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Radial and orbital decomposition of charge radii of Ca nuclei:
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We investigate the charge and point-proton radii of Ca nuclei in detail using a density functional theory
framework. The Fayans energy density functional (EDF) provides a characteristic N dependence, successfully
describing the parabolic behavior of the differential charge radii in 20 � N � 28. We focus on its physical origin
by decomposing it into radial and orbital contributions. The results are compared with those of the Skyrme plus
normal pairing functional, which is considered as a representative of the usual EDFs. The enhancement of the
differential charge radii in N < 20 with the Fayans functional, which contradicts the data, has the origin common
to the parabolic behavior in 20 � N � 28. It is important to describe both N regions simultaneously.
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I. INTRODUCTION

Radius is a fundamental property of atomic nuclei. The
radii of stable nuclei are proportional to A1/3 in the first
approximation, where A is the mass number, linked to the
saturation of density [1]. This characteristic results from the
balance between the attractions among the nucleons at low
density and repulsion, which becomes dominant at high den-
sities. The self-consistent mean-field or density functional
theory (DFT) calculations have been developed and are now
recognized as the standard approaches to the nuclear struc-
ture. Because nuclei are self-bound systems, self-consistent
DFT calculations provide a suitable framework for studying
nuclear radii. Conversely, an accurate description of the radii
is fundamental to DFT because the density ρt (r) (t = n, p) is
usually taken as a principal variable [2], and the mean-square
radius is the lowest-order moment of ρt (r),

〈r2〉t = 1

Nt

∫
d3r r2 ρt (r), (1)

where Nt is the neutron or proton number (i.e., N or Z).
The nuclear charge radii are measured using electric probes

[3], and their data are much less ambiguous than those
obtained using hadronic probes. Owing to the recent devel-
opments in laser spectroscopy experiments [4,5], abundant
data on the differential charge radii have been accumulated
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via isotope-shift measurements, and several intriguing results
beyond the A1/3 rule have been reported. The kinks at magic
neutron numbers are among them: the kinks at N = 126 near
Pb isotopes [6,7], at N = 82 in the Sn isotopes [8], and at N =
28 in the Ca and Ni isotopes [9,10]. Arguments linking the
kinks to properties of nucleonic interactions or the energy den-
sity functional (EDF) have been given. In Refs. [11,12], the
kinks are attributed to the spin-orbit interaction between the
nucleons, which can be congenial to relativistic approaches
[13]. Additional effects of density dependence of the spin-
orbit interaction connected to three-nucleon interactions have
been discussed [14–16]. In contrast, Fayans proposed an EDF
with an extended form of the pairing functional [17,18], which
has been claimed to play a significant role in kinks instead of
the spin-orbit interactions [19].

Another interesting result has been observed for 40–48Ca.
The charge radii of the even-N Ca nuclei vary parabolically
as a function of N . This behavior is difficult to account for.
A suggestion from the shell model is that the parabolic be-
havior may be a result of proton excitation across the Z = 20
core [20]. A correlation between charge radii and quadrupole
collectivity have been discussed [21]. In contrast, the Fayans
EDF reproduces parabolic behavior in self-consistent calcu-
lations that do not activate proton excitation across the Z =
20 core [18,19]. However, the even-odd staggering of the
charge radii tends to be excessively strong when applying the
Fayans EDF with parameters that accurately reproduced the
parabola. Moreover, the behavior of the charge radii in the
neutron-deficient region contradicts experimental data [22],
which were argued in connection with the �s-closed nature
of N = 20 and called antikink in Ref. [23].
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We investigate the charge radii of Ca nuclei in the nuclear
DFT framework. As mentioned earlier, the Fayans EDF has
distinct characteristics that can describe the parabolic behav-
ior of the charge radii in 20 � N � 28. In Ref. [19], this
property is indicated to originate in its specific pairing chan-
nel. Despite these remarkable results, it is unclear whether
this picture is reasonable. We examine the radial and orbital
contributions to the radii by comparing the results of the
Fayans EDF with those of other EDFs, particularly a Skyrme
EDF. This analysis may aid in discriminating between EDFs
in future experiments.

II. METHOD

A. Skyrme and Fayans EDF

The Skyrme and Fayans EDFs are functionals of several
local densities, commonly expressed in the form

E =
∫

d3r E (r), (2)

where E is composed of the kinetic-energy term with the
averaged nucleon mass M, nuclear particle-hole, Coulomb,
and pairing parts, as

E (r) =
∑

t=n,p

τt (r)

2M
+ Eph(r) + ECoul(r) + Epair (r). (3)

In this paper, we assume time-reversal symmetry, restricting
ourselves to even-even nuclei. For a Skyrme EDF, the time-
even particle-hole part of E consists of the volume, surface,
and spin-orbit terms,

ESk
ph [ρ, τ, J] = ESk

v [ρ, τ ] + ESk
s [ρ] + ESk

ls [ρ, J]; (4)

ESk
v [ρ, τ ] =

∑
k=0,1

{
Cρ

k [ρ0][ρk (r)]2 + Cτ
k ρk (r)τk (r)

}
,

(5)

ESk
s [ρ] =

∑
k=0,1

C�ρ

k ρk (r)�ρk (r), (6)

ESk
ls [ρ, J] =

∑
k=0,1

C∇J
k ρk (r)∇ · Jk (r), (7)

where ρk (r), τk (r), and Jk (r) are the local particle den-
sities, kinetic densities, and spin-orbit densities [24] with
k = 0 and 1 corresponding to the isoscalar and isovector
parts, respectively, e.g., ρ0(r) = ρn(r) + ρp(r) and ρ1(r) =
ρn(r) − ρp(r). The ρ0-dependent coupling constant is given
by Cρ

k [ρ0] = Cρ

k [0] + Cρ

kD[ρ0(r)]α .
The particle-hole part of the Fayans EDF [17], which does

not contain τk (r), is composed of the volume, surface, and
spin-orbit parts,

EFy
ph [ρ, J] = EFy

v [ρ] + EFy
s [ρ] + EFy

ls [ρ, J]; (8)

EFy
v [ρ] = εF ρsat

3

{
av

+
1 − hv

1+[x0(r)]σ

1 + hv
2+[x0(r)]σ

[x0(r)]2

+ av
−

1 − hv
1−x0(r)

1 + hv
2−x0(r)

[x1(r)]2

}
, (9)

EFy
s [ρ] = εF ρsat

3

as
+r2

s [∇x0(r)]2

1 + hs+[x0(r)]σ + hs
∇r2

s [∇x0(r)]2
,

(10)

EFy
ls [ρ, J] = 4εF r2

s

3ρsat
[κρ0(r)∇ · J0(r) + κ ′ρ1(r)∇ · J1(r)].

