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Simultaneous extraction of the weak radius and the weak mixing angle
from parity-violating electron scattering on 12C
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We study the impact of nuclear structure uncertainties on a measurement of the weak charge of 12C at the future
Mainz Energy Recovering Superconducting Accelerator (MESA) facility in Mainz. Information from a large
variety of nuclear models, accurately calibrated to the ground-state properties of selected nuclei, suggest that a
0.3% precision measurement of the parity-violating asymmetry at forward angles will not be compromised by
nuclear structure effects, thereby allowing a world-leading determination of the weak charge of 12C. Furthermore,
we show that a combination of measurements of the parity-violating asymmetry at forward and backward angles
for the same electron-beam energy can be used to extract information on the nuclear weak charge distribution.
We conclude that a 0.34% precision on the weak radius of 12C may be achieved by performing a 3% precision
measurement of the parity-violating asymmetry at backward angles.
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I. INTRODUCTION

The weak mixing angle θW is the fundamental parameter of
the electroweak sector of the standard model (SM), which de-
scribes the mixing between the SU(2) and U(1) gauge fields.
Over the years, many measurements of the weak mixing angle
have been performed to test the SM and to search for possible
hints of beyond the SM effects. Its sine squared sin2 θW enters
the neutral current vector charge of SM fermions and can
be accessed through a variety of processes at very different
energy scales: from the “Z-pole” measurements performed
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at colliders [1–5], to deep-inelastic scattering with electrons
[6,7], and neutrinos [8], to parity violation in atoms [9,10], and
parity-violating electron scattering (PVES) off protons [11]
and electrons [12]. At low energies, also the coherent elastic
neutrino-nucleus scattering process can provide a determi-
nation of the weak mixing angle [13]. Although the current
precision is still much worse than the other available probes,
it provides complementary information to atomic parity vi-
olation and PVES measurements with nuclei [14]. A set of
precise measurements at different energy scales are needed
to test the running of the weak mixing angle, which arises
from loop-level contributions [15,16]. Our current theoretical
knowledge of this running is much more precise than the
corresponding experimental accuracy, especially at low ener-
gies. Future, more precise low-energy measurements are thus
necessary to further test the SM and to disentangle beyond
the SM scenarios. There are efforts to exploit atomic parity
violation to measure the weak charge of heavy nuclei at the
per mille precision [17,18]. On the PVES side, the Qweak
experiment has reached a 0.5% accuracy [11,19], and the up-
coming P2@MESA [20] and the MOLLER [21] experiments
aim at improving this precision by factors of four and six,
respectively.

PVES on nuclei is not only useful for testing the SM but
also allows one to gain information on the structure of the
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target nucleus which has been traditionally accessible only
via strongly interacting probes that could carry significant
systematic uncertainties of the experimental analysis. In re-
cent years, PVES off neutron-rich nuclei has been used to
determine a crucial nuclear property known as the neutron-
skin thickness, defined as the difference between the root
mean square radii of neutron and proton nuclear distributions.
Intimately connected to this nonobservable quantity is the
so-called weak skin, defined as the difference between root
mean square radii of the weak and the charge nuclear distri-
butions. This quantity may indeed be directly measured in the
experiment. A strong motivation to study these quantities is to
constrain the equation of state (EOS) of neutron-rich matter
[22,23], which is central to our understanding of the structure
of neutron stars [22,24].

Challenging experimental programs to extract the neutron
skin via PVES were carried out successfully at Jefferson
Lab. In particular, the PREX [25,26] and CREX [27] Col-
laborations measured the neutron skins of 208Pb and 48Ca,
respectively. Recently, also the Qweak Collaboration released
a first neutron skin measurement from PVES on 27Al [19].
The interpretation of these experiments in terms of the neutron
skin has been made possible thanks to a considerable input
from the nuclear and particle theory communities.

The interplay between the weak mixing angle and the
neutron skin for a PVES measurement was already studied
in Ref. [28] for the case of lead, while in a previous work
[29] some of the present authors addressed the feasibility of
an intriguingly precise simultaneous extraction of the weak
charge and the neutron skin from a PVES experiment off
a light nucleus, such as 12C. Such an approach is highly
beneficial and complementary to the coherent elastic neutrino
nucleus scattering (CEνNS) campaign that is sensitive to the
same observables [13,14,30–32].

In the present study, we build upon the latter work for
12C using a more advanced treatment of the information pro-
vided by a broader set of theoretical models. In particular,
we include in our new study a collection of models using
nonrelativistic [33–46] and covariant [47–49] energy density
functionals.

