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Background: A negative muon in the 1ls orbital of a muonic atom can be captured by a nucleus, leading to
subsequent nuclear decay processes. The accurate prediction of total nuclear capture rates, which could be
crucial in fields such as geochemistry, nuclear astrophysics, and semiconductor device development, remains
challenging with current physics models.

Purpose: This study aims to develop a comprehensive machine learning (ML) model to estimate the total nuclear
capture rate of a negative muon, integrating physical information and experimental data within a Bayesian
framework.

Methods: The study employs an ML model based on Gaussian process regression, using experimental data
with evaluated uncertainties as training data. The model incorporates the Goulard-Primakoff formula as prior
information and applies a transfer learning approach to improve estimations, particularly in regions where data
on isotopically enriched elements are sparse.

Results: The developed ML model is shown to outperform theoretical physics models in both accuracy and
comprehensiveness, with key experiments identified to further refine the model performance.

Conclusions: The estimates generated in this study will be incorporated into muon nuclear data and applied

across a variety of research fields.

DOI: 10.1103/PhysRevC.111.034614

I. INTRODUCTION

A negative muon (u”) is an elementary particle with an
electric charge of —1le, a mass of 105.66 MeV, and a mean
lifetime of 2.2 us in vacuum. This particle can occupy an
atomic orbital in the same way as an electron, forming a
muonic atom. In the ls orbital, the muon either decays or
interacts with the nucleus, leading to a process known as muon
nuclear capture. When captured by a nucleus with mass num-
ber A and atomic number Z, a compound nucleus (A, Z — 1)*
is formed, emitting a muon neutrino (v,):

w+AZ)>AZ-1)+v,, (1)

where the asterisk “*”” denotes an excited state. This interac-
tion has the potential to be of crucial importance in research
areas such as geochemistry, nuclear astrophysics, and semi-
conductor device development [1-9]. In light of the potential
of muon-induced reactions in these research fields, we are
developing nuclear data on negative muon-induced reactions
(referred to as muon nuclear data) [10]. Among these data,
the total nuclear capture rate is essential for calculating sub-
sequent decay processes following muon capture. Accurately
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determining this rate is vital for applications related to muon-
induced reactions.

The Goulard-Primakoff formula [11] is a well-known
method for comprehensively calculating total nuclear capture
rates. Despite its widespread use in Monte Carlo particle
transport simulations such as PHITS [12], FLUKA [13], and
GEANT4 [14], the formula often fails to reproduce exper-
imental values accurately, indicating the need for a new
estimation model [15]. Various physics models have been
proposed to address this challenge [16-23]. These include
the model proposed by Chiang et al. [18] based on the local
density approximation (hereafter referred to as the Chiang
model); the model by Zinner et al. [21], which uses the
random phase approximation (RPA) based on single-particle
states generated by a Woods-Saxon potential (referred to
as the Zinner model); and the model by Marketin er al.
[22], which employs relativistic proton-neutron quasiparticle
RPA (pn-RQRPA) (referred to as the Marketin model). How-
ever, achieving comprehensive accuracy remains a significant
hurdle.

In recent years, machine learning (ML) models have been
increasingly applied in nuclear physics to effectively ad-
dress the limitations of traditional physics-based models (see
Ref. [24] and references therein). Although ML models lack
the inherent ability to explain physical phenomena, their
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appropriate use is expected to improve estimation accuracy
and advance the theoretical understanding of nuclear reaction
mechanisms.

In this paper, we present a comprehensive ML model to
estimate the total nuclear capture rate of a negative muon. The
model employs a Gaussian process (GP) regression model,
as detailed in Refs. [25-27]. The GP regression, based on
Bayesian statistics, is particularly suited for handling complex
datasets with uncertainties. The ML model uses experimental
data with evaluated uncertainties as training data. Extensive
measurements of total nuclear capture rates were conducted
from the 1960s through the 1980s [28-71], and recent studies
have added to this data [72-79], but data for isotopically
enriched elements remain limited. This scarcity makes it chal-
lenging to comprehensively estimate total nuclear capture
rates. To address this issue, we employ a transfer learning
approach as described by Iwamoto et al. [25], which enables
estimation even in data-sparse regions. Additionally, our ML
model incorporates the Goulard-Primakoff formula as prior
information for the GPs. By integrating this physical insights
with experimental data within a Bayesian framework, we
achieve estimations supported by both experimental evidence
and theoretical understanding.

In Sec. II, we introduce our ML model and estimation
process for the total nuclear capture rates. In Sec. III, we
present the estimated rates and discuss them, comparing our
results with experimental data and calculations obtained us-
ing the Goulard-Primakoff formula, as well as other physics
models (i.e., the Chiang, Zinner, and Marketin models).
We then demonstrate that our ML model outperforms these
physics models in both accuracy and comprehensiveness,
while identifying key experiments that could further re-
fine model performance. Finally, in Sec. IV, we provide
a summary of the study and offer suggestions for future
research.

