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In order to investigate some approximations involved in the generalized semimicroscopic
model (GSMM), a cluster-phonon model is presented in which a hole or two holes and one
particle are coupled between them through @-Q plus pairing interactions, and to the quad-
rupole vibrations of a doubly even core having a closed shell. Anharmonicities are also in-
cluded phenomenologically. Matrix elements are computed using graphical methods and nu-
numerical calculations are performed for 5Co and 1%In, selected as well known examples
of odd-mass nuclei in the 1f7/, and 12/, shells, respectively. A good fit to energy levels is
achieved through a reasonable variation of the model parameters, and the predictions of the
GSMM about the nature of the low-lying levels in both nuclei are confirmed. The calculated
electromagnetic properties and spectroscopic factors compare favorably with experiment

except for some discrepancies in 5In,

NUCLEAR STRUCTURE %'Co, '%In; calculated levels, J, m, B(E2), B(M1),
q, 4, S, b, 7. Cluster-phonon model; 2h-1p excitations, anharmonicities.

I. INTRODUCTION

The classical semimicroscopic model (SMM),
in which a nucleon cluster of particles and/or
holes interacts with the quadrupole vibrations of
a core, has been successful in describing some
properties of the excited states in nuclei lying
near closed shells. However, the SMM cannot
explain the % and £ low-lying energy levels ob-
served in nuclei with a hole in the closed 1f,,,
and 1g,,, major shells (strictly speaking the latter
is a subshell of the shell ending at proton num-
ber Z =50). In the SMM it is assumed that the ex-
cited states of such a nucleus with mass number
A arise from the coupling of the hole state to the
vibrations of the (A +1) single-closed core (hole-
like states). That limitation has been recently
overcome with the generalized semimicroscopic
model (GSMM)? which differs from the SMM in the
addition of two-hole one-particle seniority-zero
and seniority-three cluster states in an approxi-
mate way. The main approximation was to re-
place the matrix elements of the model Hamilton-
ian between those additional excitations by matrix
elements of a modified Hamiltonian between states
arising from the coupling of a nucleon to the vi-
brations of the (A - 1) core with two holes in the
closed shell (particlelike states). A further ap-
proximation, required for the calculation of cross
matrix elements, was to replace that part of the
particlelike states corresponding to the vibrations
of the (A — 1) core, by states of the (A +1) vibrat-
ing core coupled to a major-shell two-hole states
with zero angular momentum. In this way, only
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the interaction of a particle or a hole with surface
vibrations of a core was required to treat nuclei
with a hole in a proton or neutron closed shell.

Within the framework of the GSMM a detailed
study of the low-lying states of odd-mass indium
isotopes,?? and of *°Ti, Cr, and odd-mass cobalt
isotopes*® was performed with a restricted varia-
tion of the particle-vibration interaction strength,
and taking the single-particle and phonon energies
as given.

We felt that the following points deserved further
investigation: the approximate treatment of 2h-1p
excitations (which defines the GSMM), the assump-
tion that the core vibrations are harmonic, and
the influence of all the involved parameters on the
calculated properties. The latter point has some
importance in the case of single-particle energies,
because in the GSMM calculations on indium iso-
topes? the assumption of model independence was
made, and in those on *°Ti, 5'Cr, and cobalt iso-
topes*® the mass and charge dependence were
neglected. Of course, single-particle energies
must be model independent, but there is no unique
way of extracting them from experimental data
without recourse to a model.

With the above aims in mind, in the present
work we start by treating the matrix elements
involving 2h-1p excitations in an exact manner,
in the sense that we first assume that an appro-
priate base is that composed by the states of a
hole and those of two holes plus one particle
coupled to an (A +1) doubly even single-closed
quadrupole harmonic vibrating core, and then
diagonalize numerically the resulting matrix of
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the model Hamiltonian. This approach requires
the explicit inclusion of residual interactions
between the members of the cluster, which, as
stated above, were not needed in the GSMM for the
nuclei we are interested in. These interactions
are taken to be the long-range quadrupole-quad-
rupole (@-Q) interaction plus the short-range
pairing one. The influence of single-particle en-
ergies and interaction strengths on energy levels
is studied through the search of the best set of
these parameters by least-squares fits to experi-
mental energy levels. Finally, anharmonic ef-
fects are included phenomenologically by allowing
for a nonzero quadrupole moment of the first ex-
cited 2+ core state.

We devote Sec. II to the description of the for-
malism used, listing the matrix elements in-
volved. In Sec. III we give some details of the nu-
merical calculations together with a critical com-
parison with the GSMM results. Finally, some
general conclusions are presented in Sec. IV.

II. FORMULATION
A. Model Hamiltonian, energy matrix,
and spectroscopic factors

Our starting Hamiltonian has the usual form in
cluster-phonon models (cf. Ref. 2):

H:H0+Hsp+Hint+Hres’ (1)

where the Hamiltonians are, respectively, asso-
ciated with: (i) the harmonic quadrupole vibra-
tions of the (A +1) doubly even core; (ii) the mo-
tion of the extracore nucleons and holes in an ef-
fective spherical potential; (iii) the interaction
of the cluster with the (A +1) vibrating core, and
(iv) the residual two-body interaction within the
cluster.