II. PARITY VIOLATING ELECTRON SCATTERING

The experimental observable of a PVES measurement is
the parity-violating asymmetry, APV, which is defined as the
difference between the differential cross sections for elastic
scattering of longitudinally polarized electrons off a spin-zero
target,

APV = σR − σL

σR + σL
, (1)

where σR (σL) represents the cross sections with right-handed
(left-handed) electron polarization. The asymmetry arises
from the interference between two parts of the scattering
amplitude: one due to the exchange of a virtual photon and
the other one from exchanging a virtual Z0 boson. Adopting
momentarily the plane-wave Born (tree-level) approximation,

the asymmetry takes the form

APV
PWBA = − GF Q2

4
√

2πα

QW

Z

Fwk(Q2)

Fch(Q2)
, (2)

with GF the Fermi constant, α the fine-structure constant,
and Q2 the four-momentum transfer squared. Moreover, QW

denotes the nuclear weak charge, Z the nuclear electric charge,
while Fwk/Fch is the ratio of the weak and charge form factors
that encode the nuclear structure information. The formulation
in Eq. (2) is very useful because it clearly factorizes the de-
pendence on fundamental SM parameters from nuclear effects
encoded in the form factor ratio. To further underscore this
aspect we define the normalization factor A0 as follows:

A0 = − GF Q2

4
√

2πα

QW

Z
, (3)

which incorporates only kinematical factors, SM parameters,
and the nuclear weak and electric charges. A0 represents the
value of the asymmetry for a point-like nucleus, that is, with
the form factors equal to unity independent of the momentum
transfer.

The weak charge of a nucleus composed of Z protons and
N neutrons is given by

QW (Z, N ) = ZQp
W + NQn

W , where (4a)

Qp
W = (1 − 4 sin2 θW ) and Qn

W = −1, (4b)

and the last equation denotes tree-level proton and neutron
weak charges, respectively. This expression highlights the
dependence of the nuclear weak charge on the weak mixing
angle. Including radiative corrections, the numerical value of
the weak charge of 12C is QSM

W (12C) = −5.499 [50].
The charge form factor in Eq. (2) has been extracted from

elastic electron-scattering data. The best fit to data is obtained
by using the sum-of-Gaussians (SOG) parametrization of the
density profile [51]. The slope of the charge form factor at zero
momentum transfer is related to the nuclear charge radius. For
12C, we use the reference value obtained from scattering data,
RSOG

ch = 2.469(5) fm. X-ray spectroscopy of muonic atoms is
known to usually give more precise values of nuclear charge
radii; however, oftentimes the two methods give different val-
ues for the radius [51,52]. The case of carbon is special in this
respect: not only are the respective charge radius extractions
compatible, Rμ

ch = 2.4702(22) fm [52], the value obtained
from the electron-scattering data is only slightly less precise.
We opt to use the SOG radius for a more conservative error
analysis. In turn, the weak form factor is only loosely con-
strained by hadronic experiments that involve large and poorly
understood systematic uncertainties [24].

In the Born approximation, Eq. (3), Coulomb corrections
which generically scale as παZ (≈0.1 for 12C) are neglected.
Given the experimental precision goal of 0.3%, not only are
these corrections essential, but they have to be resummed
to all orders. This is done within the distorted-wave Born
approximation (DWBA) by numerically solving the Dirac
equation for an electron in the presence of the Coulomb
potential generated by the entire nuclear charge distribution.
This requires to go beyond the Coulomb potential of a point
charge. In addition, in order to provide predictions for the PV

035501-2



SIMULTANEOUS EXTRACTION OF THE WEAK RADIUS … PHYSICAL REVIEW C 110, 035501 (2024)

asymmetry, the Coulomb potential has to be supplemented
with the weak interaction potential which depends on the
nuclear weak charge distribution and acts on left- and right-
handed electrons with the opposite sign [53]. We note that
one can go beyond the tree level in DWBA calculations by
including higher-order QED corrections such as the vacuum
polarization (Uehling potential) and self-energy corrections
[54]. These two contributions are expected to partially cancel
each other [54,55]. We do not include these corrections in
this work since they are much smaller than the uncertainties
associated with the nuclear weak form factor. Finally, we note
that for numerical calculations, we employ the DREPHA code
[56]. We checked its consistency with the ELSEPA package [57]
which was used in Ref. [29].

III. THEORETICAL FRAMEWORK

Given that the main nuclear inputs to the parity-violating
asymmetry are ground-state densities and their associated
form factors, we start this section by reviewing the theoretical
framework underpinning our predictions. Since such a theo-
retical approach assumes point nucleons, we then proceed to
discuss how single nucleon form factors are used to refine our
predictions. We end this section by quantifying the theoretical
uncertainties that affect the precision by which sin2 θW may
be determined from a measurement of the parity violating
asymmetry with 12C.

A. Density functional theory

Predictions for the parity-violating asymmetry for 12C will
be made by a collection of both nonrelativistic and relativis-
tic (or covariant) energy density functionals [33–49,58]. The
energy density functional (EDF) is the main building block
behind density functional theory (DFT), a powerful technique
developed by Kohn and collaborators [59,60] to understand
the electronic structure of complex many-body systems, but
since then extended to many other areas of physics. Perhaps
the most remarkable result of DFT is that the exact ground-
state energy of the complicated many-body system may be
obtained from minimizing a suitable EDF that only depends
on the one-body density. By doing so, DFT not only reduces
drastically the complexity of the problem but also benefits
from incorporating physical insights into the construction of
the functional. This is particularly relevant given that the DFT
formalism is formulated as an existence theorem that offers no
guidance on how to construct the appropriate EDF. In nuclear
physics, one incorporates a myriad of physical insights into
the construction of the functional and leaves the parameters
of the model to be determined through a calibration procedure
informed by the ground-state properties of finite nuclei.

