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Coulomb effects in hadron-nucleus and nucleus-nucleus collisions and the hadron-neutron
amplitude*
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Coulomb effects in high energy charged hadron-nucleus collisions are studied in a formalism which is exact
within the framework of multiple diffraction theory and takes into account the extended charge effects of the
incident hadron and the bound protons. Several more approximate but simpler formulas are also considered
and their accuracy discussed. Results are extended to include heavy-ion collisions in the optical limit of the
Glauber theory and in the Chou-Yang model. Applications are made to the proton-deuteron elastic and

elastic plus quasielastic scattering measurements below 70 GeV to extract the ratio of real to imaginary part
and the slope parameter of the proton-neutron elastic scattering amplitude. The results are compared with

those from dispersion relation calculations and from earlier analyses. Approximate analytic formulas derived

for p-d scattering give results almost identical to the more exact expressions. For nucleus-nucleus collisions

the Coulomb effects are found to be important over a rather wide range of momentum transfers.

NUCLEAR REACTIONS d(P, P), E =10-70 GeV; calculated a(E, 0) in Coulomb-
nuclear interference region; deduced p-n scattering amplitude parameters.
2C, 58Ni 208Pb@ P), i=1.04 GeV, ~2C(12C 12C), E=2.1 GeV/nucleon Coulomb

effects, calculated O'P).

I. INTRODUCTION

The study of Coulomb effects is of considerable
importance for the accurate description of charged
hadron-nuc1eus collisions and for the investigation
of hadron-nucleon interactions by means of such
collisions. At very small momentum transfers
the contributions of the Coulomb interactions and

of the strong interactions to the scattering ampli-
tude are comparable, and hence the differential
cross sections are quite sensitive to the interfer-
ence between them. Information regarding strong
interactions, such as the real part of the strong
interaction amplitude, can be extracted from the
analysis of the interference region. Since direct
hadron-neutron scattering experiments, for the
most part, are not feasible because of the unavail. i-
bility of neutron targets or the scarcity and short
lives of most elementary particles, small angle
hadron-deuteron scattering is of particular inter-

estt.

Hadron-deuteron s catter ing experiments can
be used together with hadron-proton measure-
ments to extract information about the hadron-
neutron amplitudes via a multiple scattering
theory. Such analyses can be performed by
means of the Glauber theory. " In the past,
additional approximations and simplifications
were made in the analyses" of proton-deuteron
scattering data to obtain proton-neutron scatter-
ing parameters. It is desirable to investigate the
accuracy of these analyses, since a detailed know-
ledge of the hadron-neutron amplitude is of funda-

mental importance in nuclear and particle physics
studies.

Recently„extensive proton-deuteron elastic
scattering experiments between 10 and 70 GeV
were performed at Serpukhov' down to very small
angles and additional small angle experiments are
being carried out at Fermi National Accelerator
Laboratory (FNAL) between 50 and 400 GeV.
These measurements will be used to extract the
relevant parameters in the proton-neutron scatter-
ing amplitudes. Since the high energy diffraction
theory has generally proven to be quite accurate
at small angles, it is appropriate to use it in un-
dertaking a more careful study of Coulomb-nu-
clear interference and to analyze the P-d measure-
ments.

One can also hope to learn about hadron-nucleon
interactions from the study of collisions of hadrons
with other nuclei. For example, the minima which
occur in hadron-nucleus elastic scattering inten-
sities are quite sensitive to the ratio p„of the real
to imaginary part of the hadron-neutron forward
elastic scattering amplitude and hence the experi-
mental data in that region can be used to deter-
mine p„. As pointed out by Czyz, Lesniak, and

Wolek, ' Coulomb effects play a significant role
near the minima; hence they must be careful, ly in-
cluded. The Coulomb effects are expected to be
even larger in heavy-ion collisions. Since such
experiments are being planned at the Berkeley
Bevalac, the detailed investigation of Coulomb
effects in such collisions is of current interest.
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In this paper, therefore, we also consider heavy-
ion collisions and include the contributions due to
the CouI. omb interaction.

In Sec. II, we present theoretical expressions
for elastic and elastic plus quasieJastic differen-
tia, l cross sections for charged hadron-deuteron
scattering. Gur analysis is exact within the frame-
work of the diffraction theory and we explicitly in-
clude the charge distribution effects of the inci-
dent hadron and the bound proton. We briefly de-
scribe some additional results which are slightly
more approximate but significantly more simple
in form and extremely easy to use in the analysis
of data, . In Sec. III we extend the formalism to in-
clude scattering by other nuclei and consider some
approximate models due to Bethe' a,nd to West and
Yennie, ' as well as an approximate phase formula.
In each of these approximate models, Coulomb ef-
fects are assumed to originate from the nucleus
as a whole rather than from each individual pro-
ton. In Sec. IV we include the extended charge
Coulomb effects in nucleus-nucleus collisions.
A comparison of the various approximate expres-
sions with the more exact results is given in Sec.
V and their accuracy is discussed. In Sec. VI we
describe the deuteron form factor used in our
analysis. We then apply our results to extract
the ratio of rea, l to imaginary parts of the proton-
neutron elastic scattering amplitude from the pro-
ton-deuteron elastic scattering measurements in
the energy region 10-70 GeV and from elastic
plus quasielastic measurements at 19.3 GeV/c.
We also estimate the slope parameter for the
proton-neutron elastic scattering amplitude. We
compare the results with those obtained from the
approximate formulas discussed in Sec. II, with
the results obtained by Beznogikh et al. , and with
some dispersion relation calculations. We also
discuss briefly the possible effects of inelastic in-
termediate states on our results. We summarize
our results in Sec. VII.

II. HADRON-DEUTERON COLLISIONS

In the multiple diffraction theory of Glauber, the
scattering amplitude operator for scattering by
deuterons is given by'

F (j, s)=—f e'~' 1',(b, 8)d'5,

where h k is the incident momentum, Aq is the
momentum transfer, b is the impact parameter,
and s is the projection of the internal deuteron
coordinate r on a plane perpendicular to k. The
profile function I'„ for the deuteron is given by

r~(b, s) = 1 - exp[iX „(b- -,'s) + iX~ (b + 2s)], (2)

where g„and y~ are the phase shift functions for the
scattering of the incident hadron by the neutron
and proton, respectively. At high energies, we
further assume' that

X, (b) =Xc(b)+X/. (5),
where X~ is the phase shift function for the Cou-
lomb scattering from the proton and g~, is that
for scattering by the strong interaction alone. If
we separate out the Coulomb phase shift function
X~' due to a point charge, we can write

Xc(b) =Xc'(b)+Xc(b),

where y~ denotes the correction to the Coulomb
phase shift function due to extended charge effects.
(In Appendix A we calculate Xec explicitly for a
specific charge distribution of the incident parti-
cle and the target proton. ) Let us write the hadron-
nucleon profile functions as

I', (b)=1-e'~i'l l, j=n, Ps (5)

and also write

I'c(b) =1-e'"c, i=pt, E .
There are many ways of separating point charge

and charge distribution effects. For exampl. e, one
way that exhibits various multiple scattering ef-

fects explicitly is given by

r, (b, s) =r f +r, +r„+r„-rg(r„+r„)-r„r„-r', (rg+r„+r„)+r~'r„r„

where the argument of I'„ is b —&s and the argu-
ment of al.l the other I''s is b+&s.