The operators H, and H , have the usual form;
H,,, is taken to be

Hint:ZQgp azyEQg’az’ (2)
uw
where
g;A:—Z k() Y,,(Q,) (3)

and the coupling strength is

k(¥) =pr z—;{, @)

V(7) being the effective spherical potential and p
the renormalization parameter introduced in Ref.
4. The Hamiltonian H_ ., has been taken to be a
sum of a pairing interaction H, and a quadrupole-

quadrupole (Q-@) interaction Hy:
Hres=HP+HQ' (5)

The pairing interaction only affects the two-hole
states coupled to zero angular momentum. The
@-@Q interaction is

Ho=-xY D Q7155 (6)
i>ji K
where
Q7. =(4n/5)'2r?Y,,(Q) (7

and y is the @-@ strength.
According to our hypothesis above, we choose
the following base vectors

|-t NR;IM) = [|h~'m,)® [NRM )] 1) (8)

{2, p)J, NR; IM) = [ |[JM,) ® |[NRM)] -

9
where the symbols mean: |i='m,) and |JM,), the
state vectors of the hole and the 2h-1p states, re-
spectively, with z and J representing the set of
quantum numbers necessary to completely de-
scribe them; [NRMR), the state vectors of the
(A +1) core, assumed to be a harmonic vibrator,
with N phonons coupled to angular momentum R;
and I and M, the total angular momentum quan-
tum numbers of the odd-A nucleus.

The matrix elements of the total Hamiltonian (1)
between the hole states (8) are the same as those
calculated in Ref. 2. The remaining ones are
most readily calculated by means of the graphical
methods of E1-Baz, Lafourcridre, and Castel,® to-
gether with the symbol shown in Fig. 1(b) for the
hole states. The graphical calculation has some
advantages: (i) the determination of phases (ra-
ther cumbersome if done analytically) is elemen-
tary, (ii) it yields directly reduced matrix ele-
ments between particle states because the holes
are automatically transformed into particles in
the course of the calculation, and (iii) certain
simplifications which are obvious in the diagrams
may be rather difficult (if not practically impos-
sible) to see in analytical expressions. These
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FIG. 1. Graphical symbols for (a) particle states
(u| jm) and () hole states (u|j=lm).



advantages are particularly important for the
complex matrix elements involving many-particle
many-hole configurations.

The final expressions for the matrix elements
of the model Hamiltonian (1) without anharmonicit-
ies are given below. The following notation is
used: €(j), single-particle energy; Zw, phonon

([(™2W5, '], N'R'; IM|H| (™2, p]J, NR; IM)
=(5,,','Jnﬁp'PéJ,JﬁﬂlNﬁRlR[e(p)+Nﬁw]
JJ 2
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energy; {abc}, 3-j symbol indicating the allowed
values of the angular momenta involved; {252},

6-j symbol; J=(2J +1)/2; ( || || ), reduced matrix
elements; d,/, =9, my 03,13, 01,01, 5 where # is the
number of oscillafor quanta and / the orbital angu-
lar momentum of the particle; and G is the pairing
strength constant.

+(-)R'"P+'J'3{R R I}(N’R’HazHN}D

Roho2) (JLJ, 2
X | 2d4d, 6,1 g Th J g p

pp 2

}(hHQZIIM+(—)"'"5%{th;.}{(, . Jh}@'llqzllm]

hh 2

+ 010 IROJ'J{cml}{a,,l,,m;,h{JmJ} [ X { nh Jh} (rllQglln)® - 6Jhoc(h+%)J

—(—)’*’zxizih{ i

(R, N'R'; IM|H|[(h™2)J,, p }J, NR; IM) = (—)R"““""'{

Jy 2}{J;,J,,2

b hl s p,J}<hHQ£Hh><1>'HQ£HP>}, (10)

hJd 2)(khp 2

hp 2

—x(—)’-"{hm}owomon.(5,./12){ - Jh} hllQglinxrllQzllp) ,

(11)

h h 2

(h™Y, N'R';IM|H|h™ NR; IM)=0y.40 5 z[— €(h) + Nliw] + (=)8 =" *1 {R R I}(N’R’HaZHNRXhHlelh). (12)

As stated in the Introduction, anharmonic effects
are included phenomenologically by allowing for a
nonzero static quadrupole moment Q(*2) of the 2+
state of the core. The corresponding matrix ele-
ments are obtained from those shown above just
by adding a term proportional to

6101'161011\"Q(!.2)

to the reduced matrix elements of the collective
operator a,. This treatment differs from others,
such as that of Stewart, Castel, and Singh,® in the
off-diagonal core matrix elements, which in the
present case are still given by those of a,. In this
way, no extra parameters are needed in principle,
since Q(*2) may be taken from experiment.

The eigenstates of the model Hamiltonian, with
total angular momentum /, are linear combina-
tions of the base vectors (8) and (9):

["tMy="3" n(h, NR;"D) [h~*, NR; IM)

NR
+ Z TI(JMP,J,NR§ TI)
Iyt
JNR
x| [(R™2}, p)J, NR; IM) , (13)

where the amplitudes 7 are obtained by diagonaliz-
ing the energy matrices, and the superindex
T=1,2,... distinguishes between states of the
same total angular momentum in order of increas-
ing energy.

The spectroscopic factors for nucleon transfer
reactions are calculated from the appropriate am-
plitudes n as indicated in Ref. 2.

