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Observations of anomalies in the electron-positron angular correlations in high-energy decays in *He, ®Be,
and '2C have been reported recently by the ATOMKI collaboration. These could be explained by the creation
and subsequent decay of a new boson with a mass of ~17 MeV. Theoretical understanding of pair creation in

the proton capture reactions used in these experiments is important for the interpretation of the anomalies. We
apply the ab initio no-core shell model with continuum (NCSMC) to the proton capture on ’Li. The NCSMC
describes both bound and unbound states in light nuclei in a unified way with chiral two- and three-nucleon
interactions as the only input. We investigate the structure of Be, the p + "Li elastic scattering, the 'Li(p, y) *Be
cross section, and the internal pair creation "Li(p, e*e~)3Be. We discuss the impact of a proper treatment
of the initial scattering state on the electron-positron angular correlation spectrum and compare our results to
available ATOMKI data sets. Finally, we calculate "Li(p, X ) ®Be cross sections for several proposed models of

the hypothetical X17 particle.

DOLI: 10.1103/PhysRevC.110.015503

I. INTRODUCTION

Motivated by Weinberg’s [1] and Wilczek’s [2] predictions
of a new light boson particle, the axion, which could resolve
the strong charge conjugation parity symmetry (CP) problem
of quantum chromodynamics, and by the suggestion by Don-
nelly et al. [3] to study the angular correlation of the ete™
pairs created in 17 — O nuclear transitions as a signature
for the decay of the axion, experiments have been launched to
detect the new particle. However, no such particle was found
in a %I-MeV/c2 mass range [4,5]. Later, an observation of
a ~9-MeV particle was claimed [6], although it has not been
confirmed. Similarly, motivated by the standard model Higgs
boson prediction, unsuccessful searches have been performed
for light scalar boson particles in nuclear decays. with large
energy release [5,7]. Later, experimental searches for light
vector or pseudoscalar (axion-like) particles had nominally
excluded particles with such quantum numbers in the mass
range of tens of MeV [8,9].

Recently, the ATOMKI collaboration measured the angular
correlation of the ete™ pairs created following the proton
capture reaction on 'Li. They reported an anomaly at ~2140° in
the transition from the second 17 resonance above the p+ "Li
threshold, at the ®Be excitation energy of 18.15 MeV, which
is predominantly isoscalar, and interpreted it as the decay of
a new boson, called X17, of mass ~17 MeV/c2 [10,11]. No
such anomaly was seen in the dominantly isovector transition
from the first 11 resonance at the ®Be excitation energy of
17.64 MeV.
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The ATOMKI collaboration then performed a similar mea-
surement for the e™e™ internal pair conversion in high-energy
transitions to the “He ground state following the capture of a
proton from a triton target. They reported again an anomaly in
the internal pair angular correlations that could be explained
by a decay of a boson with about the same mass as that seen
in the ®Be decay [12]. However, the transitions appeared to be
of the E'1 (vector) character, i.e., it could not be interpreted as
an axion decay.

A later new measurement of the proton capture on ’Li, ex-
ploring also energies between the 1 resonances and slightly
above the 18.15-MeV resonance, reported an eTe™ pair an-
gular correlations anomaly in the off-resonance transitions
implying an E 1 character of the decay [13]. Very recently, the
ATOMKI collaboration reported the X17 anomaly also in the
decay of the ®Be giant dipole resonance in transitions to both
the ground state and the broad first excited state [14].

In their latest experiment, the ATOMKI collaboration in-
vestigated the proton capture on !'B at energies covering the
broad 17.23-MeV 1~ resonance in '?C reporting once again an
anomaly in the e"e™ internal pair conversion angular correla-
tions from the transitions to the ground state consistent with a
~17-MeV boson, the X17 particle, of a vector character [15].

This X17 anomaly triggered many theoretical interpreta-
tions on the particle physics side, exploring, e.g., signatures
of axion-like particles, vector or axial vector bosons, and
dark photons [16-28]. However, other possible explanations
need to be excluded first, including possible issues with
the observation or the interpretation of the data. On the

©2024 American Physical Society
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observation side, several new experiments have been proposed
and initiated to provide an independent verification of the
anomaly, with data collection already completed for some
of them [29-33]. At the same time, the CERN experiment
NA64 eliminated much (but not all) of the allowed parameter
space for a vector X17 boson [34] with follow-up experiments
proposed at the CERN SPS [35]. On the interpretation side,
it is worthwhile to investigate the pair production processes
considering the complex nuclear structure and reaction effects
[36-38].

The nuclear transition form factor as a possible origin of
the anomaly was investigated in Ref. [36] but it was found
that the required form factor is unrealistic for the ®Be nu-
cleus. A detailed ab initio investigation of the internal pair
conversion and creation and decay of various hypothetical
bosons in the proton capture on *H has been performed using
the hyperspherical harmonics method and realistic nucleon-
nucleon (NN) and three-nucleon (3N) forces in Ref. [37].
Overall, these calculations were able to reasonably reproduce
the ATOMKI p + 3H data although they called for more ac-
curate measurements of the pair-production cross sections by
performing experimental studies in a wider range of energy
and eTe™ angles. Angular correlations in the ete™ decay
of the 18.15-MeV excited state in Be were investigated in
Ref. [38]. The available cross sections and angular distribu-
tions for the "Li(p, y) proton capture reaction were examined
through an R-matrix analysis that established the dominance
of the E1 and M1 multipoles in the transition. The resulting
analysis indicated that the ATOMKI measured e*e™ angular
correlations fall off too rapidly with angle, falling below the
R-matrix expectations at angles greater than 100°.

In this work, we present an in-depth study of the p+ 'Li
capture reaction within the ab initio no-core shell model with
continuum (NCSMC) approach that allows us to describe si-
multaneously the structure of ®Be, the "Li(p, p) proton elastic
scattering, the radiative capture 7Li(p, y)gBe, the internal
pair conversion "Li(p, e*e™) ®Be, as well as the X17 boson
production "Li(p, X ) *Be and decay for a variety of candidates
for the hypothetical boson. It should be noted that within the
NCSMC formalism, contrary to other methods that have been
applied to calculate the Be decays so far, we are able to com-
pute both resonant (emission from a discrete nuclear excited
state) and nonresonant e®e™ pair production in pertinent nu-
clear processes (in this paper for the production of Be) with
realistic isospin-breaking effects, mediated by a virtual photon
or by X17. Our formalism for the eTe™ internal pair conver-
sion is consistent with that of Ref. [37], which is somewhat
more general than that of Ref. [38]. We compare our results
to the 2016/2019 ATOMKI data [10,11] as well as to their
latest measurements performed at the two 17 resonances and
at two energies between the resonances [13]. The rest of the
paper is organized as follows. In Sec. II, we briefly review the
NCSMC method, the description of radiative capture, and the
internal ete™ pair production theory. We present our results in
Sec. 111, and conclude in Sec. IV. The nuclear transition matrix
elements of electromagnetic multipole operators are briefly
reviewed in Appendix A. The details of the derivation of the
radiative capture and the internal e*e™ pair production cross
sections are presented in Appendices B and C, respectively.

II. THEORY
A. NCSMC formalism

As we aim at describing the processes in the *Be com-
posite system in-between the p+ ’Li and n+ 'Be thresholds,
we must consider explicitly the p+ Li and n+ "Be clusters.
This is more general than what was done in past NCSMC
applications, where the inter cluster dynamics was described
using the isospin as a good quantum number [39—41]. The
ansatz for the NCSMC wave functions is a generalized cluster
expansion

tid d T y")]ﬂ(r) A tid
v )=;ci Y, )—i—;/drrzT-Av‘@ir)' )

The first term is an expansion over no-core shell model
(NCSM) [42-45] eigenstates of the aggregate system |AAJ™)
(here ®Be, A = 8) calculated in a many-body harmonic os-
cillator (HO) basis. The second term is an expansion over
microscopic cluster channels A,|®’") which describe the
clusters ("Li +p and "Be +n) in relative motion:
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where [(A — 1)al™) and [N {) are the eigenstates of the
target ("Li or "Be) and the single-nucleon projectile N (p or
n), respectively. The cluster channels enable the description
of scattering states as well as bound states including extended
(halo) states in the NCSMC. The "Li and "Be eigenstates (cal-
culated within the NCSM) have angular momentum /, parity
7,, and energy label «. Here r denotes the distance between
the clusters, s is the channel spin, and v is a collective index
of the relevant quantum numbers. In general, the “He 4 “He
cluster should also be included in the expansion of Eq. (2).
In fact, ®Be is unbound and decays into 4He + “He nuclei.
For technical reasons, we have not included the “He +*He
mass partition in the present work (see, however, our re-
cent progress in the microscopic description of the “He - “He
scattering [46]). As we focus here on the low-energy proton
capture on 'Li where resonances have near-zero o width with
a decay to the very narrow 0" ground state, the impact of
“He 4 *He channels is expected to be negligible. The coef-
ficients ¢] and relative-motion amplitudes ;" (r) are found
by solving a two-component, generalized Bloch Schrodinger
equation derived in detail in Ref. [41]. The A, term is the
intercluster antisymmetrizer:

A A—1)!
A= e e, 3)

P#id

where the sum runs over all possible permutations of nucleons
P (different from the identical one) that can be carried out
between the target cluster and projectile and p is the number
of interchanges characterizing them. The resulting NCSMC
equations are solved using the coupled channel R-matrix
method on a Lagrange mesh [40,47].
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FIG. 1. The Feynman diagram and kinematics for radiative
capture. P and Q are four-momenta of the nuclei and photon, re-
spectively, where, e.g., Pr = (Er/c, pr) and Q = (w/c, §).

