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Abrasion-ablation in reactions between relativistic heavy ions
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The abrasion-ablation model for reactions between relativistic heavy ions is derived from
Glauber's multiple scattering theory. Simple expressions are found for the abrasion cross
section and for the excitation energy of the projectile after abrasion. Both quantities depend
on nuclear densities and on the nucleon-nucleon forward scattering amplitude. They do not
contain any adjustable parameters. With a very simple model for the ablation process, frag-
mentation cross sections for the production of individual isotopes are calculated. The agree-
ment withexperimentis good for most cases. Systematic discrepancies are observed and are
analyzed in terms of an extension of the abrasion-ablation model.

NUCLEAR REACTIONS Relativistic heavy ions, calculated fragmentation
cross sections.

I. INTRODUCTION

The recent experiments with relativistic heavy
ions (typical energies 2 GeV/nucleon) penetrate
the no-man's land of nuclear research. Many
bewildering phenomena have been observed (Heck-
man et al. ,

' Lindstrom et al. ,
' Qreiner et al. ,

' and
Crawford et al. '), and many more are to be ex-
pected. No theoretical tools are yet ready to in-
terpret these experiments. In a situation like that
one may try to borrow successful concepts from
other fields of physics': Regge theories from par-
ticle physics, multiple scattering approaches i la
Glauber, and descriptions from classical physics
like shock waves' or abrasion of matter. Whether
these concepts successfully describe aspects of
heavy ion scattering can only be decided after de-
tailed calculations and their comparison with ex-
periment. The present work is one step in this
direction. We derive the abrasion-ablation model
within the Glauber theory and apply it to reactions
like

O+ Be

where fast oxygen ions hit a beryllium target and
one looks for fast carbon isotopes.

To our knowledge the abrasion-ablation model
was introduced by Bowman, Swiatecki, and Tsang. '
It is based on the following very simple idea: When
two relativistic heavy ions pass each other so
closely that part of their volumes overlap, the
overlapping volume elements are sheared away or
scraped off ("abrasion"). The remaining chunk
of projectile matter continues its path essentially
undisturbed, i.e. , with the same velocity. Of
course, after abrasion, the projectile is in an ex-

cited state and looses energy by emitting one or
several particles (ablation). The two steps, abra-
sion and ablation, determine the proton and neu-
tron numbers of the isotope which enters the de-
tector. Bowman et al. ' have calculated cross sec-
tions within the liquid drop model for the nucleus:
The number of abraded nucleons is proportional
to the volume of the overlap region. The average
excitation energy after abrasion is estimated from
the additional surface energy. Total cross sec-
tions like "0+'B-C+X are calculated and agree
with experiment better than a factor of 2. We are
not aware of any further developments of the abra-
sion- ablation concept.

The present work has the following aims: (i)
To establish a connection between the classical
and macroscopic treatment of the abrasion-abla-
tion process and a quantummechanical and micro-
scopic multiple scattering theory; (ii) thereby to
derive formulas which are independent of any
specific nuclear model; and (iii) to calculate cross
sections for the production of specific isotopes.
They have been measured and provide another test
of the abrasion-ablation concept. We derive the
abrasion cross section within the formalism of
Glauber's multiple scattering theory. ' This for-
malism has proven very successful in describing
the scattering of fast elementary particles by nu-
clei. There have been already a number of at-
tempts to extend Glauber theory to the scattering
of nuclei by nuclei: Czyi and Maximon, Kofoed-
Hansen, "Formanek, " FKldt, "Tekou, "Faldt,
Pilkuhn, and Schloile, ' Fishbane and Trefil, "and
Franco. " However, most of the quoted papers
concentrate on elastic scattering and total cross
sections. Only few of the papers, among them Ref.
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14, treat true inelastic processes (e.g. , removal
of nucleons). Abrasion processes are true in-

elastic reactions. We show how Glauber theory is
also a very successful starting point for the true
inelastic processes. Simple expressions for the
abrasion cross section can be derived with rela-
tively few approximations. The second step, ab-
lation, is more difficult to describe, since it is a
low-energy phenomenonon. Using a sum rule we

succeed to calculate the average excitation energy
of the projectile after ablation. Typically, the en-
ergies range between 5 and 15 MeV. We have no

precise idea about the nature of the excitation and

the decay. Is a compound nucleus formed which

evaporates nucleons or do particles decay direct-
ly~ As long as only one particle is "ablated, " the
relative intensities of neutrons, protons, and

n particles may notdepend too strongly on the abla-
tion mechanism and the ablation part may be rather
sound. Thus it does not seem so surprising that
the salient features of the data are always repro-
duced; in many cases agreement within 20-30%
is even achieved. Yet the data show systematic
discrepancies which go beyond the abrasion-abla-
tion model. We discuss one extension of the model
which seems to remove the discrepancies quite
successfully.

