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Shape coexistence in Ne isotopes and hyperon impurity effect on low-lying states
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Based on the beyond-mean-field Skyrme-Hartree-Fock model, we investigate the shape coexistence in Ne
isotopes and the effect of � hyperon on the energy level structure in the nuclei. The up-to-date Skyrme-type N�

interaction SLL4 and the NN interaction SGII are employed. Low-lying energy spectra of 20,22,24,26,28,30,32,34Ne,
including the low-lying states with J � 6, are predicted, discussed in detail, and found in good agreement
with experimental results. The electric quadrupole transition rates are also examined. The coexistences of a
ground state rotational band and a β vibrational band are revealed in 20,22,24Ne. Unlike the previously discovered
shrinkage effect of �s on the ground state nuclei, it is found that the �s may alter the excitation mode of the
second band by affecting the distribution of the collective wave function, thereby causing the β vibrational band
transitions to a vibrational band with equidistant energy levels.
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I. INTRODUCTION

The shape of a nucleus is one of its most fundamental
properties, and its exploration across the nuclear landscape
provides insight into the mechanisms underlying how protons
and neutrons are organized [1]. Nuclear shape coexistence is
the phenomenon in which distinct shapes occur within the
same nucleus and at a similar energy. Minima in the total
nuclear potential energy can be found for shapes that include
spherical, axially symmetric prolate or oblate deformed ellip-
soids, axially nonsymmetric (triaxial) ellipsoids, etc. [2]. The
lowest minimum is associated with the mass and shape of the
nucleus.

After it was first proposed in 1956, shape coexistence has
been observed in heavy and medium-heavy nuclei, as well
as light nuclei thanks to many experimental [3] and theo-
retical attempts [4,5]. For example, shape coexistence has
been observed in nuclei with Z ≈ 82 [6], Z ≈ 50 [7], Z ≈ 40,
and N ≈ 60 [8–10], Z ≈ 64, and N ≈ 90 [11], Z ≈ 34 and
N ≈ 40 [12], nuclei in the light mass region with N = Z , and
nuclei in the island of inversion with (N, Z ) = (8, 6), (20, 12),
and (28, 14). In recent years, an up-to-date view of the ex-
perimental manifestation of shape coexistence in nuclei and
theories predicting its occurrence think that there appears to
be a possibility that it occurs in all nuclei [4].

At the same time, various theoretical approaches were
developed to describe nuclear shape coexistence, includ-
ing the interacting shell model [13], the Monte Carlo shell
model [14], the interacting boson model [15], and both

*Contact author: xrzhou@phy.ecnu.edu.cn

nonrelativistic [16,17] and relativistic/covariant [18] density
functional theories (DFTs).

Among these approaches, nuclear DFT stands out as the
most efficient microscopic method capable of offering a uni-
fied and consistent description for a wide range of nuclei
across the nuclear chart [16]. Initially designed as a ground-
state theory, nuclear DFT necessitates expansion beyond the
mean-field level to address nuclear spectroscopic properties
adequately. One viable solution involves the utilization of
a beyond-mean-field approach, which encompasses angular
momentum projection (AMP) techniques and the genera-
tor coordinate method (GCM). Therefore, the states with
different angular momenta can be projected out from the
mean-field wave functions, which are calculated by DFT,
such as Skyrme-Hartree-Fock (SHF), using AMP techniques.
Finally, the configuration mixing of different nuclear cores is
achieved through the GCM method.

The shape coexistence represents various quantum con-
figurations with distinct spatial arrangements, all varying for
the lowest energy state. This phenomenon provides an ex-
cellent platform for studying the interactions among these
configurations within a single nucleus. Recently, Ne iso-
topes have attracted increasing interests. Thus, they have been
extensively studied experimentally and theoretically. Simulta-
neously, some of the shape evolution and shape coexistence in
Ne isotopes have been examined in multiple investigations. In
Ref. [19], the isospin dependence of the shapes in Ne isotopes
have been studied by analyzing the quadrupole moments and
electric quadrupole transitions B(E2) utilizing the deformed
SHF model. As reported in Ref. [20], the quadruple defor-
mations in Ne isotopes and the corresponding � hypernuclei
were investigated by the deformed SHF+Bardeen-Cooper-
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Schrieffer (BCS) model including different tensor and pairing
forces. The AMP-GCM based on the Gogny force (D1S)
mean field was also applied to investigate the quadrupole
collectivity in neutron-rich Ne isotopes by analyzing poten-
tial energy surface (PESs) and the spectroscopic quadrupole
moments [21]. A very strong shape coexistence, which ex-
hibited an oblate ground state and a prolate state with an
energy difference of 77 keV, was predicted in 24Ne. In general,
numerous studies have already examined the low-lying states
of even-even neon isotopes at the beyond mean-field level,
including not only quadrupole deformation but also octupole
deformation [22–30].