The input to the present NCSMC calculations is a mi-
croscopic Hamiltonian with the NN chiral interaction at
next-to-next-to-next-to leading order (N*LO) with a cutoff
A =500 MeV developed by Entem and Machleidt [48],
denoted as NN-N3LO(500). In addition to the two-body in-
teraction, a 3N interaction at next-to-next-to leading order
with simultaneous local and nonlocal regularization [49-51] is
included. The whole interaction (two- and three-body) will be
referred to as NN+4-3N(Inl). A faster convergence of our NC-
SMC calculations is obtained by softening the Hamiltonian
through the similarity renormalization group (SRG) technique
[52-55]. The SRG unitary transformation induces many-body
forces that we include up to the three-body level. Four- and
higher-body induced terms are small at the Aggg = 2.0 fm™!
resolution scale used in the present calculations [56]. The
NCSM and NCSMC basis size is characterized by the pa-
rameter Np.x defined as the number of HO excitations above
the lowest allowed Pauli configuration. Further, the basis de-
pends on the HO frequency selected to be A2 = 20 MeV
for which the ground-state energies of the investigated nuclei
present a minimum. We note that the microscopic Hamilto-
nian, the SRG resolution scale, as well as the selected HO
frequency are the same as those used for °Li calculations
in Ref. [56]. For technical reasons, we are not able to reach
basis sizes beyond Npy.x =9 in the NCSMC calculations
for ®Be.

B. Radiative capture

The process 'Li(p, y) ®Be is a fusion reaction known as ra-
diative capture. The Feynman diagram for a general radiative
capture nuclear reaction 7 (P, y)F is presented in Fig. 1, in
which a projectile (P) collides with a target (7). They fuse,
resulting in the composite nucleus (F') and the emission of a
photon (y).

The initial scattering state and final bound state can both
be described effectively by the NCSMC formalism. In either
case the coefficients of Eq. (1) are found for a given total
energy. If this energy is under the breakup threshold (here
for p+’Li), then asymptotics of a bound state are given
by Whittaker functions. In contrast, for energies above the
threshold, the asymptotics of a scattering state are given by
Coulomb functions and a different set of coefficients are found

TABLE L. The included partial waves of the initial p 4 "Li scat-
tering state for £1, M1, and E?2 transitions to the *Be (0") ground
state. The spin and parity of the proton (%+) couple with those of the

ground state of "Li (%7 ).

Jr - 1+ 2+
5 11 2 1 2 11 2
G 0 2 2 1 1 3 1 3 1 3

with respect to each possible initial channel v; (describing
the cluster decomposition) and partial wave denoted by the
orbital, spin, and total angular momentum quantum numbers
(;, s;, and J; respectively). The partial waves given in Table I
contribute to the initial state of our calculations for the capture
to the ground state.

The transition operator for photon emission [57] is ex-
panded in a linear combination of the transverse electric and
magnetic response operators (A8) and (A9), i.e.,

—&; - J(q) =Y (YN j[TE (@ + 2T, @], @
J

where A is the photon polarization, ] = /2 + 1, and ¢ = |§|
is the photon momentum (for a physical photon ¢ = w/c
where w is the total energy of the transition determined by
the difference between the initial kinetic energy and final-state
binding energy).

The differential cross section for radiative capture can be
calculated by evaluating this transition operator between the
initial scattering state wave functions |W{"7"*)) and final

. f .
bound-state wave function |\IJ]f M; ), i.e.,

do q = x
= _ PR Z Z |(\I,J/ fo|

mymp AMy

x [—&; - T (@1 wirm)P, 5)
where v is the initial P-T relative velocity. The initial-state
spin projections my and mp are averaged while the final-state
projections My are summed. J is the total angular momentum
quantum number of the final bound state while sp and sr
are the spin quantum numbers of the projectile and target,
respectively. The sum over A runs over the two transverse
polarizations of the photon, i.e., A = *1.

The wave function for the initial scattering state is ex-
panded over a coupled basis and can be written with the
normalization and Coulomb phase oy, explicit, i.e.,

4 N i
pwre) = LS gl
LisiJi
X (sypmyspmpls;(mr + mp))
X (si(my + mp)¢,0lJi(mr + mp)),  (6)
where k = /2 Ex, /R is the relative P-T wave number, with
u the reduced mass and Ey;, the relative kinetic energy. The

notation X stands for /2x + 1. See also Eqgs. (B10) and (B11)
and the corresponding discussion in Appendix B.
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Making use of the low-energy expansion of the elec-
tromagnetic operators (A17) and summing over the photon
polarizations, the photon production total cross section can be
approximated by

)2]-&-1

vk2 A2A2 Z [(2] + D2

j+1
Z‘ J,ch]

LisiJi

; (N

where j is the multipolarity of the electric (x = E) or mag-
netic (k = M) transition operator. See Appendix B for a
detailed derivation, with the resulting Eq. (B25) equivalent to
(7). Comparing this expression to, e.g., Eq. (1) in Ref. [58], the
differences are due to alternative conventions in the scattering
wave function (6) normalization.

The matrix elements are defined by:

MG g, = (7 | M5 || ), @®)
where we evaluate the E'1, E2, and M1 operators, which read
G R
M, = e —Zr] V(). )
i=1

A
pun |3
MY = 7o\ 1 Z(gziLi + 8siSi), (10)
i=1

where e is the elementary electric charge; uy is the nuclear
magneton; r; and 2; are the single-nucleon position relative
to the center of mass of the A-nucleon system; and gy, 7;;, S,
and L; are respectively the gyromagnetic factor, the isospin,
spin, and orbital angular momentum (defined with respect to
the center-of-mass) operators of the ith nucleon and gy; is 1
for protons and O for neutrons.

C. Internal e*e™ pair production

If the photon emitted in a y-decay or radiative capture
has high-enough energy (o > 2m,c?, where m, is the elec-
tron mass), then an electron-positron pair may be produced.
Diagrammatically this is shown in Fig. 2. The rate is much
lower than photon decays (except in 0t — O transitions
where y decays are forbidden [59,60]) but recent experiments
have been able to measure the rate, in particular in radiative
capture reactions [10] where additional energy is provided by
the initial kinetic energy of the projectile. The relevant nuclear
operators and kinematics are analogous to electron scattering
[61,62].

The amplitude for pair production involves the interaction
between the charged nuclear current (7,,) and leptonic current
(£,,). We evaluate the matrix elements of the charged nuclear
current density operators 7, (q) = (p(q), j (q)) through the
multipole expansion described in Appendix A. The lepton cur-
rent is defined with (anti-)leptons modelled via Dirac spinors
[v(P4)]u(P-) and a Dirac gamma matrix y,, corresponding to
the photon-lepton vertex of Fig. 2, i.e.,

0 = B (P_)(iey, v (Py). (11)

i.(a) 1, (A)
P F

;Afa e

FIG. 2. The Feynman diagram and kinematics for radiative cap-

ture with pair production. P, = (E,/c, p,) and P = (E_/c, p_)

are the four-momenta of the positron and electron respectively. The

four-momenta of photon is integrated out and hence Q = (w/c, §) =

P, + P_ is fixed and represents the total transfer energy w and
momentum g.

Via a sum over the outgoing spinor indices, the lepton
tensor £y, = > 2,1 is simplified into a function of four-
momenta which combine into six kinematic prefactors of
different combinations of nuclear transition matrix elements
(after summation over initial and final states and integration
over the intermediate photon momentum). See Appendix C
for details.

The differential cross section for pair production in ra-
diative capture, describing the probability distribution of pair
energies and angles per unit input flux, can be simplified into
the expression:

o pip-
nfins 12
dE.dQ.dQ_ 32750 O Z” (12)

equivalent to Eq. (C42) in Appendix C, where E, is the energy
of the positron (the energy of the electron E_ is fixed by
energy conservation). 2, and Q_ are the solid angles into
which the positron and electron are emitted. The electron and
positron momenta, p, and p_, are determined from E, by
their dispersion relations. Each term in the sum is a combi-
nation of a kinematic factor (v,) and a product of nuclear
transition matrix elements (R,), consistent with the notation
in Ref. [37]. In this expression we neglect the recoil of the
final nucleus and present the kinematic factors in natural units
(suppressing factors of 7 and c). Note that the term R, is
proportional to e* = 1622, whereas the radiative capture
squared amplitude is proportional to e? = 47 a.

D. Hypothetical intermediate particles

In the low-energy limit, the cross section for emission of a
hypothetical boson in radiative capture is calculated by insert-
ing a new operator O™ into the transition matrix element of
Eq. (7) [using the same notation as Eq. (8)], i.e.,

87Tq)( X)
hvk2 A2A2 Z |OJ/VK

where gx = vw? — myc*/c is the momentum carried by the
new particle and w is the total transition energy. We consider

13)
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only the leading multipole j = 1. Any possible interference
between y and X is not considered in the present calculations.

For a vector particle, we set the operator proportional to the
electric dipole operator, E'1 [19], i.e.,

0V gx) = ev Z ¥ (14)
eh
For a pseudoscalar (axion-like) particle, the operator [3]
reduces to the nuclear spin in the long-wavelength limit, i.e.,

A
OP(ge) = er B 3 s, (15)

i=1

The operator for an axial vector particle is also proportional
to the nuclear spin [16], i.e.,

> A
ONgx) = ex [2+ —o— 3 S, 16
(gx) = €a,[2+ e 2 (16)

In principle, the couplings ex would be fitted to match
experiments.

III. RESULTS

A. NCSM calculations for "Li and 7"*Be

The ansatz of the present NCSMC calculations re-
quires the NCSM eigenstates and eigenenergies of ’Li and
"8Be. For the expansion in Eq. (1), we used the "Li and
"Be 3/2 ground states and the first four excited states,
1/27,7/27,5/27,5/27, and the lowest 15 (15) positive-
(negative-) parity eigenstates for ®Be with J ranging from
0 to 6. We have performed the NCSM calculations up to
Nmax = 10. However, for technical reasons only up to Nyax =
9 eigenstates were used in the NCSMC calculations.

The dependence of the low-lying excitation energies of "Li,
"Be, and ®Be on the basis size is shown in Figs. 3(a)-3(c),
respectively. For "Li and ®Be, these results were already re-
ported in Ref. [51]. For 'Be, we only show the four lowest
excited states employed in the present NCSMC investigation.
For ®Be, we show only the four excited states experimentally
below the p+ Li threshold and the two 17 states above the
threshold that are key to the present study for clarity of the
figure. It should be noted, however, that we still include eight
higher positive-parity states not shown in the figure as input
for the NCSMC. Overall, the agreement with experiment is
satisfactory as is the Np.x convergence. We also note the
correct order of the calculated states compared to experiment.