II. MODEL

Figure 1 shows a schematic representation of the esti-
mation process of the developed ML model. If abundant
experimental data are available, a straightforward approach
can be adopted to learn from the data and estimate the quan-
tities of interest. However, in the present case, this approach
cannot be applied directly due to the limited experimental data
for enriched isotopes. To address this limitation, the estima-
tion process was divided into two subprocesses: Process A
and Process B. In Process A, the total nuclear capture rates
of natural composition elements, for which experimental data
are relatively abundant, were estimated. In Process B, the
capture rate ratios of enriched isotopes relative to the natural
composition elements estimated in Process A were estimated.
Finally, comprehensive total nuclear capture rates for isotopic
nuclides were derived from the results obtained in these two
processes. By employing this partitioned approach, it becomes
possible to estimate total nuclear capture rates for any element
through Process A and to systematically identify trends in
the capture rates of isotopes for specific elements through
Process B.
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FIG. 1. Estimation process of the developed ML model.

The training set D, was constructed using previously pub-
lished literature values [28—78] along with recently acquired
Si data [79], obtained from the J-PARC muon science estab-
lishment, MUSE [80].

A. Process A

In Process A, we compile a dataset of total nuclear cap-
ture rates D = {ze, Ag, AAg} from the experimental data.
Ze is a vector of atomic numbers z, while A and AA]
denote vectors of experimental total nuclear capture rates
and their respective lo uncertainties. This dataset primarily
includes natural composition elements; additionally, isotopi-
cally enriched and artificial elements like ’Li and **’Np are
also included for comprehensive estimation, referred to as
“reference elements.” The superscripted circle “°” indicates
reference element. The GP module used in this process is
referred to as “GP-0.” In principle, individual experimental
data could be used as the training dataset. However, in the
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presence of outliers, GP-0 has the potential to overfit the
experimental data. To minimize this possibility, we employed
the weighted mean of the experimental data for each reference
element in the GP-0 training dataset. Furthermore, as previ-
ously noted by Suzuki et al. [69], the total nuclear capture rate
of odd-Z nuclei is systematically larger than that of adjacent
even-Z nuclei. Consequently, to mitigate the risk of overfitting
due to this systematic difference, separate regressions were
conducted for the odd-Z and even-Z nuclei. Based on the
regression results, we confirmed that GP-0 does not exhibit
overfitting.

The weighted mean for a reference element AJ is
calculated as

o 2 Wikg;
e = <> 2
> Wi

where ¢, and w;(= 1/AA¢;) indicate the ith experimental
value and its weight, respectively. The uncertainty of 12, AAS,
is calculated using a widely accepted nuclear data evaluation
method [81,82] in which the larger of the internal and external
uncertainties is adopted:

A)_"g = max (ainlv aexl)v (3)

where §;,; and dex; denote the internal and external uncertain-
ties, expressed as

1
Sint = , (€]
t D Wi
and
JEwiGg, TP
ext — s (5)

respectively. Here, df denotes the degree of freedom.

In GP-0, we assume that A°, which is a function of z,
follows a GP with mean g and covariance K, i.e., A° ~
GP(p, K), then the observed values A° at z, (denoted 1)),
given D¢, follow a multivariate normal distribution:

A DS ~ N(m3, X7), (6)

where
m = pn, + K K 1A — ), ©)
% =K., — K] K K .. ®)

In these equations, K. (equivalent to K. ,) is defined
as K(Z4,Ze), Kee as K(ze,ze)+diag((Ak2)2), and K, . as
K (Z4,Zx), Where k represents a kernel function. The kernel
function can take various forms. In this study, we used the
Matérn 3/2 kernel because it has a simple functional form,
is robust against overfitting, and has been widely applied in
various fields of research.

The Matérn 3/2 kernel is expressed using the Euclidean
distance between two data points x and x’, r = ||x — x’||, as

vz (x, x'10) = 02(1 + ?) exp (—?) 9)

where 0 [=(o, £)] is a set of the hyperparameters. The opti-
mal hyperparameter set 6, is determined by maximizing the
marginal likelihood, which is expressed as

0ot = argmax L£(60). (10)
0
Here, L£(0) denotes the log-marginal likelihood and is
given by
L£(0) oc —In [Kee| — A2 — ) K L(AL — ) + const.
(11)

To solve this maximization problem efficiently, the gradient
descent method was employed, and L-BFGS-B [83] was used
as the solver. This approach requires the gradient of £ with
respect to 6 € @, which is expressed as

(e
a0 “¢ 30

+{Ke A = mo))

70K, e
a0

In this expression, dK../d6 is equivalent to dx/do and
dk/d€. For the Matérn 3/2 kernel, these gradients are