(11)

The density-dependent coupling constants in the volume
and surface terms are given in a form analogous to the
Padé approximant. The density ρk (r) is used in terms of
xk (r) = ρk (r)/ρsat, normalized to the saturation density ρsat =
0.16 fm−3. The parameters εF and rs are the Fermi energy and
Wigner-Seitz radius, respectively, whose values are given in
Appendix A. The volume term corresponds to substitution of
the Skyrme coupling constants Cρ

k for

Cρ
0 [ρ0] = εF av

+
3ρsat

1 − hv
1+[x0(r)]σ

1 + hv
2+[x0(r)]σ

, (12)

Cρ
1 [ρ0] = εF av

−
3ρsat

1 − hv
1−x0(r)

1 + hv
2−x0(r)

. (13)

The surface term of the Fayans EDF approximately corre-
sponds to the isoscalar surface term of the Skyrme EDF that
contains ρ0�ρ0 but with density-dependent C�ρ

0 . The isovec-
tor term proportional to ρ1�ρ1 is not present in the Fayans
surface term. The spin-orbit term of the Fayans EDF has the
same functional form as the extended Skyrme EDF [12]. Two
parameters κ and κ ′ are used, which are related to the Skyrme
coupling constants as

C∇J
0 = 4εF r2

s

3ρsat
κ, (14)

C∇J
1 = 4εF r2

s

3ρsat
κ ′. (15)

The Coulomb EDF is expressed as the sum of direct and
exchange contributions

ECoul[ρ] = e2

2
ρp(r)

∫
d3r′ ρp(r′)

|r − r′|

− 3

4

(
3

π

) 1
3

e2[ρp(r)]
4
3 {1 − hCoul[x0(r)]σ }, (16)

where the point-proton density ρp(r) is used instead of the
charge density. The Coulomb exchange energy is evaluated
using the Slater approximation, in addition to the Coulomb-
nuclear correlation term controlled by the parameter hCoul. In
the Skyrme EDF, hCoul = 0.

The pairing functionals of the Skyrme and Fayans EDFs
are

ESk
pair[ρ, ρ̃, ρ̃∗] =

∑
t=n,p

Vt

4

[
1 − η

ρ0(r)

ρpair

]
|ρ̃t (r)|2, (17)

EFy
pair[ρ, ρ̃, ρ̃∗] = 2εF

3ρsat

{
f ξ
ex + hξ

+[xpair (r)]γ

+ hξ

∇r2
s [∇xpair (r)]2

} ∑
t=n,p

|ρ̃t (r)|2 (18)
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with xpair (r) = ρ0(r)/ρpair. It is customary to set ρpair = ρsat.
In the Skyrme EDF, we use mixed-type pairing with η = 1/2.
When γ = 1, the Fayans pairing parameters f ξ

ex and hξ
+ are

related to the Skyrme pairing parameters as

Vt = 8εF

3ρsat
f ξ
ex, (19)

η = − hξ
+

f ξ
ex

. (20)

However, the hξ

∇ term, which depends on the derivative of
the isoscalar density, is not present in the standard density-
dependent pairing used with the Skyrme EDF.

The variational condition of the EDF results in the Hartree-
Fock-Bogoliubov equation

(
ht − λt h̃t

−h̃∗
t −h∗

t + λt

)(Uμ,t

Vμ,t

)
= Eμ,t

(Uμ,t

Vμ,t

)
. (21)

The particle-hole and pairing parts of the local mean-field
Hamiltonian are given by

ht (r; s′, s) = −∇ · 1

2M∗
t (r)

∇δs′s + Ut (r)δs′s

+1

i
(∇ × σ̂s′s)Wt (r) · ∇, (22)

h̃t (r; s′, s) = Ũt (r)δs′s, (23)

where Ut (r), Wt (r), and Ũt (r) are the central, spin-orbit (�s),
and pairing potentials, respectively. M∗

t (r) is the position-
dependent effective mass, λt is the chemical potential, and σ̂

denotes the Pauli matrix. The potentials and effective masses
are defined by the functional derivatives with respect to the
corresponding densities:

Ut (r) = δE[ρ, τ, J, ρ̃, ρ̃∗]

δρt
, (24)

Wt (r) = δE[ρ, τ, J, ρ̃, ρ̃∗]

δ(∇ · Jt )
, (25)

Ũt (r) = δE[ρ, τ, J, ρ̃, ρ̃∗]

δρ̃∗
t

, (26)

M∗
t (r) = 1

2

(
δE[ρ, τ, J, ρ̃, ρ̃∗]

δτt

)−1

. (27)

Equation (27) yields M∗
t (r) = M in the Fayans EDF. We de-

fine the pairing gap as a density-averaged pair potential,

�t = 1

Nt

∫
d3r Ũt (r)ρt (r), (28)

which will be used in Sec. III D.
Because it plays an important role in the charge radii in

the Ca nuclei, we explicitly express the rearrangement term,
the contribution to the central potential Ut (r) from the pairing

EDF [19], as

δESk
pair

δρt
= − η

ρpair

∑
t ′=n,p

Vt ′

4
|ρ̃t ′ (r)|2, (29)

δEFy
pair

δρt
= 2εF

3ρsat

{[
γ hξ

+
ρpair

[xpair (r)]γ−1 − 2hξ

∇r2
s

ρ2
pair

�ρ0(r)

]

×
∑

t ′=n,p

|ρ̃t ′ (r)|2

− 4hξ

∇r2
s

ρ2
pair

∑
t ′=n,p

Re
[
ρ̃∗

t ′ (r)∇ρ0(r) · ∇ρ̃t ′ (r)
]⎫⎬⎭.

