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The scattering of nucleons by ' 0 is studied with the resonating-group method. The ' 0 wave function
used is a translationally invariant antisymmetrized product of single-particle wave functions of (1s) {1p)'
configuration in a harmonic-oscillator well having an appropriately chosen width parameter. A generator-
coordinate technique is employed to facilitate the computation of the nonlocal interaction between the nucleon
and the ' 0 nucleus. This technique is discussed in some detail in order to demonstrate its utility in a nuclear
problem involving a relatively large number of nucleons. Calculated results are compared with experimental
data over a wide range of energies, and it is found that the agreement is in general quite satisfactory. Also,
the result shows that in this particular problem the heavy-particle pickup process, which is properly taken into
consideration by the use of a totally antisymmetric wave function, has a relatively small contribution.

NUCLEAR REACTIONS 60(N, iV); calculated phase shifts, o(0), and P(0).
Resonating-group method with generator-coordinate technique.

I. INTRODUCTION

During the past years, the resonating-group
method has been used with remarkable success to
study elastic-scattering and reaction processes in-
volving light nuclei. ' ' This method employs a
fully antisymmetric many-nucleon wave function
and a nucleon-nucleon potential which fits rea-
sonably well the low-energy scattering data, thus
eliminating the ambiguities encountered in many
phenomenological calculations. However, the
explicit inclusion of these microscopic features
necessarily means that the resonating-group cal-
culation becomes quite complicated when the num-
ber of nucleons involved is large. In fact, it is
primarily for this reason that earlier studies have
been restricted to systems containing no more than
ten nucleons.

Recently, however, a somewhat different com-
putational procedure, ' known as the generator-co-
ordinate technique, ' has been developed in order to
extend the resonating-group method to heavier sys-
tems. Using this procedure, Siinkel and Wilder-
muth4 have been able to study the case of 0. +'60
scattering and obtain rather good agreement with
the experimentally observed rotational-band struc-
ture of ge and the ~+' 0 differential scattering
cross section. '

One of the successes of the investigation of
Sunkel and Wildermuth4 is that the large backward-
angle (~90') cross sections observed experimental-
ly are satisfactorily accounted for. This means
that exchange processes, ' especially the heavy-
particle pickup process, are quite important for
a proper description of this particular scattering
problem. On the other hand, for P +'OCa scatter-
ing at 30 MeV, where a resonating-group calcula-

tion is not yet available but a careful optical-model
analysis has been made, ' it was found that even
with the heavy-particle pickup process not ex-
plicitly included the experimental data can be well
fitted up to a rather large angle of about 140'. This
seems to indicate that the heavy-particle pickup
process plays a relatively minor role in this case, '
in contrast with the finding from n+ "0scattering.
To resolve this apparent contradiction, we study

re the case of N+&6P scatteringio with the purpose
of investigating further not only the importance of
exchange processes but also the utility of the gen-
erator-coordinate technique in a rather large sys-
tem.

A rather detailed description of the resonating-
group calculation using the generator-coordinate
technique is given in Sec. II, while in Sec. III we
present and discuss the results of this calculation.
As in the o. +"0case, we find that the agreement
with experiment is again fairly satisfactory. Final-
ly, in Sec. IV, we summarize the findings of the
present study and mention other resonating-group
calculations which are practicable and which will
be useful for a better understanding of the im-
portance of exchange effects.

II. FORMULATION

We begin this section with a description of the
formulation of the single-channel resonating-group
calculation. In particular, we shall indicate why
this type of calculation can become rather tedious
as the mass number becomes large. The genera-
tor-coordinate technique used by Sunkel and %'ilder-
muth4 will then be discussed, and it will be shown
how its use can significantly reduce the computa-
tional difficulty.

If we assume for clarity of discussion that the
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nucleon-nucleon interaction is purely central, "
then the wave function for the P +"0 system can be
written as

total energy of the system, given by

-g g (6)

&exp[ ——,'a}r,. —H„}'}}),
where 8„is an antisymmetrization operator and
R„denotes the "0center-of-mass coordinate
given by

1H„=—P r, , (3)

with r; being the spatial coordinate of the ith par-
ticle and m=16. The functions h, (q) have the form

@r(n) = Y;(i) (i =1-4)

=nY,'(n) (i =5-6)

=qYro(ri) (i =9-12)

=qY, '(ri ) (i =13-16), (4)

while the spin-isospin functions $;(s, &) are given
by

(,.(s, i) = n(s)rr(t) (i =1, 5, 9, 13)

= cr(s)v(t) (i =2, 6, 10, 14)

= P(s) rr(t) (i = 3, I, 11,15)

=P(s)v(t) (i =4, 6, 12, 16) (5)

with e(s), p(s), rr(&), and &(&) denoting spin-up,
spin-down, isospin-up, and isospin-down func-
tions, respectively. The relative motion between
the incident nucleon and the "0cluster is de-
scribed by the i'unction &(H) which i.s determined
by the projection equation

(6)

In this equation, the Hamiltonian 8 is given by

+ =& [0 &(s,)rr(t, )&(H )X (R. )],
where 8' is an operator which antisymmetrizes
the wave function with respect to the interchange
of the incident nucleon and the nucleons in the '~O

cluster, and cr(s») and rr(t») are the spin and iso-
spin functions for the 17th nucleon, respectively.
The translationally invariant function P„describes
the behavior of the "0cluster and is chosen to
have the form

