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Symmetric cumulant sc; 4{4} and asymmetric cumulant ac,{3} from transverse
momentum conservation and flow

Jia-Lin Pei (ZEZHF) ©,12 Guo-Liang Ma (5 [E%%)®,12" and Adam Bzdak?*
'Key Laboratory of Nuclear Physics and Ion-beam Application (MOE), Institute of Modern Physics,
Fudan University, Shanghai 200433, China
2Shanghai Research Center for Theoretical Nuclear Physics, NSFC and Fudan University, Shanghai 200438, China
3AGH University of Science and Technology, Faculty of Physics and Applied Computer Science, 30-059 Krakéw, Poland

® (Received 15 March 2024; accepted 25 June 2024; published 5 August 2024)

Multiparticle cumulants method can be used to reveal long-range collectivity in small and large colliding
systems. The four-particle symmetric cumulant sc; 4{4}, three-particle asymmetric cumulant ac,{3}, and the
normalized cumulants nsc, 4{4} and nac,{3} from the transverse momentum conservation and flow are calcu-
lated. The interplay between the two effects is also investigated. Our results are in a good agreement with the
recent ATLAS measurements of multiparticle azimuthal correlations with the subevent cumulant method, which
provides insight into the origin of collective flow in small systems.
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I. INTRODUCTION

High-energy nucleus-nucleus (A + A) collisions at the Rel-
ativistic Heavy Ion Collider (RHIC) and the Large Hadron
Collider (LHC) can create an extremely dense and hot envi-
ronment in which confined quarks and gluons are released into
a deconfined state of matter called the quark-gluon plasma
(QGP) [1-5]. One of the most significant experimental sig-
natures of the QGP properties is the collective flow due to
its sensitivity to the dynamical evolution of the QGP, which
can transfer the asymmetries in the initial geometry space
into the anisotropies in the final momentum space [6—10]. The
magnitude of the azimuthal anisotropy in the transverse plane
of the final momentum space can be quantified in terms of
the Fourier expansion coefficient, % x 1+ v,cos[n(p —
W,)] [11-13], where the anisotropic flow coefficients v;, v,,
v3, and vy are directed, elliptic, triangular, and quadrangular
flows, respectively. Studies of collective flow have shown that
the QGP is a nearly perfect fluid with strong coupling, i.e.,
the ratio of the shear viscosity to the entropy density 7/s
is close to the minimum value of 1/4w [14-16]. In addi-
tion to the collective flow, anisotropic flow in measurements
contains nonflow, which includes the short-range correlation
such as jets, resonance decays, and Bose-Einstein correlation,
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and long-range correlation such as the transverse momentum
conservation (TMC) [17-22].

There are several methods for experimentally extracting
flow coefficients, such as the event plane method requiring the
estimation of reaction plane [12,23], two-particle correlation
associated with ridge structure [24,25], or multiparticle cumu-
lants suppressing nonflow [26,27]. The appearance of ridge
structure with small azimuthal separation extending far in the
longitudinal direction is considered to be direct evidence for
the presence of collective flow, which was first observed in
the two-particle correlation between the pseudorapidity gap
An and the azimuthal angle gap A¢ of the particle pairs
in A+ A collisions [28-31]. This has been verified as the
signature of the collective flow of the final particles in A + A
collisions, which has been reproduced by hydrodynamic mod-
els [32-36]. However, similar ridge structures have also been
observed in small systems (e.g., p + p, p + A), posing a major
challenge to previous understanding [37-43], as the appli-
cability of hydrodynamics to small systems is controversial
due to their extremely small size and short lifetime [44—49].
Recently, many theoretical models have been employed to
study anisotropic flows in small systems to understand their
origins, including the final-state hydrodynamics in response
to geometry asymmetries in the initial state [S0-54], the par-
ton escape mechanism with similar hydrodynamics [55-58],
and the color glass condensate (CGC) as an initial state
mechanism [59-65]. In addition, both hydrodynamic and
transport models have been used to study c;{2} and c,{4},
since the multiparticle cumulant method can suppress nonflow
contributions [66-70].

Previous studies have found that there is a linear relation-
ship between the flow v, and the corresponding eccentricity
&n, 1.€., v, X &, [71,72]. However, it has been argued that
the set of flow coefficients {v,} and the set of eccentricities
{e,} can be linked by a response matrix, which implies that
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there is a nonlinear correlation between v,, and v, [73-75].
The symmetric cumulants sc, ,{4} = (vai) — (v%)(vi) can
be inscribed to carry a correlation between v, and v,, capable
of responding to the geometrical shape eccentricities ¢, and
em of the initial state phase during the evolution of the QGP,
in addition to information about the interactions of the final
state [76-78]. Moreover, ac,{3} = (v2vy, cos 2n(V, — W,,))
involves not only the correlation between flow harmonics v,
and vy, but also the correlation between event planes W, and
W,,. The generalized symmetric cumulants scy {6} have
been proposed to explore the collectivity in large systems such
as Pb+Pb collisions at LHC energies [79]. The ALICE ex-
periment measured scs 2{4} and sc32{4} and found that there
is a positive correlation between v, and v4, and a negative
correlation between v, and vs [80], which has shown that
sc,.m{4} is very sensitive to the temperature dependence of
n/s in noncentral collisions [81]. To suppress the nonflow
contribution to sc, {4} and ac,{3}, a subevent method has
been proposed, in which particles in different pseudorapidity
intervals are divided into two or more subevents. The subevent
method has been performed in p 4+ p and p+Pb collisions
using PYTHIA and HIJING models, which shows that the
subevent method can indeed suppress nonflow contributions
[82,83]. The recent ATLAS experimental results have demon-
strated that the signal of four-particle symmetric cumulant
sc3.4{4} and three-particle asymmetric cumulant ac,{3} grad-
ually decreases from the standard method to the subevent
method, as a result of the effective suppression of nonflow
contribution from jets [84].

In this paper, we calculate the four-particle symmetric cu-
mulant sc; 4{4}, three-particle asymmetric cumulant ac,{3},
and their normalized cumulants nsc; 4{4} and nac,{3} based
on transverse momentum conservation and collective flow.
Compared to the recent ATLAS experimental measurements
with the subevent method, we aim to understand and explore
the origin of the collectivity in small systems.