(30)

The other terms of the potentials in the Fayans functionals are
given in Appendix B.

B. Differential radii and densities

The mean-square radius of the point protons or neutrons
is related to their density distributions via Eq. (1). In this
paper, spherical symmetry is assumed for all the nuclei un-
der investigation, and the densities are functions of r = |r|.
Although the charge radius and charge density are primarily
dependent on the distribution of point protons, finite-size and
relativistic corrections [25–27] are considered, as summarized
in Appendix C.

The differences of the mean-square proton and charge radii
between isotopes are denoted by

δ〈r2〉A0,A
p = 〈r2〉p(ACa) − 〈r2〉p(A0 Ca), (31)

δ〈r2〉A0,A
ch = 〈r2〉ch(ACa) − 〈r2〉ch(A0 Ca) (32)

with the reference nucleus A0 Ca. We also define the differen-
tial proton and charge densities as

�̄ρA0,A
p (r) := (4πr2)r2[ρp(r, ACa) − ρp(r, A0 Ca)], (33)

�̄ρ
A0,A
ch (r) := (4πr2)r2[ρch(r, ACa) − ρch(r, A0 Ca)], (34)

so that the integration of �̄ρA0,A
p (r) [�̄ρ

A0,A
ch (r)] over r should

be equal to δ〈r2〉A0,A
p [δ〈r2〉A0,A

ch ].
In Sec. III C, we consider the contribution of the individual

proton orbit j to the proton radius and density. Hence, we
consider the following quantities:

�̄ρ
A0,A
p, j (r) := (4πr2)r2

∑
m

[|ϕp, jm(r, ACa)|2

− |ϕp, jm(r, A0 Ca)|2], (35)

where ϕp, jm is the wave function of the proton single-particle
(s.p.) orbit j with the magnetic quantum number m. For sim-
plicity, we use the quantum number j also to represent the
s.p. orbit. The sum of �̄ρ

A0,A
p, j (r) over the occupied orbits is

�̄ρA0,A
p (r) in Eq. (33). For the radii, we consider the iso-

topic difference in the root-mean-square proton radii of the
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individual orbits,

δ[
√

〈r2〉]A0,A
p, j :=

{∫ ∞

0
dr (4πr2)r2

× 1

2 j + 1

∑
m

|ϕp, jm(r, ACa)|2
}1/2

−
{∫ ∞

0
dr (4πr2)r2

× 1

2 j + 1

∑
m

|ϕp, jm(r, A0 Ca)|2
}1/2

. (36)

C. Numerical settings

The coordinate-basis spherical code HFBRAD [28] is em-
ployed to compute the ground-state properties of the Ca
nuclei. Although the code was originally adapted to the
Skyrme EDF, we have also implemented the Fayans EDF in
HFBRAD. We set the box size to Rmax = 15 fm and the lattice
size to �r = 0.1 fm. We apply a quasiparticle-energy cutoff
of 15 MeV for the pairing channel of the Fayans EDF and
60 MeV for the Skyrme EDFs. The pairing strength for the
mixed-type pairing of the Skyrme EDF is Vn = −283.7 MeV
fm3, which is adjusted to the neutron gap of 1.245 MeV in
120Sn [28].

The charge radii calculated with nonlocal EDFs are de-
scribed in Sec. III A, for which the numerical methods
described in Refs. [29,30] are applied.

III. RESULTS

A. Charge radii and charge densities

We have calculated the charge radii of even-N Ca isotopes
with FaNDF0 of the Fayans EDF [17] and several other EDFs:
Skyrme SkM∗ [31], SLy4 [32], UNEDF1 [33], Gogny D1S
[34], M3Y-type M3Y-P6 [16,35,36], and M3Y-P6a [14,16].
For comparison, the result of NL3, which is a relativistic EDF,
is also obtained from Ref. [37]. Figure 1 shows the calculated
differential charge radii δ〈r2〉40,A

ch of the even-N Ca nuclei and
compares them with experimental data [3,9,22]. The charge
radii calculated with SLy4 and UNEDF1 are analogous to
those calculated with SkM∗. Refer to Fig. 1(a) in Ref. [23]
for the results of D1S and M3Y-P6a, which are similar to
those of SkM∗ and M3Y-P6. No proton excitation across the
Z = 20 core occurs in any calculation, and the N depen-
dence is attributed primarily to the influence of neutrons on
the proton s.p. wave functions. Only FaNDF0 reproduces the
parabolic structure of the charge radii in 40–48Ca, as discussed
in Ref. [19], whereas other EDFs yield almost constant charge
radii for 40–48Ca. In the neutron-deficient region, FaNDF0

does not reproduce the charge radii at N = 16 and 18. The
charge radii computed with FaNDF0 in 36,38Ca are larger than
those in 40Ca, although the experimental values decrease as
N decreases. SkM∗ and M3Y-P6 reproduce the experimental
data for 36,38Ca fairly well. NL3 produces an almost constant
charge radius in 36–48Ca. Consequently, no EDFs successfully
reproduce the charge radii in the entire region of 36–48Ca.
Reference [38] has shown that the perturbative effects of

FIG. 1. Differential charge radii δ〈r2〉40,A
ch of even-N Ca isotopes

calculated with FaNDF0, SkM∗, and M3Y-P6 are compared with the
experimental data [3,9,22]. The charge radii calculated with NL3 are
obtained from Ref. [37].

long- and short-range correlations do not produce a parabolic
structure in 40–48Ca. As mentioned in Introduction, the in-
fluence of proton excitation across Z = 20 including shape
fluctuation, which might be beyond the mean-field descrip-
tion, has been suggested for 42–46Ca in some studies [20,21].