B. Electromagnetic properties

The electromagnetic transition operators are a
sum of a particle contribution and a collective one.
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They are defined as usual (cf. Ref. 2) by the fol-
lowing.
Electromagnetic quadvupole operator:

T3, =(5/4m"2e " Q7 (i)

+(3R02/47ra0)efﬂaz“ (in e fm?) . (14)

where @, is given by Eq. (7), the summation over
i corresponds to the components of the cluster, e
is the particle effective charge, R,=1.24"% fm

the nuclear radius, a,=57""23 (with 8 the quadru-
pole deformation of the core) is the amplitude of
the vibrations, and

efl'=Zea, (15)

is the vibrator effective charge.
Magnetic dipole operator:

Tiu= (3/477)”2[gﬂ(1u ~d)+&J, =Sy) +g:ffsu]
(il’l IJ'N) b (16)

where I, J, and § are the (vector) operators of
the nuclear angular momentum, total angular
momentum, and spin of the cluster, respectively,
the numbers g, g;, and g are the collective,
orbital, and spin gyromagnetic ratios.

The reduced E2 and M1 transition probabilities,
and the electric quadrupole @ and magnetic dipole
¢ moments of the states are then, respectively,
given by

B(E2; I'=1)=T*(A&™ + Bt (in €* fm?); (17
B(M1;I'~1)=(3/4mI?[(C = D)gg + (D - E)g, + Eg<]?
(in puy%); (18)
_ 167 1(27+1)(21 - 1)} 1/2 -
Q—él’laT’T[ 5 (1+1)(21+3) (Aeeff+Bev )
(in efm?); (19)

o [12r+1)7Y2 P
b =000, [ LB lC —D)gy + 0 - By B

(in uy) . (20)
The quantities A, B, C, D, and E are of the form

F=3%" n0'n)F*, (21)
Y'Y

where the amplitudes 7 are those of Eq. (19), with
v representing the corresponding quantum num-
bers, and the F*¥'s are the matrix elements be-
tween the base states. Their expressions are

J'J 2
A*=0,y0p:p (=) HTTR(5/4m)1/2 I I'R

(' 1 Q5117 ; (22)

3 R' R 2
B*:ép'péJ;l JhéJ’J("')'HI TR _—“Roz
0

4o A
X(N'R' || a,||NR) ; (23)
C*=0,10515 0715 O 4O RO1 107 7 [Iz(jii)} . ;
(24)
D*=Gp’pé.ll’IJhéJ’Jélv’NéR’R(_)JI+I+R+1
JJ 1
X[J(J+1)(2J+1)]”2{I r R} ; (25)
J'J 1
E*:éN,NoR,R(_)J’”*R”{I 7 R} ' SHTy .
(26)

In these equations, J’ and J stand for the angular
momentum of the cluster (either a hole or two

holes and one particle), and the rest of the sym-
bols have the same meaning as in Egs. (10)—-(12).

III. RESULTS AND DISCUSSION

In this section we give some details of the cal-
culations, together with a critical comparison with
the results of the GSMM.2~5

The space spanned by the base vectors (8) and
(9) must be truncated for practical reasons. Where
to truncate it, is mainly determined by physical
considerations. In the first place, only the single-
particle orbits immediately above the major closed
shell are considered, since higher ones are ex-
pected to contribute negligibly. Of course, only
single-particle orbits belonging to the same num-
ber of oscillator quanta are involved because of
parity conservation. As regards the collective
part, it must be noted that in cluster-phonon
models, the phonon accounts for collective effects
of the appropriate mixing of many-particle shell-
model configurations. Which ones, it cannot be
ascertained a p7iori, but in any case it is to be
expected that an increase in the number of phonons
brings about a mixing of higher particle configur-
ations. Consequently, in order to be systematic,
2h-1p states must be coupled to a smaller number
of phonons than the 1h state. We considered the
hole state in Eq. (8) coupled to up to two phonons,
and the particle states in Eq. (9), up to one phonon.
Calculations were also performed for one more
phonon in both states and it was found that, although
the structure of the nuclear states was not sub-
stantially altered, their energy was exceedingly
lowered. This may be interpreted as indicating
that from a certain number of phonons upwards,
inadequate high-lying particle configurations are



mixed. It is to be noted that even with the above
restriction on the number of phonons, the allowed
configurations for each spin more than doubled
those appearing in the GSMM.

The influence of single-particle energies and of
the parameters p, x, and G was studied by adjust-
ing twoof them at a time in least-squares fits to the
excitation energies of the lowest unambiguously
determined levels. In a first series of fits, only
the single-particle energies were varied, since
they are not expected to affect the levels identified
in the SMM and GSMM as belonging to the one-
phonon multiplet. The first fit of this series in-
cluded the variation of the hole energy, which is
the most uncertain and is supposed to fix the rela-
tive position of the multiplet and the rest of the
levels which, according to the GSMM, should be
particlelike. In a second series of fits, at least
one interaction-strength constant was included. At
the end of each fit the first three levels of each
spin up to the highest observed spin were calculat-
ed. The intermediate steps of the process of x*®
minimization in each fit showed how the levels
changed as functions of the two parameters being
adjusted. A final simultaneous variation of all
parameters in order to obtain the best fit was pre-
cluded because of the available computational facil-
ities. Therefore, taking advantage of the infor-
mation provided by the intermediate steps of each
two-parameter fit, new ones were performed and
the set of parameters yielding the lowest x* was
chosen.