The terms involving a single I' can be viewed as
representing single scattering by the interactions
denoted by the subscripts or superscripts, while
a product of I''s corresponds to multiple scatter-
ing. The effects of charge distribution are em-
bedded in the 2nd, 8th, 9th, 10th, and 12th through

15th terms. The 2nd term represents single scat-
tering by the extended charge corrections to the
Coulomb field. The 8th, 9th, and 10th are double
scattering terms. For example, the 10th term
represents double scattering by the extended
charge corrections to the Coulomb field and by the
neutron. The 12th, 13th, and 14th terms have sim-
ilar triple scattering interpretations; the last
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term can be thought of as quadruple scattering by a point Coulomb field, the extended charge effects of
the Coulomb field, the proton strong interaction, and the neutron. In the absence of an extended charge
distribution, I'Ec vanishes and Eq. (7) reduces to the results of Ref. 9.

Another way of writing Eq. (7) which is more convenient for numerical evaluation is'0

r, (b, s) = r,"(5+-,'s)+e')(c("&' 'I ', (b+-,'s)

+ e*)(c("'-'*' ) [r„(b+—,'s) +1„(b——'s) —I &,(b+ —,'s) I'„(b ——'s)] .

For a screening radius R and q» 1/R, we have'

)( c'(b) = 2n ln(b/2R), b & R

=0, b&A,

where n = e /ifv and n is the relative velocity between the projectile and the bound proton in the target.
For R of atomic dimensions, this is valid for k'q'» 10 " (GeV/c)'. Using Eqs. (6) and (9) we obtain

(9)

e'"' I'~c'(b)d'b =-
2 exp]-2i[n ln(qR) —argi'(I+in)]]

= exp[- 2in ln(2kR)] f~c'(q),

where we have defined the Coulomb amplitude for a point charge as

f~~'(q) =—,expj-2i[n in(q/2k) —argI'(1+in))]2nk
(10)

with I'(z) being the gamma function
Hadron-nucleon profil. e functions are related to hadron-nucleon scattering amplitudes by'

)'i()e) = . je "' 'f (q)d'q,

Using this relation together with Eq. (1) we obtain

e"""b'eib'(q, e)=e '"''i'If '(q)+if Z( q)Ib'*( )(bb)b'""db
0

+ &j(q-q') ~ b yg 2hneg)(&(b) q
I + qi' ei q' ~ s d2~r~2~

+—e'' ' ' "(bb)""e" 'e'" '"f (q')f (q")d*q'd'q"d'bI
8m'k Ps n

We will omit the phase exp[2in ln(2kR)] from
now on as it does not contribute to physically
measured quantities.

We point out that the scattering amplitude for
hadron-proton scattering f~(q) can be obtained as
a special case by setting s and f„equal to zero in

Eq. (11).

The differential. cross section for elastic scat-
tering by deuterium is given by

(
—

)
=

I
b'. (q) I

',
where the elastic scattering amplitude is the ex-
pectation value of Ed(q, s) in the deuteron ground

state and is given by

b'„(q)=(e(lb'(q, e)li)=d(-,'t)) f"(q)+e fd(qb)(bb)*' "'q (b)db+, fe" """(bb)*'"e'"""'fe (q )d'q d*b. ''
eq(q-q') ~ b(kb)2(neix (b)g( qr)f (q )d qid 2be2

4n

+,„e' " ' (kb)""e'"c "8(—,'q —q')f (q')f„(q")d'q'd'q" d'b . (13)
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j =n, Ps

(14)

Here S(q) is the form factor of the ground state
~ i) of the deuteron.

If we parametrize the hadron-nucleon scattering
amplitudes by

with

c, = ko, (i+p, )/4)T,

where crj are incident hadron-nucleon total cross
sections and pj are the ratios of real to imaginary
parts of the forward hadron-nucleon elastic scat-
tering amplitudes, and if we also define

T(b) —(kb)»" e')(c& "~ b

then Eq. (11) simplifies to

F a e)=e 'e" I/"(q)+i f Z(qb)(bb)" "I'e(b)"db+(ee/ae)J d(qb)7(b)e ' "'edb
0 0

+(c„/a„)e ' '" OQ

J q- —b Tb e '"'ndb
an

OQ ~W

+ "' e' 'n J q ——b Tb exp- a+a~b 2aa~
n lb) 0 n

where

q- —=(q'-2iq s/a„- s'/a„')'" .
an

In this and future equations we suppress the subscript s in c~, and ap, . For hadron-nucleon amplitudes
given by Eq. (14) and a deuteron form factor given by a sum of Gaussians

s(q) = g c(,e '2' (17)

J,(qb)(kb)"""I'sc(b)db+ (c~ /a~)

the expression for the elastic scattering amplitude can be reduced to one dimensional integrals and is giv-
en by

F„(q)= fc (q)+i J,(qb)T(b)e ' '2a

0 0

x g o, e 82' ' +c (o /A )e 82' "esd' ' ""2. 2 .22 A
j n j j

OQ

A
OQ

x J,(G, qb/A, )T(b)e ' ""2db +(ic~/ka~) J,(G,qb/A;)T(b)e "2' /2"2''(db
0 0

(18)

where G, =a„+(8, , A, =G&+P, , and H, =A, +a~.
For the special case of point charges, pc vanishes and Eq. (18) can be evaluated analytically to yield

F„(q)= [fc'(q)+(2a~)'"I'(I+in)c~e '&' ",F,(-in; 1; abq~/2)] p c.,e

+ g o.„e 2' ' (2A, )'"c„I'(1+in)

a~q ~I2
~ I ~ I

n It I7 j 2 j ~
~

21

~~
C~

~ ~
~a

~

~

~
~

2 ~
~ n

2 j I I ~ I
It It

~
2
~

~
j~

~~
~

t

in 2 2
e e F(-ie; 1';"'G, q, /,2A, )e ——~ eeP[(I3; —aea„)q'/2F, ],F, -ie; 1;

which is a simple generalization of the results of
Ref. S to the case of the deuteron form factor giv-
en by Eq. (1't).

We can obtain an explicit expression for yc(b)
by considering the incident hadron and the bound y (b) =nE, [b'/(c'+d')], (20)

proton to have Gaussian charge distributions. If
the respective charge form factors are given by22
e " ' "and e ' ' " we obtain"'"
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where E,(x) = —Ei(- x) is the exponential integral.
This result is derived in Appendix A.