For neutron-rich nuclei with N > 28, all the EDFs repro-
duce and predict the steep growth of the charge radii with
the neutron number, although the growth rate depends on the
EDFs.

Because the Fayans EDF provides the characteristic be-
havior of the charge radii in 40–48Ca, we investigate what
produces it in detail. In the following, we consider SkM∗ as a
representative of the usual EDFs and compare its results with
those of the Fayans EDF. While the Fayans-EDF parameters
are further tuned in the functional Fy(�r) [19] to reproduce
the parabolic structure of the charge radii, we use the original
parameter-set FaNDF0 in this paper as their results are close
to those of Fy(�r).

B. Charge and point-proton density distributions

Figures 2(a) and 2(b) show the charge density distribution
of 44Ca, ρch(r, 44Ca), and its difference from that of 40Ca,
�̄ρ

A0,A
ch (r) defined in Eq. (32), where A0 = 40. The integrated

value of �̄ρ40,A
ch over r is equivalent to δ〈r2〉40,A

ch , which has
been shown in Fig. 1. Thus, �̄ρ40,A

ch is the decomposition of
δ〈r2〉40,A

ch as a function of r. The experimental data on �̄ρ40,A
ch

are obtained from Ref. [39], which are extracted from the
densities fitted to the charge-form factors using the three-
parameter Fermi (3pF) function. In 44Ca, the neutrons gain
pair correlation. In addition to the mixed-type pairing func-
tional (17), the same pairing functional (18) as in FaNDF0
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FIG. 2. Charge and point-proton density distributions of 44Ca,
ρch/p(r, 44Ca), and their differences from 40Ca, �̄ρ40,44

ch/p (r). Those
calculated with FaNDF0 and SkM∗ are compared with the experi-
mental data in the 3pF model.

[19] is applied to 44Ca in combination with the particle-
hole part of SkM∗ to investigate the influence of the pairing
functional. Although the results for ρch(r, 44Ca) are not well
distinguished among the EDFs [Fig. 2(a)], they are resolved
in �̄ρ40,44

ch (r), i.e., the differences in charge densities from
40Ca [Fig. 2(b)]. For �̄ρ40,44

ch , all the calculations produce dips
in the inner region of the nuclei and peaks in the surface re-
gion, which are qualitatively consistent with the experimental
data (black dash-dotted line). Although the SkM∗ + mixed
pairing (blue long-dashed line) has a peak height closer to
the experimental data, it has a large negative contribution in
the outer region of r ≈ 5–8 fm, which offsets the positive
contribution to 〈r2〉ch in the surface region. FaNDF0 (red
solid line) provides a higher peak than the experimental data
and has a negative contribution in the outer region, which
the experimental data do not have. Consequently, FaNDF0

reproduces the enhancement in the charge radius in 44Ca well.
Note that the experimental data for �̄ρ40,44

ch could contain
systematic errors originating from the 3pF model. When the
pairing functional is switched from the mixed-type functional
to the Fayans functional (green dashed line) combined with
the particle-hole part of SkM∗, �̄ρ40,44

ch becomes similar to
that of FaNDF0. This confirms that Fayans pairing (18) is re-
sponsible for the parabolic behavior of charge radii in 40–48Ca.

Figures 3(a) and 3(b) show the calculated charge den-
sity distributions of 48Ca, ρch(r, 48Ca), and their differences
from those of 40Ca, �̄ρ40,48

ch (r). They are also compared
with experimental data [39] which were analyzed using the
Fourier-Bessel (FB) expansion and 3pF model. The small
deviation between the data extracted from the FB and 3pF
models suggests that the model dependence in the experi-
mental analyses is not significant. No pairing correlation is
activated in the ground state of 48Ca in the calculations in this

FIG. 3. Charge and point-proton density distributions of 48Ca,
ρch/p(r, 48Ca), and those differences from 40Ca, �̄ρ40,48

ch/p (r). Those
calculated with FaNDF0 and SkM∗ are compared with the experi-
mental data for charge radius distributions that are analyzed using
the FB expansion and 3pF model.

paper. As in 44Ca, both FaNDF0 and SkM∗ produce similar
charge-density distributions ρch(r) and are consistent with the
experimental data [Fig. 3(a)]. Even for �̄ρ40,48

ch in Fig. 3(b),
the results for FaNDF0 and SkM∗ are similar with dips at r =
2–3 fm, peaks in the surface region r = 4–5 fm, and sizable
negative contributions in the outer region. These results are
qualitatively consistent with the experimental data, although
the positions of the dips and peaks are located outward by
0.5–1 fm compared with the experimental data. The negative
values of �̄ρ40,48

ch in the outer region result in almost equal
charge radii between 40Ca and 48Ca, as shown in Fig. 1. In
contrast, Fig. 2(b) shows that the dip in �̄ρ40,44

ch in the outer
region is shallow for the FaNDF0 result. This is consistent
with the experimental data and produces a parabolic structure
of the charge radii, whereas SkM∗ provides negative values,
as in �̄ρ40,48

ch .
Although the corrections presented in Appendix C have

been considered, ρch(r) is dominated by the point-proton den-
sity ρp(r). Figures 2(c), 2(d) and 3(c), 3(d) depict ρp(r) of
44,48Ca and their differences from 40Ca defined in Eq. (33).
The above discussions on charge density distributions hold for
the proton density distributions, although the amplitudes of
�̄ρ40,A

ch (r) tend to be lower than those of �̄ρ40,A
p (r). The same

holds for the N < 20 and N > 28 regions. In the following,
we investigate the point-proton density distributions ρp(r) and
point-proton radii 〈r2〉p, rather than ρch(r) and 〈r2〉ch.