&F R' 8',~n s17 m t, 7

«(R —R') g (R,.)]d R', (9)

F R" 8 180' s17 g t„

X5(H-R")y(R, )]dR", (10)

where &E(H') represents an arbitrary variation of
the function E(R'). It should be noted that in these
equations, 8' operates only on functions of the
particle coordinates and does not operate on
6E(R') and &(R")which depend on the parameter
coordinates R' and R". Next, we substitute Eqs.
(9) and (10) into Eq. (6) and obtain the equation

where F- is the relative energy in the center-of-
mass (c.m. ) frame, and E« is the internal energy
of the "O cluster obtained by computing the ex-
pectation value of the 16-particle Hamiltonian with
respect to the function P„of Eq. (2).

We should mention that, since a translationally
invariant Hamiltonian is employed in the calcula-
tion, the results do not depend on the motion of the
center of mass of the entire system. The choice of
the c.m. function g(H, ) in Eq. (1) is therefore
arbitrary. At this point, we demand only that
X (R,, ) is normalimable. Later, in our discus-
sion of the generator-coordinate technique, we
shall choose a particular functional form for
X(R, ) for computational convenience.

Vfe now discuss briefly the meaning of the pro-
jection equation (6). If the function 4' were not at
all restricted, then solving Eq. (6) would, of
course, be equivalent to solving exactly the Schro-
dinger equation for the 17-nucleon system. Since
we have, in fact, restricted + to the form
given by Eq. (1) with all the freedom con-
tained in the linear variational function E(H ) (sin-
gle-channel approximation), we are only solving
the Schrodinger equation in an approximate man-
ner. It should be pointed out, however, that sin-
gle-channel calculations have already been per-
formed in many other systems and satisfactory re-
sults have been obtained. Therefore, we expect
that the adoption of this approximation in the pres-
ent study should also be a reasonable one.

In order to find the equation which the relative-
motion function satisfies, we introduce the follow-
ing parameter representation for &+ and +:

with T, being the total center-of-mass kinetic-
energy operator. The quantity E, in Eq. (6) is the

Rt Rlt F Rtl R/I P
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with 30 (8', 8")given by

X(8', 8")={y„n(s„)m(t|7)~(8—8') X (H, .m)l (&- &s)I@'[g„,n(&„)&(ti,)6(8 —8" ) & (H. )]& (12)

Equation (11) can be solved for E(B') from which
scattering phase shifts can be determined. V/e

should remark here that the single-channel ap-
proximation can be systematically improved by
introducing distortion functions and reaction chan-
nels into the calculation, as has been done, for
example, in the simpler case of d+n scattering. '"

The computation of the kernel function 30(R', R")
involves integrations over the cluster coordinates

q, =r( —H|s (i =1-16),

rz, ,
1Rc.m, =

g7 (168|()+r|p)

subject to the restriction that

ie

g q, =o. (14)

Because of the presence of the operator 8' in Eq.
(12) and the fact that a proper treatment of the
total c.m. motion causes the appearance of cross
terms involving g& g, in +, the integration over
the cluster coordinates defined above can become
very tedious when the number of nucleons is large.
The generator-coordinate technique used by Sunkel
and Wildermuth4 can significantly reduce the com-
putational difficulty, especially if only two clusters
are involved. This will be discussed in detail
below.

For the application of the generator-coordinate
technique, one writes Eq. (1) in the form

&(8" —8" ) X [(168",+ 8",)/I'I] 8'[p„(8,"„a)o(s„)v(i„)~(H„—8,",)~ (r„—8,",)]dH,
"dB,", , (15)

where two parameter coordinates R,", and 8,", are introduced. In the above equation, the "O wave function
is written as

p„(R,"„e)=S, . [S,(r, —R,
"

~ e)(, (e„i,)exp[ ——,'n(r~ R ) ]]) (is)

It should be noted in Eq. (16) that a constant (independent of the particle coordinates r, ) vector a has been
added to the argument of the function h, . Caving to the presence of the antisymmetrization operator 8„
and the fact that we have restricted the 16 nucleons in the "0cluster to occupy the lowest single-particle
orbitals [see Eq. (4)], the addition of this vector a does not affect the behavior of Q„ in any way and a can
be chosen arbitrarily. " Here we indicate the existence of this freedom by explicitly including a in the
argument of PM. Later, we shall make a definite choice of a for computational convenience.

We now introduce integral representations for the ~ functions appearing in Eq. (15); they are

i)(R„-R,",)= ((/Sr)' f exp[ii), ~ (R„-R,", )]dc,

and

()(r„-R,",)=(n/dr)' f exp[ —-n(r„—-', iS") ]exp[-n(R,",—,iS")]'dS"

Using these representations and the definition of B„given by Eq. (3), we obtain
3 tn ~ I28'8„[[

~
i[, ( r, —R,", + a) $, (s, , &, ) exp ——,

'
o) r, — 8,", + q,8w2 m(y

&& exp[ ——,
' n(r„——,

' i5")'] c((s„)w(t„)

(is)

ll ll 2

202 Q
(19)

Under the coordinate transformations given by

I -=1-8"= 8,()
—8,"se Rcm. = T7 (16R,R +8,',)e qR

= qi ~H|() r (20)
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Eq. (19) takes the form

3 m

8,"Q„h& r& —a, , s„t, exp —2o. r, -iq ' exp —&at r„-2iS" ' n s„m t,
i =l

&&exp -R(mn)q, '-{')nS"'+, , [R"+Z(q, ——,'8")] +,
) (qR RS )'

2jm+& j 2(nz+ 1
I

-ima. R,",„' q, + -- S" +—,
' m+'1 OtR'," p R," & R" &R"&R," dS"dq, , (21)

where we have further defined another constant vector a, by the equation

To facilitate the computation, we make use of the fact that the choice of g(H," ) is arbitrary and write

g(H„". ) =exp[--,'(m+1)nR'„'. '] .