Meanwhile, the investigation of hypernuclei is also another
hot topic in nuclear physics nowadays. The explorations of
hypernuclear systems comprising nucleons and hyperons can
exert far-reaching implications on nuclear physics [31,32]. In
recent years, nuclear mean-field (MF) energy-density func-
tionals (EDFs) [33–39] and beyond-MF approaches [40–44]
were extended to hypernuclei.

The � hypernucleus, composed of an ordinary nuclear
core and the lightest hyperon, provides a unique laboratory
to study the �N interactions. In addition, � hyperon can
induce multiple interesting effects such as the shrinkage of
the nuclear size and the stabilization of the binding energies
[45,46], the changes in the nuclear cluster structures [47–49],
the extension of the neutron drip line [50–52], the appearance
of nucleon and hyperon skin or halo [34,53]. Especially in
recent years, interplay between the octupole-deformed 20Ne
state and a � hyperon has been presented in Refs. [43,54].
Although the impurity effect of hyperons on shape coexis-
tence has been studied with the mean field aspect [55], the
change of energy spectra due to the interplay between the
shape coexistence and the � hyperon has not been carefully
explored. Such researches need the restoration of rotational
symmetry and interaction between different shapes, which has
been successfully realized in our recent work [44].

The purpose of this paper is to use the beyond SHF model
with AMP and GCM calculations to study the neon hyper-
isotopes from A = 20 up to A = 34 and to investigate the
impurity effect of � hyperon on shape coexistence.

This paper is organized as follows. Section II reviews
briefly the formalism of the beyond-SHF model. Section III
presents the results and discussions and in Sec. IV we sum-
marize the work.

II. THEORETICAL FRAMEWORK

The hypernuclear MF wave function obtained from a SHF
calculation with a quadrupole constraint is given by

|�(N�)(β )〉 = |�N (β )〉 ⊗ |��〉 , (1)

where |�N (β )〉 and |��〉 are intrinsic wave functions of the
nuclear core and of the � hyperon, respectively. More specif-
ically, the hyperon wave function for single-� hypernuclei is

|��〉 = ϕs(�) (2)

and

|�N (β )〉 =
∏
k>0

(uk + vka+
k a+

k̄
)|HF〉 (3)

is a BCS state obtained from the nuclear SHF+BCS cal-
culation with density-dependent δ interaction (DDDI) [56],
constrained to an axially deformed shape given by the defor-
mation parameter β, which is proportional to the quadrupole
moment,

β = 4π

3AcR2
c

〈�N (β )|r2Y20|�N (β )〉 , (4)

where Ac is the mass number of the core nucleus, and Rc ≡
1.2A1/3

c fm.
In the GCM, the hypernuclear states are given by a super-

position of projected MF wave functions onto exact angular
momentum J:∣∣�JM

α

〉 =
∑

β

F J
α (β )P̂J

MK |�(N�)(β )〉 , (5)

where F J
α (β ) is a weight function, and P̂J

MK is the AMP
operator, with K = Kcore + K� representing the projection of
angular momentum Jπ onto the intrinsic z axis.

To obtain the eigenstate |�JM
α 〉, each weight F J

α (β ) in
Eq. (5) is determined by the Hill-Wheeler-Griffin (HWG)
equation [57],∑

β ′

[
H ′J

KK (β, β ′) − EJ
αNJ

KK (β, β ′)
]
F J

α (β ′) = 0 , (6)

in which the corrected Hamiltonian and norm elements are
given by

H ′J
KK ′ (β, β ′) = 〈�(N�)(β ′)|Ĥ ′P̂J

KK ′ |�(N�)(β )〉 , (7)

NJ
KK ′ (β, β ′) = 〈�(N�)(β ′)|P̂J

KK ′ |�(N�)(β )〉 . (8)

The corrected Hamiltonian Ĥ ′ is defined as

Ĥ ′ = Ĥ − λp(N̂p − Z ) − λn(N̂n − N ) , (9)

where the Hamiltonian Ĥ is determined by the hypernuclear
EDF, and the last two terms account for the fact that the
projected wave function does not provide the correct number
of particles on average [58]. The projected energy curve onto
a specific angular momentum is derived as

EJK (β ) = H ′J
KK (β, β )

NJ
KK (β, β )

. (10)

Since the projected states do not form an orthogonal basis,
F J

α (β ) are nonorthogonal functions [42], and orthogonal col-
lective wave functions are constructed as

gJ
α (β ) =

∑
β ′

[
R

1
2
]J

(β, β ′)F J
α (β ′) , (11)

which are weights of the natural states in the collective sub-
space [57]. In addition,[

R
1
2
]J

(β, β ′) =
∑

k

√
nkwk (β )w∗

k (β ′), (12)

with the eigenfunctions wk and eigenvalues nk of the norm
operator, Eq. (8), in the projected space. The average
deformation

β̄J
α =

∑
β

∣∣gJ
α (β )