The ground-state energy dependence on the basis size
for all three isotopes is presented in Fig. 3(d). The extrap-
olated NSCM 'Li, "Be, %Be ground-state energies to the
infinite basis size are —38.4(2) MeV, —36.7(2) MeV, and
—55.6(3) MeV, respectively. Comparing to the experimental
values of —39.245 MeV, —37.60 MeV, and —56.50 MeV,
respectively, the computed states are underbound by about 2%
. The theoretical uncertainty is due to the extrapolation to the
infinite basis size performed using the exponential function
E(Nmax) = Eoo + ae™?mx and varying the number of Npax
points.

TABLE II. NCSM and NCSMC energies of the lowest five states
of ®Be with respect to the "Li +p threshold (left) and their excitation
energies (right) compared to experiment. The NN+3N(Inl) interac-
tion [51] in the Np.x = 8 space was used. Experimental data are from
Ref. [63]. See the text for further details.

Energy (MeV) Excitation energy (MeV)
NCSM NCSMC  Expt. NCSM NCSMC  Expt.
0t —-1596 —16.13 —17.25 0.00 0.00 0.00
2t —1251  —1272 —14.23 3.45 3.41 3.03
4+ —-3.97 —4.31 —5.91 11.99 11.82 11.35
2+ +0.76 —0.10 —-0.63 16.72 16.03 16.63
2+ +1.09 +0.31 —-033  17.05 16.44 16.92

B. NCSMC calculations for ®Be

We performed NCSMC calculations for 8Be in Ninax =
4, 6, 8 basis spaces. The Be NCSM negative-parity states en-
tering the expansion (1) were obtained in Np,x+1 spaces, i.e.,
up to Nmax = 9. In the following, we use, e.g2., Nmax = 8 and
Nmax = 9 interchangeably to refer to the same set of NCSMC
calculations as both spaces contribute simultaneously in the
cross-section calculations. The NCSMC ground-state energies
are shown in Fig. 3(d) and the separation energies with respect
to the 7Li 4 p threshold as well as the excitation energies for
the lowest five states obtained in the Np,x = 8 space are given
in Table II. Comparing to the input NCSM calculations, we
can see a clear improvement. The lowest four calculated states
are below the "Li +p threshold as in experiment, only the third
27 state is slightly above the threshold. Energies of the 0}, 2},
and 4f states are overestimated by about 1 MeV, which can
be attributed to the neglect of the “*He + “He mass partition
in the present calculations. Because of that, we describe the
states below the "Li +p threshold as bound with a zero width
in contrast to the experiment in particular for the 2] and
4;“ states. As stated before, the 0 ground state of ®Be is
experimentally very narrow. The approximation we are using
is satisfactory for its description.

Figure 4 shows the eigenphase shifts for scattering with
"Li +p and "Be +n channels. Calculations for Ny, = 9 are
shown. The eigenphase shifts § are calculated from the eigen-
values ¢*® of the S matrix. The § matrix is computed as a
function of the energy in the center of mass, shown here up
to 8 MeV. The eigenphase shift corresponding to the third
2+ state, which is below the "Li +p threshold in experiment
(see Table II), shows up as an extremely narrow resonance
and can be seen in the bottom-left corner of Fig. 4(a). The
next two resonances are 17 states which correspond to the
spin aligned and antialigned interactions between the proton
and the %7 ground state of 'Li. These 17 resonances are of
particular interest for the present investigation as discussed in
the Introduction. They correspond to the experimental 17.64-
and 18.15-MeV 1% excited states in *Be. We note that the
"Li +p threshold is experimentally at 17.255 MeV, i.e., those
two resonances appear at 0.385 and 0.895 MeV above the
threshold, respectively.
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FIG. 3. Excitation energies from the NCSM for (a)’Li, (b) "Be, and (c) ®Be. The lowest states most relevant for input to the NCSMC are
in the correct order. Only the lowest five states are shown for 'Be. (d) The convergence of the NCSM ground-state energies of "Li, 'Be, and
8Be with the model-space parameter Ny,.x. Extrapolations to infinite Ny, with their uncertainties are presented on the right. For 8Be, NCSMC
results (diamonds) are also shown. The NN+3N(Inl) interaction [51] was used. Experimental data are from Ref. [63]. See the text for further

details.

Many more resonances are predicted past the threshold of
"Be 4+n which is higher than Li+p. We reproduce the 3*
pair in particular, which is well established experimentally
and find several resonances additional to the TUNL evaluation
[63]. For example, we find a 0% resonance below the 3%
pair and a pronounced 0~ resonance near the "Be(1/27) +n
threshold. It is more dominant in our calculation than the 2~
resonance established experimentally [63]. The cusps seen in
the negative-parity eigenphaseshifts in Fig. 4(b) appear at the

thresholds: 2~ at "Be(3/27) +n, 0~ at "Be(1/27) + n, and
4~ at 'Be(7/27) +n.

The centroid energies with respect to the 'Li+p thresh-
old and widths of the 17 and 3" resonances obtained in the
Nmax = 9 space are presented in Table III. NCSMC resonance
characteristics are extracted from the eigenphase shifts with
the centroid position Es given by the inflection point and the
width calculated as (see, e.g., Ref. [64]) [ = —2— with the

dE |Eres

§ in radians. The NCSMC results presented in the second and
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FIG. 4. "Li +p eigenphase shifts for even- (a) and odd- (b) parity
channels obtained within NCSMC. The NN+3N(Inl) interaction in
the Npmax = 9 space was used. E;, is the kinetic energy of the Li+ p
in the center-of-mass frame.

third column overestimate somewhat the energy and the width
of the lowest 1% state. The second 17 state is obtained close
to experiment. Similarly, the the 3% resonance positions and
widths are overestimated with the second 37 state described
better compared to experiment. For completeness, we also
show the NCSMC predictions for the third and fourth 1%
states that do not have experimental counterparts at present.
The fourth state is particularly broad. We do not show the cen-
troids and widths of the 0" and other higher-lying resonances
as they will likely be impacted by the “He - *He mass partition
not included in the present calculations. The convergence of
the 17 eigenphase shift with Ny, is shown in Fig. 5(a). The
lowest two resonances show a good stability with respect

TABLE III. NCSMC and NCSMC-pheno resonance centroids
(Ers) and widths (I'), in MeV, of 17 and 3% states compared to
experiment [63]. See text for details.

NCSMC NCSMC-pheno Expt.
J:IT E]"ES F ETES F EI"CS F
17 0734 0.0899 0.390 0.0126 0.385(1) 0.0107(5)
17 1.098 0.1332 0905 0.1083 0.895(4) 0.138(6)
17 2788 07839 2.501 0.468 N/A N/A
17 2.868 3.0094 2933 3.047 N/A N/A
37 2646 07941 2376  0.5669  1.815(3) 0.270(20)
37 2868 0.3894 2546 0.2579  1.980(10) 0.227(16)
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FIG. 5. (a) Dependence of the "Li 4p eigenphase shifts in the 1*
channel on the NCSMC basis size characterized by Ny (b) Selected
diagonal "Li 4+p P-wave phase shifts in the 1* channel at Ny, = 9.
(c) Selected diagonal P-wave "Li+p and "Be +n phase shifts for
J™ =3% and 4" channels at Ny, = 9. The NCSMC calculated
"Be +n threshold is at 1.72 MeV compared to the experimental
1.64 MeV. Ey;, is the kinetic energy of the Li+ p in the center-of-
mass frame.

to the basis size change, i.e., there is little difference for
Nmax = 9 and 7. The structure of the resonances is revealed by
examining the diagonal phase shifts shown in Fig. 5(b). While
all three 17 resonances are of P-wave character, the lowest
two are built on the 3/2~ ground state of "Li with the first one
with the channel spin s = 2 (parallel spins of p and "Li) and
the second with s = 1 (antiparallel spins); see also Fig. 6. The
third 1+ resonance is built on the 'Li 1/2 exited state. We
can also extract the isospin character of the resonances with
the first being predominantly 7 = 1 and the second 7' = 0.
The diagonal phase shifts of the two lowest 3" resonances
and of the lowest 4 resonance, all of P-wave character, are
shown in Fig. 5(c). Interestingly, the first 3* resonance is built
on the ground state of ’Li+p while the second one on the
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FIG. 6. Eigenphase shifts and diagonal phase shifts obtained
within the NCSMC-pheno approach at N, = 9. The vertical
dashed-dotted lines mark the experimental resonance positions. See
the text for further details.

ground state of 'Be 4. The 4* resonance is built on the 7/2~
excited state of Li. All three resonances have the target and
projectile spins aligned.

C. Phenomenologically adjusted NCSMC

Before proceeding with the calculation of the capture cross
sections, the NCSMC results were phenomenologically ad-
justed to reproduce experimental thresholds and positions of
the two 17 resonances (i.e., their energies, not widths) in
an approach known as NCSMC-pheno [65,66]. This step is
necessary to obtain a quantitative evaluation of the capture
cross section. The resulting evaluation embodies an advanced
microscopic understanding of the underlying nuclear struc-
ture and reaction mechanism obtained from a chiral NN+3N
Hamiltonian but is no-longer a purely theoretical prediction.

We performed the NCSMC-pheno calculations for the
Nmax = 8 model space. The phenomenological modifications
are rather small and were accomplished first by adjusting the
NCSM calculated "Be +n threshold 1.7189 MeV with respect
to the ’Li +p obtained at Ny.x = 8 to the experimental value
of 1.6446 MeV. Second, we adjust the excitation energies of
"Li and "Be to the experimental values, again a rather small
modification (with the largest shifts of &1 MeV for the second
5/27 states) as the NCSM reproduces these energies reason-
ably well as seen in Figs. 3(a) and 3(b). All these energies
serve as input to the NCSMC. Third, we fit the 8Be NCSM
input energies to reproduce the experimental ®Be energies in
the NCSMC calculations. In particular, we fit the two 17 reso-
nances of ®Be. Further, the 2,7, 2, and 27 states were brought
closer although not exactly to their experimental positions. In
particular, the 2 state became bound. No other J™ channels
were adjusted.