Kol — o)} (12)

given as
0 3 3
gr3 - 202<1 +5 r) exp (-9) (13)
and
0KM3 302r2 J3r
= — ——. 14
Y e P\TTY 14

The mean functions g, and g, in Egs. (7), (11), and (12),
which represent the prior means of A°, are calculated using the
Goulard-Primakoff formula:

a a—2z
2z 83 2z

a—z a-—2z
— , 15
g4( 2a + 8az )} (15)

where a denotes mass number; z. represents the effective
charge post-muon capture by the nucleus. We utilize a simple
form for z.¢ to align with theoretical values [84]:

AGoupri.(a, 7) = Z:ff g1 {1 + &

Zeft = G02° + q12° + 7 + ¢, (16)

with coefficients gy = 4.316 x 107, ¢; = —1.070 x 1072,
g> =9.978 x 107!, and g3 = 1.326 x 10~!. The fitting pa-
rameters g; to g4 are taken from the TRIUMF data [69]
(i.e., g1 = 261, g, = —0.04, g3 = —0.26, and g4 = 3.24). For
natural composition elements, we assume that a is given as the
weighted mean mass number, considering the natural compo-
sition for elements with z (e.g., a = 28.11 for Si).

B. Process B

Similar to the total nuclear capture rate, if abundant exper-
imental data on the capture rate ratio are available for Z and
A, a straightforward approach using a single GP model with
both Z and A as variables simultaneously could be applied.
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However, in the present case, the lack of experimental data
makes it challenging to implement this approach. To address
this limitation, Process B employs two combined GP modules,
referred to as “GP-1” and “GP-2,” as proposed by Iwamoto
et al. [25]. This method, which is a form of transfer learning,
enables comprehensive estimations for various nuclides, even
in regions of Z and A with no or limited training data, by
leveraging estimates from regions where experimental data
are available.

To execute this process, we introduce the capture rate ratio
x and its uncertainty Ay with respect to the reference ele-
ment, Additionally, the neutron number difference from the
reference element, v, was defined as an explanatory variable
for x instead of the mass number a, to identify trends in
deviations relative to the reference element’s capture rate,
expressed as

v=a-—a°, 17)

where a° denotes the mass number of the reference element.
Furthermore, to mitigate the risk of overfitting caused by
abrupt changes in x of lighter elements, z.fr, which exhibits
less variation in capture rate compared to z, was used as
another explanatory variable instead of z.

A dataset of isotopic nuclear capture rate ratios,
D. = {Zeff.er Ve, Xe» AXo}, Wwas constructed, where {x,
| Xei = hei/33) and {Axe | Axes = (Ahei/hei)* + (ARY/
Ag)z}l/ 2%e.i}. From the constructed training dataset, GP-1
derives x as a function of v. GP-2 learns from the x values
obtained by GP-1 and determines y as a function of zeg for
any v. This combined method provides x values for any
Zegr and v [or equivalently, any z and a based on Egs. (16)
and (17)].

Since the training dataset in Process B is very small, the
risk of overfitting due to outliers is considered low. Therefore,
in this process, the experimental values x. were used directly
as training data, rather than employing weighted means as was
done in Process A.

In GP-1, we assume that x is a function of v and x ~
GP(n, K), then the observed values yx at v, (denoted as y,),
given D,, are given by

X/ De ~ N(m,, Z,), (18)

where
my, = g, + KK (X — pe), (19)
T, =K., — K] K K.. (20)

For the kernel functions K, . (equivalent to K. .) defined
as k(vy, ve), Kee as k(ve, ve)—l—diag((Axe)z), and K, , as
Kk (vy, v,), we utilized the Matérn 3/2 kernel. The optimization
of its hyperparameters was performed using the previously
described method. The mean functions g, and g in Eq. (19),
which represent the prior means of yx, are calculated using
Eq. (15):

_ AGoupi.(@® + v, Zo). Q1)

)\Gou.Pri.(aO7 ZO)

The above GP-1 calculation is iterated over all z.s values to
be calculated.
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FIG. 2. Total nuclear capture rates for reference elements esti-
mated by GP-0 and the Goulard-Primakoff formula, along with the
experimental values and their weighted mean for each element. The
respective rates are multiplied by z/z%;. The error bar indicates 1o
uncertainty.

In GP-2, we assume that x is a function of z.g. Since prior
knowledge is already provided in GP-1, no prior knowledge
is incorporated here. Typically, in the absence of prior knowl-
edge, a zero-mean GP is assumed for modeling simplicity.
Accordingly, in GP-2, a zero-mean GP is also assumed [i.e.,
X ~ GP(0,K)]. Under this assumpNtion, the observed values

of x at z,. (denoted x,,), given D,, follow a multivariate
normal distribution:

Xax|De ~ N(m,, T, (22)

where
ma = K, K X, (23)
T = Ko — KK Ko (24)

For the kernel functions K, . (equivalent to K, ..) defined
a8 K (Zeff 1> Zeff, % )» K*,* as K (Zeff x> Zeff,) T dlag((AX*)2)’ and
K s @S K (Zeff sxs Zeff,+x ), We Utilized the Matérn 3/2 kernel.
The optimal values of the hyperparameters were obtained
using the same method as described above, except that p,
in Egs. (11) and (12) is zero. The above GP-2 calculation is
iterated over all v values to be calculated.