∣∣2
β (13)
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TABLE I. Ground-state deformations obtained from different calculations compared with the observed ones. Among them, βMF and βAMP

indicate the minima of the mean-field PES and AMP PES, respectively. β̄ [Eq. (13)], |β| [Eq. (14)] are the average deformation of the ground
state (0+) given by configuration mixing of this current paper. It can indicate the signal of shape coexistence by comparing β̄ [Eq. (13)] with
|β| [Eq. (14)]. β̄AMD is the average deformation of the ground state calculated by antisymmetric molecular dynamics, taken from Ref. [61].
Because the experimental deformation are deduced from B(E2) values, the sign of deformation is not known, so the absolute value |βexp.| [62]
are adopted here.

|βexp.| [62] βMF βAMP β̄ |β| β̄AMD [61] βHFB [63,64]

18Ne 0.68 0.0 0.36 0.10 0.31 – 0.0
20Ne 0.72 0.53 0.59 0.52 0.63 0.46 0.50
22Ne 0.57 0.51 0.62 0.50 0.59 0.39 0.50
24Ne 0.41 −0.22 −0.35 −0.03 0.36 −0.25 0.25
26Ne 0.39 0.16 0.29 0.09 0.27 0.22 0.00
28Ne 0.36 0.16 0.29 −0.02 0.26 −0.28 0.00
30Ne 0.49 0.0 0.16 0.44 0.48 0.39 0.00
32Ne – 0.35 0.35 0.31 0.39 0.33 0.40
34Ne – 0.42 0.48 −0.29 0.46 – –

reflects the shape of the dominant configurations in the ground
or excited state and indicates the band structure [59].

To avoid the cancellation of two dominant configurations
with different shapes (oblate/prolate), another average defor-
mation is introduced in this paper as∣∣βJ

α

∣∣ =
∑

β

∣∣gJ
α (β )

∣∣2|β|. (14)

Given the weight function F J
α (β ), the root-mean-square (rms)

radius is defined as

RJα
rms =

√∑
ββ ′

F J
α (β ′)∗F J

α (β )〈�(N�)(β ′)|r2P̂J
KK |�(N�)(β )〉

(15)

with r2 = 1
A

∑
k r2

k , and the reduced E2 transition rate is de-
rived as

B(E2, J+
α → J ′+

α′ ) = 1

2J + 1
|〈J ′+

α′ ||Q̂2||J+
α 〉|2 , (16)

where the reduced matrix element is

〈J ′+
α′ ||Q̂2||J+

α 〉 =√
2J ′+1

∑
Mμββ ′

F J ′
α′ (β ′)

∗
F J

α (β ) CJ ′K ′
JM2μ

× 〈�(N�)(β ′)|Q̂2μP̂J
MK |�(N�)(β )〉 , (17)

in which CJ ′K ′
JM2μ denotes the Clebsh-Gordon coefficients, and

Q̂2μ = ∑
k ekr2

kY2μ(ϕk, θk ) is the electric quadrupole transi-
tion operator [60], where ek is the charge of the kth nucleon
and rk is its position relative to the center of mass of the
nucleus. Bare charges are used in this calculation (i.e., ep = e
and en = e� = 0).

III. RESULTS AND DISCUSSION

We first focus on the Ne isotopes in the mean-field aspect,
and then the AMP effect on shape coexistence and the low-
lying spectrum for Ne isotopes are discussed. This enables
us to study the possibility of shape coexistence at different
levels. We will return to the more prospective case of Ne
hyperisotopes at the end.

A. Shape coexistence in Ne isotopes

Table I shows quadrupole deformations of the Ne isotopes
in this current work, compared to the ones from experiments
and the ones given by other models [AMD and Hartrr-Fock-
Bogoliubov (HFB)]. It can be seen that, except for 24Ne, 26Ne,
and 28Ne, the deformation obtained in this work, especially
the average deformation β̄ of the ground state, is reasonably
consistent with the experimental one, which is closer to the
experimental value than that calculated by AMD. In addition,
the |β| in Eq. (14) matches the |βexp.| better than β̄ in Eq. (13),
especially for 24,26,28Ne. For example, the β̄ of 24Ne is −0.03,
while the |β| is 0.36, which is closer to 0.41. Because the
deformation of the two dominant configurations is close but
with opposite signs, the degree of deformation is canceled
out and not truthfully reflected in β̄ in this nucleus, which
is also reflected in the collective wave functions. As shown in
Fig. 3, one can see a strong cancellation between prolate and
oblate contributions. This will be discussed in detail later. It
fully demonstrates that the results of this work are reliable to
a certain extent.