Before closing the introduction we draw atten-
tion to yet another approach to describing reac-
tions of the type of Eg. (1). The picture is es-
sentially one of compound nucleus formation (Fesh-
bach and Huang, "Bhaduri, " and Goldhaber'9): The
collision between the heavy ions only excites the

projectile but leaves it undamaged otherwise. The
excitation energy is distributed over the whole

projectile nucleus and is "evaporated" then. This
model successfully describes the momentum dis-
tribution of the final products in Eq. (1) and the
factorization property. It has not yet been applied
to the calculation of absolute fragmentation cross
sections.

II. DERiVATION OF THE ABRASION CROSS SECTION

The following derivation is based on Glauber's
multiple scattering theory' in a form which allows
both projectile and target to be composite sys-
tems. ' " The starting point is the scattering
amplitude

for the scattering of a projectile nucleus (P) by a
target nucleus (T). Initially, the two ions are in

their respective ground states,
~ O~), ~ Or); after

the reaction they are excited into states ~M~) and

~ Mr), respectively. While projectile and target
states are properly antisymmetrized, we can
neglect antisymmetr ization between the ions, be-
cause the fast nucleons in the projectile can well
be distinguished from the slow ones in the target.
The transition operator in Eq. (2) between initial
and final states contains the phase shift functions

Xqt =X
& (s, +b —s, ) for the scattering of nucleon j

from the projectile by nucleon l of the target. We
assume the projectile to move in the z direction.
Then the position vector x,. of particle g (with
respect to the projectile center of mass) can be
decomposed into its z component and a component

s, in the impact parameter plane, x, =(s, , z, ).
Similarly, s& refers to the target center of mass.
The impact parameter b denotes the relative posi-
tions of target and projectile in the plane perpen-
dicular to the z direction. The elementary phase
shift function X»(b) is related to the profile func-
tion I » (b) and to the scattering amplitude fz, (g)
for nucleon-nucleon scattering by

I (b) 1 e&x;~(b)

d'5 e'" b(e&x»

In this section, the phase shift function g&, is as-
sumed to be real, i.e., the nucleons only scatter
elastically. The generalization to a more realistic
nucleon-nucleon amplitude is given in the Appendix.

Starting from Eq. (2), we calculate the angle in-
tegrated cross section for abrasion. Abrasion
means: (i) the final state

~ Mr) of the target re-
mains unobserved; (ii) out of the A projectile nu-

cleons, n nucleons are abraded, i.e. , they are
kicked into high momentum states, rapidly leave
the nucleus, and are not observed. The pro-
jectile fragment with A. —& nucleons is left in a
low excited state (which later ablades). These
physical requirements are translated into the
formalism: The total formation rate is obtained

by an angular integration in the standard approxi-
mation' dQ =d'q/&':

sopor. ~ ephor (II)
(4)

d'6 e'~'b rMr g e~x~i —1 0~Or

(2)

where we use the abbreviations ~O) =I OJ, Or) and

I M) =I MJ, Mr) . Since the final state of the target
remains unobserved Ipoint (i)], closure can be
performed over M~:
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o(b)0~or M~Mr

g e'x~( -1 O ') o, .

(5)

IMs'& =IV), OQ, ') P'o& I)
g 9() 'Woi m(~o

(6)

where p.
&

denote single particle states of the

In order to translate requirement (ii), the final
projectile states IM~& are labelled appropriately

ejected nucleons and m labels the states of the
residual fragment with A. —n nucleons. The re-
quirement that the p. ; describe highly excited
orbits is symbolically written as p.;)pp. For
instance, if the p, , stand for momenta, we demand

Similarly, m(mo limits the (A. —n) sys-
tem to low excited states. The nature of the states
I p, & and

I ~o& is discussed later. We do not anti-
symmetrize among the states I p;& and I m&, but
keep the residual states of the projectile appropri-
ately antisymmetrized. The cross section o„(b)
for the abrasion of n (n) 0) nucleons is obtained
from Eq. (5) by summing over the appropriate pro-
jectile states, Eq. (6):

