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Production of neutron-rich nuclei near N = 126 in multinucleon
transfer reactions with potential pockets
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The quasifission rate is improved by the harmonic oscillator approximation for the interaction potential at the
barrier and pocket. Within the framework of the DNS model, the calculated production cross sections are in
good agreement with the experimental data in 64Ni + 208Pb reaction. The dependence of the cross sections on
the isospin of the reaction partner is studied. The cross sections of neutron-rich isotopes in the reaction with the
reaction partner having the highest N/Z ratio are the largest, because of the lowest difference of potential energy
surface and driving potential. As the scattering angle is smaller than the smaller rainbow angle, the differential
cross section of the fragment decreases sharply, because of the much smaller partial cross section at a lower
angular momentum. The angular distribution shifts to a larger angle at a higher incident energy. The angular
distribution of the unknown isotopes near N = 126 in 70Ni + 202Pt reaction is located at 75◦–150◦ and peaks at
about 80◦.
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I. INTRODUCTION

The production of unknown isotopes is one of the frontiers
in nuclear physics, which is important for the investigation
of nuclear structure and properties, such as the nuclear halo,
shell evolution, exotic decay modes, single-particle levels, and
more [1,2]. According to the theoretical predictions, there are
still more than 4000 unknown radioactive nuclei, primarily
in the neutron-rich and superheavy regions [3,4]. While the
neutron-drip line has been reached in the light-mass region, a
lot of neutron-rich isotopes with medium and heavy masses
remain unexplored. The neutron-rich nuclei near N = 126 are
particularly significant to investigate the r-process in nuclear
astrophysics, because N = 126 is the last “waiting point” in
r-process path [5–7]. The study on the properties of these
nuclei, such as their abilities of neutron capture and β decay
rates, is helpful to solve the puzzle of the origin of the heavy
elements heavier than iron.

Nowadays, the neutron-rich nuclei near N = 126 are
mainly produced by projectile fragmentation reactions [8,9].
However, the production cross sections by that method are
rather low. Based on the stable projectile-target combination,
only neutron-deficient nuclei have been synthesized using
fusion reactions. During the past decade, the multinucleon
transfer reaction (MNT) has been proposed as a promis-
ing method to produce neutron-rich and superheavy nuclei
[10,11]. MNT is a dissipative process in which many nu-
cleons flow between the projectile and target, allowing a
wide range of isotopes to be produced far from the entrance
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channel. A series of experiments on MNT reactions has been
conducted since 1970s [12–20]. Until 1995, 76 unknown iso-
topes of elements from carbon to thorium had been generated
by MNT reactions, and all of them fell in the neutron-rich
region [21]. For example, 17 new neutron-rich nuclei with
Z = 12–17 were detected in the collision of 40Ar + 232Th
at Dubna [12]. After twenty years, the experiment on the
transfer reaction 48Ca + 248Cm was conducted at GSI in 2015,
and five unknown isotopes with Z = 92–97 were identified
[22]. Last year, a new isotope 241U near the deformed shell
closure at N = 152 was observed in the MNT reaction of
238U + 198Pt at RIKEN [23]. To produce the neutron-rich
isotopes near N = 126, the MNT reactions of 136Xe + 208Pb
[24,25], 136Xe + 198Pt [26,27], and 204Hg + 198Pt [28] were
performed at Dubna, Argonne, and GANIL. Although no un-
known isotopes were observed, the cross sections of N = 126
isotones were much larger than those achieved through projec-
tile fragmentation reactions. Recently, there have been several
facilities under construction, such as the N = 126 factory
at Argonne [29] and the High-Energy Fragment Separator
(HFRS) at HIAF [30], for the study of the production and
properties of neutron-rich nuclei near N = 126.