The phonon energy was considered as the ob-
served energy of the '2+ state of the (A+1) core;
also, the deformation parameter 8, appearing in
the reduced matrix elements of the collective oper-
ator a,, was taken from experiment. The input
values of the parameter p and of the single-particle
energies were those of our previous works, 2~° ex-
cept that for the hole energy an estimate was ob-
tained from binding-energy considerations. We
chose as origin the energy of the first single-par-
ticle orbit above the major closed shell. For the
strength constants G and y of the residual interac-
tions, we took as input values those commonly
quoted in the literature for the respective mass
regions (cf. Ref. 7).

In order to investigate the effect of anharmonici-
ties (included phenomenologically as indicated in
Sec. II), instead of taking the experimental values
of the quadrupole moments Q('2) of the first excited
state of the cores, which are reported with large
relative errors, we have used Q('2), together with
p, as free parameters in least-squares fits to
energy levels, keeping the remaining parameters
fixed at the values resulting from the fits without
anharmonicities. The parameter p was chosen be-
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cause it is the one affecting more strongly all lev-
els. Since no substantial difference with the cal-
culations without anharmonicities was obtained
(see below), except in the splitting within the multi-
plet, we thought it unnecessary to perform further
fits to adjust the rest of the parameters (which,

in any case, do not affect the multiplet appreciably;
see below).

Once the best set of parameters was chosen, the
first three levels of each spin up to the highest ob-
served spin were calculated; then those below a
certain energy (3 MeV for "Co and 2 MeV for
5Tn) were selected; and finally the state vectors
were used to calculate spectroscopic factors, elec-
tromagnetic properties, branching ratios, and life-
times, all in one program. We did not look for the
best fit of the latter through variation of their spe-
cific parameters (effective charges and gyromag-
netic ratios), although calculations were performed
with the eight combinations of the sets of values
indicated in Ref. 4.

In Sec. III A the results for °"Co are described,
and in Sec. IIIB, those for ''*In. Both nuclei were
chosen as typical and well known representatives
of 1f,,, and 1g,,, ones, respectively.

57
A. 7'Co nucleus

We first mention the following general features
of the behavior of energy levels as functions of
the parameters, without the inclusion of anharmon-
icities. Thecriterion used to distinguish between
particlelike and phononlike levels is their fast or
very slow change with single-particle energies.
This criterion was confirmed a posteriori by the
structure of the state vectors.
(i) The " state, and the £ and % ones not belonging
to the one-phonon multiplet increase strongly with
the decrease of either €(%), p, or x.
(ii) Mainly as a consequence of this, the values of
the parameters yielding reasonable fits appear to
be rather critical. The best values of the energy
€() of the hole state are of the order of the esti-
mated one; the other single-particle energies are
practically the same as those used in Ref. 4, i. e.
as the observed level energies of **Ni. The para-
meter p must be reduced by 30% with respect to
the value used in Ref. 4, whereas the strength x of
the @-Q interaction must be half the value commonly
quoted in the literature (cf. Ref. 7). This result
was to be expected, since in the present model the
total interaction of nucleons outside closed shells
is represented by particle-vibration plus two-par-
ticle interactions, whereas in the GSMM only the
former are considered and in shell-model-like cal-
culations only the latter appear.
(iii) Within ranges wider than the critical one, the
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levels of the one-phonon multiplet (which corre-
spond to the observed's, ' 22, 21 '3)are not
significantly affected by any of the parameters,
which implies that the model cannot provide, with-
out anharmonicities, the observed splitting; inpar-
ticular, the relative position of the # member is
incorrect.

(iv) The main components of the state vectors are
but slightly affected by the variation of the single-
particle energies. The only dramatic exceptions
are the first two 3 states, one of them belonging

to the multiplet, which cross each other at about
e(%) =~4 Mev: both become more mixed in nature
either as €(Z) is shifted up or as €(z) is shifted
down.

The resulting energy sequence of negative-parity
states, as well as the corresponding spectroscopic
factors for proton stripping reactions, are com-
pared in Fig. 1 with the experimental ones® and
with those predicted by the GSMM.* We comment
first on the results without anharmonicities. The
main components of the state vectors are listed in

S. M. ABECASIS 12

Table I and the calculated electromagnetic prop-
erties, branching ratios, and lifetimes are com-
pared in Table II with experimental data. It can
be seen from Fig. 1 that the fit to energy levels
and spectroscopic factors is better than in the
GSMM; in particular, the correct order of the
first two 5 states, namely, the lower particlelike
and the other collective, has been achieved (see
also Table I), although the latter still lies too low.
On the other hand, the total splitting of the one-
phonon multiplet is narrow as compared with the
experimental one and with that given by the GSMM.
It appears then that the correlations (anharmonici-
ties excluded) used in the present model cannot
provide a satisfactory description of the multiplet.
The predictions about electromagnetic properties,
branching ratios, and lifetimes (Table II) are sim-
ilar to those of GSMM, * except: (i) the % is now
correctly described, and (ii) the quadrupole mo-
ments of the low-spin (3, 3) members of the
multiplet are substantially increased, whereas
those of the high-spin ones and of the ground state

TABLE I. Components X10° of some low-lying negative-parity states in 51Co calculated
without anharmonicities. Each state is indicated by its ordering number and spin. The base
vectors are defined in the text. Only components contributing more than 4% are listed.