Inspired by the long history of Hartree-Fock theory in a
variety of disciplines, Kohn and Sham replaced the explicit
construction of the energy density functional by an equivalent
system of noninteracting particles moving in a suitably gen-
erated one-body potential [60]. It is important to underscore
that the equivalent Kohn-Sham potential must be sophisticated
enough to reproduce the exact one-body density of the inter-
acting system. This often demands the inclusion of one-body

terms that have a strong density dependence. The reformu-
lation of the DFT problem in terms of one-particle orbitals
has several advantages, first and foremost that self-consistent
problems of this kind have a long history in nuclear physics.
The outcome of solving the mean-field-like Kohn-Sham equa-
tions is a single-particle spectrum from which proton and
neutron densities may be determined. In turn, the ground-state
form factors may be computed by taking the Fourier transform
of the corresponding proton and neutron densities. Finally,
one accounts for the finite nucleon size by incorporating
nucleon form factors, as described in the next section. The
resulting charge and weak charge form factors computed in
this manner are the sole nuclear input to the parity violating
asymmetry given in Eq. (2).

B. Nucleon form factors

To obtain reliable theoretical predictions for the elec-
tromagnetic and weak charge densities, one must fold the
point-proton and -neutron densities obtained from the nuclear
structure models with single nucleon form factors. For the
electromagnetic single nucleon form factors we adopt the
following simple dipole parametrization [61,62]:

G p
E (Q2) = Gp

M(Q2)

μp
= Gn

M(Q2)

μn
= GD(Q2). (5)

The form factors depend on the four-momentum transfer Q2 =
q2 − ω2 which is determined from the corresponding three-
momentum transfer q and the energy loss ω. The dipole form
factor is given by

GD(Q2) =
(

1 + Q2

12
r2

p

)−2

, (6)

where r2
p = 0.707 fm2 is the mean square proton radius. Note

that for the proton charge radius we have adopted the 2018
CODATA recommended value of rp = 0.841 fm [63]. For the
magnetic form factors we use μp = 2.792 847 344 63(82) and
μn = −1.913 042 76(45) for the proton and neutron magnetic
moments (in units of the nuclear magneton), respectively [63].

In turn, for the electric neutron form factor we use the
Galster parametrization [61]:

Gn
E(Q2) = −

(
Q2r2

n/6

1 + Q2/M2

)
GD(Q2), (7)

where r2
n = −0.116 fm2 is the mean square radius of the

neutron. All electromagnetic form factors are expressed exclu-
sively in terms of the experimentally determined mean square
radii and magnetic moments.

Although one could invoke more sophisticated
parametrizations that may be extended to large values of Q2

[64], for the modest values of the momentum transfer probed
in this work, Q ∼ 78–292 MeV, the two parametrizations are
largely indistinguishable; in the relevant range the differences
for Gp

E(Q2) amount to less than 0.2%. We have also tested
that the errors in the form factor parameters are negligible for
our purposes.

We conclude this section by connecting the single nu-
cleon electromagnetic form factors to the corresponding weak
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form factors. Invoking isospin symmetry and neglecting any
strangeness contribution [62] we obtain

G̃p
E (Q2) = gp

V Gp
E (Q2) + gn

V Gn
E (Q2), (8a)

G̃n
E (Q2) = gn

V Gp
E (Q2) + gp

V Gn
E (Q2), (8b)

G̃p
M (Q2) = gp

V Gp
M (Q2) + gn

V Gn
M (Q2), (8c)

G̃n
M (Q2) = gn

V Gp
M (Q2) + gp

V Gn
M (Q2), (8d)

where gp
V = 0.0709(2) and gn

V = −0.9901(2) are the pro-
ton and neutron weak vector charges, respectively, including
radiative corrections [65].

C. Spin-orbit currents

The importance of the so-called spin-orbit currents was
studied in Ref. [66] and shortly after extended to the elec-
troweak sector [62]. The nucleon matrix elements of both
the electromagnetic current as well as the vector part of the
weak neutral current may in general be written in terms of
Lorentz vector and tensor components multiplied by Dirac
and Pauli (single-nucleon) form factors, respectively. These
single-nucleon form factors encode the quark substructure of
the nucleon. In particular, the spin-orbit contribution to the
electroweak current is associated with the tensor component
of the nucleon electromagnetic current.

Although in general small and often neglected, the spin-
orbit current makes a significant contribution to the form
factor when one of the spin-orbit partner states is not fully
occupied. Indeed, in the CREX analysis [27], it was critical
to include the spin-orbit contribution given that in 48Ca the
neutron f7/2 orbital is full while its f5/2 spin-orbit partner
is empty. This may suggest that, for 12C, with both proton
and neutron p3/2 orbitals filled but its spin-orbit partner p1/2

empty, spin-orbit currents may play an important role. How-
ever, as we demonstrate in Appendix B, this is not the case:
its contribution to both Rch and Rwk does not exceed 0.05%.

