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The Bansal-French-Zamick model is quite successful in accounting for the Coulomb displacement energies of
excited particle-hole states in a variety of light nuclei. Level shifts are typically reproduced to within 50 keV.
However, the model fails for certain excited 0+ states, and this remains a puzzle.

NUCLEAR STRUCTURE Calculated Coulomb energies of particle-hole states
A=13 to 45.

The Coulomb displacement energies of the
ground states in mirror nuclei exhibit the well-
known odd-even effect This "pairing" is an en-
hanced displacement energy when S, of the iso-
spin doublet is even so that this member of the
doublet has an additional 4= 0 proton pair. This
is shown with the solid line for mirror nuclei
from A, =13 to 39 in Fig. 1. The same systema-
tics for the one-particle-m-hole excited states
is shown by the dashed line in the figure. Note
that the ~ and ~' energies are lower than the
sd and 1p shell energies in odd S& mirror pairs.
This merely reflects the larger rms radius of
the particle shell relative to the hole shell. Note
also that the "pairing" effect is much more pro-
nounced for the z and z excited states than for
the ground state. This enhancement is rather
surprising since, for example, the ~ states in
"Cl and "Ar arise from a single f„~,nucleon
coupled to (d, ~,)', J=0, which precludes f,~,
pairing. However, as we shall see, two thirds
of the time, "Ar (~ ) is an f,~, neutron coupled to
a pair of d, ~, P&0I;one, and vice versa for "Cl
(~7 ). The large "pairing" effect must arise from
the d, y, nucleons. In the present note we describe
a simple method to explain this enhanced pairing
quantitatively.

In a recent paper' the systematics of the binding
energies of particle-hole states were found to be
consistent with predictions of the Bansal-French-
Zamick model'' (BFZ} for a wide range of nuclei
in the 2s-1d and 1f,~, shells. We can extend this
method to Coulomb displacement energies by
finding the energies of a particle-hole state and
of its analog and subtracting the two. Under the
usual assumption that analog states have the same
nuclear energies, all differences in binding ener-
gies of analogs are-ascribed to Coulomb energy

differences. Equivalently, we can in the BFZ
model replace the (total) energies ot' the nuclei
involved by their Coulomb energies and retain
only the Coulomb term of the particle-hole inter-
action.

If one or more particles are excited into a high-
er orbital, let us designate the particle configura-
tion as P and the residue of the original configura-
tion as &. Schematically, we describe the particle
-hole state as PSC and take these to be the cor-
responding real nuclei. Thus, for example,

The Coulomb energy of a state with isospin
(T, T~) is given in this method by

E Z cf T'ci TJ'f TPg

x[E(C,) +Z(P&) —v&0, c],

where the index i designates the various constit-
uent states needed for a state of good isospin.
The && and p, , are the numbers of proton particles
and proton holes and & is the Coulomb interaction
between two protons in different shells. To ob-
tain 4E, we write down the corresponding ex-
pression for the analog state and take the differ-
ence.

I.et us first see what happens for the states in
mirror nuclei described by an excitation of one
particle from the valence shell to a higher shell.
It will be necessary to distinguish between nuclei
whose particle number is 4N+1 or 4%+3. In the
former case, as for example "Cl, the excitation
is described by

~
Q8) ( (1p) @(~ 1) =0] r 1/2

We apply this to Eq. (1), with T~=+& and —2,
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iA*) =((A+1) 'g (1h)) ' ' A=4N+1 (6)

(A*) =f(A+1)'='e(lh)f" ' A=4N+3.

This model can be applied to 4+ states in f,y,
shell mirror nuclei, and to ~ states in d, y, shell
mirror nuclei. As in the case of one-particle
excitations, an enhanced pairing effect is pre-
dicted. Comparison with the observed energies
is shown in Table II and in Fig. 2. The same
values of c are used as in Table I. The enhanced

(7)

have substantial widths, as noted in the table.
The Thomas-Ehrman shift has the correct sign to
explain the discrepancy in mass 13. The magni-
tude and sign of the deviation for A= 17 suggest
that the lowest ~ states used here are not single-
particle states.

The above treatment of one-particle-m-hole
states also applies to n-particle-one-hole states.
In this case the BFZ model has the structure

pairing in the d, ~, shell nuclei is excellently re-
produced with the exception of Z, = 10. However,
the calculated pairing effect in the f,~, shell is
too large by a factor of 1.4, with the "Sc displace-
ment energy particularly out of line. This sug-
gests that Eq. (6) may not be an appropriate mod-
el for that 2 state. The structure 4p83h is esti-
mated to be less than 2 MeV above the 2p(31h
state, and has a predicted displacement energy
much closer to the observed.