&r„(b)= I o~ (j") ~ I'0
m&m

0

IQ
C

P ~ ~ ~ P f/) e&x j~ 0 0
1

j& p
(7)

The factor ("„)takes into account that it is unimportant which n nucleons out of the A projectile nucleons
are abraded. The 1 in the transition operator Eq. (5) has been dropped because of the orthogonality
&M, IO~& =0. We introduce the operators Q~,

Q l e(xyg

They describe the interaction of nucleon j (CP) with all nucleons of the target. Equation (7) is rewritten
identically as

s„(b) =( ) o,o, (fl Q( P lv,. & &v IIQ)(Q„'" Q„'„Q Im&(mlQ„„Q„) oo)
Closure over the states l(.

&
plus the property IQ, I

=1 (real phase shift functions) lead to

A n

~. (b)= o,o, ' [ (-Q( Q I o, )&v;IQ, Q,' Q.'., Q Im&&IIQ. .. Q„) o,o, .
j= Pj& Pp m& mp

(10)

At this stage the average is taken over the target
coordinates which appear in the operators Qz.
We are unable to perform the average of Eq. (10)
exactly and have to introduce the approximation

&o,o, l z(Q, )lo,o, & =&o I z(&o, l Q, I o,&)l o,&.

&o,lQ;lor&= o, lZ
E.-T /

e(X,P'(s~ +b ) =QQP& ( Sj j
where the optical phase shift g'j ' is calculated
from the optical potential for the scattering of
nucleon p by the target nucleus:

(12)

We call it the coherent approximation in analogy to
a similar procedure in standard multiple scatter-
ing theory. Corrections to Eq. (11)are discussed
in the Appendix. We recall from the work by
Glaubers that

x',"(5)=-— U'"(b z)dz .

While IQ, I =1, the optical potential Uz~' is non-
Hermitian in general and therefore I Q&"

I

( 1. The
abrasion cross section takes the form

A.

~. (b)= (o f] &-Qi"' P lv&&u IQ;" (Q l, Q;")' P lm&&~i (Q (, ' ' 'Q"') o
pj& pp

II- m& mp

(14)
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A

x H p(p, +p} o,)l =n+1
(15)

Equation (15) is readily interpreted: 6'(s~+b) is
the probability that particle J stays in the pro-
jectile; i-t, the probability that it is ejected
from the projectile.

Finally we average over the projectile coor-
dinates, again in the coherent approximation,
Eq. (11}. This leads to the expression for the
cross section for the abrasion of n nucleons

At this stage we specify p.0 and ~„ i.e., we
define what is high energy of the ejected nucleons
or low energy of the remaining fragments. The
optical profile function Q&" (s&+b) —1 is a slowly
varying function of s;; characteristic dis-
stances are the target radius and the target
surface thickness. Therefore the operator
QP'(s~+b} does not induce high Fourier compo-
nents when acting on I O~& . This is verified later
in the calculation of the average excitation energy.
We choose the limits p., and m, in Eq. (14) so that
they include al~ Fourier components generated by
Q;". Then the limits po and m, are unnecessary
and closure can be performed (with 6'(s&+b)
=IQ '(s, +b)l',

A. n

o„(b) = 0 j$ [1—6'(s +b)J
J' =I

more transparent if one neglects all correlations
in the calculation of g'I". Then

P(b}= f d*p dp p (p, p}

x exp -A zo'ip1
NN pr(s+b, z')de'

i —A. zo') 1 d Sdz pg s z p~ s+b z

III. AVERAGE EXCITATION ENERGY AFTER ABRASION

In order to calculate the average excitation en-
ergy of the fragment after abrasion, we use the
following generalized Thomas- Reiche-Kuhn sum
rule:

(E —z, ) = ~ Q (E„—E )I&nlA I o) I'
n v'0

(i9a)

= ——&o II@',[a,ff]]Io) (19b)

The integral is essentially the overlap of projectile
and target densities when they pass at a distance
b from each other. o"„", is the total nucleon-nucleon
cross section. Thus, P(b) -1 is proportional to the
volume element sheared off in the abrasion pro-
cess. Thus the geometric model of Bowman et al. '
is derived.