D. Nuclear radii

Using RSOG
ch = 2.469(5) fm and neglecting spin-orbit ef-

fects (0.05%) in Eq. (B1), one extracts an “experimental”
point-proton radius of Rp = 2.389(5) fm. There have been
several attempts to extract the point-neutron radius of 12C us-
ing hadronic probes. For example, an elastic proton-scattering
experiment with 12C carried out at the Los Alamos Meson
Physics Facility (LAMPF) reported Rn = 2.4 ± 0.1 fm [67],
a central value that is surprisingly larger than the proton one,
albeit with a large error. More recently, interaction, reaction,
and charge-exchange cross sections have been used to extract
both point-proton and matter radii [68,69], from which one
extracts a neutron radius of Rn = 2.35(4) fm. Based on these
results, one must conclude that the precise extraction of the
neutron radius of 12C using hadronic probes is challenging.
Perhaps the safest assumption is that proton and neutron radii
are equal within errors, given that it is a nucleus with N = Z .
However, the repulsive Coulomb interaction pushes the pro-
tons out relative to the neutrons suggesting a negative neutron
skin. Therefore, we now proceed to estimate the nuclear

FIG. 1. Scatter plot of the charge and weak radii obtained from
a variety of nuclear models. The gray band shows the linear fit to
the data points, obtained assuming a 1% uncertainty of the model
prediction for the weak radius. The black square is placed at the ex-
perimental value of the charge radius, Rch = 2.469(5) fm, assuming
a zero weak skin.

structure uncertainties associated with the predictions for the
point proton and neutron densities.

The ground-state proton and neutron densities for 12C are
computed using a large set of nonrelativistic and covariant
energy density functionals calibrated to the binding energy
and charge radii of a collection of magic and semimagic
nuclei that do not include 12C. Folding these point-nucleon
densities with the single-nucleon form factors one obtains the
charge and weak-charge densities that serve as input for the
distorted-wave calculation of the parity violating asymmetry.
All the considered models fall within the general framework
of energy density functionals. To avoid any possible bias in
the analysis it would be useful to extend the study to ab
initio predictions for the proton and neutron distributions in
12C, which unfortunately are not available for such a light
nucleus (see Appendix C for a tentative discussion on model
consistency).

IV. ANALYSIS

To assess the nuclear-structure uncertainty, we display
in Fig. 1 model predictions for the weak (vertical axis)
and charge (horizontal axis) radii of 12C. Also shown in
the figure is the experimental charge radius Rexpt

ch = RSOG
ch =

2.469(5) fm [51]. As anticipated, given that the major differ-
ence between the two radii is due to the Coulomb repulsion,
all models predict a small negative weak skin of about Rwk −
Rch ≈ −0.015 fm.

The new observation in Fig. 1 is a strong correlation be-
tween the model predictions for the weak and charge radii,
generally expected based on the strong neutron-proton nuclear
interaction. This strong correlation is shown by the black line
in Fig. 1 which was obtained by performing a linear fit to the
model predictions. To perform a statistical analysis and define
a χ2 function, we assigned a conservative 1% uncertainty to
each prediction [47,70]. This procedure returns the following
estimate for the weak radius of 12C:

Rwk = 0.9942(15) × Rch. (9)
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FIG. 2. Asymmetry normalized to the prefactor A0 at the appropriate value of Q2, evaluated for all nonrelativistic [33–46,58] and covariant
[47–49] models using only the nuclear model densities. Each point is set at the corresponding prediction of the weak skin. The left plot shows
the results for forward kinematics (θf = 29◦), the right plot for backward kinematics (θb = 145◦). The black squared data points with error
bars at the left border show the expected precision for the asymmetry measurements centered at an arbitrary value.

The gray band in Fig. 1 indicates the corresponding ±1σ

region.
It is informative to note a discrepancy between two sets

of models: while all the Skyrme models systematically over-
predict the charge radius, the relativistic models do the
opposite. The source for such a discrepancy may have its
origin in the competition between the saturation density and
the surface energy. Skyrme interactions tend to predict that
symmetric nuclear matter saturates at a higher density than
the covariant models, typically 0.16 fm−3 versus 0.15 fm−3.
On its own, this would suggest that Skyrme EDFs predict
smaller nuclear radii than covariant EDFs. However, both sets
of functionals use charge radii of medium to heavy nuclei as
input for the calibration. This indicates that, in order for both
sets of functionals to reproduce the same charge radius of,
e.g., 208Pb, the surface energy in the Skyrme models must be
softer than in the relativistic models. However, 12C is rela-
tively light to display any evidence of a saturated core, so its
charge radius is dominated by the surface energy—leading to
systematically larger radii for Skyrme EDFs than for covariant
EDFs.

Returning to the discussion of Fig. 1, we observe that most
of the models fail to reproduce the experimental value of
the charge radius Rexpt

ch by as much as ±5%. To circumvent
this significant model dependence, in Ref. [29], some of the
authors of the present work hand-picked just five nuclear
mean-field models by requiring that the charge radius be pre-
dicted within ≈1% from the experimental one. Consequently,
the respective model predictions for the weak density (fitted to
a two-parameter Fermi function form [71] to accelerate the
numerical evaluation) were used to quantify the nuclear the-
ory uncertainty for the weak skin extracted from a possible
future measurement of the PV asymmetry. In doing so, the
charge density was fixed to the experimental one (i.e., SOG).