We note an interesting difference between Fig. 1
and Fig. 2. In the former, the energy for the
particle-hole state is very much lower than that of
the ground state for Z& odd, while in Fig. 2 the
energy of the particle-hole state is much greater
than the ground state for Z, even. From Eqs. (2)
and (6) we see that the isospin structure of these
two sets of particle-hole states is
P'=2T =0) ' '. The Coulomb energy is there-
fore just that of the odd particle or odd hole.

TABLE I. Coulomb displacement energies of lowest one-particle-m-hole states J=j, &= ~ in mirror nuclei. The
configurations are assumed to be [I'(j, -)(3 ( jh, 0+, T~)]. The third and fourth columns show the experimental ~E,
for the ground and particle-hole states. The fifth column lists the computed values for the particle-hole states and the
last column, &, is the difference between computed and experimental data. The value of c(j jh) used in the computa-
tions is given in the subcaptions. All energies are in keV. Errors assigned to the computed values are based solely on
uncertainties in the experimental Coulomb energies needed in the computations. References given in this and the sub-
sequent tables are to publications in addition to Refs. 5 and 6 containing new data needed for determining either experi-
mental or calculated &&, .

Mirror
pair my Tm

4E, (ground)
(exp)

EE~ (J~)
(exp)

(J%')

(computed) (comp-exp)

33Cl 33S

"Ar-"Cl
37K- 7Ar
38C 39K

8, 0
6, 1
4, 0
2 1

(a) J~= ~ states
2

63ev (2)
ev4v (2)
6932 (2)
7305 (5)

in the ld3y, shell:

6121 (5)
6784 (14)
6700 (3)
V284 (8)

c(fvypd3/g) =289 keV

fit
68oo (5)
6700 (7)
V34V (6) '

o (v)
+16 (16)

o (8)
+e3 (lo)

29P-~~Si
31S 3iP

4, 0
2 1

(b) J"=
2

states in the 2&&y2 shell:

5v26 (3) 5549 (4)
6224 (11) 6245 (13)

c(f&y2&&y2)
= 286 keV

fit
6194 (6)

o (7)
-51 (14)

17F 470b
sNe-iBF

2'Na-2'Ne

Mg- Na
»Al 25Mg

2~Sj -~~A]

a3N-&3C

"0-"N

12, 0
10, 1

8, 0

6, 1
4, 0
2, 1

4, 0
2, 1

(c) J"=- states

3542 (1)
4062 (1)
4311 (2)'
4850 (2)
5062 (2)
5593 (1)

(d) J"=
25 states

3oo3 (1)
3542 (1)

in the ld5y2 shell: c(fvy2d5y2) =380 keV

3518 (10) 3269 (4)
~ ~ ~ 4147 (4)

[4050 (20)] 4029 (4)
~ ~ ~ 4909 (2)

4790 (5) fit
~ t ~ 5619 (4)

in the 1P&g~ shell: c(d5y2P&y2) =355 keV

2696 (6) 2832 (1)
3513 (1) 3542 (2)

-249 (ll)
~ ~ ~

-21 (2O)
~ ~ ~

o (7)

+136 (e)
+29 (2)

References 10 and 11.' r("F 5.67 MeV,
2 ) =40 keV, I'( '0 5.70 MeV,

2 ) = 3.2 keV.
c 5' states rather than ground state.

2

Using E ( Ne
2 ) =5.33 MeV (Ref. 12) and &„(2Na 7 ) =5.05 MeV (Ref. 13).' l"(~3N 3.55 MeV, 25 ) =74 keV.
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TABLE II. Coulomb displacement energies for excited &-particle-one-hole mirror states.
The &-particle configuration has 4~=0 .