/A'}i

o„(b)= I I[1-P(b)]"P(b)"-"

in terms of the probability function P(b},

P(b) =&o~ll Q;"'I'I o p&

(16) o g I~,zl' o;
w= g l&nlKIO&I2

n &0

(19c)

(19d)

d'sdzp, (s, z)l e' '" '" I' (17)

No free parameter, nor any specific nuclear mod-
el, enters the derivation of Eq. (16). v„(b) depends
only on the single particle density pp(x) of the pro-
jectile and on the nucleon-nucleus optical poten-
tial. The optical potential can be extracted from
elastic nucleon-nucleus scattering or can be cal-
culated rather reliably from multiple scattering
theory (e.g. , Feshbach, Gal, and Hiifner"). The
physics of Eqs. (16) and (17) can be made even

Equality (19b) holds for any A-body operator K
between eigenstates lo) and ln& of the many-body
system (associated energies: (H E„)ln) =0)—.
Equation (19c) only follows if ff commutes with
the potential energy terms in II. For nuclei this
condition is met if & depends only on the spatial
coordinates (not on spin and isospin), and if the
forces do not contain velocities.

Starting from Eq. (14}we define the average ex-
citation energy of the projectile after abrasion of
n nucleons by

A'}
(E-E,)(5)= —

I o, ]/[(1 —IQ',"I') (Q'."+, Q&")'Jim&(E. -E,}&ml (Q l, Q„'"') o, .
(20}

After the factorization approximation (related to
the coherent approximation) IO, ) =

I c(.', &
~ IO, &,

where Ioz& is the ground stat'e of the abraded

fragment with (A —n) nucleons, the coordinates
x„.. . , x„can be factored out. Then the sum
rule Eq. (19) leads to
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( —,)( )=

(21)

In the coherent approximation (pz refers to the
single particle density ot the residual fragment):

(E —&,)(b)

fd's dz pz(s, z)l v, Q'&'(s+b)l'
2M f d2sdz p~(s, z)IQ'~' (s ys)I2

(22)

The physics is again rather transparent. The op-
erator Q&" is the "knife" with which parts of the

projectile are cut away. The "sharper" the knife,
i.e., the larger gQ'~'l, the higher the excitation
energy. We note that all nucleons of the projectile
have their tail eut off. Thus, in a sense, abrasion
is a collective phenomenon, and thermalization of
the excitation energy before nucleon emission
(ablation) seems the more likely process. The
factorization assumption lO~) =l a, ) lOz), where
lO~) and lO~) are the ground states of projectile
and fragment, respectively, seems plausible with-
in an independent particle model, except for a shift
in the center of mass. " Since matter is sheared
off one side of the projectile only, the center of
mass of the fragment is displaced from the one
of the projectile by

a(b)=

A

L(1 —Q"') (1 —Q'"')Q"' Q"'] Q x [(I Qi") (1 —Q:")Q:+'i Q~ '] '
O~

i =n

o~ll (1 —Q' ') (1 —Q„' ')Q„',', Q„' 'l'l o~
(22a)

b E(b) = ——,'(A —n) M aP a'(b) . (22b)

The sign can be understood easily: The fragment
with one side sheared off fits better into a poten-
tial well, if the c.m. of fragment and well, coin-
cide. The correction Eq. (22b) is significant, as
can be seen on Fig. 2. Equations (22) and (22b)
are our final result for the excitation energy.
The expressions do not contain any free param-
eter, nor do they refer to a specific nuclear mod-
el.

where a lies in the impact parameter plane. The
excitation energy of the final fragment has to be
evaluated with respect to a ground state lO~) which
equals the state lO~), only displaced by a. Using
an independent particle model and a harmonic os-
cillator potential, the center-of-mass shift re-
duces the excitation energy Eq. (21) by the amount

perimental rms radii for the target 'Be and the
projectile "0. The total nucleon-nucleon cross
section cr„", =45 mb is a value averaged over pro-
ton-proton and pr oton-neutron data at 2 GeV. '
The total. abrasion cross section 0'„'t is simply an
integral over o„,(b) IEq. (23)] in the impact param-
eter plane. Figure 1 shows various abrasion cross
sections for the production of carbon isotopes as a
function of the impact parameter b. As expected,
the cross sections peak at large impact param-
eters when only few nucleons are removed (b,„
=4.1 fm for "C), while the removal of several
particles occurs largely at smaller impact param-
eters (5„=2.3 fm for "C). Then target and pro-
jectile ions overlap considerably. The shapes of
the distributions do not depend dramatically on
the number of removed particles.