(22)

(23)

l , -, e
gl

8'8„~ td, (r, -a, )g, (s, , t, )exp —Rn r, + ™8" xep[- Rn(r„- ,'iS"-) ]n(s»)m(t») ~

4w I = i 2m

i tmd. 1x exp R' + ' 8" E( R")dH "dS"
2(m+1) 2m (24)

With this particular choice for X, the integration over R," in Eq. (21) yields a factor [2w/(mn)]'~(q +S"/
2m). After this is done, we can then integrate over q, to obtain

Although Eq. (24) aPPears more complicated than Eq. (1), it has the distinct advantage that @ is now ex-
pressed as an integral over an antisymmetrized product of single-particle functions of the particle co-
ordinates r, . Consequently, cross terms of the form r&

'
r& no longer appear and the computation of& (R', R") becomes significantly simplified.

Using the same procedure, we may write &+ as
3 mO'S„h& r& —a, , s„t, exp —2 n r, +

i =I

x exp R'+ ™I8') (Re')P' %d'Rl
2(m+1) 2m

exp[- R n(r„--,'iS' )'] n(s»)v(t»)
~

(25)

With the form for @ given by Eq. (24) and that for &4' given by Eq. (25), the kernel function & (R', H") of
Eq. (11)becomes

m 'd!

x ) Ie(r, -e)t, {s„t)exp --,'a(r, +
' e' a(s„)s(t }exp{-*'a(r„„——,'ts')')

~=l(
m

'
iR „$)&i(rd —ai)4(&(, td)exp - Rn r, + 8"

~=l ( 2m

x n(s„)w(t„)exp[- &n(r„--,'iS")']
~

dS'dS", (26)

(2'1)

and choose

where the angular brackets indicate integration over the particle coordinates r, (i =1-1V) and summation
over the spin and isospin coordinates s, and t, (i =1-17). We now make the transformation

p, =r, + (i/4m)(S" —8') (i =1-1V)

a, =(i /4m)(S'-8" ) .

Then, after some algebraic manipulation, Eq. (26) can be written as

(26)
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36 (8', 8")= ex 8' - S' + 8" + — — S" Il, ( S', S")dS'dS", (29)

where

K(S', S")= &, (p, )g, (s, , t, )exp —-u p, + (S'+S") o.(s„)w(t„)
t=a

2

x exp —,' o( —p»— [(2m+1)S' —S"]

(H E,) -8'dt„~ JIJ, (p, )&,(s„t,)exp --,'o. p, +4 (S'+S')

g
2

x o(s„)v(t„)exp —2o. p» — [(2m+1)S"—S']
4m (30)

In evaluating the quantity K(S', S"), it is useful to observe that

2

h, (p)g, (s, t)exp —2o( p+ (S'+S") h~(p)g, (s, t)exp --,'(x p+ (S'+S")

(
3/2

4. 16 ~exp (S'+S")' 6 (i =1-4' j =1-16)

exp 2 (S'+S")' 6,~ (i =5-16; j =1-16) . (31)

The presence of this orthogonality relation means that K(S', S") is rather similar to matrix elements en-
countered in oscillator-shell-model calculations, and many of the well known shell-model techniques may
be used to facilitate its evaluation.

In order to illustrate briefly the procedure for evaluating 36 ( 8', 8")we consider here the normalization
term 36"(8', 8"). This term has a form similar to Eq. (29) but with K(™S',S") replaced by K"(S', S"), which

contains a unity operator instead of the operator (H-E, ) as in Eq. (30). After summing over spin and iso-
spin coordinates, we obtain

m 2 2

88 (8', 8") =f '['I ()88)e)xiP —-' e 8, —
8

(8'+8") exP —-'8 + 8[(erne))8'-8"J
i='z

&

2

2

xexp —~ o. p&„— [(2m~1, ) S" —S'J

(32)

where &,', , is an operator which interchanges the spatial coordinates p& and p&, and d7 signifies the integra-
tion over all the coordinates p, (i =1-1V). The no-exchange term in K"(S',S") is given by

88, (8', 8") fJ
''

I(er(ps=)I'exp(-epp))exp —e(i&„+i
+ (8'-8")) exp(

+ (8'+8")')ex
a=1

1 ' 7 " ' 3 ' QSl+1. p y (33)

The term arising from the P, , „exchange is slightly more complicated; it has the form
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m i 2

„())',X )=f '((le&(pj)I exe(- ex& )) (i)")exp —' e j) —
4

(8'+())

2
Z

2

xexp 2~ pi7+4 2~+1 S'-S" ~x p~7 exp ~+ p17+4 S'+S"