IL sc, 4{4) AND ac,{3) FROM TRANSVERSE
MOMENTUM CONSERVATION

First, we summarize the calculation method of the TMC,
which is assumed to be the only effect of correlations be-
tween final particles. The k-particle probability distribution
f(P1, ..., pr) for the N-particle system with imposed trans-
verse momentum conservation is given by [85-88]

o N
,Pk)—f(Pl)"'f(Pk)N_k

xexp<——(’31+"'+ﬁ")2> (1)
(N =k)p*)p )’

where (p?)r denotes the mean value of p? over the full space
F9

f, ...

o PP
Je F(P)a*p
Our goal is to calculate the four-particle symmetric cumu-

lant scp 4{4} and three-particle asymmetric cumulant ac,{3}.
The four-particle symmetric cumulant and and three-particle

(P)F

@)

asymmetric cumulant are defined as follows:

sco 4{4) = (ei2(¢1—¢2)+i4(¢3—¢4)> _ (ei2(¢1—¢2)>(ei4(¢3—¢4))’ 3)

aC2{3} — (ei2(¢1+¢z*2¢3)>. 4)
A. sc; 4{4}
For four particles, we have
FGro s B = f B0 (o) —
P1,-..,P4) =](P1 p4N_4
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where
) 4
o= ——— pipjcos(¢; — @;), (6)
N =)y i,j;;iq : :
and p; = |pil.

To calculate (g2(#1—#2)+i4(#:=¢4)y at given transverse mo-
menta pi, p2, p3, and pa,
<6i2(¢1 —$2)+i4(¢3 *(154)) 1

P2, P3, P4
B f02ﬂ 2010 +i4 B~ exp(—D)dp; - - - dpa -
= 5 ,

Jo" exp(—@)dg - deps

we expand exp(—®) in ®. In the numerator, the first nonzero
term is given by ®°/720 and we neglect all higher terms.
In the denominator, it is enough to take the first term,
exp(—®) ~ 1, since the next terms are suppressed by the
power of 1/N. To simplify our calculation, we assume that all
the transverse momentum p; are equal. In this case, we obtain

i2(¢1— o )+id (3 — 5p'?
(e 2(p1—h2)+i4(3 ¢4)>|p ~ — (8)
L6(N — 4)°(p*)p
Performing analogous calculations we obtain
4
21— p
(812(¢1 ¢z)) Ip ~ ———— 9
2(N = 2)X(p*)r
and
i4(ds 1) P’
("N pr ———————. (10)
24(N = 2)4(p*)p
Using Eq. (3) we find
5p12 12
se2.4{4} ~ £ £ (1

16N — 4)6(p2)% 48N —2)6(p2)%

B. ac,{3})
For three particles, we have
. . . .. N
fPr, .-y P3) =f(P1)"'f(P3)N_3

2 2 2
Xexp(_ pitpr+p;
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where
2 Z @i —¢). (13
_ i p i cos(¢p;
(N_3)< lj 11<jpp] !
Using Eq. (4) we find
3
IO c) N J—— (14)

IIL. sc; 4{4} AND ac,{3} FROM TRANSVERSE MOMENTUM
CONSERVATION AND FLOW

Next, we calculate the contribution of the TMC and the col-
lective flow to the four-particle symmetric cumulant sc; 4{4}
and three-particle asymmetric cumulant ac,{3}. The particle
emission azimuthal angle distribution measured with respect
to the reaction plane is characterized by a Fourier expansion,

f(p.¢) = g(”)(1+22vn<p)cos[n(¢ wn) (1)

where v,, and ¥, denote the nth-order flow coefficient and the
reaction plane angle. In our calculations we consider v, v3,
and v4 only.

J

(ei2(¢1 —¢2)+id(¢3 —¢74)>

2. i _ i _
5 T oi2($1—¢2)+id(¢s ¢4)f4([71 b,

A. sc; 4{4}

The four-particle probability distribution with TMC can be
written as [87]

Ja(p1, é1, ...
=f(pla d)l)

, D4» P4)

- f(pa, ¢4)N

wexp[ - Pt Pa) Pyt pay)
2N = 4P, 2N =R, )

(16)

where

py = psin (¢), (17)
(P) = 3P r(1 = vap), (18)

Px = pcos(¢),
(Pi)p = %<P2>F(1 + var),
[z v2(p)g(p)pd*p

- , 19
o Jr 8(P)P?d*p >

Using

s Day Ga)dy ... dpy

| p1, P2, P3, pa =

P1=p2=Dp3

and including all the terms up to the one containing the pure TMC effect, X

f()zn Ja(p1, &1, ...
=ps=p, 2D

, (20)
, P4, 4)dy ... da

2 3 4 5 6 .
A1+ X+ 5+ L+ 54 L 1 X we obtain

(PO PITH@DI) | px Ag + A Yy + SAY] + FAY] + LAY + 5ASY) + S AGYY, (22)
where
2
p
Y= — (23)
(N = H({p)p(1 - v3p)
and
Ay = v%vf,

A= 1121)3 + 4v3v] + vgv4

2

Ay = v} + 160202 + 40 + 02 + 300202 + £ v

+ 21)% v4 cos(4Wy — 4Wy) — 6uyp 0321)4 cos(6\W3

27
As = 24v3 + 9v3 + 2340303 +

—210vv9F v§ cos(2W;) — 369v,vpp vf cos(2W;) — 21vavap vy cos(QW, — 4Wy) + 48v§v4 cos(4w,

— 1680, v3v4 cOs(6W3

Ay = 4903 + 43605 + 14Tv3v3, + 26405 + 33280303 + 79203, v3 + 1056v; + 448v] + 3625v5v; +
8721)2 Vo cos(2W,) — 50041)2v2pv3 cos(2W,) — 67281)2U2FU4 cos(2¥,)
— 4W,) + 898v3v4 cos(4W, — 4Wy) — 34920,1 034 cOs(6W3
6Ws + 40y),

+3328v3v; + 436v] —
+ 451}2 v2F cos(4W,) — 8720, v v4 cOS(2W,
+ 45v§F vg cos(4Wy) + 3920v2v§v4 cos(2W¥, —

+ 16v3vF + v —

— 4Wy) + 2400304 cos (W, —

VaUap vi cos(2Wy) + 2v; v§v4 cos(2W, — 6W; + 4W,),

6v2V27 V3 c0S(2W5) — 20V, 25 v cos(2W5)

6Ws + 4Wy),

2
”;F % 7204 + 2402 + 3040202 + 360302 + 2340202 + 240% — 2103028 COSQW,)

—44y)

— 4Wy) + 300003 vy cOS(2W, — 6W;5 4 4Wy),

134403, v;

—4Wy)
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As = 182003 + 712003 + 910003 v3, + 554503 + 470250303 + 27725v3,v3 + 1480003 + 768007 + 47004v3v]
1575
+ 3840003, v2 + 470010307 + 71200] — 525v,v5F cos(2W,) — 23855v3vyr cos(2W,) — > — 03, cos(2Wy)
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+ 1548003 v4 cos(4W; — 4W,) — 65430v27v3v4 cOS(6W3 — 4Wy) + 294003, v cos(4Wy)
+ 527300,03v4 cOS(2W, — 6W; 4 4Wy),

337503 1012503
# + 3404700302, + T”ZF

+ 666216v3v3 + 77085003, v3 + 205956v5 + 12672007 + 637704v3v] + 95040003, vF + 664800V v?