The conclusion of Ref. [29] was that the extraction of the
weak charge of 12C from a 0.3% measurement of the PV
asymmetry at low momentum transfer was contaminated by
the nuclear theory uncertainty, such that an additional mea-
surement at a larger value of the momentum transfer was
necessary.

Here we argue that the strong correlation between the
weak and charge radii observed in Fig. 1 makes this arbitrary
model selection unnecessary, allowing for a much more reli-
able statistical analysis on a large sample of nuclear models.
Therefore, for consistency and accuracy, we prefer to directly
use the theoretical density predicted by the nuclear models
instead of a two-parameter Fermi function fitted to it. Finally,
we take into account that nuclear models predict point-proton
and point-neutron densities, rather than the experimentally
measured weak and charge densities. Hence, to prevent the
introduction of additional systematic errors, we determine
the weak and charge densities by folding the theoretical pre-
dictions with the single-nucleon form factors introduced in
Sec. III B.

To further illustrate the importance of maintaining the
Rwk − Rch correlation, we display predictions for the PV
asymmetry in Fig. 2. As mentioned earlier, for a realistic
prediction for the PV asymmetry one has to go beyond PWBA
and account for Coulomb distortions. This entails numeri-
cally solving the Dirac equation for an electron moving in
the Coulomb field of the nuclear charge distribution supple-
mented by a PV weak interaction potential which is the source
of the asymmetry. As such, the main input into the DWBA
code are the nuclear weak and charge densities which we
consistently take from each of the models adopted in this
work.

As in Ref. [29], we explore two scenarios at a
fixed electron-beam energy of Ee = 155 MeV: A forward
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(θf = 29◦) and backward (θb = 145◦) angle configuration to
highlight two different features of the PV asymmetry. Results
for the PV asymmetry are displayed in Fig. 2; left for the
forward angle measurement and right for the backward one.
We find that in this new approach the spread of both the weak
skin and the PV asymmetry is dramatically reduced relative to
the uncertainty found in Ref. [29].

We observe on the left-hand panel of Fig. 2 that the pre-
dictions for the PV asymmetry at the forward angle are fairly
scattered without following a particular trend as a function of
the weak skin. However, whereas the spread in the weak skin
is relatively large for such a light nucleus, it does not lead to
any significant spread in APV. Indeed, the range of the pre-
dicted PV asymmetry for the forward measurement is within
the 0.3% precision goal, as indicated by the vertical error bar
with the central value (black squared point) placed arbitrarily
around 1.034. We note that a measured central value differing
from 1.034 by more than a 0.3% would clearly imply a flaw in
current nuclear structure models based on density functional
theory. The latter would be a very interesting although very
unexpected result.

The right-hand panel of Fig. 2 contains the same informa-
tion, but this time for a backward-scattering angle. The models
display a systematic trend indicating that the PV asymmetry is
anticorrelated to the weak skin. Although we have argued on
the importance of Coulomb distortions, the PWBA provides
a simple explanation for this anticorrelation. Expanding both
form factors in Eq. (2) to first order in Q2 one obtains

APV
PWBA

A0
� 1 − Q2

3
RchRwskin, (10)

where Rwskin = Rwk − Rch is the weak skin.
Armed with these observations, we proceed to an analysis

of the statistical ensemble of model predictions for APV in
the two experimental scenarios, for forward- and backward-
scattering angles.

We start with the forward measurement and notice that
while the correlation between APV and the weak skin in Fig. 2
is weak, a stronger correlation emerges if the asymmetry is
plotted versus the charge radius, as shown in Fig. 3. In this
figure, the black solid line indicates the result of a linear fit.
To define the χ2 of this fit, we assign to each individual model
prediction a conservative 1% uncertainty. The gray band in
the figure indicates the resulting 1σ region obtained in this
manner. The vertical red line is set to the experimental value
of the charge radius of 12C. While its uncertainty is ≈0.2%,
even an overly conservative ±2% range translates into a
corresponding uncertainty for the PV asymmetry of about
0.18%, as indicated by the orange box and lines. Given that
this theoretical uncertainty is below the anticipated precision
goal of the experiment, we conclude that the determination of
the weak charge of 12C from the forward measurement alone
could be considered a clean measurement of the weak mixing
angle, without any significant contamination from nuclear
structure effects.

We next turn to the analysis of the backward measurement
of APV. Its observed sensitivity to the weak skin motivates us

FIG. 3. Linear fit to the predictions of the forward asymmetry
normalized to the prefactor A0 (black solid lines) as a function of the
charge radius. The 1σ region is shown by the gray band. The red
solid line shows the measured value of the charge radius, while the
dashed vertical lines indicate its ±2% uncertainty region. The orange
box indicates the estimated uncertainty on the asymmetry from the
correlation of the nuclear models.

to perform a linear fit of the following form:

APV
b (Rwskin ) = ARwskin + B. (11)

To perform the linear fit, we again assign to each individual
APV prediction an uncertainty of 1%.