Since Eq. (18) requires numerical integration
for its evaluation, it will be convenient to also
consider an average phase approximation which
leads to analytic results. For this approxima-
tion, '~ the scattering amplitude operator for had-
ron-deuteron collisions is given by

Fa"(q, s) = e *""[fc(q)+e'"'of2. (q)]

Z+e«I &&2e&XCnf (q) + e&XCpn
2@k

, ~q+q p, zq-q' d q',

(21)

where g~p, g«, and g&p„are average values of the
Coulomb phase shift functions. Analytic expres-
sions for them are derived in Appendix B for the

case of Gaussian charge distributions for the in-
cident hadron and the bound proton. The Coulomb
amplitude may also be written in an analytic form
as

fc(q) =fc'(q)F. (q)F, (q) ~

where f2c'(q) is given by Eq. (10) and F2(q) and

F„(q) are the electromagnetic form factors of the
proton and the incident hadron. The result that
the Coulomb amplitude is proportional. to the form
factors of the colliding particles can be easily de-
rived in the Born approximation. However, fc(q)
given by Eq. (22) is more general as it has the
correct phase in the point charge Coulomb ampli-
tude. In Appendix 8 we show that this result can
be derived from the more accurate Coulomb am-
plitude, given by the first two terms in Eq. (11),
by dropping terms of O(n2).

For deuteron form factors given by Eq. (17) and
hadron-nucleon amplitudes given by Eq. (14), the

ground state expectation value of F„"reduces to

F'"(q) = [f (q)+e'xcp cue apa "+e'"cnc„e 'n' "]g n„ca~a ' .+ " 'e'"cene &'2"n&' "g —'exp[(a~ —a„}2q2/8EE, ]
j j

(22)

(
4Q

SC

(24)

At high energies we can neglect the energy dif-
ferences between the final states of the deuteron,

Below 2 GeV, charge exchange effects are im-
portant and it is straightforward to extend this
formula to include them. The final expression
is given in Appendix C.

Measurements of the sum of P-d elastic and

quasielastic (i.e., deuteron breakup} scattering
have also been used' to obtain values for p„. The
angular distribution for such processes is given
by

and the completeness relation

(25)

can be utilized to yield

=& IIF,(q, )I'I &.~ ~

~

SC

(26)

This expression can be evaluated using F„(q, s )
given by Eq. (11}but the result is a tediously long
expression involving double integrals and an in-
finite sum. %e shall write down the result in the
average phase approximation where one can ob-
tain an analytic result. Using Fa (q, s) in Eq. (26)

we obtain

(
=

I fc(q)+e'"c f~,(q)l'+
I f (q)l '+2Re[fc(q)+e'"cd~, (q)]

*
SC

e~xcnf (q) M ~ e Sa + P neixc&ne-a&a /2 ~ J' ea& a /2H~j
Hj

+2 Re eixpn q
* n p +ixcpn e-anq /2 j can q /2Hj

k H)

+ &2 exp[-a„aaq j(a„+aa)] gC„Cp Qj
(27)
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III. HADRON-NUCLEUS COLLISIONS

The amplitude for elastic scattering between hadrons and nuclei with mass number A is given by'

A A

5', ,(q)=—Jq r'
q',. (r„.. . , r )q'(A ' p r,. (- j'll-r()r —I )] q (r„.. . , r )dr, drd'q, (28)

4=1 4=1

where p, is the ground state wave function of the
nucleus and the other symbols are defined as in
Sec. II. Since we wi11. only be comparing theoret-
ical expressions to exhibit the charge distribution
effects and since accurate wave functions are
needed only to reproduce the details of the struc-
ture in the differential cross section at large mo-
mentum transfers, we will. assume that the nu-
cleus can be described by a simple independent-
particle model where each nucleon is represented

by a Gaussian, i.e.,

A
Q37r 3/2e-n r2 2

2=1
(2S)

where n is related to the rms radius of the nu-
cleus.

Now, using the Gartenhaus-Schwartz transfor-

mation" to eliminate the 6 function, we obtain

g A-2
r„.(q)=& rr(q) q"" ( —

]
'

&q, lf( —r, (tr-q, )]l q&'"' &q. lf( —r„(rr —q„)]l q.)I d'5,
0=1

(30)

where Z is the atomic number of the target nucleus and K(q) =e' """. Again by writing

pf
I'~(6 —s~) = I c (b —s~) + e'"c f ']'] I'zc(b —s~) + e' "c& ']'] I ~,(b —s~) (31)

we obtain

\

g&~I[1 —I'], (b —s~)]l Q~)=(2c]R) ""e " ' I'(I+in), E,(in+I; I; nzb )— e "x'" I'zc(vx /c])f0(2izb&x)dx

00

0 (i-~~ )
e "x'"e'"c "'"I0(2ub&x)e ""'('" dx

g 2

Vgp o

=(2') ""A. (b) (32)

&q II( r ()] q )]I q)) =( — "
q

" )qrpf-tr'&'/(qq„fr'r()I

=A.„(b) ~ (33)

Equation (30), as it stands, converges very slow-
ly and hence is not well suited for numerical eval-
uation. It can be made to converge rapidly by sub-
tracting out the Coulomb amplitude due to a point
nucleus of charge Ze. The Coulomb phase shift
function ](cP(z(b) due to the point nucleus is given by'

cn(z(b) = 2nZ ln(b/2R) . (34)

By adding and subtracting e'"&s in the integrand

of Eq. (30) we obtain

e -2i nZ In(2))R )ff(q)

fc]'qz(q) i k [A, (b) A„(b)"

j
—(kb) '" ]Jn(qb)b db

(35)
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where f~~'z(q) is given by Eq. (10) with n replaced
by Zn. Now the phase factor can be dropped as it
does not contribute to the cross section.

If we consider the special case where the inci-
dent hadron and the bound proton are point charges,
A~(t)) can be evaluated analytically and is given by

A~(())) = (k/c()""e ' I'(1+ in)

0,1-tpI' (in+1 1 (x'f)') — '
4na

cleus as a whol. e rather than from each individual
proton in the target. In that case the total phase
shift function [)or the nucleus can be written as

)(...(b) =)("(b) )(' (b)+)(,(b), (37

where )(,(b) is the strong interaction phase shift
function for the nucleus and )(ecz(b) is the correc-
tion to the Coulomb phase shift due to the extended
charge of the nucleus. One way to write the pro-
file function for the nucl. eus is then

x ~

~
,E, su+1; 1;

(36)

(b) [1 esXCZ(() ) ]+eb XCg())) [I esXEg())) ]

+ exp [i)(ce(b) + i)(c~(b) ] I', (b ),
(38)

This case has been considered in detail by
Lesniak and Lesniak" for light nuclei.