The mean field PESs (black solid line) are shown in Fig. 1.
While the PES of 18Ne has a spherical minimum, both 20Ne
and 22Ne are prolate deformed in their ground states. In 20Ne,
the prolate ground state corresponds to β = 0.53, and an
oblate local minimum also appears at β = −0.16 with an
excitation energy of 2.71 MeV. In the case of 22Ne, the ground
state corresponds to β = 0.51, and another local minimum is
found at β = −0.24 with an excitation energy of 3.54 MeV.
The nucleus 24Ne is a clear example of very strong shape
coexistence in the considered isotopic chain since, while the
oblate ground state is located at β = −0.22, a prolate local
minimum is also found at β = 0.22 with an excitation energy
with respect to the oblate ground state of 300 keV, which
roughly agrees with the 77 keV obtained by Gogny mean
field [21].

On the other hand, the nuclei 26,30Ne show spherical
ground states indicating that the N = 16 subshell closure [65]
and N = 20 shell closure are preserved at the mean-field level.
The mean-field PES (MFPES) of both 26Ne and 30Ne are
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FIG. 1. Projected PESs, E (β, J ), and the GCM energy levels of Ne isotopes. The angular momentum and parity for each projected PES
are given in the legend, and the mean-field PES labeled by MF is also shown for comparison. The solid bullets indicate the GCM energy levels,
which are plotted at their average deformation.

particularly flat around their spherical ground states. In the
case of 28Ne, the ground state corresponds to β = 0.16, and
another local minimum is found at β = −0.16 with an excita-
tion energy of 30 keV higher than the ground state, indicating
the existence of shape coexistence in this nucleus as well. In
the nucleus 30Ne we obtain a prolate shoulder at β = 0.42 at
an excitation energy of 2.32 MeV with respect to the spherical
ground state. In the drip line systems 32Ne and 34Ne, prolate
deformed ground states are found. The ground states have
β = 0.35 and β = 0.42, respectively. In addition, an oblate
local minimum is found in 32Ne/34Ne at β = 0.16/0.12 with
an excitation energy of 1.89/2.39 MeV with respect to the
prolate ground state.

Before considering the full AMP-GCM, it is instructive to
look into the angular momentum projected potential energy
surfaces (AMPPES) defined as Eq. (10). The correspond-
ing MF and AMP energy landscapes are also included for
comparison. For details on the missing points in the J =
2, 4, and 6 curves refer to [66]. The most remarkable fact
about Fig. 1 is how strongly the restoration of the rotational
symmetry modifies the mean-field picture of the J = 0 con-
figurations. For most isotopes, the energy barrier between the

two minima is enhanced due to the restoration of rotational
symmetry.

The prolate minimum is, with the exception of 24Ne, the
absolute minimum in all the isotopes considered, which is
consistent with Gogny results [21]. The orbital responsible for
such an oblate minimum is the neutron 1d5/2 orbital which
becomes fully occupied in 24Ne and favors oblate deforma-
tions. With increasing spin values either the energy difference
between the prolate and oblate minima increases or the oblate
minimum is washed out. In addition, shape coexistence is
expected in the nuclei 24Ne, 26Ne, 28Ne, and 30Ne as their
Jπ = 0+ prolate and oblate minima are very close in energy
(446, 384, 303, and 368 keV, respectively). These minima are
separated by barriers which are 5.0, 3.1, 3.3, and 1.1 MeV
high, respectively.

The AMPPESs show the phenomenon of shape coexis-
tence for some nuclei and/or some spin values, and therefore
configuration mixing has to be considered in order to gain a
better understanding of the structure of these states. In Fig. 1,
the lowest GCM energy levels for J = 0 up to 6 are given.
The collective levels are plotted at the average deformation
deformation β̄ of the mean-field states from which they are
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FIG. 2. The spectrum of collective states for Ne isotopes observed in the experiment (first column) and obtained from our calculation for
g.s. band (second column) and another band (third column).

constructed, defined as in Eq. (13), which provides in many
cases an intuitive picture of the band structure in a nucleus.

The prominent feature is that configuration mixing de-
creases the average deformation β̄ of the ground states with
respect to the minimum of the AMPPES. The ground states of
the nuclei 24Ne, 26Ne, and 28Ne become spherical, because the
prolate and oblate minimum are canceled out. The other nuclei
remain well deformed in their ground states and develop a
rather well-defined rotational band up to the maximum spin
considered for α = 1. In addition, a well-defined rotational
band is obtained for J � 2 in 20Ne, 22Ne, and 24Ne. On the
other hand, the excited states (α = 2) only show a rotational

band pattern for those nuclei well deformed in their ground
state.

In order to provide a more detailed description of the
rotational band mentioned above, we present a comparison
between the ground-state excitation energy of the rotational
band (almost all the ground state bands of Ne isotopes are
composed of states with α = 1, except for 28Ne) and the ex-
perimental values in Fig. 2, In the same figure, the theoretical
excitation energies and the values of B(E2) for the possible
second band are also given.