The linear fit returns

A = (−39 ± 4) × 10−6 fm−1,

B = (7.37 ± 0.05) × 10−6 (12)

for the two coefficients and is shown in Fig. 4 by a black
line with the shaded gray band indicating the 1σ region.

FIG. 4. Linear fit to predictions of the backward asymmetry nor-
malized to the prefactor A0 as a function of the weak skin (black solid
line). The ±1σ uncertainty range is shown by the gray band. The
short-dashed lines indicate reference values for the weak skin and
the corresponding asymmetry. The colored horizontal bands indi-
cate the different precision scenarios for a possible measurement:
εb = 3% (orange), εb = 5% (green), and εb = 7% (blue).
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Different experimental scenarios for the attainable precision
of the backward measurement, denoted by εb, are indicated
by colored horizontal bands: an orange band for εb = 3%,
green for εb = 5%, and blue for εb = 7%. Since the backward
measurement retains sensitivity to both the weak charge and
weak skin, we must resort to a combined analysis of the
forward and backward angle results, which we discuss in the
next section.

V. COMBINED SENSITIVITY ANALYSIS FOR THE WEAK
MIXING ANGLE AND THE WEAK SKIN

In this section we explore the impact of a combined anal-
ysis of the forward and backward measurements of the PV
asymmetry on the simultaneous determination of the weak
mixing angle and the weak skin of 12C. We have established
already that the forward measurement at the 0.3% precision
(or worse) provides a clean determination of the nuclear weak
charge. The backward measurement retains sensitivity to both
the weak charge and weak skin.

To analyze the backward measurement, we take as refer-
ence values Rref

wk = 2.455 fm for the weak radius, which has
been obtained by exploiting the correlation in Eq. (9) and
Rch = RSOG

ch . The latter weak radius corresponds to a weak
skin of Rref

wskin = −0.0143 fm, which falls about in the middle
of the predictions of the considered models sample. These
choices imply a corresponding reference value for the PV
asymmetry at backward angles of APV,ref

b = 7.92 ppm, ob-
tained by using the definition in Eq. (11) (and shown in Fig. 4
by the dashed black horizontal line). As the asymmetry at
forward angles is practically insensitive to the reference value
chosen for the weak skin, we consider as a reference predic-
tion an average value obtained from the considered nuclear
models, which numerically corresponds to APV,ref

f = 0.517
ppm (and is shown by the black squared data point in Fig. 3).
The optimization of the parameters is obtained by minimizing
the following χ2 function:

χ2 =
(

APV,ref
f − η1APV

f

(
sin2 θW

)
ε f

)2

+
(

APV,ref
b − APV

b (η2, sin2 θW , Rwk )

σb

)2

+
(

η1 − 1

ση1

)2

+ η2
2, (13)

which combines the information from the forward angle mea-
surement with the fixed precision goal of ε f = 0.3% (first
term), information from the backward measurement with
different precision scenarios for εb (second term), and infor-
mation on the model uncertainty (last terms). The adopted
uncertainty in σb is obtained by adding in quadratures the
anticipated experimental error εb with the uncertainty in the
B parameter associated with the linear fit given in Eq. (12),
σ 2

b = ε2
b + σ 2

B. By writing the asymmetry as a function
APV

f (sin2 θW ), we explicitly indicate its dependence on the
weak mixing angle from its relation to the nuclear weak
charge, see Eq. (2). Furthermore, η1 and ση1 are introduced as

FIG. 5. Results of the sensitivity to the weak mixing angle and
the weak radius for the combined forward-backward measurement.
The different �χ 2 = 1 contours correspond to the different precision
scenarios for the backward measurement (orange for εb = 3%, green
for εb = 5%, and blue for εb = 7%). The dashed lines indicate the
results of the independent analyses of the forward and backward
measurements.

nuisance parameters to account for our estimate of the nuclear
uncertainty, i.e., ση1 = 0.18%. This allows the PV asymmetry
at the forward angle to vary within the orange box indicated
in Fig. 3. Finally, to describe the uncertainty of the parameter
A in Eq. (12) we introduce the nuisance parameter η2 and
parametrize the backward asymmetry as follows:

APV
b (η2, sin2 θW , Rwk ) = QW (sin2 θW )

QSM
W

× [(A + η2σA)Rwskin + B]. (14)

The dependence on the weak mixing angle is restored by
rescaling the weak charge as in the case of the forward asym-
metry. The second line in Eq. (14) is introduced to describe
the dependence on the nuclear models, as shown in Fig. 4 and
Eq. (11). The quantity σA is the uncertainty of A, as reported
in Eq. (12). η2 is defined such that for η2 = ±1 one retrieves
the ±1σ value for A, i.e. the slope of the prediction for the
asymmetry goes from the lower to the higher dashed black
lines in Fig. 4.

The results of the combined fit to both the forward and
backward measurements are displayed in Fig. 5. The various
contours, obtained by imposing the condition �χ2 = 1, cor-
respond to the three different values for εb.

We can extract the individual sensitivities of a combination
of the forward and backward measurements to the weak mix-
ing angle and the weak radius by splitting the χ2 function in
Eq. (13) and retaining only the relevant contribution.