Another way to include the Coulomb effects is
by means of an approximation where one consid-
ers the Coulomb phase to originate from the nu-

where

I',(b) =(p, I(1 —exp[i)(, (i, s„.. . , sA)]}I((),) .
This can be rearranged for convenience in nu-

merical evaluation and the elastic scattering am-

pl. itude is given by

b';;(S)=~(S)(f"*(S)s($ (»)*'"*"()—s'"s*'"()—&.(b)))&(pb)&&),
0

(39)

d„= If.(q) +f.(q)e'""I', (40)

where f,(q) is the strong interaction amplitude and

f, (q) is the Coulomb amplitude of the nucleus
(apart from its phase). The amplitude f, (q) in-
cludes the electromagnetic form factor of the nu-
cleus. The relative phase (t) was given by

g = —21n(aq/1. 06),

where we have again dropped an unimportant over-
all phase factor.

Another formula which has been frequently used
is that due to Bethe who showed that, under cer-
tain assumptions, the elastic scattering intensity
for charged hadron-nucleus collisions may be
written as

IV. NUCLEUS-NUCLEUS COLLISIONS

with

(h ) 1 e-A ) AC2( )(s

1 2 (42)

C(b) = jb'sb's'p„(s)I'(b —s ss')p„, (s') (43)

The Glauber theory has been extended to deu-
teron-deuteron collisions" and to heavy-ion col-
lisions in general. "'" For heavy ions the full
Glauber multiple scattering series reduces to a
simple form only in the "optical limit, " where the
numbers of nucleons in the colliding nuclei are
large. In this limit, for coll.isions of nuclei with
respective mass numbers A„A, and atomic num-
bers Z» Z» the profile function is given by'

where a is related to the strong interaction radius
of the nucleus. Using relativistic methods, West
and Yennie' obtained for the relative phase

and

ps, „(s)=J p., .(s)«, .

(I) = —2 ln(a'q) —C

with

a'= ~(a +R,'+R2')', C = 0.577. . . ,

(41) where I'(b) is the nucleon-nucleon profile function.
By taking Fourier transforms, C(b) can be re-
written as

and where the charge form factors of the incident
-R /4and target particles are given by e ~~ ' and

-R a /4 For the case of point charge particl. es
incident on a point nucl. eus, this reduces to the
phase given by Bethe.

C(f) =2 .~ ~l
'dqe"'S (Aq)f(q)S+-(-q ,)

(44)

where the SA. (q) are the form factors of the two
t

nuclei and f(q) is the nucleon-nucleon scattering
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amplitude. If the form factors are given by
e s&' ''and e "2' '', respectively, and f(q) is
given by the usual high energy para@.etrization
of Eq. (14), we obtain

p(1 —sp) p,s'2'
R' =8,'+R '+ 2a,

(45)

where v, a, and p are average nucleon-nucleon
parameters defined as in Sec. II. An expression
very similar to Eq. (44) is also obtained in the
Chou-Yang model" (or the coherent droplet mod-
el). We can formally obtain the result of the Chou-
Yang model by noting that if the sizes of the nuclei
are large compared to the range of nucleon-nu-
cleon interactions, the nuclear form factors will
go to zero much more rapidly than the nucleon-

nucleon amplitude f(q) and Eq. (44) can then be
approximated by

C(b)= . I d'qe '"' S„,(g)S„,(-q) . (45)

In this model one can take the view" that x
=A,A,o(i+ p) is a free parameter not related
to the nucleon-nucl. eon amplitudes. Imx may
be estimated by nucleus-nucleus total cross sec-
tions, while p or Rex can be determined by fitting
the scattering data. The most significant effect of

'p is on the diffraction minima of the cross sec-
tions, and since the Coulomb effects are impor-
ta,nt near the minima they shouM be included in
analyses which determine p or Rex.

The extended charge Coulomb effects can be in-
cluded by a formula similar to Eg. (39) and the

full scattering ampl. itude is given by

(47)

where

K„(q) = exp(q'[(R, '/4A, )+(8,'/4A, )]j
ptis the center of mass correction and fc~,z, (q) is

given by Eq. (10) with n replaced by Z„Z,n. A

similar formula was given by Czyz and Maximon"
where the Coulomb phase shift function was given
as a seven dimensional integral. . However, we
point out that for collisions between light nuclei
where the charge form factors can be approxi-
mated by Gaussians (or sums of Gaussians), the
Coulomb phase shift function incorporating the ex-
tended charge effects can be evaluated analytically.
In Appendix A we show that )Pc~,z, (b), which is the
correction to the Coulomb phase shift function due
the the charge distribution of the colliding nuclei,
is given by

-c2q2/4e ' ' '. The value of c is taken to be 0.66 fm
which corresponds to a rms radius of 0.81 fm.
This value fits the experimentally observed form
factor in the region 0.001~ -t& 0.011 and also
0.001~ -t60.05 (GeV/c)' which are the momentum
transfer regions in which we perform our analysis
of the Pd data.

We first consider the elastic scattering of pro-
tons by deuterium. The form factor used for the
deuteron is a sum of Gaussians fitted to form fac-
tors obtained from "realistic" deuteron wave func-
tions and will be described in detail in Sec. VI.
In Fig. 1 we show the percent error in the Pd dif-
ferential cross sections .near the interference re-

pc~ ~, (b) = Z,Z,nE, [b'/(g„' "~,')] . (48)

V. COMPARISON OF THEORETICAL EXPRESSIONS

With this result the numerical integration in Eq.
(47) is straightforward. The problem of slow con-
vergence of the integral (due to large impact pa-
rameter scattering by the Coulomb interactions)
has been removed by subtracting out the point
charge Coulomb scattering so that the integrand
in Eq. (47) vanishes for large impact parameters.

L0
QJ3

r
p~I

0
I

0.002
I I

0.004 0.006
2—t (GeV/c)

I

0.008

p-d Elastic Scattering

20.5 GeV/c
Point charge Eq.(20)

---—Ref. 4

In this section we compare the various approxi-
mations discussed in the text with the more exact
results. Throughout our analysis the proton
charge form factor is assumed to have the form

FIG. 1. Percent error in angular distributions for p-d
elastic scattering at 20.5 GeV/c for the formula used in
Ref. 4 and for the point charge solution of Eq. (19) com-
pared to extended charge result given by Eq. (18).
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FlG. 2. Percent error in differential cross sections
for p-nucleus elastic scattering at 1.04 GeV for the
approximate formulas discussed in the text compared to
the extended charge result given by Eq. (35). The fig-
ures correspond to (a) p-~2/, (b) p 58Ni, and (c~ p 208pb

scattering.

gion, for the point charge solution given by Eq.
(19) and for the formula used in Ref. 4 in an analy-
sis of P-d data. The "exact" values of the cross
sections are obtained from Eq. (18). The error in
the average phase approximation of Eq. (23) is ex-
ceedingly small in this region and hence is not
shown. The maximum error in the formula of

Ref. 4 in the interference region is -4.6%. For
tS-0.1 (GeV/c)' the error in the point charge ap-

proximation is S0.5%, while the error in Eq. (23)
is even smaller (&0.1%). However, near the mini-
mum in the differential cross sections [-t-0.33
(GeV/c)'], the error in Eq. (23) is as large as
-22%, while the error in Eq. (19) is only -2%.
For even larger angles, the error in the Coulomb
amplitude due to the point charge approximation
increases, but Coulomb contributions themselves
become unimportant compared to nuclear contri-
butions. The errors in Eqs. (19) and (23) depend
negligibly upon the energy, while the error in the
formula of Ref. 4 increases slightly with energy.