't 4 '
[0, F1/21%500) 910 10, 25/2] %, 00) =719 [0, fr/2] 5+ 12) 899
10, f1/21%,12) 350 10, fr2) §,12) 444 I0, f1/21§,24) 331
[0, £55] $,12) —231 [0, f1/21 L, 22) —223

l[2,05/5] +.12) 203

1 iy 2

2 2 2
110, £1/21 £, 00) 605 I10, F/21 $212) 018 0, Fr/a 12 790
li2, p3 /51 4,00) 454 0, f1y2) 7,24 332 10, fo21 §22) 328
(0, 521 4,12) 358 10, p3/51%,00) 301
(2, f5/214,00) —298 |12, p3/2] $,00) —288

(0, f5,212,12) 268
12,2421 2,12) 217

[0, f1/2] §512) 827 [0, £ 5] %, 12) 951 10, f5/21%,00) 673
{0, f1/2] %00y -333 10, Fo2] 4, 24) 224 (2, 1,21 2,00) 303
(0, fr/2] £:24) 285 10, p1/] $:12) =214
[[2, p3/51 2500) 240
10, f5p2) $,12) 247
[12, f520 $12) —221
|12, f5/2] $,00) ~269
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are decreased by about 30% with respect to the different way in both approaches, it may be con-
values predicted by the GSMM; only for the ground cluded that additional configuratiorgs would be need-
state is an experimental value available and it is ed to get the correct nature of the 3 level and, to
correctly reproduced by the GSMM but not by the a lesser extent, of the 1% one.
present treatment. The levels calculated with anharmonicities are

It is interesting to po{nt out that the electromag- shown in Fig. 2, for a value of the quadrupole mo-
netic properties of the 3 level (and hence those of ment of the 2+ state of *®Ni compatible with the
the ' one) show a manifest discrepancy with ex- experimental one, @('2)= (- 12+ 13) e fm? (Ref. 10).
perimental results, both inthe GSMM and in the pre- The only changes which deserve being mentioned
sent treatment; also, the value of B(E2; I‘E‘- ‘%) (and are the downward shift of the 1% state and the
hence that of the corresponding branching ratio) opposite one of the 5 state, which implies a good
predicted in both models is too low. Taking into prediction of the splitting within the one-phonon
account that 2h-1p configurations are treated in a multiplet. It appears then that in the present treat-

TABLE II. Experimental and theoretical electromagnetic properties of some negative-parity states of 5'Co calculated
without anharmonicities., Weisskopf units [A. Bohr and B. R. Mottelson, Nuclear Structure (Benjamin, New York, 1969),
Vol. I, p. 387.] are indicated W.u. The values of the proton effective charge and of the gyromagnetic ratios are e*ff =¢;
gr=0; g¢&ff =0.6gfree,

Q (eh) B uy) 7 (fs)

T Experiment®  Theory Experiment?  Theory  Experiment? Theory

g 0.52+0.09 0.289  4.733£0.017  4.746

2 0.164 3.0 0.6 2.806  (19:4)x10°"  3.4x10°

'z 0.164 4,215  84x18 174

g —0.064 (86672)x10°° 5.2x10°

23 0.124 3.460  360+70 663

y 0.258 4796 260520 429

2L 0.081 3.906  120£30 289

15 0.111 3.508  30%20 52

B (E2) (W.u.) B(M1) (W.u.) 6 b (%)

T Experiment®  Theory  Experiment® Theory Experiment™¢  Theory  Experiment® Theory
'L ousx0.08° 43 100 100
1 184 17 0.19 +0.04 0.03  —0.27£0.01 -0.68 100 100
E RS 5.6 0.02 1.21 0.01 100 100
oo 39+2 2.4 0.5 0.2 0.5  =0.09+0.01 -0.01 56+3 1
ooz 104 13 4423 99
S 10£2 9.8 98 99.8
'Ly 121 2.4 0.6 0.2 045  —0.02%0.01 -0.01 60+7 6.4
i1 10 0.02 £0.01  0.006 1.61 4027 93.6
z% 13 0.69 0.0007  0.3420:% 0.40 1425 0.3
1L 0.03 0.01 0.06+0.07 —0.08 83+4 99.4

2V, S. Shirley and C. H. Lederer, Lawrence Berkeley Laboratory, Report No. LBL-3450, 1974 (unpublished); Pro-
ceedings of the International Conference on Hyperfine Interactions Studied in Nuclear Reactions and Decay, Uppsala,
Sweden, 1974 (unpublished).

b K, S. Burton and L. C. McIntyre, Jr., Phys. Rev. C 3, 621 (1971), unless otherwise stated.

°P. H. Stelson and L. Grodzins, Nucl. Data A A1, 2 (1965).

dK, L. Coop, I. C. Crahen, and E, W. Titterton, Nucl. Phys. A A149, 463 (1970).

€ Calculated from experimental data assuming negligible total conversion coefficient.
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ment of 2h-1p excitations, unlike that in the GSMM,
anharmonicities are indispensable for the de-
scription of the low-energy spectrum of Co. As
regards the state-vector components, very slight
changes are obtained except in the case of the two
2 states: both become purer in nature through a
30% reduction of the component corresponding to
the opposite nature of the respective state. Also,
there is practically no change in the electromag-
netic properties, branching ratios, and lifetimes,
except for some improvement in the value of
B(E2; %-g.s.), which does not remedy the mani-
fest dlsagreement with the experimental one. Be-
cause of the above results of the calculations with
anharmonicities, we thought it unnecessary to
show the numerical values on state-vector com-
ponents and electromagnetic properties.