III. RESULTS AND DISCUSSION

A. Total nuclear capture rates for reference elements

Figure 2 shows the total nuclear capture rates for reference
elements obtained from the experimental data in Table I, along
with the weighted mean rates for each element, accounting for
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TABLE I. Experimental data employed in Process A. The values in parentheses represent 1o experimental uncertainties in the least
significant digits.

Elem. Ze 28 (us™h)

'H 1 0.000420(20) [62], 0.000420(60) [65], 0.000470(29) [66]

“He 2 0.000336(75) [42], 0.000364(46) [47]

TLi 3 0.018(11) [371, 0.0226(12) [57], 0.0181(44) [69]

Be 4 0.018(10) [37], 0.010(2) [28], 0.0059(2) [63], 0.0074(5) [69]

g 5 0.0218(16) [37], 0.0219(7) [69]

C 6 0.044(10) [281], 0.036(4) [29], 0.0373(11) [301, 0.0361(10) [32], 0.037(7) [331], 0.0397(13) [37], 0.0365(20) [41], 0.0303(7) [43],
0.0376(4) [63], 0.0352(25) [45], 0.0377(7) [67], 0.0388(5) [69]

N 7 0.086(11) [28], 0.065(4) [37], 0.0602(8) [63], 0.0684(8) [67], 0.0693(8) [69]

0 8 0.159(14) [28], 0.098(3) [37], 0.098(5) [43], 0.095(8) [45], 0.1026(6) [69]

F 9 0.254(22) [28], 0.235(10) [34], 0.231(6) [41], 0.229(1) [69]

Ne 10 0.204(10) [38], 0.167(30) [39], 0.30(2) [52], 0.235(5) [63]

Na 11 0.387(15) [28], 0.3772(14) [69]

Mg 12 0.507(20) [28], 0.480(2) [32], 0.52(2) [44], 0.4841(18) [69]

Al 13 0.691(20) [28], 0.662(3) [32], 0.650(15) [34], 0.7054(13) [69]

Si 14 0.777(25) [281, 0.850(3) [32], 0.86(4) [44], 0.8712(18) [69], 0.8786(18) [79], 0.877(6) [79]

p 15 1.05(5) [28], 1.121(5) [32], 1.185(3) [69]

S 16 1.39(9) [28], 1.31(3) [44], 1.34(1) [41], 1.352(3) [69]

cl 17 1.39(9) [28], 1.333(6) [69], 1.64(8) [31]

Ar 18 1.20(8) [52], 1.41(11) [60]

K 19 1.99(12) [28], 1.849(5) [69]

Ca 20 2.55(5) [28], 2.444(23) [351], 2.529(8) [501, 2.29(5) [56], 2.557(14) [69]

Sc 21 2.711(25) [69]

Ti 22 2.63(6) [28], 2.60(4) [44], 2.590(12) [69]

\% 23 3.37(6) [281, 3.24(7) [331], 3.09(5) [44], 3.069(25) [69]

Cr 24 3.24(8) [281], 3.33(6) [44], 3.472(31) [69], 3.444(47) [45]

Mn 25 3.67(8) [281], 3.98(5) [44], 3.857(37) [69]

Fe 26 4.53(10) [281, 4.38(7) [33], 4.40(5) [44], 4.411(24) [69]

Co 27 4.89(9) [33], 4.96(5) [44], 4.940(29) [69]

Ni 28 6.03(14) [28], 5.89(12) [33], 5.83(13) [44], 5.932(41) [69], 5.88(10) [45]

Cu 29 5.79(16) [281, 5.47(20) [341, 5.66(9) [361], 5.67(9) [44], 5.676(37) [69]

Zn 30 5.76(17) [28], 5.5(1) [33], 5.76(5) [44], 5.676(37) [69]

Ga 31 5.70(6) [44]

Ge 32 5.54(6) [44], 5.569(36) [69]

As 33 6.07(7) [44], 6.06(12) [36], 6.104(4) [69]

Se 34 5.70(5) [44], 5.681(37) [691, 5.68(7) [76], 5.59(7) [76]

Br 35 7.07(6) [69]

Kr 36 5.81(10) [76]

Rb 37 6.89(14) [44]

Sr 38 7.25(14) [44], 7.02(14) [69]

Y 39 7.89(11) [36]

Zr 40 8.59(7) [44], 8.66(8) [69]