2

xexp —2n p, — 2+1 S"—S' exp ™,S'+S" ' d7

1 w em+1 „Y~

B2+ 1
&&exp —u p»+ S'

xexp, m S"+S"' -28' S" dp, dp$7

(34)

Similarly, the P, J7 exchange term is

I(,",„(s,e-)=(,') '(—') '
*(,') f, "(x.,)-g ,.(-.,-'," s-)'.„~;(l„)

i (m+1)x exp —G p»+ 4m
S'

x exp
™+2 — ~ S'2+ S"2 —2S' S" dp, dp,16m2

+ SIS II P].4 S II P y g I SI2 SIP2 2SI SII

(35)

The P~ » and P~~, » exchange terms are given by Eq. (35) but with F', *(h")F',(S') replaced by 1'0,*(S")F', (b')
and &, '*(S")&,'(S), respectively. Now, by using the spherical-harmonic addition theorem, we can com-
bine these latter three terms to give

3g,"„(S',S")=3g," „(S',S")+3g,"„(S',S")+3g"„,„(S',S")

) "3(me))', -„e(m+1)
( (

„„,
) ~S, ~„))~ ~

~

4n n 2n 16~' 16m2

The resultant expression for K"(S', S")can now be used to calculate the normalization kernel 3C (8', 8").
The no-exchange term is given by

))( l ll) n «l ( + ) l ll '\ + ) S» ItN(SI Sl/)dS)dSII (3Z)

To facilitate the evaluation of &f(B', 8"), we define

u=S'-S", v=~(S'+S") .
Substituting into Eq. (37) then yields

(33)
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(39)

In a similar manner, we obtain

x exp—n(m+1)' 2 m'i, „' n(m' —1, ) 4im'
v+

( ),
8' —8") — 32, u+, (R'+8")

m Q ~I ~II m Q ~~ ~ SZQ2 2

2(m~1)2 (8 —8 ) —
2(m, 1)

(R'+R")'+
( )

(8"+8"') dudv

exp
2 1, & +R — » 1

R R (40)

where the transformation of Eq. (38) has again been used. Finally, the P-shell exchange term is

( e)'())"(e)"'() )" )(me))'

—,
' 4~' —u2 exp—n(m+1)' 2m'i, -„' n(m' —1) 4im'

gm "(m, l)
("'-"" —

32m "'m
m Q, „2 m Q -, -„2 mQ

1)2
(8' —8") —

(
2 1)

(8'+8") +
( )

(8' +R" ), dudv

6 1 16 g 51/2 g & & 8ypg2~ 3/2 32~2 ~ 3/2

), (8'+8")'—,(8'-8")'—

2m+12m —1 m+12m-1 (41)

The procedure for evaluating the potential-energy
and kinetic-energy terms in 36(8', R") is similar to
that described above for the normalization term,
although more exchange terms are involved and
the derivation is somewhat more complicated.

The computation of 36(8', 8") is quite tedious,
but there is a simple way to test whether or not
the resultant expression is correct. This is known

as the redundant-solution test and is described in

detail elsewhere. ' Briefly, the basis for this
test is that the antisymmetric function

'4=it'l. 0„(„) (~„)F (8)X (8. ,)l, (42)

where

Es(8) =c, ' P(cos8)+c, ' P(cos&)f.(R) f, (&)

(43)

with

f ( )= ex R(- RRR),
(44)

and p and z being arbitrary constants, is identi-
cally equal to zero. This means that +& i6 a
trivial solution of Eq. (6); therefore, Es(8") must
satisfy Eq. (11) if 36(8', 8")has been derived cor-
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r ectly.
This concludes our discussion of the application.

of the generator-coordinate technique to resonating-
group calculations. We should mention that, al-
though this discussion deals specifically with the
case of p+'6Q elastic scattering, the generator-
coordinate technique in conjunction with the reso-
nating-group method can also be used, with rela-
tively minor modifications to the procedure out-
lined above, to study scattering and reaction prob-
lems involving two composite nuclei.

III. RESULTS

In this section, we discuss the results of an N
+ "Q calculation in which the procedure discussed
in Sec. II is used. Since we intend to examine both
differential cross-section and polarization data for
N+ "0 scattering, the nucleon-nucleon potential
employed must contain a noncentral component.
In this calculation, we choose to use a nucleon-
nucleon potential which has the same form as that
used in a previous study of N+ o. scattering, " i.e. ,

V, j =[-,'(1+P,'j )V, +-,'(1 -P;,.}V, ][-,'jj+-,'(2 —u)P,".j ]

~(rj —rj}](~j+o'j)'(r —rj)" (pj —p, )+ —

~- - (1+~j.)(1+Tj.) .
j —r j

(48}

with

In the above equation, V, and V, are, respectively, the s-wave triplet and singlet potentials which yield
correct values for the two-nucleon effective-range parameters; they are given by

V, = —V„exp[ —jjj(r j —r, )'], V, = —V„exp[ —jj,(rj —r j }']

V„=66.92 Mew, I(:, =0.415 fm ', V =29.05 MeV, ~, =0.292 fm '.
The choice of the parameters u, V&, and ~ will be discussed below.