The impact on the two 1% resonances of interest can be
judged by examining the NCSMC and NCSMC-pheno results
presented in Table III and by comparing Figs. 5(b) and 6.
As seen in Table III, the widths of the two lowest 17T states

predicted by the NCSMC-pheno are in a good agreement
with experiment. The 3% resonance centroids and widths are
also closer to experiment compared to the original NCSMC
calculations. As discussed above, the 3" resonance energies
have not been fitted to experiment unlike the 11 resonance
energies and the changes seen in Table II1, all in the direction
towards experiment, are due to the adjustments of the "Li and
"Be energies.

D. p + "Li scattering

The NCSMC formalism allows to describe simultaneously
the structure of ®Be as well as nuclear reactions of subclus-
ters. The simplest process relevant to the present study is
the elastic proton scattering on 'Li. The differential cross
section can be obtained from the NCSMC-computed multi-
channel S matrix. As an example, we show the differential
cross section for 'Li(p, p)'Li elastic scattering in Fig. 7.
The calculation is compared to data from inverse kinematics
experiments, i.e., p("Li, 'Li)p. The laboratory energy is 5 and
5.44 MeV per nucleon (i.e., 'Li with a beam energy of 35 and
38.1 MeV) [67,68]. These energies are beyond the point at
which phenomenological shifts of the resonances are applied
as described in Sec. III C. Our calculations predict a very large
number of resonances and their individual contributions to
the cross sections have not yet been fully analyzed. Up to
about 125°, the calculations reasonably reproduce the data.
For larger angles, the cross section is overestimated, which
is likely caused by incorrect positions of resonances in the
scattering energy range. In Fig. 7(b), the dependence of the
differential cross section on Ny,.x and the pheno correction is
shown. Clearly, the Ny« dependence is small and the impact
of the phenomenological corrections minimal.

The cross sections for inelastic scattering and charge-
exchange reactions, 'Li(p, n) 'Be and "Be(n, p) 'Li, are also
obtained in our formalism. Results will be presented and com-
pared to data in a future publication.

E. Radiative capture

Using Eq. (7), we calculate the radiative capture cross
section between the initial cluster scattering state and the final
¥Be 0 ground state or the 2] excited state both treated as
bound, considering E'1, M1, and E2 multipolarities. In Fig. 8,
we compare the NCSMC-pheno predictions of astrophysical
S factor proportional to the integrated cross section to the
experimental data of Ref. [69]. The S factor is defined by

S(E)=0(E) E exp(2mn), (17)

with n = ZpZr €*/hv the Sommerfeld parameter describing
the S-wave barrier penetration and v = /2E/u the relative
target-projectile velocity. After phenomenological adjustment
the calculations match the data very well. The adjustment
shifts the position of the peaks but the size of the background
(E1) transition strength is already fairly well predicted in the
original calculation (not shown in the figure), indicating that
the ab initio wave functions are quite realistic.

For much of the energy range the dominant term in
the integrated cross section is the E1 transition strength,
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FIG. 7. The differential cross section for "Li(p, p) "Li elastic scattering. @ is the angle between the incoming proton and outgoing
proton in the center-of-mass frame. (a) A comparison between inverse scattering data at 5 and 5.44 MeV/u and NCSMC calculations at
the corresponding center-of-mass energies: £ = 4.38 and 4.76 MeV. Data from Refs. [67,68]. (b) The convergence of NCSMC calculations at
E = 4.76 MeV with the input parameter N,.. The effect of the phenomenological correction described in Sec. III C is also shown.

corresponding to transitions from the 1~ partial wave, in the
case of transitions to the ground state. However within the
1" resonances, the M1 transition strength is greatly enhanced.
This is in particular true for the 1, resonance which is dom-
inated by isospin 7 = 1 and allows an isovector decay to the
T = 0 ground state and the 2] state of Be. The second 1+
resonance is dominated by the isospin 7" = 0 and thus the
M1 decays are isospin suppressed. Still, we find some M1
enhancement above the E'1 background. For the spin-spatial
structure of these two resonances, see Figs. 5(b) and 6 and the
discussion in Sec. III B. The E'1 and M1 contributions to the
integrated y-capture cross section are shown in Figs. 10(b)
and 11. The E2 transition strength is negligible at the order of
1% [shown in Fig. 10(b)].

S-factor ("Lig/y(p, 7)®Be)

Y — NCSMC Y0
1024 ¢ NCSMC: v + 71
¢ Data: g
Data: Yo+ M

a

10'+
°
=
« 4

100 ]

00 02 04 06 08 10 12 14
E [MeV]

FIG. 8. The S factor for "Li(p, y)®Be calculated at Ny, =9
within NCSMC-pheno. y, indicates proton capture resulting in the
ground state of ®Be while y, is the contribution to the capture to the
first excited state (2*) of 3Be. Data points are taken from Ref. [69].

F. Pair production

Applying the formalism discussed in Sec. II C and in the
Appendix C, we calculate the internal e™e™ pair conversion
differential cross section [i.e., Eq. (C51)]. The cross section
is dominated by the E1 and M1 contributions. Using the
relation (A12) and the approximations of (Al7) we use
electric multipoles in the place of Coulomb and longitudinal
current operators. The E2 contribution is suppressed by
several orders of magnitude. The calculated internal pair
conversion differential cross-section dependence on the angle
between e and e~ at the "Li+p center-of-mass energy of
the 18.15 MeV 15 resonance is presented in Fig. 9. The solid
lines represent the total. We present the K =0 E1 and M1
contribution by dash-dotted and dashed lines, respectively.
At high angles the E1 component flattens out while the
M1 keeps decreasing. In the lower panels, the K =0 E2
contribution is also visible, presented by dash-dot-dotted
lines. The subleading K = 2 contributions are shown by
loosely dash-dotted (E'1), loosely dashed (M1), and loosely
dash-dot-dotted (E2) lines with the (—) label indicating that
the contribution needs to be multiplied by —1. Only E2
contributes to the K = 4 contribution, presented by loosely
dotted lines. In the top and middle panels, the differential
cross section is scaled to ATOMKI data [10,11] by matching
it at the 65° and 105°, respectively. The dotted lines in
those panels represent the sum of the K =0 E1, M1, and
E?2 contributions, which is an approximation used, e.g., in
Ref. [38] and is equivalent to Eq. (C82). Similarly to Ref. [37]
we can include the interference from different partial waves
in the scattering state using the full theoretical prediction
(C42). The left panels show the cross section integrated over
the energy asymmetry y = (E; — E_)/w (C50) in the range
ly| < 0.5 corresponding to the experimental limitations of
the measurements reported in Refs. [10,11] while in the right
panels the full kinematic-allowed region is used. We can
see that in the latter case the differences between the solid
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FIG. 9. Calculated internal pair conversion differential cross-section dependence on the angle between e and e~ (bottom panels) matched
to ATOMKI data [10,11] at 65° (top panels) and at 105° (middle panels). NCSMC-pheno calculations in Ny« = 9 space are shown. The left
panels show the cross section integrated over the energy asymmetry y in the range |y| < 0.5 corresponding to the experimental limitations
while in the right panels the full kinematic-allowed region is used. The dI" refers to an approximation equivalent to do including only K= 0

components. See the text for further details.

and the dotted lines diminish while there are some visible
differences in the former case. Clearly, including the K =2
and K = 4 interference terms brings the calculation closer to
the experimental data. However, overall when matched at the
lower angle, the data are overestimated at high angles while
when matched at high angles the data are underestimated at
low angles. A similar pattern has been reported in Ref. [38].
In that work, a phenomenological R-matrix fit to the data
was used to obtain the E'1/M1 ratio. In the present study we
compute all the components within the NCSMC with our
predictions supported by the calculation of radiative capture
(Fig. 8). Obviously, the calculated differential cross section is
smooth. The bump at ~140° seen in the data, if real, cannot
be explained by a Standard Model electromagnetic process.
Overall, our calculations are reasonably close although clearly
not in a perfect agreement with the ATOMKI 2016 and 2019
electromagnetic background (i.e., without the bump) data.

However, we are not in a position to make any statement about
a flaw in those data. Very recently the ATOMKI collaboration
reported new measurements of the "Li(p, e*e™) ®Be internal
pair conversion correlations at four different proton energies:
at the 17.64 MeV IT resonance, at ~70 keV above the
centroid of the 18.15 MeV 12+ resonance, as well as at two
energies between the resonances [13]. The experimental
data for several proton energies are shown in Fig. 10(a)
and compared to our NCSMC calculations at corresponding
center-of-mass energies, matched to the data at 112.5°. In
Fig. 10(b), the NCSMC calculated integrated "Li(p, y) *Be
cross section is presented together with the experimental
data from Ref. [69]. A quite reasonable agreement with the
y-capture data is found as already pointed out in Sec. III E.
The solid vertical lines indicate the energies of the internal
pair conversion measurements presented in Fig. 10(a).
Our NCSMC calculations reproduce quite well the ete™
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FIG. 10. (a) Calculated internal pair conversion differential cross-section dependence on the angle between e* and e~ matched to ATOMKI
data [13] at 112.5°. The center-of-mass and the proton energies are shown at the bottom left. The cross section was integrated over the energy
asymmetry |y| < 0.3 corresponding to the experimental limitations reported in Ref. [13]. (b) A dependence of the integrated y radiative
capture cross section to the *Be ground state on the "Li 4p energy in the center of mass. Experimental data from Ref. [69]. The M1, E1, and
E?2 contributions are shown as dashed, dash-dotted, and dash-dot-dotted lines, respectively. The solid vertical lines indicate energies of the
internal pair production measurements from panel (a). The vertical dotted line shows the resonance centroid. The NCSMC-pheno calculations

were performed in Ny = 9 space.

correlation data at both resonances (i.e., 385 and 963 keV),
in fact better than the 2016/2019 data (Fig. 9). However,
the NCSMC results are much flatter compared to the data at
energies between the resonances (565 and 700 keV) with the
former especially off. As seen in Fig. 10(b), the calculations in
between the resonances are completely dominated by the E'1
contribution producing a flat e*e™ angular dependence while
at or near the resonances the M 1 contribution either dominates
(at 1] resonance) or is significant, resulting in a steeper
decrease with the increasing angle. It is argued in Ref. [13]
that there might be contributions from protons slowed down in
the target and captured at the 17.64-MeV IT resonance to the
565-keV and even to the 700-keV data. If so, then our calcula-
tions performed at a fixed energy cannot be directly compared
to such data. This explanation appears plausible as the
565-keV data are significantly steeper, i.e., include a higher
M1 contribution, and disagree with our calculations more
than the 700-keV data further away from the 1} resonance.