During the past decades, various models have been devel-
oped to describe the MNT reactions. The macroscopic mod-
els, such as the GRAZING model [31,32], Langevin equa-
tions [33–35], complex Wentzel-Kramers-Brillouin (CWKB)
model [36], and dinuclear system (DNS) model [37,38], can
describe the dissipation of total kinetic energy, angular mo-
mentum, and the diffusion of charge, mass and N/Z ratio. The
microscopic models, including time-dependent Hartree-Fock
(TDHF) model [39,40], the improved quantum molecu-
lar dynamics (ImQMD) model [41,42], and time-dependent
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covariant density functional theory (TD-CDFT) [43], based
on the mean-field, have successfully described the dynamical
evolution of nucleons. DNS model is a semiclassical macro-
scopic model, in which the nucleon diffusion is described by
the master equation. It has been widely applied to investigate
the mechanism in fusion [44] and MNT [45] reactions and to
predict the production cross sections of unknown isotopes.

In this paper, we improve the calculation of quasifission
rate in master equation by harmonic oscillator approximation.
The isospin effect of the projectile and target is studied, and
the angular distribution of the unknown isotopes near N = 126

is predicted. This article is organized as follows. In Sec. II,
the framework of DNS model is introduced. Subsequently,
the calculated results by the DNS model and the discussion
are presented in Sec. III. Finally, a summary is provided in
Sec. IV.

II. THE MODEL

In the DNS model, the time evolution of the probability of
the fragment with proton number Z1 and neutron number N1 is
described by the master equation, expressed as follows [46]:

dP(Z1, N1, t )

dt
=

∑
Z ′

1

WZ1,N1;Z ′
1,N1 (t )

[
dZ1,N1 P(Z ′

1, N1, t ) − dZ ′
1,N1 P(Z1, N1, t )

]

+
∑
N ′

1

WZ1,N1;Z1,N ′
1,

(t )
[
dZ1,N1 P(Z1, N ′

1, t ) − dZ1,N ′
1
P(Z1, N1, t )

] − �qf(t )P(Z1, N1, t ). (1)

Here, WZ1,N1;Z ′
1,N1 denotes the mean transition probability from

the channel (Z1, N1) to (Z ′
1, N1) channel. dZ1,N1 represents

the microscopic dimension corresponding to the macroscopic
state (Z1, N1). The sum is taken over all proton and neutron
numbers that one fragment can have, but only one proton or
neutron transfer is considered in every time step to simplify
the case. �qf is the quasifission rate, which is calculated by
one-dimensional Kramers equation as follows [47,48]:

�qf = ωb

2πωt

⎡
⎣

√(
�

2h̄

)2

+ ω2
t − �

2h̄

⎤
⎦ exp

[
−Bqf(Z1, N1)

�(t )

]
,

(2)

where � is the double average width of the single-particle
state, taken as � = 2.8 MeV. Bqf is the quasifission barrier of
the DNS. � denotes the local temperature, which is calculated
by the Fermi-gas expression � = √

ε∗/a, where ε∗ is the local
excitation energy and a is the level-density parameter taken
as a = A/12 MeV−1. The two frequencies ωb and ωt denote
the frequency of the harmonic oscillator approximating the
potential at the bottom of the potential pocket and the top
of the potential barrier, respectively, which are usually taken
as constants, namely, h̄ωb = 3 MeV and h̄ωt = 2 MeV. How-
ever, the frequencies are dependent on the DNS because of
the different interaction potential. In the Fig. 1, the interaction
potential in the reaction 48Ca + 208Pb (a) and 58Ni + 208Pb (b)
are shown. It can be found that the potential by harmonic
oscillator approximation (HOA) is closer to the interaction po-
tential at the potential pocket and potential barrier. Therefore,
we calculated the frequencies according to HOA in this work,
expressed as follows:

ωb =
√

1

μ

∂2

∂r2
V (r)

∣∣∣∣
r=rb

, (3)

and

ωt =
√

− 1

μ

∂2

∂r2
V (r)

∣∣∣∣
r=rt

. (4)

The nucleon transfer process is determined by the single-
particle potential. The proton transition probability is given by
the following equation [46]:

WZ1,N1;Z ′
1,N1 = τmem(Z1, N1, ε1; Z ′

1, N1, ε
′
1)

dZ1,N1 dZ ′
1,N1 h̄2

×
∑
i,i′

|〈Z ′
1, N1, ε

′
1, i′|V (t )|Z1, N1, ε1, i〉|2. (5)

Here, ε is the local excitation energy of DNS, τmem repre-
sents the memory time, and V (t ) denotes the single-particle
potential resulting from the DNS mean-field. dZ1,N1 indicates
the microscopic dimension of the fragment (Z1, N1), which
is determined by the number of valence nucleons mk in the
valence space �εk opened by the local excitation energy εk ,
expressed as [49]

dZ1,N1 = Cm1
n1

× Cm2
n2

, (6)

FIG. 1. The interaction potential in the reactions 48Ca + 208Pb
(a) and 58Ni + 208Pb (b), represented by the solid circles. The dashed
and dash-dot-dotted lines denote the potential at pocket with h̄ωb =
3 MeV and the potential at barrier with h̄ωt = 2 MeV, respectively.
The solid and dash-dotted lines represent the results by harmonic
oscillator approximation.
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FIG. 2. The production cross sections of the isotopes with Z = 76–86 in the reaction 64Ni + 208Pb at Elab = 350 MeV. The dash-dotted and
solid lines denote the primary and final cross sections, respectively. The experimental data is represented by solid circles, taken from Ref. [57].

where n1 is the number of valence states in the valence
space of projectile-like fragment (PLF), and n2 corresponds
to the case of target-like fragment (TLF). It is calculated as
nk = gk�εk (k = 1, 2), in which gk is the mean single-particle
level density, typically gk = Ak/12. The valence space �εk

is calculated by �εk = 2
√

εk/gk , where εk is the excitation
energy of the fragment k. The number of valence nucleons is
half of the number of valence states, shown as mk = nk/2. The
expression of neutron transition probability is similar to that
for proton transition.

The local excitation energy of DNS can be deduced as
follows:

ε = Ec.m. + Qgg − VCN − 〈J (t )〉2

2ζ rel

− (Ji − 〈J (t )〉)2

2ζint
− 〈Erad(J, t )〉. (7)

Here, Qgg = �P + �T − �PLF − �TLF, where �P, �T, �PLF,
and �TLF represent the mass excesses of projectile, target,
PLF, and TLF, respectively. The mass excess is taken the ex-
perimental data, but that of the unknown isotope is calculated
by Weizsäcker-Skyrme formula [50]. VCN is sum of Coulomb
potential and nuclear potential between the PLF and TLF
at the potential pocket. The Coulomb potential is calculated
by the deformation-dependent Wong formula [51], and the
double-folding potential is applied for the nuclear potential
[52]. Ji is the total angular momentum and J (t ) is the relative
angular momenta at time t . ζrel and ζint indicate the relative
and intrinsic moment of inertia of DNS, respectively. Erad

represents the radial kinetic energy.
The relative kinetic energy is dissipated into intrinsic exci-

tation energy of DNS, and its time evolution can be derived

from the Fokker-Planck equation,

〈Erad(J, t )〉 = Erad(J, 0) exp (−t/τR), (8)

where Erad(J, 0) is the radial kinetic energy at the initial time,
and τR is its relaxation time, taken as τR = 2 × 10−22 s.

The relative angular momentum is dissipated into the in-
trinsic angular momentum, relaxed from the incident angular
momentum to the value at the sticking limit,

〈J (t )〉 = Jst + (Ji − Jst ) exp(−t/τJ ), (9)

Here, Jst indicates the angular momentum at the sticking limit,
expressed as Jst = ζrel/ζtotJi, and Ji denotes the angular mo-
mentum of the entrance channel. τJ is the relaxation time
of the angular momentum taken as 12 × 10−22 s, which is
larger than τR, because the relaxation of angular momentum
is slower than that of kinetic energy.