Based on the comparison of the energy of each excited
state and B(E2) values between them in the ground state band
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FIG. 3. Collective wave functions gJ
α for the low-lying states with J = 0, 2, 4, and 6 for 18–34Ne as a function of the deformation of the

mean-field states from which they are constructed. Here, gJ
I , gJ

II represent the wave functions of states that form the first and second band,
respectively.

shown in Fig. 2 with the experimental values, it can be said
that our calculation reasonably provides a rotational band that
is consistent with the experimental values for every Ne isotope
except for 18Ne. In addition, the excitation energy levels and
predicted B(E2) values in the second band of these nuclei are
also given in Fig. 2.

However, unlike the structure of the first band that is
clearly related to rotation, the second band exhibits structural

characteristics of vibration bands, some of which are more
like β-vibration bands, which we will discuss in detail later
in conjunction with wave functions. For 20–24,34Ne, the gap
between the energy level in the band established based on
the second 0+ is roughly close to that of the ground state
band. The wave function of these states of the second band
in the nuclei exhibit positive and negative phase oscillations as
shown in Fig. 3. The average deformation β̄ of the states in the
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FIG. 4. Collective wave functions gJ
α for the low-lying states with J = 1/2-13/2 for Ne isotopes as a function of the deformation of the

mean-field states from which they are constructed.

second band increases with the increase of angular momentum
J , which reflects the fluctuations of the excited states on the
shape parameter β and also reflects the increasingly impor-
tant contribution of the prolate configuration. Given this, it is
highly likely a β vibration band caused by collective shape
fluctuations.

For the second band of 28,30Ne, the spacing of energy levels
within the band are roughly equal, exhibiting characteristics
of vibrational bands (harmonic like spectrum [57]). As is well
known, the vibrational band is generated based on spherical
nucleus. Since the β̄ of the states with J � 4 in the second
band of 30Ne are close to 0, it can be considered that the part of
second band is a vibrational band. On the other hand, the first
and second bands of 32Ne are more like rotational bands built
on different cores because the energy levels within each band
have the characteristics of rotational bands and the average
deformation of each state within a band is roughly equal.

Figure 3, however, illustrates the limits of the meaning of
β̄, showing the collective wave functions of the states with
J = 0, 2, 4, and 6. All low-lying states, i.e., 0+, 2+, 4+, and
6+ of the ground band result from mixing between prolate and
oblate reference states. Especially for nuclei with spherical or

weakly deformed ground states, such as 18,24,26,28,30Ne, their
ground states exhibit a strong mixing of prolate and oblate
reference states, which leads to spherical ground states on
average. However, as the angular momentum J increases, the
contribution of prolate reference states increases. For nuclei
with well-deformed ground states, the dominance of prolate
deformations is evident. Returning to Fig. 1, the values of
β̄ for the states in the ground band reflect this dominance.
For example, in 20Ne, the β̄ of each state in the ground state
band (0+

1 , 2+
1 , 4+

1 , 6+
1 ) is approximately equal to 0.5, which

is consistent with the β of the energy minimum on the prolate
side of their projected energy curves.

For states in the second band, the situation is similar to that
of the ground band. The very small value of β̄ does not mean
that this state is nearly spherical, but rather, that the weights of
prolate and oblate shapes are nearly equal. For higher J values,
the mixing between oblate and prolate configurations are less
pronounced as shown in Fig. 3, and the value of β̄ better rep-
resents the structure of the states. For example, in 20Ne, β̄ of
the 2+

2 , 4+
2 , and 6+

2 excited states shown in Fig. 1 corresponds
very well to the deformation values of the main components
of these states shown in Fig. 3, approximately 0.3.
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TABLE II. Transition rates B(E2), Eq. (16), (in units of e2fm4) and the ratios �B, Eq. (18).