The reason for the increase in the error of the
point charge solution with the momentum transfer
is that the large angle scattering results from
small impact parameter collisions where the point
charge assumption starts to break down. On the
other hand the error in the formula of Ref. 4 is in
some measure due to the assumption that X~~, g~„
and pc~„are all equal to 0.06 (at 70.2 GeV/c, for
example, their values are, respectively, 0.086,
0.098, and 0.085), but is mostly due to the Coulomb
amplitude in which Bethe's phase has been used
incorrectly. We point out that Bethe's phase is the
relative phase between the Coulomb amplitude
(without its phase) and the strong interaction am-
plitude for the hadron-nucleus collisions, and it
should not be present in the formula of Ref. 4
which has been obtained from a multiple scattering
series where the strong interaction terms are al-
ready modified by a phase factor arising from the
Coulomb interaction. The correct Coulomb ampli-
tude that should be used is given by Eq. (22).

We next consider scattering by other nuclei. In
Fig, 2 we show the percent error in the differen-
tial cross sections obtained from the various ap-
proximate formulas compared to the "exact"
Glauber result given by Eq. (35). In Fig. 2(a) we
show the results for P-"C elastic scattering at
1.04 GeV. For -t& 0.01 (GeV/c)', the error in
the approximate formula given by Eq. (39) is
&0.8%, while the formula given by Eq. (40) [to-
gether with Eq. (41)] has errors of &1.5%. But at
the larger momentum transfers the errors are as
large as -14 and 45% for the two expressions.

We find that the assumption of point charge for
each proton in the target [i.e., Eq. (36)] is quite
accurate except at the diffraction minima. At
1.04 GeV, the percent error in this approximation
is S1% near the minimum. However, at energies
where the real part of the nucleon-nucleon ampli-
tude is very small, almost the entire contribution
to the cross sections near the minima is from the
Coulomb scattering and the error in the point
charge solution is larger. This error also de-
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lomb phase resulting from the nucleus as a whole.
Equation (40) is good only for light nuclei at very
small angles. Its derivation uses the average Cou-
lomb phase shift of nuclear scattering evaluated at
q = 0 and neglects terms of O(Z'n'). It can be im-
proved" by introducing the q dependence of the
phase but the formula will still be inaccurate for
collisions where Zn& 0.1. We should mention, for
completeness, that Coulomb effects can also be
included by means of the optical limit. However,
it was pointed out by Lesniak and Lesniak'4 that
this approximation leads to significantly lower
cross sections at large angles compared to those
obtained from the full Glauber series with the as-
sumption of each proton in the target being a point
charge. Since we find that this point charge as-
sumption is fairly accurate (except at the minima
when the real parts of nucleon-nucleon amplitudes
are small), our conclusions for the case of light
nuclei are very similar to those of Ref. 14.

Since data may be forthcoming for "C ions at
2.1 GeV/nucleon, we have investigated the Cou-
lomb effects for "C-"C collisions at that energy
using Eq. (47). We show in Fig. 3 that the Coulomb
effects are important over a wide range of momen-
tum transfers. They dominate at -t& 0.003
(GeV/c)' and at the diffraction minima. However,
even at the subsidiary maxima, they increase the
cross section by -15—20%. If the data near the
diffraction minima are used to extract p or Rex in
the Chou-Yang model, the Coulomb effects will
play a crucial role. For example, we note that a
purely nuclear cross section with p--0.4 corre-
sponds to nuclear plus Coulomb cross section with
p-0 near the first minimum. We should also men-
tion that if the full Glauber series were used in-
stead of the optical limit for the nuclear cross
sections, since the former are generally lower
for light nuclei, "the Coulomb effects would be
even more important. Also, Coulomb effects are
larger at lower energies.

As pointed out in Sec. IV, the Chou-Yang model
is essentially equivalent to the optical limit of
Glauber theory. In fact Eq. (46) in the Chou-Yang
model leads to the same result as Eq. (45) with
a =0. To test the sensitivity of the cross sections
to this assumption, we have plotted the cross sec-
tions with a=0. We find that the curves are very
similar except that the positions of the minima
are slightly shifted. (However, the curve of Fig.
3 with a =0 still has the center of mass correction
in it. This correction factor is not present in the
Chou- Yang model. ) This indicates that the nu-
cleus-nucleus amplitude is not very sensitive to
the q dependence of the nucleon-nucleon ampli-
tudes. As discussed in Sec. IV, this is due to the
fact that because of the large size of the colliding

VI. ANALYSIS OF p-d SCATTERING DATA

We first describe the deuteron form factor which
will be used in our analyses. We note that the ex-
tended charge expressions derived in Sec. II are
relatively easy to evaluate for deuteron form fac-
tors given by a Gaussian or sums of Gaussians.
In order to both preserve this ease in numerical
evaluations and have an accurate form factor, we
have fitted sums of Gaussians to form factors
given by realistic deuteron wave functions. The
first wave function we choose is that obtained from
the hard core potential of Heid" which is fitted
accurately to the nucleon-nucleon (NN) phase
shifts up to 350 MeV. Our second choice is the
wave function obtained by Humberston" by slightly
modifying the Hamada-Johnston" potential to give
the observed binding energy of the deuteron. Since
both these wave functions are obtained from hard
core potentials, we also consider a wave function
due to Bressel and Kerman" which is obtained
from finite soft core potentials that reproduce the
NN phase shifts very well. All these wave func-
tions have a small admixture of D state. We ob-
tained the form factors from these wave functions
by numerical integration and we fitted sums of
Gaussians to them. A sum of Gaussians which is
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FIG. 4. The ratio of real to imaginary part of C-~ C
elastic scattering amplitude at 2.1 GeV/nucleon.

nuclei, the form factors are sharply peaked in the
forward direction and pick up only the very small
q behavior of nucleon-nucleon amplitudes. Now
this also implies that a weak q dependence of p
should not have much effect on the nucleus-nucleus
amplitude. Hence, assuming p to be a constant,
we show in Fig. 4 the ratio of real to imaginary
part of the "C-"C nuclear scattering amplitude
at 2.1 GeV/nucleon for small momentum transfers.
Again we notice that results are very similar if
we set a=O.
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TABLE I. Results for p„and a„ from the analyses of pd data. The second and fourth columns give the values of p„
obtained by p fits to the P-d elastic scattering data using either Eq. (18) (extended charge) or Eq. (23) (average phase)
and point charge Eq. (19) with assumption a„=a&. The fifth column gives the results of Ref. 4 and the sixth column
gives the result when the formula of Ref. 4 is used with the form factor given by Eq. (49). In the seventh column, we
list the values of a„obtained by using the values of p„ from the second column as input. The results at 19.3 GeV/c are
from the analysis of P-d elastic plus quasielastic scattering data and are given in the third and eighth columns.