The horizontal dashed lines show the marginalization in
terms of the weak mixing angle: as already mentioned, its
extraction is not contaminated by the nuclear model depen-
dence, nor does it depend on the precision of the backward
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TABLE I. Summary of the best fit and precision values
corresponding to the results shown in Fig. 5.

ε f εb Rwk [fm] σRwk [%] sin2 θW

0.3% 3% 2.455 ± 0.008 0.34% 0.2386 ± 0.0008
0.3% 5% 2.455 ± 0.012 0.48% 0.2386 ± 0.0008
0.3% 7% 2.455 ± 0.016 0.63% 0.2386 ± 0.0008

measurement. Retaining only the information from the back-
ward measurement results in nearly vertical bands in the
parameter space.

The various colors for the dashed vertical bands correspond
to different choices for the precision of the backward mea-
surement εb, as indicated in the legend of the figure. The fact
that these bands are slightly tilted indicates the residual (mild)
dependence on the weak mixing angle. Therefore, a combined
analysis of the forward and backward measurements is neces-
sary to simultaneously extract both parameters.

The numerical results obtained by marginalizing the con-
tours shown in Fig. 5 are summarized in Table I, where we
collect the best-fit values and the relative uncertainties of
the weak radius and the weak mixing angle. The assumed
precision of the forward measurement ε f = 0.3% directly
translates into that for the weak mixing angle. Similarly,
depending on the precision assumed for the backward mea-
surement, the precision of the weak radius ranges between
≈0.34% and ≈0.63%.

We have also explored a wider set of values for the preci-
sion of a backward measurement. Results are shown in Fig. 6,
where εb is varied between 1% and 8%. The figure shows the
achievable precision for the weak radius (both relative and
absolute).

The impact of a subpercent extraction of the weak mixing
angle at low energies is demonstrated in Fig. 7 where we
display sin2 θW along with existing measurements [72].

One can see that a 0.3% measurement of the PV asymmetry
with 12C at MESA has the potential of providing one of the
most precise measurements of the weak mixing angle at low
momentum transfers. This could allow one to obtain new
limits on models for physics beyond the SM. As an example
we show in Fig. 7 how the running of the weak mixing angle
could be modified if an additional light vector mediator, such

FIG. 6. Precision for the weak radius as a function of the pre-
cision of the backward asymmetry. The colored lines indicate the
precision scenarios considered in Ref. [29].

FIG. 7. Current status of sin2 θW measurements as a function of
the energy scale Q [6,9,12,19,72,79]. The blue solid curve represents
the SM prediction for the running weak mixing angle [65]. The red
data point shows our result and is set at Q ≈ 78 MeV. The light-blue
dashed curves and the blue filled region indicate the modification of
the running weak mixing angle in the presence of a dark Z boson, as
discussed in Ref. [78].

as a dark Z boson [73–78], existed. In such a model, the effect
on the running is significant only at low scales, depending on
the coupling and the mass of the new boson. The dashed blue
lines shown in Fig. 7 correspond to a model with a ≈50 MeV
dark Z boson, using the results obtained by the analysis in
Ref. [78]. Having a subpercent measurement of the weak
mixing angle at around Q ≈ 78 MeV will help constraining a
hypothetical deviation of the running weak mixing angle from
the SM prediction.

As a final note we point out that the possibility to cleanly
determine the point-neutron radius and the neutron skin of
the stable daughter nuclei participating in the superallowed
nuclear β decays will have an impact on the extraction of the
Cabibbo-Kobayashi-Maskawa quark-mixing matrix element
Vud [80,81]. Future measurements of the PV asymmetry in
PVES with nuclei such as 26Mg, 42Ca, or 54Fe can be carried
out at the MESA facility. A dedicated feasibility study for
each of these nuclei, similar to the 12C primer performed here,
will be necessary.

VI. CONCLUSIONS

In conclusion, we have revisited the physics reach of a
measurement of the parity-violating asymmetry for 12C. Im-
provements with respect to the previous work reported in
Ref. [29] include a much larger sample of nuclear models
analyzed, and a more robust procedure of assessing the nu-
clear theory uncertainties. We observed a tight correlation
between the nuclear models’ predictions for the weak and
charge radii. The difference of the two, the weak skin, is
expected to be small and negative due to the Coulomb repul-
sion among the protons inside an N = Z nucleus. Predictions
for the asymmetry at forward angles show no significant
dependence on the weak skin, and solely remain correlated
with the charge radius which is known experimentally with a
sufficient precision. Thus, the forward measurement of the PV
asymmetry of 12C planned at MESA will determine the weak
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mixing angle at low momentum transfer, not contaminated
by nuclear uncertainties. The asymmetry in the backward
kinematics is, instead, strongly correlated with the weak skin.
This correlation has been exploited to assess the precision
required to provide a clean electroweak determination of the
weak radius of 12C. We performed a combined analysis of
the forward-backward measurement and showed that assum-
ing the planned 0.3% precision at forward angles, it directly
translates into a 0.3% determination of the weak mixing angle;
meanwhile, a 3% measurement at backward angle will result
in the first electroweak determination of the weak radius of
12C with a precision of ≈0.34%. More aggressive scenarios
naturally result in an even more precise determination of the
weak radius. We discussed the consequences of such an ambi-
tious experimental program for precision tests of the standard
model and beyond with the running weak mixing angle.
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APPENDIX A: NUCLEAR FORM FACTORS FOR
NONRELATIVISTIC ENERGY DENSITY FUNCTIONALS