Since the potential V, , has a noncentral component, we write the wave function. as
J+1/2

y6~ y7 J'/ ~ J'l]. /2 ~y ~].7 X Rc.m.
J=a/2 & =&-»2

(48)

where'Jj'»'j, (R, s») is a normalized spin-angle function. The width parameter n in P„[see Eq. (2)J is
chosen to yield the experimentally determined rms matter radius for "0; its value is given by

(49)a=0.32 fm 2,
which corresponds to an rms radius of 2.6 fm. Also, we mention. again. that the procedure discussed in
Sec. II can be extended in a straightforward way to include the case where + is written in the form given
by Eq. (48).

Using the wave function @ given by Eq. (48) and the nucleon-nucleon potential V, , given by Eq. (45), we
obtain the following integrodifferential equation for the function f»(R ):

O' I l 1
OO

+8 —VD(R') —j}~jV„(R')—Vc(R') f~ (Rj') = jjj(R', R")f ~ ( jR) dR",
0

(5O)

where Vo(R'), V„(R'), and Vc(R') are the direct
nuclear central, the direct spin-orbit, and the
direct Coulomb potentials, respectively. These
potentia. ls are given along with the kernel function
kj(R', R") in the Appendix. The quantity jj~j is
given by

"jj- j2. j=-('+1» &ija. o=o.
(51)

In computing the Coulomb contribution, we have
for simplicity omitted the exchange term by setting
8' as unity in Eq. (48). As for the spin-orbit con-

tribution, it is noted from a previous N+ o. cal-
culation" that the exchange term is not negligible
compared to the direct term. In the present study,
we have not computed the spin-orbit exchange term
explicitly, but rather we have simply taken it
crudely into account by adjusting the strength of
V„(R'}. Based on the findings of our N+ cj investi-
gation, "this is not an unreasonable procedure.
Furthermore, it was also found in the N+ n cal-
culation" that the results were not sensitive to the
value of the spin-orbit range parameter ~ as long
as this parameter was not chosen to have a very
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small value. Therefore, we have further simpli-
fied the present calculation by letting ~ approach
infinity. In this limit, the spin-orbit potential
Vso is then characterized by a single quantity
Vq~ '~' [see Etl. (A4) in the Appendixj.

In order to determine the value of the exchange-
mixture parameter u in the nucleon-nucleon poten-
tial of Ejl. (45), we solve Eq. (50) with bound-state
boundary conditions for f,g, , ,(R') and adjust tj
until the calculation yields the experimental value
of 3.26 MeV'6 for the separation energy of the
first ~' = ~ excited state in "O. The resultant
value of ~ is 0.825, which is fairly close to the
value x'equired in the case of a+ o. scattering. "

%'ith the value of u determined as explained
above, we next choose the strength V),~ ' ' of
the spin-orbit potential to be equal to 48 MeVfm'.
Vfith this value, the calculation yields reasonable
magnitudes for the P +"0polarization in the energy
region between 30 and 50 Me V, and also a value of
4.50 MeV for the splitting between the & ground
state and the first —.' excited state in "O. This
latter value compares quite favorably with the
experimental value of about 5 MeV."

Our calculation yields separation energies of
4.00, 3.26, and -0.50 MeV, respectively, for the
lowest &, ~', and 2 states in "O. The fact that
the positions of the 2' and 2' states relative to the

state agree quite well with experiment means
that the structure of the ground-state rotational
band ls given col rec tly. Also„m Flg. 1 we show

220

the calculated n+ "O phase shifts as a function of
the c.m. energy. Here one sees that the &' state
appears as a narrow resonance in the &, phase
shift. In addition, it shouM be noted that the cal-
culation yields fairly broad l =3 resonances. Quite
clearly, these resonances will have a significant
effect on the behavior of the elastic scattering in
the energy region between about 10 and 30 MeV.

We have examined &+"0elastic scattering at
various energies below the n+ "C threshold at E
=2.21 MeV." There are several excited states
in this energy region in "G. Except for the first

state, all the other states in this region cannot
be adequately described by a neutron plus an "0
(ground state) cluster configuration. Therefore,
only energies at which no sharp levels exist have
been chosen for this examination. For example,
such an energy is E =1.647 MeV, and a comparison
of the calculated and experimental" differential
cross sections is shown in Fig. 2. It is seen from
this figure that the agreement is indeed quite sat-
isfactory. Also, we have computed total cross
sections at several other such energies in this
region, and we find again that the agreement with
experiment'9 is good

For energies above reaction thresholds we ac-
count for reaction effects in an approximate man-
ner by the addition of a phenomenological imaginary
potential W(R') into our resonat:ing-group formula-
lation. ln other words, we replace Vo(R') in Eq.
(50) by Vo(R')+t'W(R') At ene.rgies of 28.33,
37.4, and 46.57 MeV, the imaginary potentials
used are simply those determined by van Oers and
Cameron'0 from an optical-model analysis of p
+"O scattering, and no further adjustment is
made. In Figs. 3 and 4 the calculated differential
cross sections and polarizations at these energies
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FIG. 1. Calculated phase shifts for n +~SO scattering.
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FIG. 2. Comparison of calnQated and experimental
differential cross sections for n+~60 scattering at an
energy of 1.647 MeV.
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are shown by solid curves, while the experimen-
tal data ' ' are represented by solid circles.
From these figures one can see that the agreement
at 28.33 MeV is noticeably worse than that at the
two higher energies. A probable reason for this
is that at 28.33 MeV the excitation of the compound
system is still low enough such that the influence
of individual compound-nucleus resonances re-
mains important at particular energies. '4 On the
other hand, at 37.4 and 46.57 MeV, it is seen that
the agreement is fairly good for angles up to about
130'. Beyond 130', the calculation does correctly
predict a rise in the cross section, but a detailed
agreement is not obtained.