+ 1106861)4 — 28140v,v5F cos(2W;) — 545892v2v2p cos(2¥,) — 70350v2v2F cos(2W,) — 1970532v2v2pv§ cos(2¥,)
— 2142936, 027 v c0s(2W5) + 1156050303, cos(4W;) — 5485800, 0,714 cos(2W, — 4W,)

+ 25741203 v4 cos(4W, — 4W,) — 11698920 v3v4 cos(6W; — 4W,) + 11361003, v4 cos(4Wy)

+ 724092v2v§v4 cos(QW,; — 6W; 4 4Wy). 24)

Ag = 225 +45396v3 + 110941v5 + + 10278007

Note that the above items are approximate results, where we kept the terms up to v?*. The full results and the ratios relative to
the full results are shown in Eq. (A1) and the left panel of Fig. 5 in the Appendix, respectively.
Similarly, we have

(€979 |p ~ By + B\ Yp + 3BaYy, (25)
where
2
14
Yp = — (26)
N = 2)(p)r (1 — v3p)
and
BO = v%,
B, =2v§ + U§ — VaUyr COS(2Wr) — Vo V2p Vg cOSQW, — 4Wy),
2 v2 v2 1
By=1+6v] + 2L 2 F oy 30202, + 4v3 + 2v2Fv3 + 02 + % — 8vavpr cos(2Wy) + 2v2v2F cos(4¥,)
— 8vvpp Vg cOS(QWy — 4Wy) + 3v§Fv4 cos(4Wy). 227)
Finally
(4P |p & Co + CrYe + SCYE + LCYE + LCaYE, (28)
where
2
14
Ye=— (29)
(N =2)(p) (1 = v3p)
and
Co = UZ,

G = v% + 207 — vav2r V4 cOS(2W, — 4Wy),

v3v3
2 2VaF
G =v, +

+ 4v3 + 2v2Fv3 + 6v4 + 3v2Fv4 8vyvarvs cos(QWy — 4Wy) + — szv4 cos(4\¥y),

2, 450303 3 0l
=6v7 + 9v3v3, + 1503 + > + 203 + 30v3,v; — 3v202 cOS(2W5) — 7V2Vr cos(2¥7)

45 1
— 45v,V2F V4 COS(QWy — 4Wy) — ngvg’p v4 cos(QW, — 4Wy) + 9v§F v4 cos(4Wy) — ngvg’ﬂu cos(2W, + 4W,),

3vd 21030
2F a

Cy =14 2803 + 3v3, + 84v3v3, + + 5603 + 1680303 + 21v3,v3 + 7003 + 21003, v]
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10505, v3
4

1
— 320p05F c0s(2W) — 240,03, cos(2W;) + 3v3 V3 cos(4W,) + Eugv;‘F cos(4W;) — 13,03 cos(6W3)

— 224,055 v4 cOS(2W, — 4W,) — 168v2v§Fv4 cos(2W¥, — 4W,) + 84U§F v4 cos(4Wy) + 14ng v4 cos(4Wy)

1
+ gvﬁpvf cos(8Wy) — 8v2vgpv4 cos(2W, + 4Wy). 30)
B. ac,{3)
The three-particle probability distribution with TMC can be written as
N (Prat-+pix)  (pry+---+piy)
B(p1, @1y p3, @3) = f(p1, ¢1) -+ f(p3, ¢3) exp| —— — - : (31)
N-3 2(N - 3)(p2), 2N = 3)(p2),.
We have
2 _
(2002200 | ) o 62@21*"52 20 f3(p1, $rs - p3 $3)d¢hr - . deps
Jo B dr. - p3 @) . dbs
1 , 1 ;1 4
~ Do + D1Yp + -DoYp + 8D3YD + ﬁD4Y , (32)
where
»
Yp=— (33)
(N =3)(p?)r(1—v3)
and
Dy = v3vy cos(4W, — 4Wy),
D) = — vyvapvg cos(RW, — 4W,) + 3U§U4 cos(4W¥, — 4,),

D, = 2v§ + 4v§ + va — 14vyvpv4 cOSQW, — 4Wy) + 151)%1)4 cos(4W¥, — 4Wy) + %U%Fm cos(4Wy),

D3 = 3003 + 4803 + 30v; — 1202025 cos(2W2) — 1770202704 cOS(2W; — 4Wy)+ 930304 cos(4Ws — 4Wy)+ 2 v3 vy cos(4Wy),

Dy = 6+ 32203 + 45607 + 32007 — 27205025 c0s(2W5) — 20040, 05 vg cOS(QW, — 4Wy) + 6510304 cos(4W, — 4W,)

+ 64503, v4 cos(4Wy).

Note that the above items are approximate results, where
we kept the terms up to v>. The full results and the ratios
relative to the full results are shown in Eq. (A2) and the right
panel of Fig. 5 in the Appendix, respectively.

C. nscy,4{4) and nac, {3}

The normalized cumulants are defined as follows:

5C2 414}
v {2)7v4(2)%
acy{3}

v 2PV o2

nscy 4{4} = (35)

nacy{3} = (36)

where v{2} and v4{2} are from Egs. (25) and (28). The nor-
malized cumulants only reflect the strength of the correlation
between v, and vy, whereas the unnormalized cumulants have
contributions from both the correlations between the two dif-
ferent flow harmonics and the individual harmonics.

(34)

IV. RESULTS

Based on Egs. (11) and (14), we present the four-particle
symmetric cumulants sc; 4{4} and three-particle asymmetric
cumulants ac,{3} from transverse momentum conservation
only as a function of the number of particles N for various
values of transverse momenta p = 0.6, 0.9, 1.2 GeV in Fig. 1.
In our calculation, (p?)r = 0.25 GeV?. It can be seen that
the values of scy 4{4} and ac,{3} from transverse momentum
conservation decrease and tend to zero as N increases, and that
scp.4{4} and ac,{3} also increase with transverse momenta p,
which are consistent with the trends found in Refs. [82,83]
using the PYTHIA model. This is a manifestation of the
property of the TMC that it is more effective at smaller N and
rather negligible at larger N.