The average excitation energy per nucleon is
calcul. ated

IV. NUMERICAL RESULTS FOR THE
ABRASION-ABLATiON MODEL

I
'

I &
I

' I ' I '
I3—

The cross section for the abrasion of n out of N
neutrons and z out of Z protons from the projectile
nucleus is calculated from the expression

13C

/N /Z)
g„,(b) = I

I ltl P(b)]"+'P(b)" " ', (23)
0

I I I I I I I I I I I I I

0 1 2 3 4 5 6

where P(b) is defined in Eq. (18). The densities
p~(x) and pr(x) in Eq. (18) are built from harmonic
oscillator wave functions (s and P orbits); the os-
cillator constant is chosen so to reproduce the ex-

b (~m)

FIG. 1. The abrasion cross section o.„(b) as a function
of the impact parameter b for the production of carbon
isotopes in the reaction 60+83e t" +X.
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(E —E,)(b) 1 fd's dz p~(s —b, z) ~V exp[- —,'Aro„", (1 —in)f pr(s, z')dz']

fd2sdz pp(s —b, z) exp[ Aro„", f+„"pr(s, z')dz']
(24)

3
X
C
O
Ql

2

CO

iJJ
I

IQJ 1

)
X
C3

i
O

30
LLl

I

ILLJ

20~A- thr.~p -thr.

10~(X-thl.

E

~ 2—
b

P4

2 I

I

I

I

I

I

I

b(tm), ;

plus correction Eq. (22b). Eq. (24) agrees with
Eq. (22), except that p~ is replaced by the projec-
tile density (which should be a good approximation
as long as only a few nucleons are removed). The
parameter o. =Ref "(0)/Imf""(0) is a measure of
the real part of the nucleon-nucleon forward scat-
tering amplitude f""(0). Unfortunately, o. is ill
determined" at 2 GeV. However, the nucleon-
nucleon data are compatible with

~
o. ~& 0.3. Since

only the absolute value
~

1 —io.
~

' = 1+a' enters
Eq. (24), the uncertainty in n does not seem
crucial. The dependence of the excitation energy
per nucleon as a function of b is displayed in Fig.
2. As expected, the excitation energy goes to zero

for large impact parameters. Bowman et al. ' cal-
culate the average excitation energy from the ex-
cess surface energy after abrasion (in the liquid
drop model the surface energy is about 1 MeV/
fm'). Although we cannot make the conceptuai
bridge between their model and our expression
(24), the numerical results are rather similar.
However, there is one important difference:
Since the peaks in Fig. 1 are rather wide, one
cannot associate one excitation energy to each
abrasion cross section, but one has a distribution
of energies. This fact is displayed in Fig. 2. For
"C, the resulting fragment has an excitation en-
ergy between 3 and 22 MeV depending on the im-
pact parameter. As various thresholds open in
this energy interval ("C-BBe+n at 7.9 MeV,
-"B+Pat 15.6 MeV, etc. ), the resulting frag-
ment "C*after abrasion may be particle stable
or may decay by n emission, or n and proton de-
cay may compete, etc. The probability for ' C to
be particle stable is proportional to the area with
b & b„where 0, is that impact parameter for which
(E -E,)(b, ) =7.9 MeV. The probability for n decay
is measured by the area between b, and b„where
(E —Eo)(b, ) =15.6 MeV, as indicated in Fig. 2.
When two and more channels compete like n's,
protons, and neutrons, we assume the relative
probabilities W to be proportional to the penetra-
bil. ities

W„(b): W~(b): W„(b)

= T (E(b) - E'") T (E(b) E~) T -(E(b) - E)

(25)

where for the neutron

00 5 b(fm)

FIG. 2. (a): Average excitation energy per nucleon
after abrasion as a function of the impact parameter.
[dashed curve, Eq. (24); solid curve with c.m. correc-
tion, Eq. (22b)l. The ordinate on the right-hand side is
multiplied by 12 to give the excitation energy for C.
The thresholds for &, proton, and neutron decays of

C are indicated. (b): Abrasion cross section for C

as in Fig. 1. The lines indicate how we calculate the
intensities in the ablation process: The area of 0„(b)
for impact parameters which correspond to excitation
energies below the first threshold is the amount of stable
~ C. The next area of 0'„(4) corresponding to energies
above & and below proton thresholds is the amount of
decay C Be+&, etc.