G. Emission of hypothetical particles

An estimate of the integrated cross section of the reaction
"Li(p, X)®Be was calculated with three X17 candidates: a
pseudoscalar [3] using the operator (15), axial vector [16] with
the operator (16), and vector [70] with the operator (14). The
cross section is computed by substituting the leading-order
operator in the long-wavelength approximation into the for-
mula for radiative capture (B25). The results for transitions
to the 8Be 0" ground state are shown in Fig. 11. For the
pseudoscalar and axial vector, we use the couplings from
Ref. [22], which scaled the operators based on the strength
of the signal in the 2016/2019 ATOMKI data [11]. For the
E1 vector, we adjusted the coupling to the second peak of the
other models.

We also calculated the integrated "Li(p, eTe™)®Be cross
section. Technical details of the integration are given in
Appendix C. As seen in Fig. 11, it is essentially proportional
to the y-emitting proton-capture cross section with its mag-
nitude scaled by a factor of ~a /7 ~ 1073, We note that the
interference between y and X is not included in the present
calculations. It is understandable that an anomaly would be
hardly observed at the first resonance which is swamped by
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FIG. 11. The integrated proton capture cross section on 'Li de-
pendence on the energy in the center of mass. Calculated y emission
cross section with £1 and M1 components shown separately is com-
pared to experimental data from Ref. [69], to the integrated ete™
internal pair conversion cross section, and to the calculated hypothet-
ical X17 boson emissions considering the E1 vector, pseudoscalar,
and axial vector boson candidates. See the text for further details.
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the very high electromagnetic M1 rate. The effect from the
hypothetical X17 boson could be expected at second reso-
nance in the case of a pseudoscalar, axial vector, or vector
character. Any anomaly present between the resonances and
at the second resonance could be consistent with a vector
particle, which is the preferred candidate in the most recent
ATOMKI publications [13,15].

IV. CONCLUSIONS

We applied ab initio NCSMC with chiral NN+-3N interac-
tions as input to investigate the structure of ®Be, proton-’Li
elastic scattering, 7Li(p, ¥) 8Be radiative capture and the in-
ternal pair creation "Li(p, e*e™) Be. We included the "Li +p
and "Be +n clusters in the basis which allowed us to treat
properly the isospin breaking effects and study the physics
of 1% resonances that appear in between the thresholds of
the two mass partitions. Contrary to other methods that have
been applied to calculate the Be decays so far, within the
NCSMC we are able to compute in a unified framework both
resonant and nonresonant ee™ pair production with realis-
tic isospin-breaking effects, mediated by a virtual photon or
by X17.

Overall, we demonstrated a good description of ®Be states
both below the "Li +p threshold as well as low-lying (up to a
few MeV) resonances above this threshold. We were able to
reproduce existing data for the "Li(p, y ) *Be radiative capture
integrated cross section. To facilitate the comparison to ex-
perimental data, we applied phenomenological corrections to
reproduce experimental thresholds and positions of the lowest
two 17 resonances.

After validating our approach as described above, we
calculated internal pair conversion differential cross-section
dependence on the angle between e™ and e~ and compared
them to available data sets by ATOMKI collaboration. As
expected, we obtained smooth differential cross sections, i.e.,
without any bump, dominated by M1 contribution at and
close to resonances and by E1 contribution away from res-
onances. Comparing to ATOMKI 2016/2019 data sets taken
at the 18.15-MeV 17 resonance [10,11], we observe that by
matching our calculation to the experimental data at a lower
angle, the data are somewhat overestimated at high angles
while when matched at a high angle the data are somewhat
underestimated at low angles. We have shown that including
interference terms that appear due to the treatment of the
initial state as a scattering state brings the calculation closer
to the experimental data.

We also compared our internal pair conversion differen-
tial cross-section calculations to the ATOMKI 2022 data sets
measured at four energies, at the 17.64-MeV 17 resonance, at
~70 keV above the centroid of the 18.15-MeV 1" resonance
as well as at two energies between the resonances [13]. Our
NCSMC calculations reproduce quite well the ete™ angular
correlation data at both resonances, in fact better than the
2016/2019 data. However, the NCSMC results are much flat-
ter compared to the data at energies between the resonances
due to a complete dominance by the E1 contribution produc-
ing a flat ete™ angular dependence. It is argued in Ref. [13]
that there might be contributions from protons slowed down

in the target and captured at the 17.64-MeV 1T resonance
to the between-resonances data. If so, then our calculations
performed at a fixed energy cannot be directly compared to
such data.

Finally, we performed integrated cross-section calculations
for three model candidates for the hypothetical X17 parti-
cle; a pseudoscalar, axial vector, and vector. We showed that
the effect of the hypothetical boson could be expected at
18.15-MeV 17 resonance in the case of a pseudoscalar, axial
vector, or vector character while a signal at the 17.64-MeV
1" resonance would likely be overwhelmed by the isovector
M1 Standard Model e*e™ background. An anomaly present
between the resonances and at the second resonance could
be consistent with a vector particle. The latter is the pre-
ferred candidate according to the latest ATOMKI publications
[13,15].

Theoretical calculations like the ones we embarked on and
presented in this paper can point at inconsistencies in experi-
mental data. However, they cannot answer the question if the
X17 anomaly is real and the proposed new boson exists. Our
results are to a large extent in line with the ATOMKI Standard
Model background, i.e., the e™e™ angular correlations without
the anomaly bump at ~140°, although we call for a careful
analysis of the apparent contamination of the data between the
resonances due to the proton energy loss in the thick target.
Clearly, independent experimental measurements are needed
to confirm or dispute the existence of the X17 anomaly. There
are several experiments under way or in preparation. For
example, the NewJEDI [32] collaboration already performed
independent "Li(p, e*e™) ®Be measurements and is currently
analyzing their data.

Our calculations can be improved by including the
“He 4 *He mass partition. We expect, however, that it would
have a very limited impact on the capture reactions to the *Be
ground state studied here. We plan to study the interference of
photon and the hypothetical X17 boson in the the eTe™ angu-
lar correlations following the approach of Ref. [37]. Also, we
will further investigate the higher-lying resonances in ®Be that
our calculations predict and study charge exchange reactions
"Li(p, n) "Be and "Be(n, p) "Li. Finally, we will calculate the
"B(p, ete™) '2C angular correlations recently measured by
the ATOMKI collaboration [15].
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APPENDIX A: NUCLEAR TRANSITION MATRIX
ELEMENTS OF ELECTROMAGNETIC
MULTIPOLE OPERATORS

Here and in the following Appendices, we use natural units
B = ¢ = 1 such that the energy and momentum use the same
units, and the momentum is equivalent to the wave number.

The interaction of a nucleus with an oscillating electromag-
netic field corresponds to the Fourier transform of the charge
p and current J density operators, together the four-vector

T = (p, T, ie,

p(@) = / Pre it p(7), (A1)
7@ = / re 7 (7). (A2)
where, with m,, the proton mass [57,71],
+ Tis o
= —7i), (A3)

1 + Ty VS(r — 7))+ 6(F — r,)V
2im,,

i: VXsa(r—r,)+5(r—r,)VxS
ng

2mp 2

i=1

(A4)

A standard technique [57,61,72] is to expand the vector cur-
rent in terms of the spherical unit vectors &;, A € {—1,0, 1},

ie.,
PINVACIES
s

The components correspond to the photon polarizations: lon-
gitudinal &y = 2 and transverse ¢4, = :F%(f =+ iy), when we

J@) = (AS)

choose a set of coordinate axes (%, 9, 2) such that § = ¢g2. The
spherical unit vectors have the properties €, - €}, = 8, and
& = (—1Ye_,.

Making use of the spherical Bessel functions j;(gr), the
spherical harmonics Yj,, (6, ¢) and vector spherical harmonics
Vi@, ¢) =3, IMIALm)Y14(6, $)é,, we may expand
in terms of multipole operators. With the combinations
Mym(q) = ji(gr)Yim(2,) and Mjim(q) = ji(gr)Yim(2,),
we may define four types of multipole operators:

Coulomb:
Conlq) = / Eri(@. e (A6)
Longitudinal:
% 3
Lin(q) = / d3”|:l7MJM(Qv ?)} NIGIENIY))

Transverse electric:
E 3 v Y o 7 =
Tiu(@) = | d’r ; X Mym(g,7) |- TF)  (A8)
Transverse magnetic:
T (g) = / i) T@.  (A9)

Hence, the charge and current operators may be expressed
as

p(q) = ~4x Y (=) jCjo(q). (A10)
j=0
T(@) { v ngo(_i)jjﬁjO(Q) if A =0,
q) = n
TV S o I HTE @ TH @) iA=L,
(A11)

Following Ref. [57], partial integration may be used to
move gradients to apply to J and various vector iden-
tities may be used to rearrange the expressions. Through
the conservation of the charged current v-J (@) =—°=
—i[H, p(q)], evaluated between eigenstates of the Hamilto-
nian, (f| and |i), longitudinal multipoles may be replaced in
favor of Coulomb multipoles, i.e.,

—E;
Lon(q) = ——L—"1Ciu(q) = (A12)

®
—Cm(q).
q

In photon emission w = E; — E takes a positive value. Equiv-

alently, 7 - 7 (q) = 0; hence Jo(q) = £p(q)-
Further, at low-energy (¢r < 1), we may Taylor expand
the Bessel functions, i.e.,

@y |, _36’
2J + DN 2J +3 ’
This long-wavelength approximation allows us to use the stan-
dard spatial multipole operators (9) and (10), i.e.,

Jigr) = (A13)

J
Crm(q) = ﬁwm (Al14)
L N a)qj_' E
Lim(q) ~ ECJM(Q) = m/\/lmp (A15)
[J+1 wqg T +
E ~ ~
Tin(@) = 7 Lim(q) =~ TS My,
(A16)
.-
iq J +
m(q) = YT M, (A17)
where
ME i P (2 Al8
,,,,—Z m (). (A18)

A
i=1
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The difference between (9) and (10) in the main text and the
above is the multiplication by the elementary charge e (the
nuclear magneton py is defined by ﬁ)). In these Appendixes
we explicitly multiply 7, by e, as e also appears in the photon-

lepton interactions. The elementary charge may be defined as
e = J/4maeyhc, in natural units € = 4w a.