According to Egs. (22), (25), (28), and (32), Fig. 2 shows
scp.4{4} and ac,{3} from transverse momentum conservation
and flow as a function of the number of particles N for var-
ious values of transverse momenta p = 0.6,0.9, 1.2 GeV. In
our calculation, we set v, = 0.08, v3 = 0.0175, vy = 0.082,
<p2)1: = 0.52, VF = 0025, \1’2 = O, COS[4(\I’4 — \1’2)] = 08,
and cos(2¥,; — 6W3; + 4W,) = —0.15. The values of the
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FIG. 1. The four-particle symmetric cumulants sc; 4{4} and three-particle asymmetric cumulants ac,{3} from transverse momentum
conservation only as a function of the number of particles N for various values of transverse momenta p.

correlations among different combinations of event planes
here are from Ref. [89]. We observe that both sc; 4{4} and
acy{3} decrease with the increase of multiplicity and their
magnitudes are consistent with the data. Note that since the
multiplicity N refers to the number of particles under the
influence of the TMC rather than the number of experimen-
tally detected charged particles, we multiply the experimental
number of charged particles by 1.5 to obtain the total num-
ber of particles N in the experimental data in all figures. In
comparison with Fig. 1, for larger N, scy4{4} and ac,{3}
do not converge to zero, which is caused by the existence

4.5
4 * ATLAS
35 --p=1.2 GeV
-- p=0.9 GeV
3 — =
§ p=0.6 GeV
2.5
[\
&)
@ 2
1.5
1
........ - L
0.5 1 I
0 Il ‘ Il Il \$\ ‘ Il Il Il Il ‘ Il Il Il Il
150 200 250 300

N

of flow due to hydrodynamics. When N is relatively small,
sca 4{4} and ac,{3} increase with increasing momentum p,
whereas when N is large, sc; 4{4} and ac,{3} hardly change
with momentum.

To expound how the TMC and collective flow affect
scy 4{4} and ac,{3}, Fig. 3 presents the respective contribu-
tions from the TMC only (denoted as “TMC”), the TMC and
collective flow (denoted as “TMC+flow”), and plus interplay
(denoted as “’“TMC+flow+interplay”) for p = 0.9 GeV. Here
“TMC” refers to the terms that depend only on N and p,
“flow” refers to the terms that depend only on v, and W,

0.12
* ATLAS
0.1
--p=1.2 GeV
-- p=0.9 GeV
0.08
§ p=0.6 GeV
QY
go.06
0.04
----- -H---:'.H'_"_"_"_‘m':':-'-~—»--~-‘--,l|.-.‘-
j i
0.02—
Ok\ Il Il Il ‘ Il Il Il Il ‘ Il Il Il Il ‘ Il Il Il Il ‘ Il Il Il Il ‘ Il Il Il Il
50 100 150 200 250 300
N

FIG. 2. sc;4{4} and ac,{3} from transverse momentum conservation and flow as a function of the number of particles N for various

values of transverse momenta p. The ATLAS data for 0.3 < pr < 3 GeV in p + p collisions at 13 TeV using the four-subevent cumulant

method or three-subevent cumulant method are shown for comparisons, where the error bars and boxes represent the statistical and systematic
uncertainties, respectively [84].
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« ATLAS

----- TMC+flow+interplay
---- TMC+flow

— TMC

100

150
N

200 250 300

10°
0.12F 7
Lo + ATLAS
01— it
Folt --=-- TMC+flow+interplay
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0.08 '
5 [ I T™MC
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0.06 ;ﬂ
0.04 R t
: ~~---____;‘:“_-_"::_-;—;-:-j-i.-u‘<g--...-_ﬁ__._-.-.*_._.
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N

FIG. 3. scy4{4} and ac,{3} from the TMC, the TMC and collective flow, and plus interplay as a function of the number of particles
N for momentum p = 0.9 GeV. The ATLAS data for 0.3 < pr <3 GeV in p + p collisions at 13 TeV using the four-subevent cumulant
method or three-subevent cumulant method are shown for comparisons, where the error bars and boxes represent the statistical and systematic

uncertainties, respectively [84].

and “interplay” refers to terms that depend on both N, p,
vy, and W, in Egs. (22), (25), (28), and (32). In Fig. 3,
“TMC+flow” means the sum of “TMC” and “flow”, and
“TMC+flow+interplay” means the combination of all three
of the above. We see that collective flow makes the curve
higher and the contribution from interplay is present when
N is small, but almost negligible when N is large. It can be
understood as when N is small, the TMC dominates, and when
N is large, the contribution from collective flow becomes
significant.

Figure 4 shows that the normalized cumulants nsc; 4{4}
and nac{3} from the TMC and flow decrease with the

S IR - ATLAS
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2.5~ Treell el
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(&) L
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< r
’
0.5F
O:\ Il Il ‘ Il Il Il Il ‘ Il Il Il Il ‘ Il Il Il Il ‘ Il Il Il Il ‘ Il Il Il Il
50 100 150 200 250 300
N

increase of multiplicity, which can basically describe the ex-
perimental data. Since Fig. 2 has shown that sc; 4{4} and
acy{3} can describe the ATLAS data, it indicates that our
results on two-particle v,{2} and v4{2} should also be con-
sistent with the experimental data. In the left plot of Fig. 4,
because the TMC contribution is small when N is large, our
results close to 2.0 for nsc; 4{4} at very large N reflect the
correlation between v,{2} and v4{2} produced by hydrody-
namics. In the right plot of Fig. 4, we see that nac, {3} is close
to 1, suggesting that the event planes W, and W, gradually
converge in the same direction at large N, consistent with
the hydrodynamic expectation. The increase in nsc; 4{4} and

h
L * ATLAS
o sl --p=1.2 GeV
. -- p=0.9 GeV
zi —p=0.6 GeV
2 S
Q
©
c

0.5

T T 1T
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N
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FIG. 4. nsc, 4{4} and nac,{3} from the TMC and flow as a function of the number of particles N for various values of transverse momenta
p. The ATLAS data for 0.3 < py < 3 GeV in p + p collisions at 13 TeV using the three-subevent cumulant method are shown for comparisons,
where the error bars and boxes represent the statistical and systematic uncertainties, respectively [84].
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nacy{3} with decreasing N and the increase in nsc; 4{4} and
nac,{3} with increasing p are both due to the TMC effect.