We now discuss the neutron-deficient nucleus, 38Ca. As
shown in Fig. 1, the measured charge radius of 38Ca is
smaller than that of 40Ca, δ〈r2〉38,40

ch = −0.080 fm2. SkM∗ and
M3Y-P6 accurately reproduce δ〈r2〉38,40

ch , whereas FaNDF0

overestimates it, yielding δ〈r2〉38,40
ch = +0.095 fm2. We
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FIG. 4. Proton density distributions of (a) 38Ca, (b) 52Ca, and (c)
60Ca calculated with FaNDF0 and SkM∗ and their differences from
the reference nuclei, which are set as 40Ca for 38Ca in (b), 48Ca for
52Ca (60Ca) in (d) [(f)].

analyze the differential radius using the density distributions.
Figures 4(a) and 4(b) show the proton density distributions
and their differences from those in 40Ca, defined in Eq. (33),
which are calculated with FaNDF0 and SkM∗. Both FaNDF0

and SkM∗ provide �̄ρ40,38
p with dips of approximately r =

4 fm. However, FaNDF0 has a significant peak in the outer re-
gion, which eliminates the contribution of the dip to δ〈r2〉38,40

ch .
The corresponding peak remains low in the SkM∗ results.
Thus, as in the 44Ca case, the N-dependence of the densities
in the outer region causes a difference in charge radii between
FaNDF0 and SkM∗.

For neutron-rich nuclei with N > 28, the charge radius in-
creases monotonically both experimentally and theoretically,
as shown in Fig. 1. The difference in the neutron-pairing func-
tionals does not cause a qualitative difference in the charge
radii, as long as N is restricted to be even. �̄ρA0,A

p is compa-
rable for FaNDF0 and SkM∗, as shown in Figs. 4(d) and 4(f),
despite the difference in their amplitudes.

C. Orbital decomposition

Because Z = 20 is a magic number, the proton pair corre-
lation is not active in any of the calculations presented here.
The proton radius and density distribution can be decomposed
into the contributions of the proton s.p. orbits that are filled
at the Z = 20 magic number. Orbital decomposition may

FIG. 5. Differences of proton singe-particle radii calculated with
(a) FaNDF0, (b) SkM∗, and (c) FaNDF0 after omitting the rearrange-
ment term. See the text for details.

provide additional information on the N dependence of the
radii, revealing the influence of the neutron occupation on
specific orbits. To identify the orbital contributions to the
differential proton radii, we show the differences in the
radii of the individual proton s.p. orbits from those of 40Ca,
δ[

√
〈r2〉]40,A

p, j in Eq. (36) as functions of N . The results ob-
tained with FaNDF0 and SkM∗ are presented in Figs. 5(a) and
5(b). A significant difference is observed between the FaNDF0

and SkM∗ results corresponding to a difference in δ〈r2〉40,A
ch .

At N = 22, all the proton orbits have larger radii than those in
40Ca in the FaNDF0 results. In 44Ca, 1d3/2 and 2s1/2 orbits
shrink slightly, whereas the other proton orbits continue to
expand. The differential radii of the proton orbit j are convex
upwards in 40–48Ca, irrespective of j. All orbits except 2s1/2

make positive contributions to δ〈r2〉40,44
p , resulting in the pro-

ton and charge radii in 44Ca being larger than those in 40Ca.
Therefore, many orbits contribute coherently to the swelling
of the point-proton and charge radii in 44Ca. In particular,
the sd-shell orbits, i.e., 1d5/2, 1d3/2, and 2s1/2, predominantly
contribute to the convexity. Note that, in connection with
the differential radii δ〈r2〉A0,A

p , the values in Fig. 5 must be
multiplied by the occupation number, which is equal to the
degeneracy of the orbit (2 j + 1). In 48Ca, the proton 1d3/2

and 2s1/2 orbits become narrower than those in 40Ca by 0.061
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FIG. 6. Differences in proton density distributions of 44,48Ca
from 40Ca, decomposed to proton orbits, �̄ρ40,44

p, j (r) and �̄ρ40,48
p, j (r).

FaNDF0 and SkM∗ are used.

and 0.101 fm, canceling the expansion of the other orbits
and resulting in δ〈r2〉40,48

ch ≈ 0. Meanwhile, Fig. 5(b) shows

that SkM∗ yields almost linear δ[
√

〈r2〉]40,A
p, j for 40–48Ca. The

proton radii calculated with SkM∗ do not vary significantly
in 40–48Ca because the shrinkage of 1d3/2 and 2s1/2 cancels
the spread of the other orbits, as observed for the charge
radii in Fig. 1. When we employ FaNDF0 by omitting the
rearrangement terms of the neutron-pairing correlation in the
central potential, δEpair/δρt , the behavior of δ[

√
〈r2〉]40,A

p, j is
similar to that calculated with SkM∗ (+ mixed pairing), as
shown in Fig. 5(c) and Ref. [19]. The rearrangement term is
crucial to reproducing the parabolic structure of the proton
and charge radii in 40–48Ca. Note that the 1s1/2 and 2s1/2 orbits
may easily mix in the mean-field calculations under spherical
symmetry via a small off-diagonal component. The summed
contributions from 1s1/2 and 2s1/2 remain small in all the
cases, as shown in Fig. 5.

For 38Ca, we observe that δ[
√

〈r2〉]40,38
p,1d5/2

calculated with

FaNDF0 is positive, in contrast to those calculated with SkM∗

and without the rearrangement term. Moreover, δ[
√

〈r2〉]40,38
p,1p1/2

almost vanishes in the FaNDF0 result, being significant in
providing a positive δ〈r2〉40,38

ch in Fig. 1, whereas those cal-
culated with SkM∗ and without the rearrangement term are
significantly negative.