To understand the cause of this discrepancy at
large angles, we have made a careful examination
of the behavior of the kernel function &, (R', R") in

Eq. (50). The results of this examination indicate
that the contribution to the scattering amplitude at
backward angles from the heavy-particle pickup
process' is not only relatively small, but also
similar to that from direct processes. Therefore,

because of the interference between direct and ex-
change processes, even minor deficiencies in the
calculation can cause the observed discrepancy in
the backward angular region.

In an optical-model study of p + Ca scattering, "
it was found that the incorporation of an odd-even
orbital angular-momentum dependence into the
imaginary potential can significantly improve the
agreement with experiment at backward angles.
To see if a similar feature might also be required
here, we have made a calculation in which lY(R'}
is multiplied by a factor I 1+Ci(-1}'].The results
obtained with C, equal to 0.2, 0.03, and 0.01 at
28.33, 37.4, and 46.57 MeV, respectively, are
shown by the dashed curves in Figs. 3 and 4. As
expected, the inclusion of this odd-even dependence
has little effect on the forward-angle cross sec-
tions, but does have significant influence at back-.
ward angles. This indicates that the behavior in
the large-angle region is determined by a coherent
admixture of small amplitudes and a proper t$e--
scription of the scattering in this angular region is
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FIG. 3. Comparison of calculated and experimental
differential cross sections for p+ 0 scattering at en-
ergies of 28.33, 37.4, and 46.57 MeV.

FIG. 4. Comparison of calculated and experimental
polarizations for p + ~O scatteriag at energies of 28.33,
37.4, and 46.57 MeV.
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rather difficult.
We have also examined ++"0 scattering at E

=14.04 MeV. As mentioned above, it is expected
that compound-nucleus effects can be important at
this energy. However, one can see from Fig. 9 of
Bef. 19 that the n+ "0 total cross section does
vary smoothly with energy in the energy region
around 14 MeV. Thus, the use of an imaginary
potential to account for open reaction channels
should yield reasonable results. At 14.04 MeV,
we have adopted the pure-surface form factor for
~(&') used by van Gers and Cameron'0 at 28.33
MeV and adjusted the strength (no odd-even de-
pendence) to obtain a best agreement with experi-
mental data. " The result of our calculation using
a strength of 1.8 MeV is shown in Fig. 5, where
one sees that the agreement is indeed quite good.
No polarization data exist at this energy, but we
have shown the calculated polarization result for
interest.

IOOO

lsO

l4.04 MeV

In a previous communication, ' we have briefly
examined the importance of the antisymmetriza-
tion operator O'. There we have stated that the
heavy-particle pickup process becomes less im-
portant in nucleon-nucleus scattering as the target
mass increases. To make this statement more
clear, we examine here the neutron-nucleus scat-
tering cross sections for two different-mass target
nuclei at large angles where the heavy-particle
pickup process has its largest amplitude. ' In Fig.
6, the differential cross sections for n+ "0 and &

+ u scattering, calculated at the same value of
1.65 fm ' for the wave number and with the spin-
orbit potential set as zero, are depicted. From
this figure, it is indeed seen that the backward-to-
foward ratio o(180')/o(0') for n+ n scattering is
more than 100 times larger than that for n+ "0
scatter ing.

The above finding shows that the heavy-particle
pickup amplitude is sensitively dependent upon the
ratio of the mass of the cluster being picked up to
the mass of the cluster which does the pickup.
This explains therefore the observation, as men-
tioned in the Introduction, that the heavy-particle
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FIG. 5. Comparison of calculated and experimental
differential cross sections for e +~~0 scattering at an
energy of 14.04 MeV. Experimental data for polariza-
tions are not yet available at this energy; therefore,
only the calculated curve is shown.
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FIG. 6. Comparison of I+a and n+~60 differential
cross sections, calculated at the same value of 1.65
fm for the wave number.



12 RESONATING-GROUP STUDY OF N+'60 SCATTERING WITH. . . 1448

pickup process seems to be important in the e
+"0problem, but much less so in theP+' Ca
problem. To make even more certain, we are
at present also examining the case of m+"Ca scat-
tering using the resonating-group method in order
to understand even better the dependence of the
heavy-particle pickup amplitude on the mass of
the target nucleus.

IV. CONCLUSION

We have shown in this investigation that the res-
onating-group method, which has been quite suc-
cessful in previous studies of light nuclear sys-
tems, can be extended in a straightforward way
to study heavier systems. This extension is ac-
complished through the use of a generator-co-
ordinate technique which simplifies considerably
the computation for systems involving a rather
large number of nucleons. In this work, we have
outlined the use of this technique in a relatively
simple resonating-group calculation of the N+'60
system. However, as the discussion of this tech-
nique shows, it can also be applied to more compli-

cated scattering and reaction problems involving
larger composite particles.