V. CONCLUSIONS

In this paper, we calculated the four-particle symmet-
ric cumulants scp 4{4}, three-particle asymmetric cumulants
ac,{3}, and the normalized cumulants nsc, 4{4} and nac,{3},
originating from the transverse momentum conservation and
flow. As expected, when the number of particles is small,
the correlation comes from the TMC, and when the number
of particles is large, the collective flow is dominant. Our
results are consistent with the ATLAS data using the subevent
cumulant method and therefore allow for a better understand-
ing of collectivity in small systems. In the future, we can
calculate the higher order symmetric cumulants scy ;,,{6} in
the same way to understand how the TMC and collective

J

flow affects the coupling between vi, v;, and v, in small
systems.
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APPENDIX

The full results of the Eq. (24) are as follows:

Ao =vivi,
Ay =v303 + dvdvl 4 vivl —
— 2v2v2Fv3 vg cos(QW, — 4Wy) — v2v2Fv2 cos(2¥,

02
Ay =05 + 16v303 + 405 + v} + 30v3v] + Var Ui

+ 20304 cos(4Wy — 4Wy) — 6v25 V3 V4 cOS(6W3

2 .2
Var Vs

2.2 .2 2 .4
+ 8vv3pvy + 205005 +
— 6v2vyp0? cos(4W

2 V2F U3 2 —

— 20031)21:1)4 COS(2‘~I’2 — 4\1/4) — 481)21)21:1)%1)4 COS(Z\pz

7
+ V303, vy cOS(4W, — 4Wy) +

+ 120203, v3v4 cOSQW; — 6W3 + 4Wy),

2
2F3

27v
Az = 2405 + 9v3 + 2340305 +

— 21002027 v3 co8(2W) — 369020250 cOS(2W3) — 2102025 Vg cOS(2Wa — 4Wy) + 480314 cos(4W,

— 168vyr v§v4 cos(6W¥; —

+ 3603502 + 456v3v3,v] + 35103, v3v] + 36V3,v) —

369
- Tvzngvf cos(2Wy) + —

— 16803 V21 v3 cos(4W; — 6W3) —

VoUsF Ui cos(2¥,) + 2U2U§U4 cos(2¥, —

- 4‘1‘4),
+ 16viv] + v —
— 4‘-1’4) + 24U2U§ V4 COS(Z‘I’Q

2,2 2 2 2.2
+ 15vyv5pv; + 8vypvivy +

+ 7205 + 2407 + 304v3v] + 36v3,v; + 234viv7 + 24v] —

15
> — V3V, V3 cos(4W) + 240303, v] cos(4W,) +

42030303 cos(4W, — 6W3) —

6W; + 4W,) — v3vpp v cOS(2W, — 4Wy)

6U2U2FU§ COS(Z\IJ2) — 20U2U2F UZ COS(Z\I’Q)

VA2
6W; +4Wy) + —=— %tr
2 4

Vypv 1
2F2 L+ Ev%v%,;vf cos(4W,)

6Ws3) + 3v2vZFU4 cos(4W¥, — 8Yy) — 6v2Fv§vZ cos(6W; — 8Wy)
— 4W,) — 2002025 0; cOS(2W, — 4Wy)

v2 v2F v4 cos(4Wy) + 6U§F v§v4 cos(4¥y) + 31)%1: vi cos(4Wy)

2103 vyr cos(2Wy)

—4Wy)

4Wy) + 3000054 cOs(2W5 — 6W3 + 4Wy) + 36v503, + 3510303, v3 + 10803, v3

3.3

21 105 5
7 2V cos(2¥,) — V2V cos(2W,)

105
- v 3,3 cos(2W, — 6W3)

3 05
UZFvg v7 cos(6W3) — TvzugF v7 cos(2W, — 8Wy)

+ 120v2v2Fv4 cos(4¥, — 8W,) — 1681)2}703 v4 cos(6W¥; — 8W,) —

21
— 363v;v2pv4 cos(2W¥, —4W,) — szng v4 cos(2W,
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— 936V,02r V3V4 cOS(2W, — 4W,) — 234,03, 304 c0S(2W, — 4Wy) — 36302025 0] cOS(2Ws — 4Wy)

363
— Tvzngvf cos(2¥, —4W,) + 72v§v§Fv4 cos(4W, — 4Wy) — 3v§v2p V4 COS(6W, — 4Wy)

3
— ngvgﬂm cos(6W, — 4Wy) — 42v§’Fv§v4 cos(6W¥; — 4W,) + 9v2v§F v§v4 cos(2W, + 6W; — 4W,)

525 , ) 3 15 5
+ 144030304 cos(4Wy) + 5 VarV3vs cos(4Wy) + 120v5, v, cos(4Wy) — 7 V2Varva cos(2W, + 4Wy)

— 4v§v§Fv4 cos(QW; + 4Wy) — 9v2v§FU§v4 cos(2W;, + 4Wy) — 4021)3sz cos(2W; 4 4Wy)
+ 450v, v%F v§v4 cos(2W; — 6W3 + 40y),
Ay =493 4 436v5 + 1470303, + 264v3 + 3328v2v3 + 7921)21,1)3 1056v3 + 44807 + 3625v3v] + 13440302
+ 33281)3 v4 + 4361}4 — 8721)@ voF cos(2W;) — 5004v2v2pv3 cos(2¥,) — 6728v2v2Fv4 cos(2W5)
+ 45v303 cos(4Ws) — 8720202714 cOS(2W5 — 4Wy) 4 89803 vy cos(4Ws — 4Wy) — 34920,1v3v4 cos(6W3 — 4W,)

147v§v‘2‘F 3271)31)31,

+ 4503, v4 cos(4Wy) + 39200203 v4 cos(2W, — 6W3 + 4Wy) + 130833, + S -+ 9984v3v3,v3
10875 , 4,
+ 9903, v + 12480303, v3 + 3168v3,v5 + 396v5,v5 + 10875v3v3,v; + 168v5,v; + g V2Vl
4, 32Tv5pv5 3.3 32
+ 99843, v3v] + 1248v3,v3v; + 1308v3, vy + — - 654v;v5, cos(2W2) — 37530505, V3 cos(2W,)

15
— 5046v,v3,vF cos(2W2) + 48v5 V3, cos(4W;) + V3V5 cos(4Wy) + 8v3v3, cos(4Ws)

279
+ 510033, v3 cos(4Wy) + 8503 V5, v3 cos(4W) + 837v3v3, v cos(4W,) + —— 7 ~v?v3 v} cos(4W,)