(GeV/c)

P
Eqs. (18)
and (23)

p

Eq. (27)
~n

Eq. (19) Ref. 4

P
Ref. 4 with

Eq. (49)

Qn

[(G v/c)-']
Eqs. (18)
and {23)

an

((GeV/c) '1
Eq. (27)

11.2
15.9
19.3
20.5
26.5
34.8
48.9
57.2
60.8
64.8
70.2

-0.29
-0.50

-0.48
-0.45
-0.38
—0.33
—0.36
+0.06
-0.05
-0.24

-0.32

-0.28
-0.49

-0.47
-0.44
-0.37
-0.32
-0.35
+0.06
-0.04
-0.23

-0.21
-0.38

-0.35
-0.35
-0.25
-0.14
-0.20

+0.13
-0.04

—.0.2;6
-0.46

-0.44
—0.40
-0.34
-0.28
-0.31
+0.14
+0.03
-0.18

7o3
7.0

6.5
7.2
8.3
8.3
8.7

11.7
9.3
8.4

10.25

consistent with each of the three form factors is
given by

S(q)=0.34e ' ""+0 58e " ". '+0.0'8e "'" (49)

with q in GeV/c.
In the interference region t& 0.01 (GeV/c-)',

the form factor S(—,'q) given by Eq. (49) agrees
with those given by realistic wave functions to
better than 0.2%. For larger momentum trans-
fers 0.01' t& 0.21 (GeV-/c)' it agrees to within
2.4%; but in this region the values of S(-',q) given
by the Reid and by the Bressel-Kerman wave func-
tions themselves differ by -3%. The region where
the form factor given by Eq. (49) differs signifi-
cantly from that given by the above wave functions
is at large momentum transfers. However, since
the deuteron form factor is sharply peaked in the
forward direction, the contribution from this re-
gion to the scattering amplitudes is negligible.

We can now utilize the proton-deuteron elastic
scattering data obtained at Serpukhov in the energy
range 10 to VO GeV to extract proton-neutron scat-
tering parameters such as p„, the ratio of real to
imaginary part of the forward proton-neutron elas-
tic scattering amplitude, and a„, the slope param-
ete r. We do our calculations in two steps. For
the purpose of calculating p„we restrict the anal-
ysis to small momentum transfers -t& 0.011
(GeV/c)' since beyond this the interference effects
are negligible and also because we assume a con-
stant phase for the hadron-nucleon strong inter-
action amplitudes (i.e., the same value as at q = 0),
an approximation which becomes less accurate

away from the forward direction. We first calcu-
late p„by assuming that a„=a~. Then using this
value of p„we can use the larger momentum trans-
fer region -f& 0.05 (GeV/c)' to calculate a„.
Using this value for a„, we can then recalculate
p„and perform this iteration until p„and a„do
not change in value.

In our calculations the values of a~ are taken from
Ref. 20, p~ from Ref. 21, and values of o„and
cr~ are from Ref. 22. At any particular energy we
have interpolated between the experimentally mea-
sured values if necessary and the actual values
used in our calculations are given in Ref. 10. For
the calculation of p„, the angular distribution ob-
tained from Eq. (18) was fitted to the proton-deu-
teron data by minimizing the g' with p„being the
only free parameter. The values of y' per data
point in these fits vary from 0.6 to 2.5 and the
typical error bars for p„are -+0.0V which also
include the effects of varying the various experi-
mental parameters that we used within their sta-
tistical errors. It also includes an uncertainty of
-+0.01 obtained by varying our Gaussian form
factor of Eq. (49) to fit more closely the form fac-
tors given by the Reid hard core and Bressel-
Kerman wave functions. The systematic errors in
p„can be as large as +0.13, the main source being
the proton-deuteron elastic scattering data.

In Table I, we list the values of p„obtained from
various formulas by assuming a„=a~. The second
column gives the results obtained from the ex-
tended charge expression Eq. (18) and also from
Eq. (23). These two formulas yield the same re-
sults to two significant figures. The fifth column
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gives the results of Beznogikh et a/. ' who used a
formula similar to Eq. (23) in their analyses with
the deuteron form factor given by"

&'(-,'q) = exp(-25. 9q'+60q') . (50)

There is a significant difference between the two
values of p„which is not only due to the different
formula but also due to the difference in the form
factors used. The deuteron form factor given by
Eq. (50) is a fit to the numerical values of S'(—,'q)
obtained by fitting the formula of Ref;'--'4 to the pro'-
ton-deuteron cross section data for 6.002 «-t ~0.1I
(GeV/c)' from 10 to 26 GeV with the .assumptions
that p„=p~ and a„=a~. In order to isolate the ef-
fects of the form factor, we have repeated the
analyses of Ref. 4 with the deuteron form factor
given by Eq. (49). The results are given in the
sixth column and we find that the use of a more
accurate form factor leads to a difference in p„
of -0.1 on the average. We should also point out
that even though data exist at 60.8 GeV/c, they
were not used in Ref. 4 for calculating p„and
a„. The fourth column in Table I shows the re-
sults for p„obtained from Eq. (19) (point charge)
If charge exchange effects are included (using the
formula given in Appendix C), we find that p„
changes by ~0.01 at these energies. '~

We can now use the value of p„obtained from Eq.
(18) to calculate a„by analyzing the data for 0.002
~ -t~ 0.05 (GeV/c)'. Again Eqs. (18) and (23) give
identical results and the values of a„are listed in
the last columns of Table I. One can now perform

an iteration to recalculate p„and then a„but the
values change very little because p„ is relatively
insensitive to variations in a„. In our y fit for a„,
the y' minimum varies from 1.0 to 2.3 per data
point and typical results of our X' fit to the data
are shown in Fig. 5. The error bars in a„ in Ta-
ble I are -+1.5 and include the error due to the un-
certainty in p„. The smaller values of a„compared
to a~ are surprising since direct measurements"
of a„(from n-P scattering) and of a~ at larger mo-
mentum transfers seem to agree with each other.
However the value of a„ is quite sensitive to the
input value of a~ in our analyses. If the values of
a~ are lowered, the values of a„ increase by rough-
ly the same amount. The input values of a~ that we
have used are from Ref. 20 and are slightly higher
than the recent FNAL measurements in the over-
lapping energy region.