The results of our N+ "0calculation have been
compared with experimental data over a wide range
of energies. From this comparison it is found that
these results are, in general, quite satisfactory.

Since a fully antisymmetric wave function is
employed in the calculation, the importance of
various exchange processes can be examined. For
example, we have found evidence from this study
that the heavy-particle pickup process in nucleon-
nucleus scattering becomes less important as the
mass of the target nucleus increases. As reso-
nating-group calculations can now be performed in
even rather heavy systems, one can proceed to
examine in a systematic manner the importance
of antisymmetrization in many nuclear scattering
and reaction problems, such as the scattering of
o. particles by Ca isotopes, the reaction "0(t, o.)-
"N, and so on. In this way, it is hoped that reli-
able approximation methods can eventually be
devised for systems where a direct application of
the resonating-group method may still be im-
pr act icable.

APPENDIX: EXPRESSIONS FOR THE DIRECT POTENTIALS AND THE KERNEL FUNCTION

The explicit expressions for the direct potentials VD, V„, and Vc, and the kernel function 4, are given in
this Appendix. We give these rather lengthy expressions here, because they will be very useful if one
wishes to study the effects of the Pauli principle in a scattering problem, as has been done previously in
the simpler case of N+ n scattering. '

The direct nuclear central potential has the form

PPl Q ' ' 4mo, +(m —4)z, 2m'o~, ' „mo.~,
mo+(m-l)z, mn+(m-1) i&, [mo i(m-l)K, ]' mo i(m-])K,

(A1)

where

Voi-Vo~~ V02-V~ ~ Kl Kg, K2 =Ks (A2)

y, = —,
'

(9u —6), y, = 4 (u + 2), (AS)

with m=16 and u being the exchange-mixture parameter in the nucleon-nucleon potential of Eq. (45). The
direct spin-orbit potential is given by

(A4)

while the direct Coulomb potential is given by

(A5)

where

exp(- t')dt (A6)
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and z and z' are the atomic numbers of the "0nucleus and the incident nucleon, respectively.
For the partial-wave kernel function k, (8', &")we write it in terms of the function K(R', R") as

k, (R', 8")=2((R'8" K(8', R")P,(cos &)d(cos &), (A7)

where

(AB)

The function K(8', 8"}is in turn written as

K(8', 8")= 'I —Q V,'U, +E,X, (A9)

which contains the quantities S, 'U;, and X, representing the kinetic-energy, potential-energy, and nor-
malization kernels, respectively. In E(I. (Ag), M is the nucleon mass and

—E yg

The "O internal energy E„ is given by

(A10)

(A11)

with

e, =-,'(gu —3), E2 =2(Q+5) v, = —,'(- gu+12), (d2 =q(-A+4) .1
(A12)

The normalization kernel X is given by

Pl Q Q'X=C —+ (8'+R")' — (8' —R")' exp(-a 8"—6 R"' —c 8' R"),+ m-1 2(m-1) 2A

where

(A13)

CN 4g ~~2 ~ ]

m(m'+1)a
2A'(m- 1)

2m Q

A'(m- 1)

(A14)

(A15)

(A16)

with A. =m+1. The kinetic-energy kernel ~ is given by

W=Cg dP+&g R'+R" '+
P

R'- R" '+
4 1 4

R'+R" — 4~, R'- R"

(H'+)!")'(H' —8")')exp(-a, )("—b, R ' —c, 8' H"), " (A17)

with

q (5m —12m~ —21m2+29m- 56),2A(m- 1)'
m2 n~

h~ =-, — ---; (5m +2m'+9m+24),4A(m- '1 '

m Qf, = A, ( 1
(5m'+6m'-15m+24) .

(A16)
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Finally, the potential-energy kernel 'U& has the form
20

'Q] = v ~ )

with

3Q y6 QK y 5K) 9QK] y 38K & g K~

n+2z ' ~ (n+2z ) ~ (n+2K&) ' n+2K(

x exp(- a, R" —b, R"' —c„B' 8"),
n ' ' 3n +6+K;+5I(,; 33+K, +116K, Q+ K&" n+2~, ' ' 3(n+2~, )' ' 3(n+2~;)' ' n+2x,.

x — — (8'+8")' — —(8' —8")'— exp(- a R"—b R"' —c 8'. 8")
2(m- 1) 2A2 m- 1

~„=C„ur, exp(- a, R"—b, R"' —c, 8' ~ 8"),

U„=—3C„C~&;exp(- a,R"—b, R"' —c,8' ~ 8"),
v;, =v;, with O' —R",

3[(m-1)n —~,. ]
pyg 2 g g2 ~ j ~~ .

pyg 2 g 2 i & p 3 3

o;, =v;, with R' R",

vi. io="~9 with R' —R",
3K.

loll N + f [(m 1)n~(m 2)K ] +2[(m 1)n~(m 2)g ]2 1( s ) p( 3 3 3 )r

v& i2 =v,. i, with R' R

3K ~

'v i~ ——C~ Cp(d- —- -g
2 2, p

with R R

3n +6nK +5K' 3(n+2lc' ) 2m n(n +2&i) g gI

(n + 2z,.)' [(m- 1)n + (m- 2) tc ]
+ 4'[(m- 1)n + (m- 2)a ]