We then analyze the radial contribution of each proton
orbit to the differential proton radii. Figure 6 shows the dif-
ferences of proton density distributions of 44,48Ca from 40Ca
that are decomposed into the proton s.p. orbits, �̄ρ40,44

p, j (r) and

�̄ρ40,48
p, j (r) in Eq. (35), calculated with FaNDF0 and SkM∗.

In the FaNDF0 results for 44Ca, all proton-density differences
except for the s1/2 orbits have shallow dips in the inner region
and high peaks in the surface region. The 1d3/2 and 2s1/2

orbits have small negative values in the outer region. The

FIG. 7. Differences in proton density distributions between (a),
(d) 40Ca and 38Ca, (b), (e) 48Ca and 52Ca, and (c), (f) 52Ca and 60Ca,
decomposed to proton orbits. FaNDF0 and SkM∗ are used.

radial structure of �̄ρ40,44
p, j accounts for δ[

√
〈r2〉]40,44

p, j . Differ-

ences are observed between �̄ρ40,48
p, j and �̄ρ40,44

p, j . Compared

with �̄ρ40,44
p, j , the peak positions of �̄ρ40,48

p, j of each orbit in
the surface region shift inward by 0.2–0.3 fm, and the peak
heights change by 0.1–0.5 fm. The most prominent difference
is that �̄ρ40,48

p,1d3/2
and �̄ρ40,48

p,2s1/2
are sizably negative in the outer

region, which diminishes the proton s.p. radii of the 1d3/2 and
2s1/2 orbits by 0.061 and 0.101 fm, respectively, as shown
in Fig. 5(a). �̄ρ40,48

p,1d5/2
is also non-negligibly negative in the

outer region. These shrinkages in the proton orbitals make the
proton and charge radii of 48Ca smaller than those of 44Ca.

The shapes of �̄ρ40,48
p, j (r) calculated with SkM∗ are similar

to those calculated with FaNDF0. In 44Ca, �̄ρ40,44
p, j (r) have

smaller amplitudes than FaNDF0. For SkM∗, the shapes of
�̄ρ40,44

p, j (r) are analogous to those of �̄ρ40,48
p, j (r) but with

different scales. Therefore, the charge radii of 40,44,48Ca cal-
culated with SkM∗ are similar.

Figures 7(a) and 7(b) show �̄ρ40,38
p, j (r). As shown in

Fig. 4(b), FaNDF0 yields a large and positive �̄ρ40,38
p (r) in

the outer region. The 1d5/2, 1d3/2, and 2s1/2 orbits primarily
make the difference from the SkM∗ result. This is similar to
�̄ρ40,44

p (r), regarding the significance of sd-shell orbits.
Figures 7(c)–7(f) show that all proton orbits coherently

contribute in the surface to the outer region in the neutron-rich
Ca nuclei, increasing the differential radii.
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FIG. 8. Neutron pairing gaps �n, neutron pair densities r2ρ̃n, and
neutron pairing potentials r2Ũn of even-N Ca nuclei, calculated with
FaNDF0 and SkM∗. In (b)–(e), the curves are grouped and vertically
shifted.

D. Difference in potentials

The neutron-pairing correlation is the key to producing a
parabolic structure of charge radii in 40–48Ca in the Fayans
EDF results. Figure 8 compares the neutron pairing gaps �n,
neutron pair density r2ρ̃n, and neutron pair potentials r2Ũn

in the Ca isotopes calculated with FaNDF0 and SkM∗ (+
mixed pairing). The FaNDF0 and SkM∗ functionals provide
comparable pairing gaps. The neutron pair density distribu-
tions r2ρ̃n in 42–46Ca are not significantly different, except that
the peaks of r2ρ̃n of SkM∗ are higher than those of FaNDF0

and are located outward by 0.2–0.3 fm. However, a notable
difference exists in the neutron pair potentials r2Ũn. Whereas
SkM∗ yields valleys of r2Ũn at r ≈ 4.1 fm, FaNDF0 yields
valleys at r ≈ 3.4 fm and bumps at r ≈ 4.5 fm in 42–46Ca
with nodes in the surface region r ≈ 4 fm that SkM∗ does
not produce. Moreover, the pair potential r2Ũn of FaNDF0

vanishes immediately beyond the bump, although r2Ũn of

FIG. 9. Proton central potential Up and �s potential Wp calculated
with FaNDF0 and SkM∗, and those differences from 40Ca.

SkM∗ varies gradually. This difference should result from the
pairing functionals in Eqs. (17) and (18). It is worth noting
that this difference is also observed in the N < 20 region.
In the N > 28 region, a similar difference exists, but is less
conspicuous.

Neutron pairing correlations affect the proton poten-
tial through the rearrangement term δEpair/δρp. If we omit
the rearrangement term δEpair/δρp in the proton central
potential, the differences in the proton s.p. radii calcu-
lated with FaNDF0 become similar to those calculated with
SkM∗ (+ mixed pairing), as shown in Fig. 5(c). Figure 9
shows the proton central potential Up and proton �s po-
tential Wp of 40,44,48Ca, as well as the differences in the
potentials from 40Ca, r2�U 40,A

p := r2[Up(ACa) − Up(40Ca)]
and r2�W 40,A

p := r2[Wp(ACa) − Wp(40Ca)]. Up(44Ca) and
r2�U 40,44

p after omitting the rearrangement term are also plot-
ted for reference. Rather than Up itself, the difference between
FaNDF0 and SkM∗ in r2�U 40,A

p is more relevant to δ〈r2〉40,A
ch/p

under discussion. r2�U 40,44
p of FaNDF0 [red dot-dashed line

in Fig. 9(a)] suddenly changes its slope at r ≈ 3.5 fm and has
a valley at r ≈ 4.7 fm, corresponding to the bottom and top
of r2Ũn in Fig. 8. This structure of r2�U 40,44