APPENDIX B: EXTENDED
DERIVATION—RADIATIVE CAPTURE

In a radiative capture reaction T(P,y)F, as shown in
Fig. 1, we calculate the cross section for a2 — 2 process [73],
i.e.,

1 1 = 2 dq d’pr

do =— MG .

O TV AErEr Z Xf: ; Mz (272w (27 ) 2Er

(BI)

The initial state consists of two nuclei: the target T and pro-
jectile P. The average over initial states is an average over the
angular momenta of both clusters (target |s7m7) and projectile
|spmp)), ie., >, = ﬁ > mpmy,- The sum over final states
|Jfo) is Zf = ZM/'

The squared amplitude is

(ML =@ )*8(Ps + Pr — Pr — Q)| B |'SE EpEy,
(B2)
where
H' =(fl[-& - T@1l). (B3)

Cancelling the 2F factors and integrating over the final-state
momentum, the cross section is then

e dig

v (27)20
x ZZZ /[, (B4)
i A

Implicit in the definition of the multipole operators is that
the A = %1 polarizations are transverse to ¢, the direction of

J

do = 2]'[8(Ep+ET—EF—(,())

the photon. However the projection of the spherical tensor
operator should be defined in the same coordinates as the
quantum states it acts on. In a reaction, we define the angular
momentum projection of the nuclear states with respect to the
relative velocity (i.e., the direction of the beam). This requires
us to rotate the operators (or states). The rotation operator can
be written in terms of the total angular momentum operators
J. and J;, following the convention of Ref. [74], i.e.,

R, p.y) = e ke Phem ™k, (BS)

The matrix elements of the rotation operator between eigen-
states of the angular momentum are the Wigner D matrices,
ie.,

(j/m'|R(a, B, y)ljm) = 8;;D., (a, B, ),

where

(B6)

D, (o, B,y) =e"d), (Bre™. (B7)
The set of coordinates defined relative to Z along the beam
is the “D frame,” while the set of coordinates defined rel-
ative to Z along the photon is the “4 frame.” In our case,
the direction of the photon is described by the polar coor-
dinates (6,, ¢,) in the D frame. The corresponding rotation
b — g is R(¢y, 04, —¢4) [75]. The state [i) in the § frame
is |i), = R(q, U4, —94)li),, related by a rotation operator to
the state |i) in the ¥ frame. The matrix element is expanded
over multipole operators via (4) in the § frame. In order to use
states in the ? frame we apply the rotation operators. Using
properties of the rotation operators, i.e., the conjugate of R,
equivalent to the inverse, implies rotation around each axis in
the opposite direction and in the opposite order,

R'(a, B,y) = R(~y, —B, —a),

and a property of spherical tensor operators,

m'm’

ROwR' =Y OwD]

the result contains the D matrices, i.e.,

(fl,[=8 - T@lli)y = (f1,R($g. 0. ==&} - T(@IR(Pg. g, —bi),

=(fl, Y_(=iYN21 [ Ti(@) + AT (@)]D),_; (=g, =04, $0)1i),. (BS)
jm
In the following manipulations we use |i) = |i), and so we insert into (B3) the operator:
=& - J(q) =Y (=Y N2m j[Tial@) + XTim(@] DL, (—bg. —4. b)- (B9)
jm
The initial continuum state in radiative capture can be expanded over a coupled basis, the states of (6), i.e.,
| e} z*j{i_” > it Le (spmyspmp| SM)(SMLOIIM) | W) )!), (B10)

Vi JrSL

where v; describes the mass partition and internal states (vr, vp). The symbol M is fixed to the value my + mp. The state \Iff 7512’1
corresponds to the NCSMC solution which at large cluster separations (where the composite NCSM part of the wave function

015503-14



AB INITIO INVESTIGATION OF THE ... PHYSICAL REVIEW C 110, 015503 (2024)

and the intercluster antisymmetrization effects are negligible) can be approximated by

)

i) = i 3 2y aup

(B11)
vst
with x’/™ defined consistently with Eq. (35) of Ref. [40].
The sum in (B4) can be expanded
- i|2 K K
S = g 3 3 Y bt Y0 W o Tl
i f A P mrmp M Kjm
x Ml Y Dl [V2m A (=i T JIsemyspmp) ¢ (B12)

K'j'm

where k = (0, 1) corresponds to (E,M) respectively. The angles 6, ¢, are suppressed as well as the v; labels, i.e., [spmrspmp) =
|W lg:nrmp))_

First, we substitute (B10) (|SLJM) = |¥'{)), and make the replacement: X5, ‘/‘G«/ 27 j(—i)! T o 1€,

§2 APZ Z Z BT =3 3% { (Mg Y D) A X8> Let L(sTstPmp|SM)(SMLO|JM)|SLJM)}

mrmp My A Kjm LSJ

*
x {(JfoI > D a Xy, Y e (sTstPmp|S’M’)(S’M/L’O|J’M’)|S’L’J’M’)} . (BI3)
K/j/m/ LIS/JI

We make use of the sum over mz, mp, i.e.,

Z (spmyspmp|SM)(spmrspmp|S'M") =855 8ymr» (B14)
mrnp
and the Wigner-Eckart theorem:
(M |X5,ISLIM) = J - (M jm|J M) (J 5| |XF |[SLT). (B15)

Defining XJ%L =UrllX J’.‘ ||SLJ) and making use of the fact that a product of D and D* is a D matrix,

i
DI DIx = 3" (=YK G = m | — )Gk = KTk = K DD
J=j—=j'l

and in the present case m = m’, we have

‘e%@PZZZiHﬁ —f- 2222 Z ZZ iL=L [ [/ gi(oL=01) k4K XJKf{SLJ Jl{,_éljj Z( )mJHL(]}’VL] — m|KO0)

My A kjm LSIM «'j LJ'
x (j — Aj/AKO)DE, (SMLO|JM)(SML 01T’ M)(IM jm|J My )(J'M j'm|J M), (B16)

We identify D, (—¢,, —6,. ¢,) as the Legendre polynomial Pk (cos 6,). The sums over m and M produce 6 s by making use
repeatedly of

~

. . . T .
(jimy jomg| jm) = (=)™ JT(Jm]l — my|jamy),
2

and

fitiritic 2 Ve J2 iz
(=) J12J23{J3 i

}(Jlm1J23m23|Jm) > Gimajoma jromi) Gramig jsms | jm)(jama jsms| josmas),
mp

ie.,
Z (=)"(jmj" — m|KO)(SMLO|JM)(SML'0|J'M)(JM jm|J ;M)(J'M j'm|J M)
MyMm

= (=) K= J+J’J2JJ/{-]] JJ Z”Z/ i Ié}(LOL/OU(O), (B17)
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where the sum over angular momentum projections is limited by M + m = M;. Then converting X back to 7 (using the
shorthand TKSLJ_(Jf||77( [ISLJ)), we have

ﬁrfvPZZZ\Hf’ =222 ) ) ik

i(op —O‘L/))\'K+K XKJ K /%
kj LSJ «k'j L'J

5L JfSLJ E :PK( )S Jp—j—j+K~— J+J/+Ajj/
J J J J K / . y
{j, i JfHL’ I3 S}(LOL 01K0)(j — Aj A |KO)

Ty y [Z( Y= A AIKO)A””]

L=L'+i=J [ [/ gilor—ou )] TKJ*
K jk'j SLL'JJ'

1ser ) ser
!
J JL I;}(LOL’OlKO).

—Jy— g RV J J/ K
X ZPK(_)S It JJ{ H
K

gy

(B18)
This can be simplified by summing over the photon polarizations
SR (<) (j = A/AKO) = (=)' — 17 1KO) + (=)™ 71 (j1 ' — 11K0)
A
— [+ (=)7K — 111K 0)
PP 2 if (_)K+K’+j+j’ — (_)K’
=0 — 1711K0) x { otherwise. (BI9)
The result is
5 Az 12 167T L—L+j— jM/MM/ i(op—01) ¢ \S—Jp+1—L+L —J+J'
ORRICAS B
kKk'jj SLL'JJ'
< " J J K||J J K , . "y
X Ty Tissuir { I } { I L s }(LOL 0IK0)(j — 1j'11K0), (B20)
/ e K+’ +j+j K
where ), ;; has the condition (—) I = (=)

The angular momentum algebra and matrix elements can be collected into coefficients for the Legendre polynomials, i.e

I
_ O A e L S PP A i
ag = E E (=)~ JIJJLL e" - ]7;fSL17;fsw/
kk'jj SLL'JJ

J T J J K , S
x{j, ; J.f}{L, . S}(LOLO|KO)(]—1]1|KO).

(B21)
Inserting everything into (B4), we first integrate over ¢, to get a factor of 27 and then move d cos 6, to the left-hand side to get
the differential cross section,

do 4o 2nwidw

— = fi|2
dcos, v (271)32@2”8(15’ —Er _w)ZZZ‘HA |
i
16
= ;’;‘j{z i ZaKPK(COSO ) (B22)
7
where f, = (1 + %0089")

is the recoil factor, with pp the projectile momentum, and M is the mass of the final-state bound
nucleus. All the Py (cos 6,) with K # 0 integrate to 0 (neglecting recoil).
The integrated cross section is then

327 qw

2,\2 A2 03
vk?57.55

o =

(B23)
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where

J J

_ ! S—JyHl—LAL —J+J 3% § 717 71, DL+ j s |70l T 0
= Z Z (_) f 7j JJLL/ i(op—oy J— ]T]’;.é'LJT]’/(\S!LTJ/ . . Jf I/ L S

kk'jj SLL'JJ
x (LOL’0|OO)( j —15'1]00)

= ZZ| J,SLJ

kj SLJ

In the long-wavelength limit this becomes

3272« Wl
T YY)
vk §78p <

j+1

.[(2J'+1)”]2 J
Tf P 7

x (M e )

LiSiJ;

; (B25)

matching the literature up to normalization conventions
[64,76].