19
� Ne 21

� Ne 23
� Ne 25

� Ne 27
� Ne 29

� Ne 31
� Ne 33

� Ne 35
� Ne

Ji → Jf B(E2) �B B(E2) �B B(E2) �B B(E2) �B B(E2) �B B(E2) �B B(E2) �B B(E2) �B B(E2) �B

3/2+
I → 1/2+

I 34.1 0.88 51.2 0.92 51.5 0.94 29.9 0.99 24.4 0.84 20.2 0.78 32.3 0.63 37.6 0.95 54.3 0.95
5/2+

I → 1/2+
I 33.8 0.87 51.3 0.92 51.6 0.94 29.8 0.98 26.9 0.92 20.2 0.78 33.8 0.66 36.2 0.92 54.4 0.95

7/2+
I → 3/2+

I 49.2 1.03 62.7 0.85 64.8 0.84 36.0 0.88 40.6 0.93 28.2 0.88 68.4 0.87 63.4 3.62 69.1 0.86
9/2+

I → 5/2+
I 54.3 1.14 67.7 0.91 71.7 0.93 40.2 0.98 43.6 1.0 29.5 0.92 76.6 0.97 70.2 4.01 76.8 0.95

11/2+
I → 7/2+

I 11.3 0.17 65.6 0.96 68.0 0.91 43.6 0.94 48.3 1.01 26.2 1.53 65.7 0.79 57.3 1.39 76.4 0.92
13/2+

I → 9/2+
I 24.5 0.37 66.3 0.98 70.6 0.94 45.4 0.97 47.1 0.99 24.8 1.45 53.6 0.65 59.6 1.45 79.2 0.96

Ji → Jf B(E2) �B B(E2) �B B(E2) �B B(E2) �B B(E2) �B B(E2) �B B(E2) �B B(E2) �B B(E2) �B

3/2+
II → 1/2+

II 42.4 0.99 18.7 1.04 8.60 0.68 5.6 1.02 2.1 0.36 15.5 0.66 5.6 0.64 24.1 0.41 22.4 1.10
5/2+

II → 1/2+
II 46.9 1.10 18.9 1.05 8.90 0.70 4.7 0.85 11.6 3.5 16.4 0.69 2.7 0.31 12.1 0.21 21.6 1.06

7/2+
II → 3/2+

II 47.8 0.78 21.9 0.99 12.2 0.54 47.0 0.87 0.09 0.06 48.9 0.67 67.9 1.90 0.30 0.01 30.2 1.61
9/2+

II → 5/2+
II 46.0 0.75 25.2 1.15 27.8 1.22 55.5 1.03 28.1 18.7 51.8 0.71 64.5 1.80 1.6 0.04 31.7 1.69

11/2+
II → 7/2+

II 7.20 0.07 24.4 0.98 3.30 0.09 31.3 0.44 0.4 0.06 71.0 1.11 66.2 6.13 60.0 0.92 48.4 1.30
13/2+

II → 9/2+
II 5.10 0.05 34.9 1.40 3.40 0.09 30.0 0.42 0.7 0.1 67.7 1.06 58.0 5.37 62.3 0.95 49.8 1.34

B. Impurity effects of �s on low-lying states in Ne isotopes

Next, let us focus on the influence of an s-state � hyperon
on the structure of low-lying states in nuclei. First, by com-
paring the Fig. 1, in which the MFPES and AMPPES, as
well as the low-lying states with their average deformation
β̄ are included, with Fig. 4, it can be seen that the influence
of s-state � on the structure of low-lying states of the first
band is not so significant, except for 31,33

� Ne. This is due to
the fact that the s-orbit � is spherically distributed (or mildly
deformed) and thus does not change the shape of the nuclear
core dramatically. This is also demonstrated in Fig. 6, 21

� Ne for
example, by the weights of the natural states in the collective
subspace, Eq. (11). Again the weights of the 1/2+

1 (3/2+
1 and

5/2+
1 , 7/2+

1 and 9/2+
1 , 11/2+

1 and 13/2+
1 ) states are similar to

those of the corresponding 0+
1 (2+

1 , 4+
1 , 6+

1 ) states. However,
the addition of s-state � has caused significant changes to
many low-lying states, especially for 31,33

� Ne, where the band
that has a rotational-like structure in their two core nuclei has
been disrupted. This is somewhat different from the shrinkage
effect of � on the ground state [44,67].

In Table II, we list the B(E2) between states within
the ground and second bands of Ne isotopes, and of their
corresponding hypernuclei. Due to the splitting of angular
momentum into J ± 1/2, each of the B(E2) values of the core
nucleus has two counterparts in hypernuclei, which are both
listed. Unlike the shrinkage effect of �s discovered previously
on low-lying states [40,44], where the addition of one �s

enhances or reduces the B(E2) in the ground or second band.
This expansion and shrinkage effect are characterized by [67]

�B = B
(
E2, J+

i → J+
f ; A+1

� Ne
)

B(E2, J+
i → J+

f ; ANe)
, (18)

also listed in Table II.
In general, the B(E2) are proportional to R4

c and to β2 [40].
Both the shrinkage of the nuclear size indicated by Rc and the
reduction of the quadrupole deformation β̄, thus contribute
to the overall reduction of B(E2) [40,44]. As shown in Ta-
ble II, �s slightly reduces the B(E2) within the ground band

of 21–27,35Ne. The ratios �B of B(E2) between the states of
hypernuclei to B(E2) between the states of nuclei core are
approximately 1 (highlighted in bold in Table II), while the
ground bands of other isotopes are obviously influenced by
�s. It means that the deformations of the cores of 21–27,35Ne
are relatively stable compared to those of other hyperisotopes,
and an �s is not enough to change it.