p causes the dip

and peak of �̄ρ40,44
ch/p (r) to be more conspicuous than those

of SkM∗ in Fig. 2. Beyond the valley region, r2�U 40,44
p of

FaNDF0 damps more slowly than that of SkM∗, by which
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the dip in �̄ρ40,44
p (r) in the outer region becomes shallow,

as shown in Fig. 2. If the rearrangement term δEpair/δρp is
omitted (purple dashed line), the slope change in r2�U 40,44

p at
r ≈ 3.5 fm becomes milder. �̄ρ40,44

p (r) of FaNDF0 resembles

that of SkM∗, and the δ[
√

〈r2〉]40,44
p, j values become similar

to those of SkM∗, as shown in Fig. 5. For the �s poten-
tials, Wp hardly changes at 20 � N � 28, and �W 40,A

p has
much smaller amplitudes than �U 40,A

p . Thus, the influence
of the �s potential �W 40,A

p on the proton and charge radii is
insignificant.

The neutron pair density r2ρ̃n and neutron pair potential
r2Ũn in 38Ca are analogous to those in 42–46Ca [Fig. 8(d)].
If we omit the rearrangement term δEpair/δρp from the pro-
ton central potential of FaNDF0, the calculated charge radius
is close to the experimental value δ〈r2〉38,40

ch = −0.085 fm2.
We further confirm that the neutron-pairing functional of
the Fayans EDF, which looks favorable for the charge radii
in 40–48Ca, simultaneously overestimates the charge radius
in 38Ca.

For the proton central potential, r2�U 40,38
p has a positive

sign, opposite to r2�U 40,44
p . Apart from the difference in sign,

the connection between r2�U 40,38
p and r2Ũn in Fig. 8 is analo-

gous to the case of r2�U 40,44
p discussed earlier. The positions

of the sudden change in the slope and peak of r2�U 40,38
p

correspond to the bottom and top of r2Ũn, deriving �̄ρ40,38
p (r)

in Fig. 4. The slope of r2�U 40,38
p of FaNDF0 changes at r ≈

3.5 fm, and a plateau begins. This behavior is not observed
in r2�U 40,38

p of SkM∗. The position of this slope change
coincides with the minimum value of �̄ρ40,38

p (r). Owing to its
plateau structure, the peak in r2�U 40,38

p of FaNDF0 is lower
than that of SkM∗, making the valley of �̄ρ40,38

p (r) shallower
and its maximum at r ≈ 5 fm larger.

IV. SUMMARY AND DISCUSSIONS

We have investigated the charge and point-proton radii
of Ca nuclei in the DFT framework. We reconfirm that the
Fayans EDF provides a parabolic N dependence in the differ-
ential charge radii of 20 � N � 28, which is compatible with
experimental data owing to its unique pairing channels. By de-
composing the charge and proton radii into radial and orbital
contributions and giving special attention to the differential
values from a reference nucleus, primarily 40Ca, we analyze
how the Fayans EDF provides a specific N dependence of the
radii. The results of the Fayans EDF (FaNDF0) are compared
with those of SkM∗, which is a representative EDFs with a
normal pairing channel.

The characteristic N dependence in the 20 � N � 28 re-
gion produced by the Fayans EDF is traced back to the neutron
pair potential, which exhibits nodal behavior with a valley at
a smaller r than the pair potential of the SkM∗, a bump in the
surface region, and abrupt damping beyond it. This influences
the central part of the proton s.p. potential, as indicated by
r2�U 40,A

p , and the proton and charge densities. In terms of the
orbitals, the influence on the sd-shell orbits, 1d3/2 and 2s1/2 in
particular, is significant. However, although the N dependence

TABLE I. Parameters of FaNDF0.

av
+ −9.559 σ 1/3

hv
1+ 0.633 hCoul 0.941

hv
2+ 0.131 κ 0.19

av
− 4.428 κ ′ 0

hv
1− 0.250 f ξ

ex −2.8

hv
2− 1.300 hξ

+ 2.8

as
+ 0.600 hξ

∇ 2.2
hs

∇ 0.440 γ 1

of the charge radii is compatible with the experimental data
for 20 � N � 28, the same mechanism results in an erroneous
enhancement of the charge radii in the N < 20 region. Studies
have also suggested the role of proton excitation across the
magic number Z = 20 for the charge radii of 40–48Ca. To
determine the correct physics of the charge radii in the Ca
isotopes, it is important to discuss 36,38Ca simultaneously. It
would be interesting to obtain the radial or orbital information
of the radii in future experiments.

We also investigate the N dependence of the charge and
proton radii in the neutron-rich region. Irrespective of the
EDFs with no qualitatively apparent distinction, a steady in-
crease in the charge radii with increasing N is predicted,
although a quantitative difference is observed.

ACKNOWLEDGMENTS

The authors are grateful to T. Naito for useful comments
and discussions. This work was supported by the JSPS KAK-
ENHI (Grants No. JP19KK0343, No. JP20K03964, and No.
JP24K07012) and the JST ERATO (Grant No. JPMJER2304).

APPENDIX A: FaNDF0 PARAMETER

The parameters of FaNDF0 [17] are summarized here. In
this Appendix, we define all the parameters in terms of ρsat =
0.16 fm−3.1 The Wigner-Seitz radius is given by

rs =
(

3

4πρsat

) 1
3

= 1.143 fm. (A1)

The Fermi momentum and energy are

kF =
(

3π2ρsat

2

) 1
3

= 1.333 fm−1, (A2)

εF = h̄2k2
F

2m
= 36.846 MeV. (A3)

In several references, the inverse density of state is defined as

c0 = 4εF

3ρsat
= 307.049 MeV fm3. (A4)

Table I summarizes the values of the dimensionless param-
eters of FaNDF0.