APPENDIX C: EXTENDED DERIVATION—PAIR
PRODUCTION IN RADIATIVE CAPTURE

When pair production occurs during a radiative capture
reaction, i.e., T (P, et e™)F, as shown in Fig. 2, we must cal-
culate the cross section for a2 — 3 process. The cross section

is
o = imm L L L M |

foS+s—
&py, dp. dpr n
Qm)32E, 2w )32E_ 2w )32Er’
where, as in Sec. lIC, P, = (Ey, py+) and P_ = (E_, p_)

are respectfully the four-momenta of the emitted positron
and electron and Pr = (Ep, pr) is the four-momentum of
the final-state nucleus. The intermediate photon has four-
momentum Q = (w, §).

The amplitude is evaluated according to the Feynman rules
of QED. We insert the Dirac spinors #*~ for the outgoing
electron and v*+ for the outgoing positron and then insert the
propagator —2~ for the exchanged photon between the vertex
factors iey, and ieJ, where we use short-hand for the nuclear

current 7, = (f|Ju(q)|i).

The squared amplitude is

2

Y
M P = |- (P)(iey”(%)(iejv)v“ PH|, (C2)
x (2m)*8(Pp 4+ Pr — P — Py — P_)8EpEpEr.
(C3)

Here we have integrated over the intermediate four-
momentum Q, i.e.,

‘0 1 . \
W@(Zﬂ) 8(Pp+Pr —Pr —Q)21)*8(Q— P, —P_)

1
= a(zn)“a(Pp +Pp — P — P, —P_). (C4)

(B24)
[
In the second line and hereafter the symbols Q = (w, ) are
defined by the external momenta:
Q=P, +P. (C5)
(w,§) = (Ey +E_, pi + p-). (Co)
To simplify the expressions we define x = cos6,, = i 5 :I‘I}; =
and use m = m,, e.g.,
Q> =2(E_E, — p_pyx+m?), (C7)
¢ =p +p+2p pyx. (C8)

The lepton tensor is computed by via the lepton currents,
summing over the final-state spinor indices, i.e.,

uv = Z Mii

SpS_

= Y [ (P)y, v’ (POID™ (P yu'= (P)]

S4S—

= Trly, (P— + m)y, (P4 —m)]
= 4[P—,U_P+v +P—UP+[L - n,u_v(P— <P+ m2)]

(C9)

(C10)

Folding this with the nuclear current, we have

2

S4S—

2

il
i (h)(iem)(—z)(iemv” (Py)

e4
= v g7, (€11

0*
The resulting differential cross section is
1 1 dpy,  dp_
v4EpEr (27 )32E, (2m)32E_
613
(271 V2Ep

do =

glzplle;F(27t)

64 —
x 8*(Pp+ Pr — Pr — Py — PJ@ZZWUJMJ\;*
i f
1 et dpy d’p_
v Q4 2m)R2E, (2m)32E_

x 2w8(Ep + Er —Ep — Ex —E_)Y Y " 7,J;
i f

(C12)

by integration over the final nuclear momentum.
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The contraction between the lepton tensor and nuclear
currents mixes the nuclear operators with different character,
resulting in a cross section with six different terms. Following
the notation in Ref. [37], we have

- 6
%Z ZE“UJMJU* = Z VR
i f n=1

The expansion of the contraction is done by collecting like
terms, here we make use of J = (p, Jx, Jy, J;) explicitly
where J, = ‘q% p. The lepton-nuclear tensor contraction is
then

L 7, T8 = Py - TIP- - T + Py - THP- - J)
—(J - TPy - P- +m?), (C14)

(C13)

TR

where the operator here represents a contraction of four-
vectors, e.g., J - J* = T T = 0r—J T

Let us define A = P, and B = P_ to avoid typing so many
subscripts. Q = A + B and we define C = A — B [such that
A= 1(C+0Q), B=3(C— Q)] This simplifies the equa-
tion, i.e.,

T Tr=—1TPA-B+mt) - HC-JR (C15)
We write A = (&, @) = (E, py) and B = (8,b) = (E_, p_)
so w=a+ B and cj:?z—i—l;. Finally, C =(¢,?) =

(¢,¢x,cy,c;) where ¢ =o— B and ¢ =ad — b. Expanding,
we have

T TS = (00 = T~ T}~ TP ep —a

— 3l + AT+ T+ 2T

~l;+m2)

—sex(pIy + Tup®) — sey(p Ty + Typ®)
— s (pT; + To0%) + exey (T Ty + T
+ (T + T+ el T+ TTN.

(C16)

1. Collection of like terms

We collect like terms (using the shorthand p* = pp* and
suppressing the sums » 7, > /).

a. Term 1: p*, T2, pT}, T.p*
— T @B —a-b+m?)

- (v
1
E(g P’ —sc.pT —c:cT.p* +c2T7)

2 »’ = 7 2
=—p\1——=5)@B—a-b+m")
q

2
(s o) 7
—sls—caz ) o
2 ‘1l

(C17)

Simplification requires some manipulation. We use ¢, = %q‘,
and some identities:

—B2_ 2
= co, (C18)

Q= —¢, (C19)

0’ >

= —af—a-b+m’ (C20)

We take R; = p? and so

e
)

4
Q—4)(a,3+a b— m?).

Q 1|

&

(C21)

o=(
(
(5
(

S

b. Term 2: pJ}, J.p*, T.T3} T T}

1
v2R2 = _5[_5-0):()0»7)5* + \.7xp*) + Czcx(s7z\.7x* + s7xs7z*)]7

1 w
vy = _ECXG[ - B - |qT|cZ>, (C22)
Ry = Re[p* (T — J-)], (C23)
where we have used:
Jip* + pJ; =2Re(Tp")
=2Re[:/—;<j+ - J)p*]. (€24)

c. Term 3: pT}, Jyp*, T T}s Ty T}

1
3R = —5[—§Cy(,0\7y* + \7\:0*) + Czcy(uYZu7y* + u7yu7;)]:

1 w
vy = —Ecy <o: -8 - @c> (C25)
Ry = Im[p™(J} + T-)]. (C26)
Since J, has the additional factor of i:
Jyp* + pJ) =2Re(Jyp")
= 21m[;—%(j+ + J_)p*]. (C27)
d. J., Jy cross terms
The remaining terms are
(T + 17X A - B +m?)
— 5[ TP + ST + cxe (T T + T TP (C28)
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We use
1
T = ST = T T = T-TE+1T-P), (€29)
1
TP = SUT4 P + T T+ T-T5 + 1T, (C30)
TG = AT+ ToTt = T-T: = 1T-P). (€31)
TT; = 3UTeP = Te T2+ T- T = 1T-P). (€3
and
| T+ 1517 = 1T+ 1T-, (C33)
TTp+ B Jf = i T T* = J-JP).  (C34)
Then
AT+ TP+ cxey(TT) + T T
=3+ )T +1T-P)
— 3@ = NI T+ T-TP)
- icxcy(j+jj - j,j:) (C35)

e. Term4: | T, % |T-I?

viRs = (|1 T4 1* + 1T-1*) @B —a - b+ m?)
LG+ )T+ 1T

=[G+ +ap—a b+m || T + |T-PL.

we N dira-aben, o
Ry =T +1T-1% (C37)
f Term5: J.TJ*+ T T}
U5R5 = —%[ %( — Cz)(j+g7j + j—j_;_k)]
= %( )2{ c )Re(J+J ),
vs = 3(c - c2) (C38)
Rs = Re(J;J-). (C39)
g Term6: J,.J*-TJ_TJ;
VR = —3[—icve (T T* — T-T9)]
== —CnyIm(j:J_),
vs = —CxCy (C40)
Re = Im(J; J-). (C41)

2. Differential cross section

The six terms will be inserted in to the differential cross
section (C12) after shifting to spherical coordinates d3p. =
pzidpiin, changing variables p,dp, = E;dE and using
the § to do the integral over E_, i.e.,

4 0[ pP- p+dE+dQ+dQ

d r ﬂRﬂ ’
vo @y Z ’
> 402 f pyp-
o _ f P+P Z R, (C42)
dE+dQ+d§27 (27[ )%
where appears the recoil factor =0+

(i)"ﬂ”x—p”me’] ' (which is negligible (f, ~1) in

the energy range considered in our calculations).

For radiative capture we have to compute on the matrix ele-
ments of the transverse electromagnetic current (i.e., with A =
+1). Again those operators are X;”, = ‘/‘G\/Ej(—t)/T"
where « denotes electric or magnetlc multlpoles k= O 1
respectively). In pair production we have a virtual photon and
hence the polarization can also be A = 0 (longitudinal). This
is apparent due to the presence of (f|p|i) terms in the cross
section.

To evaluate both p and 7 terms (and their combinations)
we define the operator J\/j‘fn where u = 0 corresponds to the
charge operator p. u = %1 corresponds to the current opera-
tor with A = £1: N}, = 3" A*X%, (H, in Appendix B). We

jm
have
N, = —?«/471}(—1‘)1'61-,,,, (C43)
Van A, P
/\/'J.)‘m = T\/Z?T](—l)‘] ;k 7; (C44)

‘We will have to multiply by a more general D matrix
D}y, where € (0, £1). If we define the leptonic coordinate
system to have an axis perpendicular to both the internal
photon and initial velocity, i.e., Z=¢ and y =0 x § (X =
9 x 2), then the necessary rotation is R(¢,, 6;,0) and so

(=g, —0,. 0) appears.