Mirror
pair

&E, (ground)
(exp)

EE, (J~)
(exp)

AE (J~)
(computed)

4'Sc-4'Ca

43Ti-43sc

iZF iZp

"Ne-'~F

21Na 21Ne

3Mg- Na

25Al 25Mg

ZSi- Al

3
2 '2

2 '2

1 1
2 '2

1
2 '2
1 1
2 '2
1 1
2 'Y
1 1

2 '2
1 1'2

2 1

4, 0

(b) JII= 1 states
2

3542 (1)2 1

in ld5~2 shell

3592 (8)

4, 0

6, 1

8, 0

4062 (1) 4186 (2)

(2) ' 4345 (5)

4849 (4) 4970 (4)

10, 1

12, 0

5062 (2)

5593 (1) 56v4 (v)

(a) J"=-2' states in 1fzy2 shell

v2vs (5) v364 (9)

7634 (11) 7802 (20)

7264 (5)

VSS3 (5)

35V6 (4)

4252 (2)

4354 (3)

4962 (2)

5OSO (3)

56V2 (2)

-100 (ll)
+81 (20)

-16 (1O)

+ee (3)

+9 (6)

-8 (5)

-2 (7)

Reference 14.
Reference 15.

state rather than ground state.

Since the Coulomb energy of a higher orbital is
less than that of a lower orbital, the odd particle
(Fig. 1) gives a reduced energy relative to the
ground state while the odd hole (Fig. 2) gives an
enhanced energy.

Conversely, the particle-hole energies are about
the same as that of ground states for Z, even in
Fig. 1 and Z, odd in Fig. 2. These particle-hole
states have the isospin structure from Egs. (4)
and (7), (T=2 8&= 1} ' '. In these eases the
proton-rich nucleus has an odd-neutron particle
(or proton hole) two-thirds of the time, as noted
in the introductory paragraph. The resulting
effect on the Coulomb energy can be seen qualita-
tively from the classical coupling of isospin vec-
tors: the vectors of length ~ and 1 must be anti-
parallel to couple to ~. Thus, the 2 component is
antiparallel to the total vector. Under isospin
rotation on the average one neutron is changed
into a proton. However, rotation of the antiparal-
lel (-, ) component changes a proton into a neutron
and this must be compensated for by changing two
neutrons of the &= 1 component in protons. Thus,
in the states of Fig. 1, for Z, even, we gain,
roughly speaking, twice the energy of a valence
proton while losing the energy of the excited
proton. The net gain on this picture would there-
fore be greater than that for the ground state
mirrors, in qualitative agreement with the cal-
culations. For the states in Fig. 2, this vector
picture leads to a similar result, namely that
for Z, odd, the particle hole energy should be
slightly less than the ground state energy. ln

400—
and X —exp

Q -cole (np-Ih)

500-

gp 200-

100-

8
t K

I

X
/

/
/

/
/are+

/
X

I I I I I I

Z &
9 10 I I 12 15 14

SHELL I d5/2

I I

21 22

I f 7/2

FIG. 2. Coulomb displacement energies of n-particle-
1-hole states for T = 2 nuclei in the 1d~/2 and 1fzy2
shells (Table IQ. The n-particle-one-hole states (X)
are 2 in the 1d5y2 shell and 2 in the 1fzy2 shell. The
ordinates are 4E, minus 3560+380 (Z& -9) in the 1dsy2
shell, and 7240+290 (Z&-21), in the 1fz(2 shell, inkeV.

summary, the apparent "pairing" effect for the
particle-hole states arises primarily from the
alternating role of the odd particle rather than
from the pairing of protons as in the ground states.
This reversal from normal of the charge of the
odd particle (or hole) would also be reflected in
the magnetic moments of the (4M+3) one-parti-
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cle-m-hole states and the (4N + I) n-particle-one-
hole states. '

Let us now turn to excitations in non-mirror
nuclei. In Table III we collect that data on odd-A
nuclei, in Table IV for even-A nuclei with J0,
and in Table V for even-A nuclei with J= 0.

The agreement between computed and experi-
mental values in Table III(a) and III(b) is quite
good, the maximum significant deviation being
less than 50 keV with the exception of "K-"Ar.
The agreement in Table III(c) is very poor. For
the "N-"0 pair, the 80 keV width of the "N state
could be responsible for the +125 keV deviation.
However, the width of the (2, 2) state of "0 is
reported to be &20 keV and it is therefore unlikely
that a Thomas-Ehrmann shift would be large
enough to account for the +80 keV deviation.

The agreement in Table IV is very good for all

the cases listed. The analog states in "Ar, Ca,
and "Ca are particle-unbound but their widths
are probably too small to be shifted significantly.
It should be remarked that our method is in prin-
ciple valid only for the centroid of the (ZJ 8 Jc)
multiplets. For "Ca-"K, the energies of the 4
states relative to the respective centroids are the
same within 4 keV, and for the 5 states of "Ar-
"Cl within an estimated 20 keV. For "0-"N, the
2 and the 2 -3 centroids have the same ~, ,

For "Sc- Ca and Ca-"K we can only compare
the ground states, there being insufficient infor-
mation on other states of the multiplets.

