nuclear separation be-
tween the liquid drop touching distance and the
strong absorption radius.
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