Since all the above results are based on the ex-
periments of the same group, we have also used
the elastic plus quasielastic scattering data at 19.3
GeV/c of Bellettini et al. ' to extract p„. Using Eq.
(27) with input parameters again from Refs. 20-22
(with values given in Fig. 6) we find p„=-0.32 and
a„=a~. The fit to the data is shown in Fig. 6. If
we use the same input parameters as used in Ref. 3
[c„=o&=38.9 mb, a„=a~ =10 (GeV/c), p~ =-0.33]
we find p„=-0.25. In Fig. 7 we show for compari-
son our calculated results for p„ together with dis-
persion relation calculations by Barashenkov and
Toneev and also by Carter and Bugg.

We should point out that our theoretical results
for P-d scattering do not include the effect of in-
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FIG. 5. Differential cross section for elastic p-d scattering at 11.2 and 64.8 GeV/c. The data are from Ref. 5 and the
curves correspond to Eq. (18).



VICTOR FRANCO AND GIRISH K. VARMA
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50 HE lg.3 GeV/c p-d
40 Elastic- plus —Quasielastic Scattering

a~=39.05 mb, cr„=39.&2mb30- x -2
'Iz a~=a„=10.25 (GeV/c), p~ =-0.255

ela, stic intermediate states" (for example, an N*
can be created coherently in the nucleus and then
decay back into a proton) on the elastic scattering.
The Glauber approximation can be extended to in-
clude these effects." But quantitatively reliable
calculations of these effects are lacking because
they depend critically upon the phases of the pro-
duction amplitudes which are not well known. On
the other hand, rough estimates of the effects that
are not included in the Glauber approximation can
be obtained from the P-P, P-d, and n-P total cross
section measurements. Let us define the experi-
mental cross section defect in deuterium by

~a exp +n p ~/I) ~pd

and the inelastic cross section defect by

5a. „=5a',„—5a„, ,

where Ga.„, is calculated from the double scatter-
ing term of the elastic scattering amplitude in the
Glauber approximation. By using experimental
data wherever they exist at roughly the same ener-
gy, '""we find that ~5o;„„~=0.1+0.9 mb from 15
to 35 GeV. (For example, near 34 GeV, 5cr,„~
=3.16 mb and using the deuteron wave function
given by the Reid hard core potential we find that
5o„,=3.05 mb. ) Since the effect of these inelastic
processes on the invariant differential cross sec-
tion (do/dt)~~ in the forward direction is roughly
proportional to (5o. „/4m' 8)', these effects are
quite small compared to the statistical errors in

the P-d data and hence should have very little ef-
fect on our results. However, for much higher
energies the intermediate production processes
may have significant effect.

VII. CONCLUSIONS

Since Coulomb-nuclear interference studies are
important for obtaining p„and a„ indirectly from
p-d scattering measurements, we have examined
various approximate results together with the exact
results in the diffraction theory. %e find that the
average phase approximation Eq. (23) gives results
almost identical to the more accurate expressions
given by Eq. (18) and together with Eq. (27) for
(dv/dQ)„, provides simple analytic formulas for
the study of P-d elastic and elastic plus quasielas-
tic scattering. In this approximation one can eas-
ily include the effects of the quadrupole deforma-
tion of the deuteron, the momentum transfer de-
pendence of p, and the spin-dependent effects
which are important at medium energies. Using
the experimental P-d measurements from 10 to 70
GeV, we have calculated the parameters p„and
a„ for the P-n forward scattering amplitude. Our
results differ significantly from those obtained in
the analysis of Ref. 4.

For hadron-nucleus scattering, we find that the
formula given by Bethe and subsequently modified
by %est and Yennie gives reasonable results for
light nuclei at very small angles. The approximate
phase result of Eq. (39), where the Coulomb ef-
fects are considered to originate from the nucleus
as a whole, works well for all nuclei at small an-
gles but gives too large a cross section in the vi-
cinity of the diffraction minima. However, if the
Coulomb effects are incorporated in each proton
in the Glauber series, then the assumption of point
charges for the bound protons and the incident had-

Best fit: p„=-0.32 0.2
I I I I
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FIG. 6. Differential cross section for P-d elastic plus
quasieI. astic scattering at 19.3 GeV/c. The data are
from Bellettini et al. (Ref. 3) and the curve corresponds
to Eq, (27).
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FIG. 7. Results for p„ together with the dispersion
relation calculations of Refs. 26 and 27.
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ron is much more accurate than the previous ap-
proximations. Nevertheless, as mentioned in Sec.
V, at the diffraction minimum this approximation
can lead to errors ranging from -0.5 to -8% de-
pending on the charge of the hadron and the real
parts of the hadron-nucleon amplitudes. There-
fore in any analysis of the experimental data on
hadron-nucleus scattering, to obtain the real parts
of the hadron-nucleon amplitudes the "exact" Eq.
(35) should be used.

In the case of heavy-ion collisions, the Coulomb
effects dominate at small angles and at the diffrac-
tion minima; furthermore they contribute signifi-. .

cantly even at the maxima, increasing the cross
sections by -15-2090.for C-"C collisions. We
have shown that it is straightforward to include
extended charge Coulomb effects at least for colli-
sion between light nuclei. We also find that the
nucleus-nucleus amplitude is affected very little
by the momentum transfer behavior of the nucleon-
nucleon amplitudes so that the Chou-Yang model
gives results very similar to those of the Glauber
theory in the optical limit, except for a slight shift
in the positions of the diffraction minima in the
differential cross sections.

comes

(A5)

If p, (r) also has a Gaussian form, given by

p, (r) =Z, em "'d 'e ' ",
equation (A5) becomes

y, (b) = x",(b) +@&,(b'/d') +I. ,

where

-3/2d-3 -r /d @ i i d3
2 2 Ib+sI2

3 '07r 1 2J

(A8)

(A7)

(A8)

With changes of variables and upon performing
the angular integration, this leads to

I.=d—'qe "'" e """'I. ' x dx ' -dt

(AB)

where Ip is the modified Bessel function.
Changing the order of the integrations, this can

be cast in the form
APPENDIX A. COULOMB PHASE SHIFT FUNCTION FOR

EXTENDED CHARGES

)P'(b) = 2q In(b/2A), (Al)

where q =Z, Z, e'/hv.
If the target particle is considered to have a

charge distribution given by p, (r), the Coulomb
phase shift function becomes

If both the incident and target particles are con-
sidered to be point charges, the Coulomb phase
shift function is given by

t +0 ~ f p ~2 Q2
dt 1-Z —t-

d2 'd2

where

J(x, y) =1 —e '
I e '1,(2/yt)dt.

dp

Equation (A10) can be rewritten as

I, =g dP e ~' 1-J —,t, —, dt.