We consider 0' states separately in Table V be-
cause deviations are generally large. Several cal-
culations are at least qualitatively successful and
we discuss these first. The Coulomb displacement
energies of the (f,~,'d, ~, ') states in "K and tBAr

TABLE III. Coulomb displacement energies for +-particle-m-hole states with T»- for odd-A nuclei.

Analog
pair m Jm. &m &~~ (ground)

(J)I)
(exp)

(Jff)

(computed) (ke V)

(a) d3y2 f7y2" states

4'Ca-4'K

4'Ca-4'I

4'Ca-"K

4'Sc-4'Ca

4'Tl-4'Sc

4'Ti-"Sc

4'Ti-4'Sc

3 3
2 ' 2

2»
2 ' 2

2 ' 2

3+ 3
2 2

3+ 3
2 ' 2

2 t 2

3' 7
2 'Y

3+ 1'2 '2
3+ 1j '2 '2

1, ~2

3+ 1] t

3+ 11—t

3+ 1] '2 '2
3+ 11'2 '2

2, O+, 1

4, 0+, 2

6, 0, 3

4, O+, 2

6, 0+, 1

8, 0+, 2

10, 0+, 3

VO45 (15)

6952 (20)

v238 (4)

v5v1 (4)

7550 (20)

7533 (20)

gnd

gnd

gnd

7641 (10)

7580 (20)

vsse (2o)'

7051 (4)

7001 (4)

6947 (5)

7175 (6)

7660 (4)

7600 (5)

7562 (4)

+e (16)

+49 (20)

+19 (11)

+2O (21)

+26 (2o)

(b) f7( 2 dy 2 states

"Cl-"S
37cl 37S

37Ar-37cl

4'K-4'Ar

Ca- K

4'Ca-4'K

4'Ca-4'K

7 3
2 ' 2

7 5
2 ' 2

7, X
2 ' 2

7
2 '2
7 5
2 ' 2

7" 2
2 t 2

7
2

' 2

7 3.
2 ' 2

6, 0+, 1

4, 0+, 2

4, 0+, 2

2, 0+, 1

2, 0+, 1

2, 0+, 1

2, 0+, 1

2, 0+, 1

1—7 1'2 '2
1,—7 1

t

1—7 1'2 '2
] 7 1

7 3
t

7, L, X

6266 (4)

615o (so)

6591 (6) '
eve5 (16) '
6639 (10)

VO45 (15)

6952 (20)

6175 (5)

gnd

gnd

7082 (15)

69sv (ss)

6223 (s)

6203 (8)

e582 (se) '
6784 (3)

6726 (4)

7096 (5)

7043 (4)

VO13 (2O)
'

+48 (6)

+5S (S1)

+19 (16)

+sv (11)

+14 (16)

+56 (ss)

(c) d 5'"piy2 states

15N 15p

17p 17N

5+ 3
2 ' 2

3
2 ' 2

2, 0+, 1

1—1 1
t 2 t 2

5+ 1

2, 0+, 1

2779 (13)0

3185 (16) gncl

2904 (2)

3265 (2)

+125 (1S)

+so (1e)

Reference 16.
Reference 17.
Reference 18.
Reference 19.

Reference 20.
Reference 21.

g I'( N, p, 2) = 80 ke V.
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TABLE IV. Coulomb displacement energies for particle-hole ground state analogs for even-
A nuclei with T & f and &~ &0+.

2

Analog
pair mj~mj Tm & ~n Tn

(a) (f7(2)" (d3/2)™

AE
(exp)

DEc
(computed)

Ar- Cl

4'Ca-4'K

"Sc-"Ca
42C 42K

5, 2

4, 1

4, 1

2 2

3+ 3

3+ f
j

13' f
' 2

] 3+ 1

1—7 f

1 7 f'2 '2
1

7 3'2 '2

6502 (7)

V129 (2)

V448 (3)

7015 (11)

6546 (3)

7146 (3)

7435 (3)

7038 (5)

+44 (8)

+» (4)

-13 (4)

+23 (12)

f6p 2, 1 ] f i'2 '2

(b) (dP2)" (Pf(2)

51 3327 (1) 33e4 (1) +37 (2)

TABLE V. Coulomb displacement energies for 0+ particle-hole states with configuration
[()" T 0')s()& T 0')) '