115

B. " In nucleus

We first mention the following features of the
behavior of energy levels as functions of the para-
meters, without anharmonicities. (The distinction
between particlelike and phononlike levels is based
on the same criterion as that used for 5’Co.)

(i) For a wide range of all the model parameters,
the pair "I - 1-g- lies below the pair ‘2 -'3, which

is the reverse of the experimental order. The final
values of the single-particle energies appear to be
rather critical in this respect.

(ii) The levels of the one-phonon multiplet (111 2,

22 , 1123, and ") are not affected by the varlatlon of

57
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G and x, whereas the particlelike levels l%, lé, 'z

’
and ‘% decrease when both parameters increase. :
(iii) The particle levels decrease with increasingp,
whereas the reverse holds true for those of the
multiplet.

(iv) The members of the multiplet lie at a some-
what high energy whichever the choice of para-
meters.

(v) The main components of the state vectors are
practically not affected by the variation of single-
particle energies.

The best value of the energy €(2) of the hole state
is very stable and of the order of magnitude of the
estimation from binding energies. In order to re-
produce the observed sequence of the levels

2, 1; , l;, and 2, all the other single-particle
energies had to be lowered with respect to the
values used in Ref. 2, which implies that the main
change is an upward shift of e(%); this was to be
expected from the fact that the values of single-
particle energies must be model-dependent in this
case, owing to the large number of neutrons out-
side closed shells. Since only p affects the mem-
bers of the multiplet noticeably, its value had to
be halved with respect to that used in the GSMM 2
in order to bring them to the correct energy re-
gion. For the same reason, the phonon energy
had to be taken slightly less than the observed
energy of the 2+ state of '%Sn.

The resulting spectrum of positive-parity states
below 1.5 MeV, as well as the corresponding spec-
troscopic factors, are compared in Fig. 2 with

o
0.70 772 —— 2305 2730
. 1.88 5/2 —— 2236
2,00 5/2 — 2133
057 7/2 1967
5/2 1920 2.805/2 — 1965 _—
2 = \age 27! 52 ——1915 552575 1858 0025/2 1935
0.03 5/2, 1759 qos 35— i7e7 101372 1875
/21618 028 772/ M703
_ 0363/2 —— I574 (77 1/ |
3 072 1/2 —=1505 (73 |72 —— 51| 0 2 583 59 1/2 —— 1494
 1803/2 —— 1378 o2/ Mgz 0383/2 ___ 1404 e 359
= | 9/2 1382 —
= 2073/2 1339
/ ——
& 2 1223 9/2 —— 1165
r 0.553/2 —— 1071
Z
W
1.80 772 —— 1.657/2 — 0 157 /2 —— O 108 7/2 —— O
8072 55 © 8572 13 ST72 15 ©

FIG. 2. Experimental (Ref. 9) and calculated low-lying negative-parity states in ’Co. The spectroscopic factors
(2I+1)S for the *Fe (He, d)%"Co reaction (Ref. 9) are indicated at the left of each level. (A): Present results without
anharmonicities for Zw (®Ni) =1.453 MeV; BC8Ni)=0.187; p=0.5; G =0.316 MeV; X =0.007 00 MeV fm™; € (f;/,)=—3.86

MeV; € (35 =0; €(f5/,) =0.75 MeV; € (py/,) =1.15 MeV. (B):
Q(2)=-175 et‘m2 the other parameters are the same as in (A). (C):

Present results with anharmonicities for p=0.55 and

GSMM (Ref. 4) results.
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experimental data'’ and with the predictions of the
GSMM.? We comment first on the results without
anharmonicities. The main components of the
state vectors are listed in Table III and the cal-
culated electromagnetic properties are compared
with the observed ones in Table IV. (Owing to the
lack of experimental data on branching ratios and
lifetimes, the corresponding numerical results
are omitted; they may be obtained on request from
the authors.)

It may be seen that the states are purer than in
the GSMM 2 in the sense that the multiplet is more
one-phonon-like and the other levels are more

particle-like. It appears that this is the reason
for the exceedingly small splitting within the multi-
plet as compared with experiment and with the
GSMM. On the other hand, the predictions about
electromagnetic properties differ from those of the
GSMM 2

(i) The calc}ﬂated quadrupole moments of the
ground and 3 states are decreased, becoming def-
initely smaller than the observed ones. Also, the
latter is predicted with the wrong sign (in fact, no
negative quadrupole moments result from the pre-
sent treatment) L1

(ii) The electric quadrupole transitions 53— 3 and

TABLE III. Components X 10% of some low-lying positive-parity states in 5In calculated
without anharmonicities, Each state is indicated by its ordering number and spin. The base
vectors are defined in the text, Only amplitudes contributing more than 4% are listed.