In addition, by comparing the B(E2) within the ground
band of the isotopes, it was found that the influence of �

on 21
� Ne is greater than that on 23

� Ne and 25
� Ne. It should

be explained from the following: Fig. 4 shows the potential
energy surfaces of 21

� Ne, 23
� Ne, and 25

� Ne. We can clearly see
the differences in the potential energy surfaces among these
three isotopes: the depths of the valleys formed on both sides
of the oblate and prolate shapes for 21

� Ne are about 1.5 MeV
and 7 MeV, respectively; for 23

� Ne, they are about 2.5 MeV
and 8 MeV, respectively; and for 25

� Ne, they are about 5 MeV
and 4 MeV. Taking 21

� Ne as an example, according to the
wave functions shown in Fig. 6, the reference states in the
collective space contribute more to the ground band from the
states within the two deeper valleys compared to states at other
deformations, hence deeper valleys may lead to more stable
collective states. Therefore, the ground band of 21

� Ne, which is
mainly composed of reference states from the two valleys with
depths of about 1.5 MeV and 7 MeV, is less stable compared
to two others, making it more susceptible to changes induced
by the addition of the � hyperon.

Further, the situation becomes more complicated for states
in the second band of almost of Ne isotopes, where some
B(E2) increase or decrease. Such variations are also reflected
in the β̄ and rms radii. As shown in Table III, for some
states, the average deformation β̄ does not decrease due to the
inclusion of �s, but rather tends towards prolate deformation,
while the radius decreases.

To investigate the impurity effect of �s on low-lying states,
the comparison of low-lying spectra of hypernuclei and nu-
clei are shown. In Fig. 5, the level structures of the second
bands of 20Ne and 21

� Ne, 22Ne and 23
� Ne, and 24Ne and 25

� Ne
are given, and it is found that the addition of �s appears
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TABLE III. The excitation energies E , rms charge radii Rc, and average deformations β̄ of the 0+, 2+, 4+ states of 20,22,24,34Ne and the
1/2+, 3/2+, 5/2+, 7/2+, 9/2+ states of �(1s) 21,23,25,35

�Ne.

20Ne 21
� Ne

Jπ
i E [MeV] Rc [fm] β̄ Jπ

i E [MeV] Rc [fm] β̄

0+
I 0.0 2.89 0.52 1/2+

I −15.58 2.88 0.48
2+

I 1.36 2.89 0.62 3(5)/2+
I −14.19 (−14.19) 2.88 (2.88) 0.56 (0.56)

4+
I 3.77 2.89 0.60 7(9)/2+

I −11.83 (−11.90) 2.88 (2.87) 0.60 (0.58)
6+

I 7.43 2.86 0.57 11(13)/2+
I −8.04 (−8.04) 2.86 (2.86) 0.56 (0.56)

0+
II 3.65 2.92 0.05 1/2+

II −13.38 2.73 0.12
2+

II 5.69 2.92 0.18 3(5)/2+
II −10.07 (−10.35) 2.81 (2.79) 0.27 (0.25)

4+
II 8.77 2.91 0.23 7(9)/2+

II −6.41 (−6.45) 2.89 (2.88) 0.27 (0.23)
6+

II 14.36 2.88 0.16 11(13)/2+
II −0.80 (−0.80) 2.93 (2.93) 0.26 (0.26)

22Ne 23
� Ne

Jπ
i E [MeV] Rc [fm] β̄ Jπ

i E [MeV] Rc [fm] β̄

0+
I 0.0 2.96 0.50 1/2+

I −16.33 2.94 0.47
2+

I 1.35 2.96 0.58 3(5)/2+
I −14.93 (−14.93) 2.94 (2.94) 0.56 (0.56)

4+
I 3.97 2.95 0.59 7(9)/2+

I −12.26 (−12.26) 2.93 (2.93) 0.57 (0.57)
6+

I 8.09 2.94 0.58 11(13)/2+
I −8.16 (−8.16) 2.93 (2.92) 0.56 (0.56)

0+
II 3.74 2.85 0.18 1/2+

II −12.94 2.81 0.11
2+

II 5.34 2.87 0.35 3(5)/2+
II −10.62 (−11.17) 2.83 (2.84) 0.31 (0.34)

4+
II 7.88 2.94 0.40 7(9)/2+

II −7.63 (−7.63) 2.88 (2.88) 0.32 (0.32)
6+

II 12.99 2.99 0.36 11(13)/2+
II −2.18 (−2.18) 2.94 (2.94) 0.29 (0.29)

24Ne 25
� Ne

Jπ
i E [MeV] Rc[fm] β̄ Jπ

i E [MeV] Rc[fm] β̄

0+
I 0.0 2.97 −0.03 1/2+

I −17.10 2.95 −0.02
2+

I 2.49 2.97 −0.09 3(5)/2+
I −14.54 (−14.52) 2.95 (2.95) −0.08 (−0.08)

4+
I 6.38 2.97 −0.03 7(9)/2+

I −10.44 (−10.49) 2.95 (2.95) 0.03 (0.03)
6+

I 12.35 2.97 0.16 11(13)/2+
I −4.44 (−4.44) 2.95 (2.95) 0.15 (0.15)