Analog
pair" mj Tm

&E, (ground) 4E, (0+p-h) &E, (0+p-h)
(exp) (exp) computed

34Cl 34S

34Ar-34Cl
38K 38Ar
3sCa-38K
"K-4'Ar

Ca- K
Ca- K

4'Sc-4'Ca

42Ti-42Sc

f4Ng f4C
f4 pe f4gw

16NW i6C
f6pk f6NW

p- N
i8F fsp

f sge f 8F8

8, 0
8, 0
4 0
4, 0

2, 1
2 1
2, 1
2, 1
2 1
2 1
2, 1

4, 0
4, 0
2 1
2, 1
2, 1
2 1
2, 1
2, 1
2, 1

2 1
2 j 1
2, 1
2 1
2, 1
2 1
2, 1
4, 0
4, 2

4, 0
4, 2

2 1
2 1
2 1
2 1
2 1
4, 0
4, 2
4, 0
4, 2

(a) f7(2"d@2 states

e2v3 (2)
6842 (4)
6826 (3)
7399 (6)
6665 (16)
V129 (2)
V129 (2)
V214 (3)

~ ~ 0

6693 (7)
V215 (5O) '

gnd
7062 (20)
7212 (13)d

7265 (6)

VVV1 (V) vv53 (3o)

4187 (5) 4066 (8)

(b) (dP'2) (Pf/2)

2938 (1) 2653 (5)
3614 (2) 3215 (13)
2700 (18) gnd
3327 (1) 3152 (8)
3327 (1) ~ ~ ~

3480 (1) 3545 (6)

eo5s (3)
6615 (7)
6636 (5)
v193 (v)
ev31 (3)
7113 (3)
7296 (5)
7404 (3)
7140
V9VV (6)
v645'

2770 (1)
3477 (5)
2854 (1)
3321 (2)
3546 (3)
3e4s (1)
3480 (34) g

4324 (1)
4280(110) g

~ ~ ~

-57 (9)
-22 (5O)
+66 (17)
+51 (2O)
+84 (14)

+139 (V)

-125
+224 (31)
-108

+117 (6)
+262 (14)
+154 (1S)
+1e9 (s)

~ ~ ~

+103 (6)
-65 (34)

+258 (8)
+214(11O)

See Reference 10.
References 10 and 11.

'E„(K, o+2) =3376(6), Reference 22.
Reference 23.
Reference 24.
&Ec( 4V, 0+, 2) and &Ec( Cr, o+, 2) computed via IMME.

g Reference 25.
Asterisk indicates unbound states.
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are about 150 keV lower than those of the ground
states and this feature is reproduced. In absolute
values our predictions for the 4=40 (2p-2h) states
are consistently about 70 keV too high, perhaps
due to 0' components. However, the calculations
do reproduce the finding that in ' Ca the splitting
of the (2p-2h) T=2 and ~=1 states is 150 keV
less than in 'OK.

The remainder of the cases in Table V show
very poor agreement between calculations and
data. The possibly large effects of configuration
mixing can be seen in our following discussion of
the A= 18 and A=42 results.

The basic structure of the four-particle-two-
hole states of "Q and "Ca

[4p, ~=02h, T=1] (8)

is reasonably assured on other theoretical,
grounds'' besides the BFZ model. Nevertheless,
it is worth considering admixtures of the type
[(T=2)g(T=1)] r '. Zamick' finds this configura-
tion to have a low energy but not nearly as low as
Ref. (8). Calculations of ~, for these states in
"=42 and A= 18 are given in Table V. Agreement
for "Sc would require a 50% component of this
configuration, while for «'Ti and "F a 65% com-
ponent would be needed. (Qn the other hand, for

"Ne this component appears to be of no help at
all. ) These admixtures are rather large and other
components may be required for a full under-,
standing of the Coulomb energies of these 0' '

states.
To summarize our results, we find that our

method gives predictions, for particle-hale states
with JIO, which agree with experiment to within
20 keV for 45% of the 33 cases listed and within
100 keV for 94% of the cases. Predictions for
the 0+ states in the even-A nuclei listed in Table V
are generally poor, with only 5 cases out of 13
agreeing with experiment within 100 keV. Thus,
except for these 0'. states our method has been
generally successful in accounting for differences
between Coulomb energies of particle-hole states
and ground states which vary between -250 keV
to+170 keV. Large deviations (&100 keV) from
prediction can point up misidentification of states
or Thomas-Ehrmann shifts, as discussed in sev-
eral cases above.
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