Nb 41 10.40(14) [36], 10.36(17) [69]

Mo 42 9.09(18) [28], 9.23(7) [44], 9.614(15) [69]

Rh 45 10.01(7) [44]

Pd 46 10.00(7) [44]

Ag 47 11.25(50) [28], 10.86(13) [36], 10.88(14) [44], 10.5(3) [31], 11.07(20) [69]

cd 48 10.1(5) [28], 10.63(11) [36], 10.61(18) [69], 10.43(31) [76], 10.11(75) [76]

In 49 11.37(13) [36], 11.40(21) [69]

Sn 50 10.5(4) [33], 10.70(14) [36], 10.44(18) [69]

Sb 51 10.49(14) [36], 10.21(20) [69]

Te 52 9.06(11) [441, 9.27(10) [69]

I 53 11.20(11) [36], 11.58(22) [69]

136xe 54 8.6(4) [73]

Cs 55 10.98(25) [36]

Ba 56 10.18(10) [36], 9.94(16) [69]

La 57 10.71(10) [36]

Ce 58 11.44(11) [36], 11.60(14) [69]
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TABLE 1. (Continued.)

Elem. Ze Ag (Msfl)

Nd 60 12.32(14) [36], 12.50(33) [69]

Sm 62 12.22(17) [36]

Gd 64 12.09(16) [36], 11.82(22) [69]

Tb 65 12.73(13) [36]

Dy 66 12.29(18) [69]

Ho 67 12.95(13) [36]

Er 68 13.04(27) [69]

Hf 72 13.03(21) [36]

Ta 73 12.86(13) [36]

w 74 11.92(30) [28], 13.5(6) [331, 13.07(21) [44], 12.36(24) [69]

Au 79 13.39(11) [36], 13.07(28) [69]

Hg 80 12.74(26) [44], 12.74(26) [69]

Tl 81 12.90(75) [281, 13.83(20) [36], 13.90(31) [69]

Pb 82 11.70(75) [28], 14.5(7) [33], 12.98(10) [36], 13.27(22) [44], 13.45(18) [69], 13.61(10) [36]

Bi 83 12.20(75) [28], 13.26(7) [36], 13.10(18) [69]

232Th 90 13.1(9) [40], 11.1(6) [53], 12.56(5) [61], 11.5(6) [55], 12.4(3) [58]

28y 92 12.4(4) [70], 13.1(5) [48], 12.9(5) [40], 12.8(2) [53], 12.60(4) [61], 12.46(9) [59], 12.50(10) [58], 12.4(4) [64], 12.57(7) [68]
12.62(7) [72]

2TNp 93 13.6(2) [59], 13.5(4) [54], 13.96(4) [72], 13.92(4) [71]

239py 94 13.1(2.6) [46], 13.9(9) [54], 13.9(2) [59], 14.6(2.0) [51], 13.88(14) [71]

experimental uncertainties, and the analysis results using the
Goulard-Primakoff formula, where each value is multiplied
by z/z% for visual clarity. In Fig. 3, the upper panel com-
pares the relative differences from GP-0 between estimates
from the Goulard-Primakoff formula and the weighted means,
while the lower panel compares the 1o uncertainties between
GP-0 and the weighted means. As shown in these figures,
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FIG. 3. (upper panel) Relative deviation from GP-0 estimates.
The red squares represent the weighted means of the experimental
values, while the orange dots indicate estimates from the Goulard-
Primakoff formula. (lower panel) 1o uncertainties estimated using
two methods: weighted means of experimental values and GP-0.
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FIG. 4. Capture rate ratios relative to reference elements (C, Si,
Cr, Pb, and U) as estimated by GP-1 and GP-2, alongside calculations
using the Goulard-Primakoff formula. The blue and red banded lines
represent the estimates by GP-1 and GP-2, respectively. The band
widths indicate the 1o uncertainties.
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TABLE II. Experimental data employed in Process A. The values in parentheses represent 1o experimental uncertainties in the least