In Sec. III B we describe the formalism adopted to treat the
nucleon form factors. Those are at the basis of the construction
of the nuclear form factors. Here, we report the procedure
employed in order to obtain the charge and weak form factors
for nonrelativistic energy density functionals, which follows
closely Refs. [62,82]. The charge density is calculated as

ρch(r) = 1

(2π )3

∫
d3qe−iq·rFch(q), (A1)

and the charge form factor as [82]

Fch(q) =
∑

t=p,n

[
Gt

E (q)

(
1 − 1

2
q2D

)
Ft (q)

− D[
2Gt

M (q) − Gt
E (q)

]
Ft

ls(q)

]
, (A2)

with D = h̄2/(2mc)2 and [82]

Ft (q) =
∫

d3reiq·rρt (r), (A3)

Fls,t (q) =
∫

d3reiq·r∇ · Jt (r). (A4)

Ft (q) is the point-proton (neutron) form factor, while Fls,t (q)
is a form factor related to the current density.

The weak charge density is the Fourier transform of the
weak form factor which is introduced in full analogy to
Eq. (A2),

Fwk(q) =
∑

t=p,n

[
G̃t

E (q)

(
1 − 1

2
q2D

)
Ft (q)

− D[
2G̃t

M (q) − G̃t
E (q)

]
Ft

ls(q)

]
. (A5)

The charge and weak radii are obtained from the respective
charge densities as

R2
ch = 1

Z

∫
r2ρch(r)d3r, (A6)

R2
wk = 1

Qwk

∫
r2ρwk(r)d3r. (A7)

APPENDIX B: SPIN-ORBIT CURRENTS

Given that the treatment of spin-orbit currents is different
for relativistic and nonrelativistic EDFs, this could poten-
tially introduce an additional theoretical uncertainty. Here, we
demonstrate that this is not the case.

The impact of the spin-orbit current on the charge radius of
a nucleus with N = Z was shown to take the following simple
form [62]:

R2
ch = R2

p + (
r2

p + r2
n

) + (〈
r2

p

〉
so + 〈

r2
n

〉
so

)
, (B1)

where, in general, the spin-orbit contributions to Rch cannot be
evaluated in closed form. Yet, in Ref. [62] a good estimate was
obtained by assuming that the lower component of the Dirac
spinor may be derived from the upper component assuming a
free space relation. In this case one obtains

〈
r2

p

〉
so + 〈

r2
n

〉
so = 2

3

(κp + κn)

M2
≈ −0.004 fm2, (B2)

where κp = +1.793 and κn = −1.913 are the anomalous
magnetic moments of the proton and neutron (in units of
the nuclear magneton), respectively. Although the magnitude
of the contribution from each nucleon is about 4/3M2 ≈
0.06 fm2, their combined contribution is more than ten times
smaller because of the almost equal but opposite values of the
anomalous magnetic moments.

In the general case where the relation between the upper
and lower components is determined dynamically, the effect
is enhanced because the effective nucleon mass M� is reduced
in the nuclear medium. Yet, the large cancellation induced
by the anomalous magnetic moments persists, resulting in a
combined contribution of 〈r2

p〉so + 〈r2
n〉so ≈ −0.007 fm2.

Given that the anomalous weak magnetic moments are
simply related to the corresponding electromagnetic ones, a
similar cancellation occurs in the case of the weak charge
radius Rwk. Thus, we conclude that the spin-orbit contribution
to both Rch and Rwk is of the order of 0.05%.
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APPENDIX C: COMPARISON BETWEEN ENERGY
DENSITY FUNCTIONAL AND AB INITIO MODELS

To test the validity of the sample of models considered
in this analysis, which is built within the general framework
of energy density functionals, we compared with predictions
from ab initio models. Although to our knowledge there are no
ab initio predictions for the proton and neutron distributions in
12C, predictions are available for the proton and neutron radii
of 40Ca both in coupled-cluster [83] and dispersive-optical
models [84]. Given that 40Ca is a heavier N = Z nucleus
than 12C, one anticipates that the stronger Coulomb repulsion
in 40Ca will generate a slightly larger negative skin than in
12C. The predictions for the neutron skin thickness of 40Ca

are −0.0461�R40
skin(fm)� −0.0400 for the coupled-cluster

model and R40
skin = (−0.051 ± 0.004) fm for the dispersive-

optical model. These values compare well with the predictions
obtained by the same EDF models employed in this work,
namely, −0.05�R40

skin(fm)� −0.04 for nonrelativistic mod-
els and −0.053�R40

skin(fm)� −0.046 for the covariant ones.
Although the extrapolation from 40Ca to 12C may not be
trivial, it is gratifying to see that the set of energy density
functionals used in this work are entirely consistent with these
values for the case of 40Ca, thereby lending credibility to
our approach. Nevertheless, new predictions from ab initio
calculations for nuclei as light as 12C would be beneficial for
improving the current work in the future.
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