The two-dimensional isospin-dependent potential energy
surface (PES) is vital to drive the nucleon diffusion, which
is defined as the following [53]:

U (Z1, N1, Z2, N2, rb) = �(Z1, N1) + �(Z2, N2)

+VCN(Z1, N1, Z2, N2, rb). (10)

Here, the interaction potential VCN consists of the Coulomb
potential and nuclear potential, calculated by the deformation-
dependent Wong formula [51] and double-folding potential
with sudden approximation [52], respectively. rb is the po-
sition of potential pocket that is considered as the distance
between two fragments where nucleon transfer occurs.

Within the framework of DNS model, the primary cross
section of the fragment with proton number Z and neutron
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FIG. 3. The final production cross sections of the fragments with Z = 73–76 in the reactions 64Ni + 198Pt, 202Pt + 64Ni, 64Ni + 204Hg, and
64Ni + 208Pb, denoted by the solid, dashed, dotted, and dash-dotted lines, respectively.

number N can be expressed as

σpri(Z, N ) = π h̄2

2μEc.m.

Jmax∑
J=0

(2J + 1)[P(Z, N, τint )

+Yqf(Z, N, τint )]. (11)

Here, μ is the reduced mass in the entrance channel, and the
maximum angular momentum Jmax is taken as the value at
grazing collision. P(Z, N, τint ) is the distribution probability
of fragment (Z, N ) at the interaction time τint, which is calcu-
lated by the classical deflection function method [54]. Beside
the fragment from the diffusion process, the contribution of
the quasifission through the interaction time should be in-
cluded in the production cross section. The quasifission yield
is defined as [53]

Yqf(Z, N ) =
∫ τint

0
�qfP(Z, N, t )dt . (12)

The excitation energy of the primary fragment is supposed
to be proportional to its mass, namely, εk = εAk/ACN, in
which ACN is the mass number of the compound nucleus. To
predict the production cross sections of the final fragments,
the GEMINI + + code is applied to calculate the probability
of neutron and charged-particle evaporation based on a Monte
Carlo method [55,56].

III. RESULTS AND DISCUSSION

To verify the reliability of the DNS model for the descrip-
tion of MNT reaction, the production cross sections of the
isotopes with Z = 76–86 in the reaction 64Ni + 208Pb at Elab =
350 MeV are calculated, as shown in Fig. 2. One can see that
the calculated final cross sections reproduce the experimental
data very well. The fission barrier of these nuclei is very
high, so the main deexcitation mode is neutron evaporation.
The cross sections of the trans-target isotopes decrease more
sharply with increase in the number of transferred protons,
compared with the below-target isotopes. That is caused by
the proton shell closure of Z = 82 of the target, making it
hard to pickup protons from the projectile. Finding the optimal
projectile-target combination to produce the unknown isotope
is extremely important for the nuclear experiments. The final
production cross sections of the fragments with Z = 73–76
in the reactions with 64Ni are shown in Fig. 3. The N/Z
ratios of the heavier reaction partners, 198,202Pt, 204Hg, and
208Pb, are 1.538, 1.589, 1.55, and 1.536, respectively. It can
be noticed that the cross sections of neutron-rich isotopes in
the reaction with 202Pt are the highest, because its N/Z ratio
is the largest. According to the mechanism of equilibrium of
N/Z ratio in MNT reactions, the reaction partner with higher
N/Z ratio is advantageous for producing neutron-rich nuclei.
Actually, the nucleon diffusion process is driven by the PES.
The �U is defined as �U = U (ZPLF, NPLF, ZTLF, NTLF, rb) −
U (ZP, NP, ZT, NT, rb), which is the difference in the potential
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FIG. 4. The �U value in the reactions 64Ni + 198Pt (a),
202Pt + 64Ni (b), 64Ni + 204Hg (c), and 64Ni + 208Pb (d). The grey
squares mark the unknown isotopes near N = 126.