+ 2196v,03,v3 cosQW) — 6W3) + 366v05,v3 cos(2Ws — 6W3) — 342003 V21 v3 cos(4W, — 6W3)
— 2565v303-v3 cos(4W, — 6W3) — 1050303 cos(6W3) — 13403 v3,v3 cos(6W3) — 4203, v5 cos(6Ws3)
— 14003, v3v? cos(6W3) — 1526v,v3,v] cos(2Ws — 8Wy) + 327003 v3,v] cos(4W, — 8W,)
+ 545030507 cos(4W, — 8Wy) — 34200703 v; cos(6W; — 8W,) — 256503, v3v] cos(6W; — 8W,)
— 642403 V2 vy cOS(2W, — 4Wy) — 654020504 cOS(2W, — 4Wy) — 4818033, 14 cOS(2W, — 4Wy)
— 166400, 027 v3v4 cOSQQW) — 4Wy) — 124800,03, v3v4 cOSQWy — 4Wy) — 64240502503 cos(2W, — 4Wy)

1347
— 4818203, v; coS(2Ws — 4Wy) + 26940305, v4 cOS(4W; — 4Wy) + Tv%ng V4 cos(4Wy — 4W,)

— 15203 v2rv4 cOS(6Ws — 4Wy) — 1140303, v4 cOs(6W, — 4Wq) + 220505, 0304 cOS(2Ws — 65 — 4Wy)
— 2619U§Fv§v4 cos(6W; — 4Wy) + 510v2v§Fv§v4 cos(QW¥, + 6W; — 4W,) + 85v2v§F v§v4 cos(2W; + 6W3 — 4W,)

15 , 1473 , , 2 2
+ 4419v3v3,v4 cos(4Wy) + 5 Varva cos(4Wy) + 5 V2Var Vs cos(4Wy) + 7434v;5v304 cos(4Wy)

105 77
+ 123903, v5v4 cos(4Wy) + 331803, v cos(4Wy) + 553v3,v; cos(4Wy) + ——v3,-v] cos(8Wy) + —— A v3v5 v cos(8Wy)

2
7
+ 285 v3v] cos(8Wy) + ~ v2Fv4 cos(8Wy) — 266v203, V4 cOS(2W5 + 4Wy) — 2880503, v4 cOS(2W, + 4Wy)
49
694v2v2F v3 v4cos(QW; + 4W,) — 288v2v2F v4 cos(2W; +4Wy) + — v2 v2F V4 cos(4W, + 4Wy)

+ 117601)21)2Fv3 vgcos(RW, — 6W3 +4Wy) + 147Ov2v2Fv3 V4 cos(2\IJ2 — 6W5 +49y),
As = 1820v2 + 7120v2 + 9100v2 v2F + 55451)3 + 47025v2v3 + 27725U2F v3 + 148001)3 + 7680v4 + 47004v2 v4

1575
+ 3840003, v7 + 4700103 v] + 7120v] — 525v2v5 c0s(2W,) — 2385503 vy cos(2W,) — > —vyv3 cos(2Wy)
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— 102960002715 cos(2W3) — 120970020250 c0s(2W5) + 2940v3v3 cos(4Ws) — 23895V, v2pv4 cOS(2W, — 4Wy)

+ 154800304 cos(4W; — 4W,) — 654300270304 cos(6W3 — 4Wy) + 294003, vy cos(4Wy)

68251}%1}‘2‘,: 83175v5,v3
2

+ 52730003 v4 cosQW, — 6W3 + 4W,) + 3560005 v3; + s

+ 1335005 v3 + 2351250305, 03 +

705375 176265
= vl u} + 740000303 + 2775008, v} + 2350200303} + 14400003 + —772@ﬁ
705015 71565 525
+ 23500503, v3v] + Tu;‘Fu3 v2 + 3560003, v 4 1335005, v — Tugng cos(2W,) — ?”2”31“ cos(2W,)

23855 5

s ———— VU5, cos(2Wy) — 1544401)21)2Fv3 cos(2¥,) — 128701)21)2Fv3 cos(2¥,) — 181455v2v2F v4 cos(2¥,)
60485

) ——— 005, V] cos(2W) + 32000503, cos(4Wy) + 1470v3v5; cos(4W,) + 1600v3 V3, cos(4Ws)

19785
+ 19785v3v3, v cos(4¥,) + 3 ——— V305V cos(4W,) + 247800313, v cos(4 W) + 1239003 v5,v; cos(4W5)

245 61755
—Mwﬂ;am@hyngwﬁ;mqmm+6nﬁm@wﬁma%—ﬁwg+—7—w@wﬁma%—ﬁwg

— 61920v§v2p v% cos(4¥, — 6W3) — 928801}21)2Fv3 cos(4¥, — 6W3) — 774Ov2 sz v3 cos(4¥, — 6W3)

9265 , .

— 64400303 cos(6W3) — 9265v3 V3, v3 cos(6W3) — 805v3,v3 cos(6W3) — 5 V2V v? cos(6W3)

— 284003, v3 cos(6W3) — 35503, v3 cos(6W3) — 736003, v3v] cos(6W3) — 92003, v3v7 cos(6W3)

1305, 1305 5 4 108855 , ,
5 V2V2r 3 cos(2W; + 6W3) — g V2Varva cos(2W, — 12Wy) — V2l cos(2W, — 8Wy)
108855
g 2V V7 cos(2W, — 8Wy) + 74760v3v3,v] cos(4W, — 8Wy) + 373800505, v; cos(4W, — 8W,)
— 6192021 v3v] cos(6W3 — 8Wy) — 9288003, v3v; cos(6W3 — 8Wy) — 774005, v3v] cos(6W3 — 8Wy)

71685
—1uwm@wﬂamth—4wn—-—?—m@ﬂqu$m 4Wy) — 16615505 v3,v4 cOS(2W, — 4W,)

23895 55385

- UW%MC%QWy—$M)——Z—@@ﬂMmﬁﬁh—4WU—2&&WWWﬂ@M®“$ﬁ—4W@

B 3 2 B B 141015 5 , B _ 3 B
423045v,v; 5304 COS(2W, — 4Wy) VU5 V304 COS(2W, — 4Wy) — 1106950, v07 v cOs(2W, — 4Wy)
332085 110695

- vzng vi cos(2W, — 4W,) — vzngv4 cos(2W¥, —4W,) + 7740002 sz v4 cos(4Wy — 4Wy)

_aw,) — 3 _awyy_ 14625 5 s _
+ 29025112 sz V4 cos(4Wy — 4Wy) — 487505 V2 v4 cOS(6W, — 4Wy) > U5 V35 U4 COS(6W, — 4Wy)
4875 35 10665  , , 3 9
s —— ;U35 V4 cOS(6W, — 4Wy) + Tv2v2F V304 cOS(2Wp — 6W3 — 4Wy) — 981450, v5v4 cOs(6W3 — 4W,)
32715 5 2 .2 4 .2

— TU2FU3 v4 cos(6W3 — 4Wy) + 18300005, v3v4 coS(2Wy + 6W3 — 4Wy) + 9150020, 504 cOS(2W, 4- 6W3 — 4W,)