0+
II 3.81 2.93 −0.09 1/2+

II −13.28 2.92 −0.05
2+

II 6.13 3.01 0.33 3(5)/2+
II −10.72 (−10.74) 3.00 (2.99) 0.34 (0.31)

4+
II 9.77 3.05 0.54 7(9)/2+

II −6.70 (−6.81) 3.03 (3.03) 0.54 (0.50)
6+

II 14.33 3.15 0.77 11(13)/2+
II −1.73 (−1.73) 3.21 (3.21) 0.96 (0.96)

34Ne 35
� Ne

Jπ
i E [MeV] Rc[fm] β̄ Jπ

i E [MeV] Rc[fm] β̄

0+
I 0.0 3.42 0.41 1/2+

I −18.62 3.40 0.40
2+

I 0.71 3.42 0.45 3(5)/2+
I −17.89 (−17.89) 3.40 (3.40) 0.44 (0.44)

4+
I 2.06 3.41 0.45 7(9)/2+

I −16.52 (−16.53) 3.40 (3.40) 0.45 (0.44)
6+

I 4.33 3.40 0.45 11(13)/2+
I −14.38 (−14.38) 3.38 (3.38) 0.44 (0.44)

0+
II 5.49 3.35 0.02 1/2+

II −13.59 3.33 0.06
2+

II 6.54 3.35 0.06 3(5)/2+
II −12.23 (−12.34) 3.35 (3.34) 0.02 (0.03)

4+
II 8.81 3.36 0.14 7(9)/2+

II −9.81 (−10.16) 3.37 (3.37) 0.18 (0.22)
6+

II 11.81 3.50 0.38 11(13)/2+
II −6.98 (−7.07) 3.40 (3.39) 0.27 (0.25)

to affect the excitation modes of these bands. As shown in
Fig. 5, this phenomenon is particularly evident in 20Ne and
21
� Ne, and is also reflected in 22Ne and 23

� Ne, 24Ne and 25
� Ne,

where structures resembling β vibration transition to vibration
modes with equal energy gaps. This can be seen from the wave
functions of 20Ne and 21

� Ne given in the lower four subplots in
Fig. 6, where the addition of �s reduces the phase oscillation
amplitude of the collective wave functions of states in the
second band of 20Ne.

In Fig. 5, the level structures of the second bands of 20Ne
and 21

� Ne, 22Ne and 23
� Ne, and 24Ne and 25

� Ne are given, and it
is found that the addition of �s appears to affect the excitation
modes of these bands. As shown in Fig. 5, this phenomenon is
particularly evident in 20Ne and 21

� Ne, and is also reflected in
22Ne and 23

� Ne, 24Ne and 25
� Ne, where structures resembling

β vibration transition to vibration modes with equal energy
gaps. This can be seen from the wave functions of 20Ne and
21
� Ne given in the lower four subplots in Fig. 6, where the
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FIG. 5. Same as Fig. 2 but for comparison of hypernuclei and nuclei.

addition of �s reduces the phase oscillation amplitude of the
collective wave functions of states in the second band of 20Ne.

FIG. 6. Collective wave functions gJ
α for the low-lying states with

J = 0, 2, 4, and 6 for 20Ne and J = 1/2, 3/2, 5/2, 7/9, 11/2, 13/2
for 21

� Ne as a function of the deformation of the mean-field states
from which they are constructed.

IV. SUMMARY

In summary, based on the results of the beyond mean
field SHF approach, the shape coexistence of Ne isotopes
is discussed at the mean field level and the beyond mean
filed level, respectively. Then we studied the impurity effect
of � on the low-lying spectra of these nuclei. The results
of the mean field indicate that there is shape coexistence in
the two isotopes 24Ne and 28Ne, due to the presence of two
minima on the potential energy surface with similar energy
but completely different shapes. The AMP provides additional
shape coexistence nuclei: 26Ne and 30Ne. The results of GCM
indicate that the ground states of 24Ne, 26Ne, and 28Ne are
not truly spherical, but are a mixture of prolate and oblate
configurations. However, there is a phenomenon of strong
mixing of different shapes within one physical state instead
of coexistence of several physical states based on differently
shaped configurations. The results of GCM indicate that shape
coexistence is difficult to form in Ne isotopes.

In addition, well established rotational bands based on
deformed ground states and β vibrational bands, whose col-
lective wave functions exhibit positive and negative phase
oscillations with similar structures to rotational bands, were
found in the isotopes 20−24,34Ne.

Finally, we investigated the impurity effect of the s-state �

on the band structure of Ne isotopes with coexisting shapes.
We found that the s-state � has a shrinkage effect on the states
in the ground band, similar to its effect on the ground state in
the mean field. However, more dramatic is the influence of the
�s on the second band, which is quite unusual, as it seems
to change the excitation mode of this band. The addition of
the �s results in an equidistant orientation within the band,
shifting it from a β vibration band to a vibration band limit.
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