energy surface between the primary fragment and entrance
channel. In general, the fragments with smaller �U have
larger cross sections. The results of �U in the four reactions
mentioned above are shown in Fig. 4. The grey squares mark
the unknown isotopes near N = 126. It is evident that the
�U value of the unknown nuclei in 202Pt + 64Ni is the lowest,
resulting in the highest production cross section. The �U of
the unknown isotopes in the other reactions are pretty close,
so the difference of the cross sections in those nuclei is not
significant. To investigate the dependence of the production
cross sections on the lighter reaction partner, we calculated
the cross sections of the fragments with Z = 73–76 in the re-
actions 202Pt + 48Ca, 202Pt + 64Ni, and 70Ni + 202Pt, displayed
in Fig. 5. The N/Z ratios of 48Ca and 64,70Ni are 1.4, 1.285,
and 1.5, respectively. One can find that the cross sections of
neutron-rich nuclei in the reaction with 70Ni are the largest,
which is also owing to the highest N/Z ratio of 70Ni, making
the heavier reaction partner more likely to pickup neutrons
while stripping protons. From the driving potential, one can
roughly analyze the trend of nucleon transfer. In Fig. 6, the
driving potential in the three reactions mentioned above is
shown. The dashed line marks the mass number of 202Pt. It
is obvious that as more nucleons are stripped from 202Pt, the
driving potential in the reaction 70Ni + 202Pt becomes lower.

FIG. 5. The final production cross sections of the fragments with Z = 73–76 in the reactions 202Pt + 48Ca, 202Pt + 64Ni, and 70Ni + 202Pt,
denoted by the solid, dashed, and dash-dotted lines, respectively.
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FIG. 6. The driving potential in the reactions 202Pt + 48Ca,
202Pt + 64Ni, and 70Ni + 202Pt, represented by the solid circles,
squares, and triangles, respectively. The dash line marks the mass
number of 202Pt.

However, the driving potential in the other two reactions does
not change significantly, especially in 202Pt + 48Ca reaction.
Therefore, the nucleons are easier to be transferred to 70Ni,
which is more favorable for producing neutron-rich isotopes
with smaller proton number. The angular distribution of the
fragment is very significant for the experiment to place the
detector in the appropriate position. Within the framework of
the DNS model, the angular distribution can be investigated
by the defection function method [54]. In Fig. 7(a), the angular
distribution of the primary fragment 190W in 70Ni + 202Pt re-
action at Ec.m. = 1.2 VC is shown. One can see that the angular
distribution mainly concentrates on the range of 90◦–140◦.
As the scattering angle is smaller than 90◦, the differential
cross section decreases sharply. From the deflection function
of the TLF displayed in Fig. 7(c), it is evident that there are
two rainbow angles. The larger one is about 140◦, which is
the largest scattering angle. The dashed line marks the po-
sition of the smaller rainbow angle. Therefore, the angular
distribution of the fragment is mainly between two rainbow
angles. This phenomenon can be explained from the primary
partial cross sections shown in Fig. 7(b), denoted by the
solid line. The dashed line represents the smaller rainbow
angle. One can find that as the scattering angle is smaller
than the smaller rainbow angle, the quantum number of

FIG. 7. (a) The primary angular distribution of the fragment 190W in center-of-mass system in 70Ni + 202Pt reaction at Ec.m. = 1.2 VC.
(b) The deflection function of the TLF denoted by the dotted line. The solid line represents the primary partial cross sections of 190W. (c) The
deflection function of the TLF.
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FIG. 8. The deflection function of the PLF (a) and TLF (b) in the reaction 70Ni + 202Pt. The red, blue, and olive lines represent the total,
Coulomb, and nuclear scattering angle, respectively. The angular distribution of the primary fragment 190W (c) and final fragment 190W (d).
The dashed, dash-dotted, and solid lines correspond to the case at 1.1 VC, 1.2 VC, and 1.3 VC, respectively.