+ 1148200303, v4 cos(4Wy) + 147003, v4 cos(4Wy) + 5741003 V5, v4 cOs(4Wy) + 17599503, v3 vy cos(4Wy)
175995

2 vgp v3V4 cos(4Wy) + 77960v2F v4 cos(4Wy) + 38980v2Fv4 cos(4Wy) + 44101)2Fv4 cos(8Wy)
10415 , , , 22005 , 5 , 4 4 3
5Vl cos(8Wy) + TUZF v3v; cos(8Wy4) + 390v; vy cos(8W4) — 126000, 05, v4 cOS(2W, + 4Wy)

6835
-—Bem@@ﬂumqmm+4wn—45ﬁm@ﬂum“mw+4wn—-2—@@ﬂquwm+4wu

15505

— 31010v2v§F v§v4 cos(QW, + 4Wy) — vzngvgm cos(2¥, +4W,) — 126201)21)%1}?1 cos(2W; + 4Wy)
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3155 105 5 s
U2U2FU4 cos(QW¥, + 4Wy) + ]3351)2 UZFU4 cos(4W¥, + 4W,) — 3 —— V3V V4 cos(6W, + 4Wy)

395475

+ 2636500503, v3v4 cOS(2W, — 6W;3 4 4Wy) + V2V V304 cOS(2Ws — 603 + 4Wy)

405 4665
— —vgpv§v4 cos(6V; +4W,) — ——

1 6 vzngvf cos(2W, + 8W,),

337503 101250
Ag =225 + 4539607 + 110941v5 + 5 D | 3404700303, + %

4 77085003, v2 + 205956v5 + 12672002 + 637704v3v3 + 95040003, v3 + 664800v3v? + 110686v]

— 281400, 055 cos(2W) — 54589203 var cos(2W5) — 70350003 cos(2Wa) — 19705320, v25v3 cos(2W;)
— 214293603025 v2 cos(2W,) + 11560503 v3, cos(4Wy) — 5485800, 27 v4 cOS(2W, — 4Wy)

+ 2574120504 cos(4W; — 4Wy) — 1169892077 v3v4 cos(6W3 — 4Wy) + 11361003, v4 cos(4W,)

16641150402, 510705v3v%,  4992345vivd,
2 * 2 * 8

, 115627503, v3
+ 499662003 v3, v3 + s + 374746503 v3 - v3

+ 10278005 + 666216v3v3

+ 724092050304 cos(2Ws — 6W; + 4Wy) +

n 1125v§F n 56745v%v§F n 554705v§v§F
16 4 16

1284750807 416385 23170050, v¢ 25744508
4”"”3 + o viuful + 15446700303 + = for%s | 4”"”* + 4782780020202
398565 , o

+ 71280005, v; + 3587085v3v5,-v; + 3960005, v3 + g + 498600003, v3v;

2490435030} | 27671508, v}

+ 373950003, v3v] + 20775005, v3v2 + 83014503, v} + — 136473003 v3,. cos(2W5)

4
— 35;75 V2035 cOs(2W,) — @vg V3 cos(2W,) — 49263300503, v% cos(2W,) — wvzv% v% cos(2¥,)
— 53573400503, v; cos(2W) — 1339335003, v cos(2W,) + 1233150303, cos(4W;) + 115605v3v5; cos(4W;)
+ 1233150305 cos(4W,) + %@vgp cos(4W,) + 12?2 > U5 Sy cos(4Wy) + 592860v3v3,v3 cos(4W;)
148215 , 1297635 , , 1297635 , ,

+ 592860v3v5, v3 cos(4W,) + V3 V5p v3 cos(4W,) + TvzszW cos(4W,) + TUZ v3pv3 cos(4W,)

17415 1575 , ,

1297635
+ v} > ——— 033, cos(6Wy) + —— 4 V2vr cos(8W,)

TR V5,3 cos(4W,) — 232200313 cos(6W,) —

315
+ ?vgng cos(8W,) + 14670900503, v3 cos(2W; — 6W3) + 1467090v,v5,v3 cos(2W; — 6Ws3)

733545
+— V203, v3 cos(2W; — 6W3) — 106116003 vy v3 cos(4W; — 6W3) — 265290003 V3, v3 cos(4W — 6W3)

— 663225030503 cos(4W, — 6W3) — 2462400303 cos(6W3) — 3888600313, v3 cos(6W3)

291645 176985
— 9234003, v3 cos(6¥3) — Tugungi cos(6W3) — 11799003, v3 cos(6Ws3) — Tng v3 cos(6W3)

427815 246105
V3, V3] cos(6Ws3) + V20303 cos(2W, + 6W3)

— 28521003, 0202 cos(6W3) —

49221 4653 39435
+ — 2 vzngv3 cos(2W; + 6W3) — 7 v%ng% cos(4W¥, 4+ 6Ws3) — V20353 cos(2W, — 12W,)
2328165 3099615
— 15521100503, v2 cos(QW, — 8W,) — Tvzv;vj cos(2W, — 8Wy) + Tvgngv4 cos(4W, — 8W,)
3099615 3099615
+ Tv%ngW cos(4W, — 8Yy) + 3—2v§vzﬁFv4 cos(4W, — 8W,) — 10605420, v3v3 cos(6W; — 8Wy)
2651355 5 5, , 3
— 26513551)2Fv3 v4 cos(6W; — 8Wy) — 1 V3 V30U, cos(6W3 — 8Wy) — 1870296v;varv4 cOS(2Wy — 4Wy)
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685725

— 13714500203 - v4 cOs(2W, — 4Wy) — 4675740035 v cOS(2W, — 4Wy) — V203 vg cOS(2W, — 4Wy)

— 11689350, ngm cos(QW,; — 4Wy) — 46556520, voF v3 vq cOos(RW, — 4Wy) — 11639130v2v2F v3 vg cos(QW, — 4Wy)
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- Tvzunggw cos(2W, — 4W,) — 1864836v,v,rv] cos(2W; — 4Wy) — 4662090003, v cOs(2W, — 4Wy)
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2
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+ 330150205, v3v4 cOS(2Ws + 6W3 — 4Wy) + 2678325033, v4 cos(4Wy) + 1136105, v4 cos(4Wy)

56805 2678325 , 2 o
+ 267832503 v3,v4 cos(4Wy) + g Varvs cos(4Wy) + g Vavarts cos(4Wy) + 378954005, v3v4 cos(4Wy)
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4
209145 1660725 2073165 332145
+ — 5 VS, v; cos(4Wy) + Tléﬂ’i cos(8Wy) + Tv%ngv4 cos(8Wy) + ——— 6 V907 cos(8Wy)