Utilizing the result"

(A10)

(A11)

(A12)

x,(()= ' fc, (r)xn( )c'x, (A2)
00 ~-px/(0+ 0

e "[I—Z(y, x) ]dy = -),

where s is projection of r onto the impact param-
eter plane and r' = s'+z', if the z axis is taken to
be the direction of the incident beam. Assuming

we obtain

-b u/d &u+9 dQ

d2/c2 u(u+ 1)
'

2 2
p (r) Z e -3lac 3e-r /c (A3) If we let b'u/d'(u+ 1) =t, I, may be writte~ as

Eq. (A2) gives, upon straightforward integration,

(A4)

where E,(x) =-Ei(-x) is the exponential integral. "
If we further assume that the incident particle

also has a charge distribution which is given by

p, (r), then the Coulomb phase shift function be-

b2 /d2 -t
I3 =q dt

b2«C2+d2& t

b2
x (x) =x"(&)+ &,(;„c.x)

(AI8)

which upon substitution into Eq. (AV) yields the
final result
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APPENDIX B. AVERAGE PHASE SHIFT FUNCTIONS

The scattering amplitude operator F~(q, s) for
the deuteron, given by Eq. (11), is an exact expres-
sion within the framework of Glauber theory. How-
ever, it leads to Eq. (18) for elastic scattering
amplitude which requires numerical integration
for its evaluation. The result for elastic plus

quasielastic scattering, involving double integrals
and an infinite sum, is even more complicated. In
this Appendix we obtain an approximation to Eq.
(11) which leads to analytic results for both elas-
tic and elastic plus quasielastic scattering by deu-
terium.

In terms of profile functions, Eq. (11) can be
written as (apart from the unimportant phase

factor)

p OO

F~(q, s) =e ' ''" fc(q)+i J,(qb) rc(b)(kb)"""db
0

+—d'be'~ e'~c'"'"' I'&, b+ 2s +I'„b —2s —1&, b+2s I'„b —2spJ

Since for high-energy hadron-proton scattering
n is small (for example for 1('-p or p-p scattering
n& 10 ' at medium and high energies), we can
write, to O(n),

rec(b) = 1 —exP[inE„(b' jr') j

= -inz, (b'/r'), r' = c'+ d', (B2)

The integration can be performed by expanding
the Bessel function in a power series and we ob-
tain

n ~ q(n+ 1r
f, (q) =f",(q) +

(-1) (qr)' r(in+m+1)
2' m! (in+m+1)I'(m+1)

m=0

(B4)

For fPc'(q) given by Eq. (10), by dropping terms
of O(n ) we obtain

where we have assumed that the form factors F„(q)
and F&(q) for the incident hadron and the bound pro-

~g2 2/4 -c q2/4ton are given by e " ' "and e ' ", respectively.
The Coulomb amplitude in Eq. (Bl) is then given
by

ft(q)=f"(q) +(J Z, (qq}((b)*'""[-(nn,(('/&')1ql .

&i
~ J xc(6p)rp. (6p)d'b ~i)
&i

~ f r„(b,)d'b ~i)

& i ( fxc(6p)r„(6„)d'b!i }
&i) f r„(6„)d'b)i)

&i[fxc(6p)rp (6p)r (b )d b(i)
&i [ f I",(b,)I'„(b„)d'b [i)

(B6)

(B8)

where 6p =b+ —', s, b„=b —', s, an—d ~i) refers to the
ground state of the deuteron. We will evaluate

X~p„, which is the most complicated of the three,
explicitly. For nucleon-nucleon amplitudes given
by Eq. (14), we obtain

I (b) =d„e s i~an

r„(6)=d„e ~"'p, (Blo)

where d„and d„are constants. By means of the
relation

tion radius, the long range part of the Coulomb
interaction has little effect; and over the range of
impact parameters where these terms are not neg-
ligible, the Coulomb phase shift varies slowly. We
can therefore use Coulomb phase shift functions
averaged over the appropriate profile functions
and the deuteron ground state. They are defined
as

f ( ) fp(( ) I++ ( 1)n(+1(q

m=O

fPt(q) e-q r (4

=fc'(q)F.(q)F, (q) .
The last three terms in Eq. (Bl) can also be ap-

proximated. In these terms since the strong inter-
action profile functions become negligible for im-
pact parameters which are larger than the sum of
the deuteron size and the hadron-nucleon interac-

(B11)

where Q(r) is the wave function for the deuteron
ground state, we may express y~p„as

X.cpm
=
f Xc(b)e ' "'pbdb f e '~ "J,(qb)S(q)qdq'

a, f, S(q)e """p""qdq
(B12)

For the special case in which the form factor is
a sum of Gaussians, as in Eq. (17), Xc,„reduces
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to

g(cx&/A&) f Xc(b) exp[-b'(a& '+A, ')/2]b db

Xcon a Q(~ /H )

(B13)

where A, =a„+2p, and H, =a„+a~+2p, .
With fc as defined in Eq. (10), the phase shift

function Xc(b) for Gaussian charge distributions
Eqs. (A3) and (A6) is (see Appendix A)

this result in Eq. (B13) we obtain

nQ cx,H, ' ln[k (r + 2a~ A, H, ']
i

XcPn g~H -1

In a similar fashion we find

Xc~ =nln[k (r'+2a~)]-nC,

Xc„=n g n, ln[k'(r +2A&)]-nC.

—nC. (B16)

(B17)

X (b) =2n ln(kb) +nE, (b /r'), (B14)

where r' =c'+d' and n=Z, Z, e'/hv To.evaluate
Xc~„with this expression for Xc(b), we note that

e ~' [2n ln(kb) +nE, (b'/r')]b db
0

=—fln[k'(r'+y ')]- C), (BI&)
2y

where C is Euler's constant, C =0.577. . . . Using

sk2)~bF„'"(q, s) =e '"'"'f (q)+—J
d'be"'

x [e&xcql
~ (b~) +e&xc„I (b )

—e'"cp I', ($,)1'„(b„)]

which leads to Eq. (21).

(B19)

Using these approximations for e'"c' &' in Eq. (Bl)
together with Eq. (B5), we obtain as an approxima-
tion to Eq. (Bl) the result

APPENDIX C. CHARGE EXCHANGE EFFECTS

In this Appendix, we show that the effects of charge exchange in collisions of hadrons of isospin —, with
deuterons can be easily incorporated in the average phase approximation. Since we are considering elas-
tic scattering where no net transfer of charge occurs, we have to allow for a pair of successive collisions
with two cancelling exchanges of charge. For elastic scattering, therefore, Eq. (21) can be rewritten" as

&:t(q) =~(-Va)[fc(q) + e' "c&f,.(q)) +e'"«f.(q)&(Va)

+ e' ~ S q' & ~, 2q+q' „2q-q' + „2q+q' ~, 2q-q' — —,'q+q', &q-q' d'q' (Cl)

where f„(q) =f~, (q) —f„(q). Using the forms for S(q), f~, , and f„given in Sec. II, we obtain, upon integration,
the result

F,'", (q) = [fc(q) + e'" &f„(q) + e'" f„(q)] Q n, e s&' "

e&xc'pn 2c c e-(ate+a+)q /8 ~e(ap-a&)q /SP~ (c e p+ + c 2e n& /4)Z 2 Q G
p 8 2 )

f-
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