T~ and T„ involve the Coulomb functions instead of
the spherical Bessel function j,. 8 is the radius
of the decaying nucleus and & is the threshold
energy. We assume l =0 only. The approxima-
tion Eq. (25) is certainly a crude one. For in-
stance, it neglects all nuclear structure effects.
An inclusion of these effects, however, seems
premature since we do not even know whether the
excited fragment after abrasion decays "immed-
iately" i.e., by direct decay, or whether it ther-
malizes the energy and then evaporates particles.
In both cases, the decay probabilities must be
proportional to the penetrabilities T multiplied by
factors appropriate to the specific modeI. . Thus
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the requirement Eq. (25) is a minimal one. Al-
though absolute values for lifetimes and decay
widths differ by several orders of magnitude de-
pending on the direct or compound mechanism,
relative intensities are expected to be much less
sensitive to the detailed models for ablation.

Table I contains our results for the reaction
"0+'B ~Z~+X. The calculation is performed
according to the lines described above with no
adjustable Parameter. A first glance reveals
good agreement between calculation and experi-
ments. All trends are quantitatively reproduced:
"0, "N, "C, and "Bcarry the maximal intensity
in cal.culation and experiment. Particularly small
values, for instance in "0 (with the particle
threshold at I.5 MeV), are also understood. In
most cases agreement within a factor of 2 is
achieved. Nevertheless, the theoretical values
show a systematic discrepancy to be too large in
the oxygen and nitrogen isotopes and for '4C. For
all these nuclei abrasion dominates the final cross
section. For instance, the calculated final inten-
sity of 13 mb for "O is that part of the abrasion
cross section (33 mb) which is below the first
threshold. On the other hand, for the carbon Bnd
boron isotopes only a small fraction of the initial
abrased intensity is stable. For "C, only 7 mb of
the abrasion cross section are stable, The final
intensity of 58 mb arises mainly from the particl. e
decays of "C and "N. Since this is a rather com-
plicated process, involving our assumption about
the ablation mechanism, the agreement with ex-
periment is surprising. Of course, the fact that
"C carries the largest intensity of all. C isotopes
is a consequence of the stability of this nucleus,
but this fact does not explain the nearly perfect
matching between calculation and experiment.

In order to find the reason for the systematic
discrepancies in the oxygen and nitrogen isotopes,
we have investigated various approximations which
enter the derivation of the abrasion-ablation mod-
el, especially the coherent approximation (cf. Ap-
pendix). We find that abrasion cross section and
average excitation energies after abrasion are
amazingly stable against al. l kinds of improve-
ments. The only weak assumption of our calcula-
tion, namely, Eq. (25), cannot be the source for
the discrepancies, since it becomes only impor-
tant for the carbon and boron isotopes. Therefore
we face the paradoxical situation: Although the
over-all. agreement between the calculations and
experiment is good, systematic discrepancies ap-
pear where the model should be best. Bowman
et aI.' observed a similar trend. Their total cross
sections for the production of oxygen and nitrogen
isotopes are a factor of 2 too large, while their
calculation is perfect for carbon.

V. BEYOND THE ABRASION-ABLATION MODEL

Since the abrasion-ablation model, defined by
the Glauber expression for the scattering ampl. i-
tude, is internally consistent and is carried
through without major approximations, we have
to anal. yze whether the physics of abrasion is suf-
ficiently well reproduced by the model. Abrasion
means that nucleon from the projectile ion is hit
by a target nucleon and is "kicked out" of its bound
orbit. More precisely, in the nucleon-nucleon
scattering event, momentum q is transferred to
the projectile nucleon. This momentum transfer
is determined by the angular distribution of nu-
cleon-nucleon scattering

dg Q(X gg

where t is the four-momentum transfer. In the
rest system of the projectile, t = —q'. With the
experimental value~' a =8 (GeV/c) ', we calculate
an average momentum transfer to the sheared off
nucleon

(q')'"= I/Ma =400 MeV/c, (28)

and an average kinetic energy of(q')/2M =80 MeV.
The momentum transfer q is essentially perpen-
dicular to the to the beam direction. In many
cases, the struck nucleon has a strong final state
interaction (FSI) with the remaining fragment.
The abrasion-ablation model, developed in the
previous sections, does not contain this effect.
We consider the neglecting of FSI to be the reason
why there are systematic discrepancies between
calculation and experiment in Table I.