414633
Tv%v%vf cos(8Wy) +

9675 8415
Tng v cos(8W,) + ?ugF v3 cos(12Wy) — 4593600,v3 7 v4 cOS(2W, + 4Wy)

— 497720v2v2Fv4 cos(QW; + 4W,) — 172260v2v2Fv4 cos(2W; + 4W,) — 1866451)2 sz v4 cosS(2W; + 4Wy)

- 1597455 5 , 3 .3
— 1064970U2U2F V3V4 cos(2W¥, +4¥,) — TUZUZF V3V4 cos(2W¥, +4¥,) — 429680U2U2FU4 cos(2Y, + 4W,)

+ 378954005, v3v4 cO8(4Ws) + ———— 3, V34 cOS(4Wy) + 167316003, v; cos(4Wy) + 1673160v3,v; cos(4Ws)

602025 120405 48375
TUQF v3v? cos(8Wy) + —— S 8, v3vl cos(8Wy) + Tng vj cos(8Wy)

357255 71451
— 161 130v2v§F vi cos(QW¥, +4¥,) + — ) v%ng v4cos(4W, +4W,) + —— 2 v%ngm cos(4¥, + 4W,)
4059
2
8146035 , , 905115
+ Tvzsz% vgcos(2QW, — 6W3 + 4Wy) +
68013
4

137643 15279
) 003, v; cos(2W; + 8Wy) + —— 0

The full results of the Eq. (32) are as follows:

—, vSF v4 cos(6W, + 4Wy) + 5430690v2v2F v3 vq cos(QW, — 603 + 4Wy)

vzvSF v§v4 cos(2W; — 6W; + 4W,)

5 o 1287 o
V3 V34 COS(6W3 4 4W,) + TvszF V304 cOS(2Wy + 6W3 + 4Wy)

—— 38, vf cos(4W; + 8Wy). (A1)

Dy = v3vy cos(4W, — 4W,),
Dy = — vyvppvg cos(QW, — 4Wy) + 3v§v4 cos(4¥, — 4v,) — —v2 Vo cos(2W,) — 2v2v2pv3 cos(2¥,)
— VaUoF vf cos(2W¥))vor v§v4 cos(6W3 — 4W,),
Dy =203 + 403 + 207 — 14005704 cOsQW, — 4Wy) + 1507 vy cos(4W, — 4Wy) + 3 v2F V4 cos(4Wy) + V3V, + 205,03
+ v2F v4 7v2 vor cos(2W,) — 24v2v2Fv3 cos(2W,) — 14vrvap v4 cos(2W;) + v2F cos(4\¥,)
+ 3020303 cos(2Ws — 6W3) + 2v3v3,v4 cos(4W; — 4Wy) — 12057 v5v4 cos(6W3 — 4Wy)
+ v2 V3704 cOs(4W,) 4 63, v3 vy cOs(4Wy) + v2Fv4 cos(4\¥,),
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FIG. 5. The ratios of the approximate result to the full result, i.e., Eq. (24)/Eq. (A1) (left panel) and Eq. (34)/Eq. (A2) (right panel), as a
function of the number of particles N, for different values of the transverse momenta p

D3 = 30v% + 48v§ + 30v§ — 12v,v7F cos(2W;) — 177vv2F v4 cOS(2W,
+ %v%F V4 co8(4Wy) + 4503035 + 7203503 + 45v3,07 — 125 V3 Uy cos(2W,) — 30203, cos(2W;)

lgs v%v%F cos(2W,) — 246v2v2pv3 cos(2¥,) — '%3 UQUSF v3 cos(2W,) — 162v2v2pv4 cos(2¥,)

82 VU352 cos(2W,) + 32 v%v%F cos(4W,) — v2v2p cos(6W,) + ';3 v2v§Fv3 cos(2W¥, — 6W3)

— 4W,) + 93v3v cos(4W, — 40,)

-5 USF v; cos(6W3) — v2v2Fv4 cos(2W, — 8W,) — 77 vgngm cos(2W, — 4Wy)
+ 22030304 cO8(4W, — 4W,) — 120025 v3v4 cOS(6W3 — 4Wy) — 300305 v4 cOS(6W3 — 4Wy)

+ %v%vgpm cos(4¥,) + &ng vivg cos(4Wy) + 2 v%Fv4 cos(4¥y) — lz—svzngm cos(2W, + 4Wy),
Dy =6 + 322v; + 45603 + 320v; —

272v,V2F cos(2W5) — 20040, v0p v4 cOS(2Wy — 4Wy) + 6511)%1)4 cos(4W, — 4Wy)

+ 645V, v4 cos(4Wy) + 18v3, + 966v3v3, + sz + 48 U%”gp + 1368v3,v3 + 1710303 + 960v3,v]

914v3 Vo cos(2Ws) — 204v,v3, cos(2W,) — ﬂvgvy cos(2¥,)

+ 1200507 —
— 2436002503 c0s(2W,) — 1827v,v3,v3 cos(2W2) — 17360202507 c0s(2W,) — 13020503, v3 cos(2W5)
+ HvJv3, cos(@Wy) + 12305, cos(4Ws) — L vjv3, cos(6%2) + 915v203,v5 cos(2W, — 6W3)

+ 3g5 vzvﬁFv3 cos(2¥, — 6W3) — 147U§Fv§ cos(6¥3) + gv2ng v% cos(2W¥, + 6W3) — 330v2v§’va cos(2W, — 8W,)
— 15030203, v4 cos(2Ws — 4Wy) + 19530303, v4 cos(4Ws — 4Wy) + B3 0705 vy cos(4W, — 4Wy)

— 1152057 v3v4 cos(6W3 — 4Wy) — 864v3,v3v4 cos(6W3 — 4Wy) + 15480303, v4 cos(4Wy) + 220304 cos(4y)
+ 25803 V3 va cOS(4Wy) + 1776V3,v30s cOS(4Wy) + 296053V cOs(4Wy) + 6033, v; cos(4Wy)
+ %v%w cos(4Wy) + MUE‘FW cos(8Wy) —

3220503, v4 cOS(QWs + 4Wy) + L vJv3,vs cos(4W; + 4Wy). (A2)

Based on Fig. 5, the ratios of the approximate results of Egs. (24) and (34) to the full results of Egs. (A1) and (A2) in this

Appendix are both close to 1, with the worst approximations of 99.244% and 99.378% respectively, suggesting that Egs. (24)
and (34) can be good proxies for the results of Egs. (A1) and (A2) in this Appendix.
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