&&exp(- asR —b~R —c~ 8 8 ), 5( ~8
——5( ~~ with 8 ~8

' ~ » 3 " " ' ny2z, . [(m-l)ny(m-2)z, .] A'[(m-1)n+(m-2)z ]'
x exp(- a~ R'2 —b~R" —cs O' ' 8"), v '. i8 =v;, iv with R' R",

15m (a. i z, )z 10m' n(n + K„)&,
'

(n y2m, )[(m- 1)n+ (m- 2)z, ] ' A'(n+ 2&, )[(m- 1)n+ (m- 2)&(] '

x( 2m(n p2z, )8'p [(m' ~1)n+ (m""—m+2)K, ]8") (mB'+8")

0=v~. ie with
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In the above equations, we have used the following definitions:

P, (H', H") =(mH'+H")',

Ps(H', H") ™(n+2z,.)R's~[mn~(m 1-)a, j H"s~[(m'+1)n+(m'-m+2)z&]H'

(m-1)n
(m-1) n+ (m- 2)z,.

m 2""
a, =h, =, [(m'+1) n+2 m(m 1-)a,], c, =, [n-(m-l)s, j,

mn[(m'+1)n+(3m'+m+2)~, ] mn[(m'+1)n+(m' —m+2)~;] 2nm'(n+2K, .)
~'[(m-1)n+ (m-2) z, ]

' ' 2A'[(m-1)n+(m-2)z, ]
' ' A'[(m-1) n+(m-2)z, ]

*Work supported in part by the Energy Research and
Development Administration.
J. A. Kopeke, R. E. Brown, Y. C. Tang, and D. R.
Thompson, Phys. Rev. C 9, 823 (1974), and references
contained therein.

2H. H. Hackenbroich, P. Heiss, and Le-Chi-Niem, Nucl.
Phys. A A221, 461 (1974).

D. Clement, E. J. Kanellopoulos, and K. Wildermuth,
Phys. Lett. B 52B, 309 (1974).

4W. Sunkel and K. Wildermuth, Phys. Lett. B 41B, 439
(19v2).

5This technique is closely related to the generator-co-
ordinate method proposed by Brink and others [D. M.
Brink and A. Weiguny, Nucl. Phys. A A120, 59 (1968);
H. Horiuchi, Prog. Theor. Phys. 43, 375 (1970); 47,
1058 (1972)l.

The scattering of n particles by ~6O has also been ex-
amined by T. Matsuse, M. Kamimura, and Y. Fuku-
shima [Prog. Theor. Phys. 53, No. 3 (1975)$ and
similar results have been obtained.

D. R. Thompson and Y. C. Tang, Phys. Rev. C 4, 306
(1971).

8G. W. Greenlees, W. Makofske, Y. C. Tang, and D. R.
Thompson, Phys. Rev. C 6, 2057 (1972).

For angles greater than 140', however, the calculation
of Bef. 8 indicates that the heavy-particle pickup pro-
cess may need to be included in order to obtain a bet-
ter agreement with the experimental data.
A preliminary account of this work has been previously
given ID. R. Thompson and Y. C. Tang, Phys. Rev.
C 11, 1473 (1975)].
In our final calculation discussed in Sec. III, a
nucleon-nucleon potential containing a spin-orbit
component is used. The extension of the formulation
given here to the more general case is, however,

straightforward.
2D. R. Thompson and Y. C. Tang, Phys. Rev. C 8,
164e (19v3).

13In Q&6(B", a), terms involving a describe configura-
tions with more than four nucleons in the 1s shell, and
hence, vanish due to antisymmetrization.

~4F. S. Chwieroth, University of Minnesota Report No.
COO-1764-180, 1973 (unpublished).

~~I. Reichstein and Y. C. Tang, Nucl. Phys. A A158,
529 (1evo).

~6F. Ajzenberg-Selove, Nucl. Phys. A A166, 1 (1971).
R. E. Brown and Y. C. Tang, Nucl. Phys. A A170, 225
(1971).

~ Angular Distributions in Neutron-Induced Reactions,
compiled by M. D. Goldberg, V. M. May, and J. R.
Stehn, Brookhaven National Laboratory Report No.
BNL-400 (NTIS, Springfield, Virginia, 1962), 2nd ed. ,
Vol. I.

~9D. B. Fossan, R. L. Walter, W. E. Wilson, and H. H.
Barschall, Phys. Rev. 123, 209 (1961).
W. T. H. van Gers and J. M. Cameron, Phys. Rev. 184,
1061 (196e).

2~J. M. Cameron, J. R. Richardson, W. T. H. van Oers,
and J. W. Verba, Phys. Bev. 167, 908 (1968).
R. F. Carlson, J. M. Cameron, W. F. McGill, J. R.
Richardson, and J. W. Verba, Bull. Am. Phys. Soc.
16, 1190 (1967).
J. A. Fannon, E. J. Burge, D. A. Smith, and N. K.
Ganguly, Nucl. Phys. A A97, 263 (1967).

240. Karban, P. D. Greaves, V. Hnizdo, J. Lowe,
N. Berovic, H. Wojcieckowski, and G. W. Greenlees,
Nucl. Phys. A A132, 548 (1969).
N. M. Clarke, E. J. Surge, D. A. Smith, and J. C.
Dore, Nucl. Phys. A A157, 145 (1970).