Before proposing a model, we discuss some
general features of the FSI. In all cases consid-
ered in this paper, the abrasion process is located
on the surface of the projectile. As mentioned
above, the struck nucleon receives momentum
perpendicular to the beam direction, i.e. the nu-
cleon is either kicked immediately out of the nu-
cleus (without FSI) or it has to cross a consider-
able amount of projectile matter. The first possi-
bility happens with probability P~, the second one
with I -Ps (8 stands for "escape"). Since the in-
teraction happens at the surface, simple geome-
trical arguments yield P~=0.5. When the struck
nucleon has to cross the fragment it experiences
FSI. Since the mean free path A. =(o~„'p) '= I —2

fm, there will be several scatterings inside the
nucleus. We are not aware of any experiment
which could shed light on our FSI problem. There-
fore we have to investigate models. We are
guided by the results of a Monte Carlo calculation
(Metropolis et at.23). The case in their paper
which comes closest to our situation is the follow-
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TABLE II. Results of fragmentation cross sections in an abrasion-ablation calculation
which includes the final state interaction (FSI) of the struck nucleon according to assumptions
(a), (b), and (c) of the text. For comparison we quote the abrasion, the abrasion-ablation,
and the experimental cross sections from Table I.

A
0 abr

(mb)
&abr
2" (a)

abr-abl-F SI
(mb)

Assumptions
(b) (c)

+exp

(mb)
O abr-abl

(mb)

15p

N
14p
14N

14C

13p

N
13'
13B
12@

12B

131
131

33
75
33
10
40
40
10
33
19

65.5
65.5

8
19

8
1
5
5
1
2
1

63
67

9
30
12
0,1
8

22
2.5

24
5

63
64

8
21
10
0.1
8

16
2

19
3

63
64

9
24
12
0.14

13
29
4

33
8

43.0 + 2.1
54.1 +2.7
1.6 + 0.1

49.5 +4.0
5.2 + 0.3
0.32+ 0.04
8.0 + 0.4

28.6 + 1.4
0.50+ 0.04

60.8 + 4.9
2.8 + 0.2

126
128

30
75
31
0.5

13
29

5
69
10

ing: A nucleon with 80 MeV strikes aluminium.
In 60%%uo of all cases it ejects another nucleon,
while two nucleons (or no nucleon) are removed
with about 20%%uo probability each. The distribution
of excitation energy after FSI extends from zero
to 70 MeV.

Our model is constructed in the following way.
A struck nucleon escapes (without FSI) with prob-
ability P~. Therefore FSI is important in only
50%%uo of all cases for the A=15 system. When two
nucleons are sheared off (A=14), the escape prob-
ability for both nucleons is P~' = 0.25. In a first
very rough approximation, FSI amounts to the re-
moval. of at least one more nucleon. Therefore
FSI reduces the abrasion cross section for the
A. = 15 system by a factor of 2, and for A =14 by a
factor of 4, etc. Thus the discrepancies for A =15
and 14 are understood qualitatively already. Of
course, the part of the cross section which under-
goes FSI must appear somewhere, i.e., for A&14.
In order to see this we construct explicit models
for the FSI.
(a) The struck nucleon, which crosses the nucle-
us, excites the fragment. The distribution of ex-
citation energies &„ is constant in the interval
10 &E„&70 MeV.
(b) Qn its way through the nucleus, the nucleon
ejects one other nucleon and deposits energy as
in model (a).
(c) If the struck nucleon ejects a Is nucleon, this
hole is refilled by an Auger transition ejecting
another nucleon. Ejection of a P nucleon either
directly or via Auger leads to a constant distribu-
tion of excitation energies in the interval 10 ~&„

& 30 MeV.
For each model the initial distribution intensities
(as a function of mass number and E„)are calcu-
lated. Then the decay cascade is computed assum-
ing pure compound decay (Bondorf and Noren-
berg").

The results of the abrasion-ablation calculation
with FSI are displayed in Table II. We observe
the following features.
(i) The three assumptions (a)-(c) do not produce
very different resul. ts. Other shapes of distribu-
tions in the excitation energy also do not alter the
r esults dramatically.
(ii) For A= 14 and 15, the calculated cross sec-
tions are considerably smaller than those of a
pure abrasion-ablation calculation but are still
somewhat larger than experiment.
(iii) The cascade calculation becomes important
for the isotopes with 4=12 and 13. The agreement
with experiment is not too good; deviations in both
directions are considerable.