angular momentum L is smaller than 10, leading to a rather
small partial cross section. In general, the production cross
sections of the neutron-rich isotopes is not sensitive to the
incident energy, because the primary neutron-rich fragment
can evaporate more nucleons at a higher incident energy.
However, the angular distribution of the fragment is dependent
on the incident energy. The deflection function of the PLF
and TLF is shown in Figs. 8(a) and 8(b), respectively. It can
be found that the Coulomb scattering angle is not sensitive to
the incident energy, especially at a low angular momentum.
The nuclear scattering angle of the PLF becomes more nega-
tive as the incident energy increases, meaning that the nuclear
potential is more attractive at a higher energy, which results
in a decline of the total scattering angle. For the TLF, the
dependence of the nuclear and total scattering angles on the
incident energy is opposite, because the scattering angle of
TLF is the complementary angle of that of PLF. In this paper,
we are concerned with the angular distribution of TLF. The
angular distribution of the primary fragment 190W and final
fragment 190W, is shown in Figs. 8(c) and 8(d), respectively.
One can notice that the angular distribution shifts to a larger
angle at a higher incident energy, because the scattering angle
of TLF is larger. Comparing the primary and final differential
cross sections, the final results are lower than the primary. In
addition, the decline of the differential cross sections at 1.3
VC is the most significant, because the excitation energy of
the primary fragment is the highest, leading to the smallest
survival probability. The angular distribution of the unknown

isotopes near N = 126 in 70Ni + 202Pt reaction at Ec.m. =
1.3 VC is displayed in Fig. 9. The calculated differential cross
sections of Ta, W, and Re isotopes are shown in Figs. 9(a),
9(b), and 9(c), respectively. One can find that the angular
distribution of all the fragments is in the range 75◦–150◦ and
peaks at about 80◦. For the isotopes of the same element,
the differential cross sections of more neutron-rich isotopes
are smaller because of the smaller primary production cross
sections.

However, one should notice that in the reaction
70Ni + 202Pt, both the projectile and target are radioactive.
Based on the current experimental conditions, it is hard to
perform that collision in the experiments. If the intensity of the
70Ni beam is improved in the facilities for radioactive beams
and the thickness of the target is increased in the future, the
production of new isotopes near N = 126 is probable.

IV. SUMMARY

The quasifission rate is improved by the harmonic oscilla-
tor approximation for the interaction potential at the barrier
and pocket. Within the framework of the DNS model, the
calculated production cross sections are in good agreement
with the experimental data in the 64Ni + 208Pb reaction. The
dependence of the cross sections on the isospin of the re-
action partner is studied. The cross sections of neutron-rich
isotopes in the reaction with 202Pt are the highest, because
of the mechanism of equilibrium of N/Z ratio in MNT
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FIG. 9. The angular distribution of the unknown isotopes in 70Ni + 202Pt reaction at Ec.m. = 1.3 VC. (a) The angular distribution of the final
fragment 195Ta, 196Ta, and 197Ta, denoted by solid, dashed, and dotted lines, respectively. (b) The solid and dotted lines represent the results of
198W and 199W, respectively. (c) The angular distribution of 200Re (solid line) and 201Re (dotted line).

reactions. In addition, the �U value of the unknown nuclei in
202Pt + 64Ni is the lowest, resulting in the highest production
cross section. Similarly, the cross sections of neutron-rich
nuclei in the reaction with 70Ni are the largest, because more
nucleons are stripped from the heavier reaction partner, the
driving potential in the reaction 70Ni + 202Pt becomes lower.
Therefore, the nucleons are easier to be transferred to 70Ni,
which is more favorable to produce neutron-rich isotopes with
a smaller proton number.

As the scattering angle is smaller than the smaller rainbow
angle, the differential cross section decreases sharply because
of a rather small partial cross section at L < 10. The angu-
lar distribution of the fragment is dependent on the incident
energy. The Coulomb scattering angle is not sensitive to the

incident energy, while the nuclear scattering angle of the
PLF becomes more negative as the incident energy increases,
which results in a decline in the total scattering angle. The
angular distribution shifts to a larger angle at a higher incident
energy. The angular distribution of the unknown isotopes near
N = 126 in 70Ni + 202Pt reaction is located at 75◦–150◦ and
peaks at about 80◦.
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