't ks '+
[0, 5 /2] &,00) 943 [0,d3/51%,00) 457 [[2,d5 /5] 4, 00) 567
10,8551 %,12) 260 (2, &1/51%,00) 433 {0,541 /51 4,00) 538
l[z,si,z]-g-,oo) 299 [0, d5 /o] 3, 12) ~325
[2,d5/,] ,00) —290 I[2,d5 /5] ,00) —221
12,351 %,00) —271
110, g7/51 §,12) —254
[[4,d5 /5] -g-, 00) 210
'3 't k)
[0, g7/21 £, 00) 667 |[o,g9/2]§-,12> 933
2,47/ £, 00) —369 [[0,d5/,]1%,00) 663 10,85 o] 324y 269
[[2,d3 /5] %,00) 315 [2,d5/9]1 %,00) —363
[10,g7/51 %512) 239 [2,81/,1%,00) 333
[[0,d5,1%,12) 235
(2,d5.,1%,12) —213
s 29 13
2 2 2
110, 8551 %,12) 937 [[0,89/21 %,12) 891 (0,85 21 §12) 945
1[0, g/2] §,22) 272 [0, g5/5]1 %,24) 236 0,85 5] &, 24) 246
1[0, g5 /21 %,00) —~235
27 39 iy
2 2 2
10,85 /21 §,12) 965 l(2,d5/5] §,00) 655 (2, 87/214,00) 694
[0,d5/5] §,12) —322 110, g721 & 12) =350
|14,d5,] %, 00) —286 (4, g7 /51 4, 00) ~295
(4,51/,1%,00) 280 (2, g7/51 §,12) 238
][2,d5/2]%—,12) 221 [4,d5 /514,000 229
l[2,81/,1%,12) —216 I12,d3 /] ,12) —214
12,8775 %,12) 211
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1 . .
1%_ 2 are now hindered, whereas the experimental

ones are unexpectedly enhanced,
(iii) The B(E2) values for the ground-state transi-
tions from the members of the multiplet are sys-
tematically higher than those predicted by the
GSMM and than the experimental ones. These re-
sults seem to indicate that the phonons of the
116gn vibrating core do not take proper account of
the collective effects of the many-particle configur-
ations of its neutrons above the N =50 shell. If this
is taken for granted, the better results of the
GSMM are to be attributed to the addition of **Cd
phonons.

The levels calculated with anharmonicities are
shown in Fig. 3 for a value of the quadrupole mo-

ment of the '2+ state of '®*Sn a bit higher than the
experimental one, Q('2)=(10x11) e fm? (Ref. 12).
The only change worth mentioning is a downward
shift of the one-phonon multiplet keeping the total
splitting too narrow. As regards the state-vector
components, very small changes are obtained in-
dicating a slight increase in the collectivity of all
states. The same is true for the calculated elect-
romagnetic properties. In view of this, we thought
it unnecessary to show the corresponding numer-
ical results.

IV. CONCLUDING REMARKS

As mentioned in the Introduction, the GSMM
predicts that some low-lying states in 1g,/,

TABLE IV. Experimental and theoretical electromagnetic properties of some positive-
parity states of 115In calculated without anharmonicities. Weisskopf units [A, Bohr and B. R.
Mottelson, Nuclear Structure (W. A, Benjamin, New York, Inc., 1969), Vol. I, p. 387.] are
indicated W.u. The values of the proton effective charge and of the gyromagnetic ratios are

el =2¢; gp=Z/A; g, =0.6glree

Q (eb) Koy

7 Experiment® Theory Experiment?® Theory

)

T 0.861 0.547 5.5408+0.0002 5.834

13 —0.62+0.08 0.392 0.80 £0.14  0.672

2

B(E2) (W.u.) B(M1) (W.u.) )

T, TI’f Experiment® Theory Experiment  Theory Experiment  Theory
1
1
12 88+20° 9.4 0.004523:3%2 40,0015 ~0.1650:04°  ~0.15
'Ly 55 2.8
17 1y —0.23i0.04} _
T3 0.002 0.0012 0.06.20.02 0.04
X ‘g_ 1.35+0.15 0.27
1y 19 b 0.54*0.08} _
R 251 2.8 19.9 0.139+0.030° 0.014 047008t 170
2l 11.3 £1.0 16.3
2 3.73£0.60  15.1 0.0006 7.59
1 ty 0.22¢o.27} ¢ 0.04+0.02
2 3.4 1.0 2.5 0.28 =0.06 0.146 0.1570.006f | —0.011
122*. g- 10.8 1.1 15.5
L ‘g_ 4.67+1.20  12.0 0.027 1.05
39 17 0.04+0.02
o 0.02 0.111 0.2820.04f¢ 002
A 1.81£0.45 0.0001 0.0000 0.39

2V, S. Shirley and C. M. Lederer, Lawrence Berkeley Laboratory, Report No, LBL-3450,
1974 (unpublished); Proceedings of the International Conference on Hyperfine Interactions
Studied in Nuclear Reactions and Decay, Uppsala, Sweden, 1974 (unpublished).

b . S, Dietrich, B. Herskind, R. A. Naumann, R. G. Stokstad, and G. E. Walker, Nucl. Phys.

A A155, 209 (1970), unless otherwise stated.

CA. Bicklin (private communication).

dA, Bicklin, B. Fogelberg, and S. G. Malmskog, Nucl. Phys. A A96, 539 (1967).