significant digits.
Elem. Zeff,e de Ve Ae (Ms_l)
B 4.86 10 -1 0.0265(15) [37], 0.0278(7) [69]
C 5.72 13 0.99 0.0338(4) [67], 0.0376(7) [69]
(0] 7.49 18 2.00 0.0880(15) [69]
Si 12.12 28 —0.11 0.891(9) [79]
29 0.89 0.807(6) [79]
30 1.89 0.714(4) [79]
Ca 16.15 43.8 3.68 1.793(40) [35]
48 7.88 1.214(8) [75]
Cr 18.51 50 —-2.6 3.825(50) [45]
52 —-0.6 3.452(47) [45]
53 0.94 3.297(45) [45]
54 1.94 3.057(42) [45]
Ni 20.63 58 —0.78 6.110(105) [45]
60 1.24 5.562(97) [45]
62 3.24 4.716(95) [45]
Se 23.38 76 —-3.04 6.300(4) [76]
80 0.96 4.96(7) [76]
82 2.96 4.37(14) [76]
Kr 24.20 82 —1.89 6.576(17) [76]
84 0.11 5.75(15) [73]
86 2.11 5.33(8) [76]
Pd 27.59 104 —2.51 11.1(4) [78]
105 —1.51 8.8(6) [78]
106 —-0.51 9.9(7) [78]
108 1.49 8.8(3) [78]
110 3.49 9.4(6) [78]
Cd 28.15 114 1.57 9.380(14) [76]
116 3.57 8.86(15) [76]
Xe 29.61 129 -7 11.7(3) [74]
132 —4 9.4(2) [74]
U 34.97 233 =5 15.8(9) [48], 14.23(15) [58], 14.14(6) [72]
234 —4 13.79(4) [72]
235 -3 13.7(4) [70], 14.9(6) [48], 14.7(1.0) [40], 12.9(4) [53], 13.3(2) [59], 13.36(12) [58], 13.58(12) [68], 13.9(4) [70],
13.48(4) [72]
236 -2 13.09(10) [72]
Pu 35.23 242 12.9(2) [59], 12.3(8) [54], 12.90(7) [71]
244 5 12.40(7) [71]

the Goulard-Primakoff formula approximately captures the
trend of experimental values but does not match the weighted
means. In contrast, the GP-0 estimates closely align with both
weighted means and their 1o uncertainties, although discrep-
ancies are observed for certain elements (e.g., Ar and '*®Xe).
These discrepancies are attributed to correlations between el-
ements defined using the kernel function. The kernel function
allows GP-0 to estimate the rates even in the regions where
no experimental data exist, though the uncertainties in these
regions are large (see the lower panel of Fig. 3). It is also worth
noting that, in such regions, the GP-0 results are generally
in agreement with the Goulard-Primakoff formula within a
lo uncertainty, which can be attributed to the fact that this
formula is used as prior information in GP-0. These large
uncertainties can be reduced, based on Bayesian statistics,
through new measurements.

Although the values estimated by the weighted mean and
GP-0 are nearly identical, since the weighted mean is the
more widely used and is recommended for use by the nuclear
data community [82], we adopted the weighted mean (or the
experimental values themselves if only a single data point
exists) for elements where experimental data are available.

B. Total nuclear capture rates for nuclei

Figure 4 illustrates the capture rate ratios of C, Si, Cr, Pb,
and Pu relative to their respective reference elements, using
GP-1 and GP-2, along with calculations using the Goulard-
Primakoff formula. GP-1 was trained using the experimental
data in Table I and the isotopic data from Table II. Although
isotopic data of 3>3Cl [31], %Cu [44], 38Sr [44], 7% Br
[49], 8Ti [76], 1°Sm [76], and **Mg [77] are also available,
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FIG. 5. Absolute values of the differential coefficients of x with
respect to v at v = 0, multiplied by zeg.

Suzuki et al. [69] noted that the accuracy of the data for
Cu, Sr, and Br is inadequate, and the data for Cl is ques-
tionable. Additionally, the data of **Ti, '°Sm, and **Mg
produced apparently unnatural results in the regression, de-
spite the absence of clear indications of issues. Consequently,
these data were excluded to avoid negatively impacting the
capture rate ratio estimation. Figure 5 presents absolute values
of the differential coefficients of capture rate ratios at v = 0,
with each value multiplied by ze.

The experimental values exhibit a monotonically decreas-
ing trend with increasing v (or A) for each Z. Primakoff
[16] attributes this trend to the Pauli exclusion principle,

and the Goulard-Primakoff formula explains it through the
fourth term of Eq. (15). However, the estimated slope is
consistently steeper than that observed experimentally, except
in the cases of Se and Cd (see Fig. 5). The GP-1 uses the
Goulard-Primakoff formula as prior information to estimate
the capture rate ratio. Consequently, in the absence of iso-
topic data as in the case of Pb in Fig. 4, GP-1 estimates
are comparable to those derived from the Goulard-Primakoff
formula, albeit with considerable uncertainty. In contrast, the
GP-2 comprehensively estimates the capture rate ratios based
on the results of GP-1 while incorporating data from other
elements. As a result, it produces a less steep slope than
that estimated by GP-1 (or the Goulard-Primakoff formula)
and slightly lower goodness of fit due to the influence of
the data from other elements (see the Si and Cr cases in
Fig. 4). Therefore, in instances where the data have been
systematically measured—specifically for Si, Ca, Cr, Ni, Pd,
U, and Pu—the ratios from GP-1, which exhibit as supe-
rior goodness of fit, were employed as the estimates for
Process B.