In conclusion, we consider the abrasion-abla-
tion-FSI model an adequate starting point to un-
derstand fragmentation cross sections in relativ-
istic heavy ion reactions. While the abrasion
part can be calculated reliably, FSI of the sheared
off nucleons has to be understood better.
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APPENDIX: CRITICAL DISCUSSION OF SOME
APPROXIMATIONS

Two approximations have entered the derivation
of the abrasion-ablation model in Sec. II: (i) the
phase shift function p, , of the elementary nucleon-
nucleon scattering event is real; (ii) the coherent
approximation. While we can remove restriction
(i) nearly completely without changing the final
formulas, Eqs. (16) and (23), we can only esti-
mate the accuracy of the coherent approximation.
A real phase shift function implies that there is
only elastic nucleon-nucleon scattering, because
the associated S -matrix element

p S 8(5)S)*8(5)=[) 8 (AS)

As an example, we quote values for proton-proton
scattering at 2 GeV from the compilation by
Benary, Price, and Alexander '

0 fpf 45 mb, 0'
tsar

19 mb)'

o»»&„, =19 mb (of which cr» „~=13mb) .

(A2)

Therefore, the S-matrix element Spp IIlust be re-
placed by a matrix S„s, where n and P refer to
the various channels, Unitarity requires

(b ) e&x(b) (A 1)

exhausts unitarity; j S»j = l. Empirically, at ki-
netic energies of 2 GeV, elastic nucleon-nucleon
scattering is only a fraction of total cross section.

The simple unitarity of Eq. (Al) has been used to
derive Eq. (10) from Eq. (9). In the presence of
inelastic nucleon channels, the sum over p.,) p. p

should also include unobserved nucleon channels,
i.e., one has to replace

Es Io;&&o;Is;- g, s.".
, } Io;&&o;I

9g)Pp lC T

gl
n, p

lCT
(A4a)

] [s,"„ Iu, ;&&o;I
' 's.",.} .

EE- 7 l&:T

(A4b)

The "1"again follows from unitarity. Even if the
inelastic nucleon channels appear in Eq. (A4b),
the average over target states again leads to the
nucl. eon-nucleus optical potential. The presence
of the inelastic channels manifests itself in the
fact that the imaginary part of the optical poten-
tial is proportional to the total nucleon-nucleon
cross section and not to the total elastic one:

p
' (x, y) —p(x)p(y) =p(x)p(y)C(x, y), (A7)

with the nuclear two-body density pim)(x, y) and the
one-body density p(x). Because p(x) =Jd'y p[')(x, y)
one has the important normalization

(V)C(x, V)d'y =o (A8)

We introduce the correlation function into Eq. (A6):

Qo&" =
j

e'X&o&
jj

NN= exp —o... p(b, z)dz .
(A5)

D=(oj B,B2j 0& —(oj B, j o)(oj B~j 0&

d'xd'y p x p y C x, y B, x B, y

We come to approximation (ii): As is well stud-
ied in standard multiple scattering theory, the co-
herent approximation amounts to neglecting inter-
mediate excited nuclear states. For instance, for
two single particle operators B, and B„

&oj B,B.I o&=&ol B, I o&&ol B,j o&

+ p (ojB,jn&(njB, jo& . (As)
n)p

d'x d'y p(x)p(y)C(x, y)
2

x [B,(x) —B,(y)][B,(y) —B,(x)], (A9)

where the last equality holds because of the nor-
malization relation Eq. (A8). If the densities p
and the operators B vary slowly over the correla-
tion distance rc (C(x, y) =0 for jx-yj) rc), one
can expand x and y around K = s(x+ y):

D= —
&

d'R p' R +Bx~R &B, R 3~ )

The second term is proportional to the two-body
correlation frunction C(x, y), Cxx dx, (A10)
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where the correlation function is assumed to de-
pend on the relative distance only. If the correla-
tions are repulsive (C(r)& 0) at small distances,
there must be a tait with C(x)& 0 because of the
normalization Eq. (A8). Since the tail is weighted
most in &, we conclude that && 0 for repulsive
correlations. The generalization to the case of
A nucleons is straightforward if three-body and
higher-order correlations are neglected. Then

p
" (x». . . , x„)= p(x, ). . .p(x„) 1+P C(x;, x, )

(A11)

where the C's have to fulfill Eq. (A8). The correc-
tion &o„(b) to the result 0'„ in the coherent approx-
imation is then

&(x„(b) 1 Jd's ds p'(s, z) [V(P(s + b)]'
„(b) 12 [1 —P(b)]'P(b)'

x([A(1 —P) —n]' (A- n)(1 —P)' —nP'j .

(A 12)

For short range repulsive correlations the correc-
tion is negative, but is small (a few percent) for
the abrasion cross section.
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