1In the original reference [17], the saturation density ρsat is denoted
as 2ρ0.
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APPENDIX B: FAYANS POTENTIAL

Here, we provide an explicit form for the central, �s and
pairing potentials in the Fayans EDF. Note that M∗

t (r) = M.
The neutron and proton central potentials are given by

Ut (r) = δE[ρ, J, ρ̃, ρ̃∗]

δρt

= δEFy
v [ρ]

δρt
+ δEFy

s [ρ]

δρt
+ δEFy

ls [ρ, J]

δρt

+ δECoul[ρ]

δρt
+ δEFy

pair[ρ, ρ̃, ρ̃∗]

δρt
, (B1)

where

δEFy
v

δρt
= εF

3
av

+

[
−σ

hv
1+ + hv

2+{
1 + hv

2+[x0(r)]σ
}2 [x0(r)]σ+1

+ 2
1 − hv

1+[x0(r)]σ

1 + hv
2+[x0(r)]σ

x0(r)

]

+ εF

3
av

−

[
− hv

1− + hv
2−[

1 + hv
2−x0(r)

]2 [x1(r)]2

± 2
1 − hv

1−x0(r)

1 + hv
2−x0(r)

x1(r)

]
, (B2)

δEFy
s

δρt
= −εF

3

σhs
+as

+r2
s [∇x0(r)]2[x0(r)]σ−1{

1 + hs+[x0(r)]σ + hs
∇r2

s [∇x0(r)]2
}2

− 2εF

3ρsat

as
+r2

s {1 + hs
+[x0(r)]σ }�ρ0(r){

1 + hs+[x0(r)]σ + hs
∇r2

s [∇x0(r)]2
}2

+ εF as
+r2

s hs
+σ [x0(r)]σ−1[∇ρ0(r)]2

3ρ2
sat

× 1 + hs
+[x0(r)]σ − 3hs

∇r2
s [∇x0(r)]2{

1 + hs+[x0(r)]σ + hs
∇r2

s [∇x0(r)]2
}3

+ 8εF

3ρ3
sat

as
+hs

∇r4
s {1 + hs

+[x0(r)]σ }{
1 + hs+[x0(r)]σ + hs

∇r2
s [∇x0(r)]2

}3

×
∑

ab

[∇aρ0(r)][∇bρ0(r)][∇a∇bρ0(r)], (B3)

δEFy
ls

δρt
= 4εF r2

s

3ρsat
[κ∇ · J0(r) ± κ ′∇ · J1(r)], (B4)

δECoul

δρp
= e2

2

∫
d3r′ ρp(r′)

|r − r′|

−
(

3

π

) 1
3

e2[ρp(r)]
1
3 {1 − hCoul[x0(r)]σ }

+ σ
hCoul

ρsat

3

4

(
3

π

) 1
3

e2[ρp(r)]
4
3 [x0(r)]σ−1, (B5)

δECoul

δρn
= σ

hCoul

ρsat

3

4

(
3

π

) 1
3

e2[ρp(r)]
4
3 [x0(r)]σ−1. (B6)

The last term in Eq. (B1) is the pairing rearrangement term in
Eq. (30). The �s potential is given by

Wt (r) = δEFy
ls

δ(∇ · Jt )
= 4εF r2

s

3ρsat
[κρ0(r) ± κ ′ρ1(r)]. (B7)

A positive (negative) sign is used for the neutron (proton)
potential in Eqs. (B2), (B4), and (B7).

The pairing potential is given by

Ũt (r) = δEFy
pair[ρ, ρ̃, ρ̃∗]

δρ̃∗
t

= 4εF

3ρsat

[
f ξ
ex + hξ

+[xpair (r)]γ + hξ

∇r2
s [∇xpair (r)]2

]
ρ̃t (r).

(B8)

APPENDIX C: CHARGE DENSITY

The charge density is computed from the convoluted
single-nucleon densities [26]

ρch(r) =
∑

t=n,p

[ρct (r) + ωct (r)], (C1)

where

ρct (r) =
∫

d3x
∫

d3q

(2π )3
eiq·(x−r)GEt (q

2)ρt (x), (C2)

ωct (r) =
∫

d3x
∫

d3q

(2π )3
eiq·(x−r)F2t (q

2)ωt (x). (C3)

In Eq. (C2), ρt (r) is the point-proton or point-neutron density.
We use the nonrelativistic form of the spin-orbit density in
Eq. (C3),

ωt (r) = − μ′
t h̄

2

2(Mc)2
∇ · Jt (r), (C4)

where Mc2 = 939 MeV is the average nucleon mass, and μ′
t is

the anomalous magnetic moment, related to the nucleon mag-
netic moments μn = −1.913 and μp = 2.793 as μ′

n = μn and
μ′

p = μp − 1. The Sachs and Pauli form factors are selected
as follows:

GEn(q2) = 1

(1 + r2+q2/12)2
− 1

(1 + r2−q2/12)2
, (C5)

GEp(q2) = 1(
1 + r2

pq2/12
)2 , (C6)

F2n(q2) = GEp(q2) − GEn(q2)/μ′
n

1 + q2/4M2
, (C7)

F2p(q2) = GEp(q2)

1 + q2/4M2
, (C8)

and rp = 0.84 fm [40] and r2
± = (0.830)2 ∓ 0.058 fm2 [41]

are adopted.
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The charge radius is computed from the charge density
distribution as follows:

〈r2〉ch = 1

Z

∫
d3r r2ρch(r)

= 〈r2〉p + r2
p + N

Z
(r2

+ − r2
−) + δ〈r2〉c, (C9)

where

〈r2〉p = 1

Z

∫
d3r r2ρp(r), (C10)

and the relativistic correction δ〈r2〉c is

δ〈r2〉c = 3h̄2

4(Mc)2
+

(
1 + 1

2μ′
p

)
1

Z

∫
d3r r2ωp(r)

+ 1

Z

∫
d3r r2ωn(r). (C11)

Although not shown here, the integral of r2ωt (r) can be ex-
pressed as the expectation value of � · σ̂ (� = r × p).
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