Figure 6 shows the total nuclear capture rates for isotopes
from H (z=1) to Cm (z = 96), obtained from A(a, z) =
x (a, z)A°(z). The generated data can be found in the Supple-
mental Material [85]. For clarity, odd-Z nuclei are shown in
red, while even-Z nuclei are shown in blue. The band widths
represent the 1o uncertainties, accounting for the uncertainty
propagation. For lighter nuclei (i.e., H, He, Li, and B), exper-
imental data were adopted for the evaluated values, because
GP-2 cannot accommodate abrupt changes in the capture rate
ratio due to boundary conditions of v (e.g., v > —2 for *He).
Figure 6 demonstrates that our ML model fits well to the
experimental values over a very wide range. For elements
without training data in Process A (e.g., Po, Am, and Cm) and
for elements with training data but large experimental uncer-
tainties (e.g., Ar and Xe), the uncertainty band width for their
isotopes is also large due to the propagation of uncertainties
from Process A.

1200

1000 -

800 -

600 1

400

—— ML model (even Z)

Total nuclear capture rate (xz/z%) (s7%)

2001 —— ML model (odd Z)
4 Experiment (weighted mean)
0 T T T T
0 50 100 150 200 250

Mass number

FIG. 6. Total nuclear capture rates for respective nuclei estimated by our ML model. The respective rates are multiplied by z/z%; and shown
in red for even-Z nuclei and in blue for odd-Z nuclei. The band widths represent 1o uncertainties. The experimental data represent weighted
means for each element. The estimated data can be found in the Supplemental Material [85].
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FIG. 7. Total nuclear capture rates for respective nuclei estimated by the four physics models (i.e., the Chiang model, the Zinner model,
the Marketin model, and the Goulard-Primakoff formula) and our ML model. The respective rates are multiplied by z/z%;. The experimental

data represent weighted means for each element.

C. Comparison with physics models

We compare the estimation results of our ML model with
those of the Chiang, Zinner, Marketin models, as well as the
Goulard-Primakoff formula, in Fig. 7. The calculation results
for the Chiang, Zinner, and Marketin models were taken from
Refs. [18,21,22], respectively. Since the Zinner and Marketin
models, which are based on the RPA model, are only appli-
cable to even-even nuclei, only the rates for even-Z nuclei
are displayed. To capture the differences, we further plot the
deviations from our ML model for the three models in Fig. 8.

While the Goulard-Primakoff formula predicts a structured
relationship between the rates and A and Z numbers, the
ML model reveals a more complex pattern. In particular,

80 T
—— ML model (this work)
Goulard-Primakoff formula
60 1 o Chiang et al. (1990)
o *  Zinner et al. (2006)
oa x  Marketin et al. (2009)
401 ¢ Experiment (weighted mean)

Relative deviation from ML model (%)

-80 T

0 50 100 150 200 250
Mass number

FIG. 8. Relative deviation from our ML model. The band widths
and error bars represent 1o uncertainties.

as also indicated in Fig. 5, Zinatulina’s data for Se and Cd
deviates noticeably from the Goulard-Primakoff formula’s
predictions. This suggests that additional variables or factors
should be incorporated into the formula for more accurate
predictions.

The remaining three physics models aim to explain the
trend of the total nuclear capture rates for A and Z through
their respective theoretical approximations. However, there
are significant differences between the analytical and exper-
imental values that exceed the measurement uncertainty. The
primary difference between the Zinner and Marketin models
lies in whether they incorporate a microscopic approach based
on relativistic energy density functionals. However, both mod-
els consistently overestimate the total nuclear capture rates,
particularly for medium and heavy nuclei, suggesting the need
to incorporate additional theoretical refinements, such as ac-
counting for more many-body correlations in the RPA model.
Additionally, Zinner’s and Marketin’s RPA models exhibit a
non-monotonic trend for certain nuclei (see Zr, Mo, Ce, and
Nd in Fig. 5), while all current experimental results demon-
strate monotonic decrease for each Z (e.g., Si, Cr, Ni, U,
Pu). Although the Pd case appears to exhibit non-monotonic
behavior, it is not possible to ascertain this due to significant
measurement uncertainty.

We further evaluated the performance of our ML model
and the three physics models for isotopic capture rates us-
ing the following metrics: x?/n, root mean squared error
(RMSE), and root mean squared logarithmic error (RMSLE).
These metrics are defined as follows:

2 1 . O‘i - )Le,i)z
- - 2
m=y ; (A + (Dhe @
RMSE = % Z M — Aei)? (26)
N =l
RMSLE = % Doln(l4+1) —In(d+ i )P, (27)
N =l
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TABLE III. Model performances of the ML and physics models.