¢ Reference 3.
f Reference 11.

gCalculated from the experimental values of B (M1) and 4.
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nuclei®** and 1f,,, ones*** are mainly due to

2h-1p excitations. Since these had been included

in an approximate way, we have now treated them
exactly within the framework of cluster-phonon
models. This treatment required the explicit
inclusion of residual two-body interactions between
the members of the cluster, which have been taken
to be of the @-Q plus pairing type with adjustable
strengths. A systematic study of the behavior of
energy levels as functions of the parameters invol-
ved was performed, and the influence of anharmon-
icities in the core vibrations, which were not con-
sidered in the GSMM, was investigated phenom- .
enologically by adding an interaction term yielding
matrix elements diagonal in phonon number and
proportional to the quadrupole moment of the '2+
state of the core. We think that this is the appro-
priate way of treating anharmonicities semimic-
roscopically in order to remain within the frame-
work of a particle-phonorn model. Other treat-
ments, such as that of Stewart, Castel, and Singh}?
are on the line of particle-core models which do
not specify the nature of the core and thus do not
allow a direct comparison with the GSMM, which
is our purpose.

A good fit to energy levels has been achieved
both with and without anharmonicities by adjusting
single-particle energies and interaction strengths,
with the following difference: Anharmonicities
appear to be necessary to reproduce the observed
one-phonon-multiplet splitting in Co, whereas in
5Tn they do not appreciably affect this splitting.
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The predictions of the GSMM 2-5 about the origin
of the lowest-lying levels in both nuclei have been
confirmed: 2h-1p configurations are responsible
for the appearance of the 5— and '5— states in
"Co, and of the '3+, 'L+, 'Z+, and '+ states in
115In, below the one-phonon multiplet arising from
1h configurations, which yield the lowest levels in
the classical semimicroscopic model.! However,
we point out that the failure of both the present
model and thel GSMM in predicting the precise
nature of the  state in 5Co (as inferred from the
calculated electromagnetic properties) seems to
indicate that configurations other than 2h-1p ones
are also needed for that nuclide.

As regards magnetic properties, it would be
expected that by assuming an interaction of the
form (2), they would not be correctly predicted
because the collective motion is coupled only to
the orbital motion of the particles. However, as
in the GSMM, static magnetic dipole moments are
properly reproduced and the predictions about
magnetic dipole transitions are not worse than
those about quadrupole electric ones; moreover,
mixing ratios are predicted with the correct sign
and in many cases with the correct magnitude too.
It is to be noted that although the specific para-
meters of electromagnetic moments and transitions
have not been varied in order to obtain the best
fit, the calculations performed with different sets
of them indicate that the discrepancies mentioned
in Sec. III cannot be removed within the framework
of the present model.

s
491n66
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FIG. 3. Experimental (Ref. 11) and calculated low-lying positive-parity states in 15In. The calculated spectroscopic

factors (21 +1)S for proton stripping reaction are indicated at the left of each level.
monicities for Zw (116Sn)=1.23 MeV; B(18Sn)=0.113; p=0.52; G =0.156 MeV; Xx=0.00583 MeV fm™%;

(A): Present results without anhar-
€(gg/y)=—3.62 MeV;

€(8q79)=0; €(dssy) =0.24 MeV; €(dy/y) =1.63 MeV; €(syy) =1.39 MeV. (B): Present results with anharmonicities for
p=0.46 and Q('2) =25 efm?; the other parameters are the same as in (A). (C): GSMM (Ref. 2) results.
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As was to be expected, the explicit introduction
of residual interactions between the members of
the cluster has the effect of reducing the strength
of the particle-phonon interaction (as measured
by the parameter p) with respect to that used in
the GSMM. Therefore, since the latter interaction
is the only one affecting all levels, there are dif-
ferences in the predictions of both models about
their energy position and their nature. Firstly,
the quasirotational modes, which the GSMM sug-
gests would coexist with the quasivibrational ones,
do not appear in the present treatment; however,
there are not enough experimental data to support
either conclusion. Secondly, the GSMM somewhat
exaggerates the splitting of the multiplet in 5°Co
and is not able to yield the observed order of the
first two 3 states, which the present model does,
providing also a better description of the nucleus.
Finally, the GSMM appears to be more in accord
with the physical situation in '**In. The inclusion
of anharmonicities, although strongly increasing
the size of energy matrices, only improves the
energy position of the members of the multiplet
without affecting either the nature of all levels or
their electromagnetic properties.

Finally, let us comment upon the remarkable
difference in success of the present model when
applied to ¥Co and '!°In, as compared with the
similar success obtained with the GSMM for both
and neighboring nuclei.?~% In the mass region
around *"Co, the core to which the nucleon cluster
is coupled has only a few nucleons outside closed
shells, whereas around ''°In the core has an ap-
proximately half-filled neutron shell. Therefore,

the collective effects of many particle configura-
tions of the outer core nucleons are expected to

be different in both mass regions. As stated pre-
viously, these collective effects are assumed in
cluster-phonon models to be taken into account

by the vibrations of the core. Now, the approxi-
mate treatment of 2h-1p excitations in the GSMM
consists essentially in adding a second vibrator.

It appears then that the two cores properly account
for the relevant collective effects of many-particle
configurations, including possible anharmonicities
in the first vibrator, thus providing the GSMM with
a more flexible adaptability to rather different
situations. A less phenomenological treatment like
the one we have described, would require, in the
case of ''°In, the inclusion of other configurations,
which does not seem feasible for computational
reasons.

The important point to be emphasized is that the
present more sophisticated approach demonstrates
that the approximations involved in the GSMM are
quite reasonable, rendering its results highly re-
liable. In order to elucidate these questions, a
systematic study of different nuclei should be per-
formed once enough experimental data for com-
parisons are available.
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