ML model Goulard-Primakoff Chiang et al. Zinner et al. Marketin et al.
n 65 65 21 17 25
x2/n 0.548 340 259 121 428
RMSE 0.256 0.614 0.484 0.868 0.886
RMSLE 0.011 0.032 0.031 0.034 0.036

where A; denotes the ith total nuclear capture rate in us~!
estimated by the ML and physics models, AA; represents its
1o uncertainty, which is applied only for the ML model, A ;
and A, ; are the corresponding experimental values and their
uncertainties, and # is the number of experimental values that
can be compared to the estimated values.

Table III summarizes the evaluated model performance.
Of the three metrics, the closer x?/n approaches one, and
the smaller the values of RMSE and RMSLE, the better the
estimation performance. These metrics cannot be ranked ex-
actly because they depend on the quantity and type of data
being compared. However, the results show that the ML model
outperforms the other models in terms of accuracy and com-
prehensiveness. While the Goulard-Primakoff formula can
compute the rates comprehensively, the other physics models
are less comprehensive; the Chiang model could potentially
be comprehensive, but its accuracy remains uncertain due to
the limited data available.

D. Toward further improvement

Figure 9 compares the total nuclear capture rates of Ca and
Se isotopes with and without the inclusion of data from their
respective isotopic training sets shown in Table II. For Ca,
the estimates remain nearly unchanged and can be accurately

4
Goulard-Primakoff formula
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—_ -V- Marketin et al. (2009)
e
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=
2,0 0 eSS
& 27 I~
] S~~~
- | TESAS~. To-al
@© ~~<
o S~<o
@]
S
c
& 17
S)
'_
zoca
O T T T T T
40 42 44 46 48

Mass number

predicted regardless of the inclusion of isotopic data. This
suggests that, even without training data for **3Ca and *3Ca,
the slope of the capture rate with respect to v (or A) derived
from the Goulard-Primakoff formula is effectively improved
by data for targets other than Ca. In contrast, for Se, the ML
model overestimates the experimental values for 7°Se, 3'Se,
and %2 Se when data for these isotopes are excluded. This
suggests that the experiment by Zinatulina et al. [76] plays
a significant role in the predictions for Se isotopes.

It should be noted, however, that the differential coefficient
for Se, as defined in Fig. 5, is significantly larger than that
predicted by the Goulard-Primakoff formula, and the trends
in total nuclear capture rates for this element differ from those
of other elements (see Fig. 6). The data for Se [76], Cd,
[76], Pd [78], and Ca [35,75] isotopes were obtained from
experiments measuring emitted y rays after muon capture.
This method of data acquisition differs from that used in
experiments measuring muon-decay electrons. As shown in
Fig. 5, these elements tend to exhibit steeper slopes except Ca,
and the values derived from y-ray measurements may differ
from those obtained via muon-decay electron measurements.
To address these discrepancies, further investigation into the
differences between these measurement methods is required.

Furthermore, the Goulard-Primakoff formula suggests that
total nuclear capture rates decrease smoothly as neutron

12

Goulard-Primakoff formula
-A- Zinner et al. (2006)
-V- Marketin et al. (2009)
10 A --e-+ ML model (A, excluded)
—e— ML model (A included)
Q Aev (natse)
8 1 M A (%Se, 89Se, 82Se)

Total nuclear capture rate (us™1)
o
1

4 -

2_
345€

O T T T T T
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Mass number

FIG. 9. Total nuclear capture rates for Ca (left) and Se (right) isotopes. The orange lines represent calculations using the Goulard-Primakoff
formula. The blue lines with bands represent the GP-2 predictions, where isotopic experimental data are excluded from the training set in GP-1.
The red lines with bands represent the GP-2 estimations, where all experimental data are included in the training set in GP-1. The darker and
lighter colored band widths represent 1o and 2¢ uncertainties, respectively.
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numbers increase for a given element, and experimental re-
sults thus far generally support this trend. However, the lack
of experimental data prevents us from confirming the charac-
teristic structure predicted by the Zinner and Marketin models
for elements such as Zr, Mo, Ce, and Nd (see Fig. 7). There-
fore, conducting experiments focused on these elements, or
on elements with many stable isotopes, such as Sn and Pb,
could help validate both the Goulard-Primakoff formula and
the approximations underlying the RPA model.

IV. CONCLUSION

A comprehensive ML model using GP regression has been
developed to estimate the total nuclear capture rate of negative
muons. This model outperforms four existing physics models
in terms of accuracy. We believe that the estimates in this
study currently represent the most reliable values. Therefore,
it is recommended that applications and simulations related
to muon nuclear capture use the values provided by our ML
model, rather than those derived solely from physics mod-
els. The estimates generated here will be incorporated into

muon nuclear data and applied across various research fields.
However, it should be noted that the data have room for
improvement and would change with new experimental data
or advancements in physics models. Future work should focus
on measuring total nuclear capture rates for as many isotopes
as possible, across a wide range of elements. This would not
only improve the accuracy of our ML model but also enhance
our theoretical understanding of the physics of muon-induced
reactions.
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