Each R, term corresponds to one of the combinations of
transition matrix elements listed in Table IV, where

N.N; = ZZleD (Nl

*

(C45)

< | (F1D DL Niwli)
j/m/

A general expression for N,N; follows from very similar
steps to Appendix B, i.e., using the notation

Ny = UrINFIISLY), (C46)
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TABLE IV. Summary of the kinematic prefactors v, and corresponding nuclear transition operators R,. They are in agreement with

Ref. [37]. Each R, corresponds to an N, N combination, as defined in (C47).

n Un Rn NMN\T

1 %(aﬁ +ad-b—md) 02 NoN§

2 —Jpele =B = Ge) Relp(T, — T-)°] Re[No(N;. — N_)*]
3 — 50— B — %) —Im[p(J+ + T-)'] —Im[Ny(N4 + N_)*]
4 i+ tap—a-bt+m T+ T2 NN + N_N*
5 G| Re(J, J*) Re(N,N*)

6 —CxCy —Im(J+J%) —Im(N,N*)

analogous to XJ';'QL], and the property D, (—¢,, —0,,0) = dX ,(—6,) = dE,(0,), we have

*

NuN; =YY | UMy Y D) N Isrmrspmp)

mrmp Mf jm
0 f )2 L—L' 7 77 i(oL—01) 1y i j 5
=Grép/) Y > SZ YD LD D) D NN
My jm LSIM j L
x (SMLOM)(SML0LJ'M)(JIM jmlJ ;M )(J'M j'mlJ M)
— (:S:T:S:Pff)_z Z Z Z Z Z l'L— ’I:lz/ei(GL—O’L’)Nj]/’fLéLJN}‘;{;z,J/ Z(_)in+v(jmj/ _ leO)
My jm LSIM j LJ K

X (j = wj VKW — w)DK,_ . (—g. —6,, 0)SMLOM)SML O MM jmlJ ;M )J'Mj'mlJ ;M)

1 . / PN PN ; i J J K J 7
_ S—Jpdv—jm j mL—L'—J+J' 7 f1:L—L g %
=2 E E (=y—re JI L eftor—ou )./\/J%LJ/\G;{?L,J, E {./ AL
T5p s .

(Jfo| Z DL’fu'/V']!}’m’ |sTstPmp)
j'm'

5

jj' SLLJY ;o
X (LOL'OIKO)(j — 11 VIK (v = i), 0(6,). (C47)
(
The full differential cross section is difficult to compute
explicitly in the five-dimensional phase space but comparison
can be made to experiment at a fixed set of angles. To compare
to ATOMKI data we set ¢, = 0, 6, = 7, and ¢. = 5 accord-
ing to the diagram in Fig. 12. The photon is perpendicular to (T — ]5‘ L+ ﬁ_
the beam such that the electron and positron are in the y — z S -
plane, ie., ¢, = "7", cy=70C— :—;’q*, and ¢, = 0. In this case, C=DP+ —DP-
vy = vg = 0, in addition R3; = 0, and so we actually only need
¢ and c;. Using
2 =\
2 (C ) Q) ~
=g Y
_[@-0b)-(-a—byP
q* 5— 4
(b2 _ a2)2 |(Z| N
=—, (C48) Z) — PrXq
q |PP X4l
and rT=Yy Xz
- - 2 - 2
2 _ = C- q - _ 2 (C : Q)
G=e-249 =¢~ pE
> b* — a*)? A
——2a by - LD (C49) T
q

FIG. 12. Diagram of relevant vectors and angles.
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TABLE V. Simplified formulation of the nonzero kinematic fac-
tors v, corresponding to the ATOMKI experimental setup.

TABLE VII. Summary of the kinematic prefactors with the 6,
and ¢, dependence explicit.

n U,,(Qq = %s ¢ = %) n Un
1 %((xﬂ + abx —m?) 1 %:(ozﬂ—f—abx—mz)
4 —i[az—}-bz—ZabX—M]—i—ozﬂ—abx—{—m2 2 —%Sin@CCOS¢C(O{—ﬂ—%CCOSQC)
5 _%[az_}_bz 2abx — qa2>2] 3 —%2 sin 6, cos p. (¢ — B — %ccos@c)
4 —%sinzec—i-aﬁ—abx—l—mz
. . ) 5 % sin? 8, (cos? ¢, — sin® ¢,.)
The kinematics only depend on the relative angle 6., referred ) ]
6 —c? sin 6, cos ¢, sin ¢,

to by ® in the main text (again x = cos 6,,). Table V shows the
resulting kinematic terms which contribute. Table VI shows
the simplified expressions that result for dK _o(6y) which
contribute to the R, [through Eq. (C47)].

For a given total energy transfer w = Ey + E_, the
positron and electron divide the energy according to the asym-
metry parameter y defined by

E,—E_
y=—. (C50)
)
The ATOMKI experiment is compared to the differential cross
section partially integrated over y, i.e.,
d'o A0 gy f 20% wf, p+p—
dQ.dQ_ Yory v

§ vnn

ne{l,4,5}
(C51)

The domain of y is restricted by the experimental constraints,
e.g., |[y] < 0.5 in Ref. [10] and |y| < 0.3 in Ref. [13]. The

. . . . 2
kinematically allowed region is |y| < <*.

3. Integration of the total cross section

The differential cross section (C42) is expressed in terms
of five variables: E, 0, ¢, 6_, and ¢_. Using a change of

TABLE VI. Relevant values of the Wigner D-matrix factor [74].

K.M g 0) dyo(3)
0.0 1 1
1,0 cos 6 0
1, +1 :F% sinf ;%
2,0 1(3cos*6 — 1) -1
2,+1 :F\/gsine cos 6 0
2,42 \/gsinze \/é
3.0 —1cos0(3 — 5cos’0) 0
3,41 +%35in6(1 — 5cos? ) 3
3,42 @sinzecose 0
4,0 $(3 =30cos” 6 +35cos* 0) 2
4,£1 £ 5in 0 cos (3 — 7 cos? ) 0
4,42 — Y0 5in? 6(1 — 7 cos§) — 4

variables the integration may be carried out in terms of y, x, 6,
¢4, and ¢, defined in Fig. 12. 6, and ¢, are the angles which
define the direction of g relative to coordinates defined by the
initial proton velocity. 6, and ¢, are the angles which define
the direction of the difference vector ¢ = p, — p_.

The change of variables in the integral requires a re-
ordering of steps starting from (C12). Rather than using
spherical coordinates for p. (@ and b), we replace d3ad’b =
—3d3qd®c and use spherical coordinates of g, ¢, i.e., d°q =
q*dqd cos0,d¢,, d*c = c*dcd cos 0.d¢,. Since & = 1(G + ©)
ac Zﬁf;j'éil = —%. We then
—8%% dadbdx. The Jacobian is cal-

and b = %((i — ) then the Jacobian |

replace dgdcd cos 6, =
culated using

q* = a* + b* + 2abx, (C52)
2 =a* +b* — 2abx, (C53)
/a2 — B2
cosf, = YL 7 (C54)
qc

a(q, a*h’
— T = g ——. C55
‘ d(a, b, x) q>c? (€55)

Again prdps = E+dE. and we use the § function to inte-
grate over E_, then finally take $dy = dE..

One can see from the expressions of the kinematic factors
in Table VII that an integral over ¢, results in zero for vy, v3,
vs, and vg. The remaining v; and v4 are independent of ¢,
and will gain a factor of 2. The R, are only dependent on 6,
(and x via ¢?). The integral over 0, results in only the K =0
terms, as the Legendre polynomials integrate to zero except
the zeroth (which gives 2). There is no ¢, dependence which
results in a further factor of 27x. The remaining variables
can be expressed in terms of the magnitude of the outgoing
momenta and the separation variable 6,, (again x = cos6,,.)
e.g., for completeness:

q2C2 _ ((12 _ b2)2
qc '

sinf, =

(C56)
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The resulting partial differential cross section after integra-
tion of 6, ¢, and ¢, is

d’c  2a*wpip_ ’
_ E2 4+ /*R2
dydx T QO |:v1 (i +q°Es)

3
+ vg <w2E% +¢*M; + Zaﬂqug)] (C57)
using the shorthand

E] = ZZ\ b | (C58)

k2 =
M] = ZZ\ S| (C59)

k2 4=

2 _

E; = 225k22| £l (C60)

IYI

From the p+ ’Li initial scattering state we include J €
{17, 1*, 2%}. The prefactor is a combination of ﬁ = %, the
P°T
wave-function normalization ‘,‘(—’2’ and [(2]1% from the oper-
ators. In the low-energy approximation this last factor appears
in the squared Coulomb operator as the factor 47

w? Jj+1
[2j+DN j

q2/ .
[@j+nnp> 10

the squared electric 2 and in the magnetic as the

same times ‘1—22

The kinematically allowed region of possible electron and
positron energies is limited by the range r — 1 <y <1 —r
where r = % Using y and r, the parameters may all be

expressed with the dimensionful w factored out, i.e.,

Ey = %(1 +y), (C61)
w
Py = 5\/(1 +y)? —r2, (C62)
602 2
E.E =af = T(l —y9). (C63)
For simplification of the expressions, we define:
s=V+y?2—r2/(1—y?2 -1, (C64)
t=y>—r (C65)
We then have:
at+ b= ?(1+t) (C66)
2
ab = %s, (C67)
and
602
g = 7(1 + 1+ sx), (C68)
602
0 = 7(1 — 1t — sx), (C69)
2 o’
= 7(1 +t — s5x). (C70)

FIG. 13. The Feynman diagram for the pair production process.

The partial differential cross section is then

d*c _ 3 (s(1 —y> —r? +5x)
2

= E} —1 t E3
dydx 2(1 41+ sx) |: (141 +5x) i|

s |: s2(1+x2)+2(1+t)sx]
+t |11
(1 —1 —sx)2 2(1 +1¢ + sx)
x[E%Jr%(1+t+sx)<M%+§w2E§)]}- (€71

This result can be integrated numerically with quadrature
methods, i.e., the scipy.dblquad Python function or in
Mathematica with the nuclear transition matrix elements for
each value of w calculated with the NCSMC.

4. Comparison to pair production in bound state decay

The process of pair production is simpler to calculate in
a bound-bound transition, just as y decay is simpler than
radiative capture.

We calculate the decay rate of a 1 — 3 process, i.e., as
shown diagramatically in Fig. 13,

o
OO,

d’p,  dp. dpr
(2 )32E, 27)2E_ (2n ) 2E;’

(C72)

In this case, the squared amplitude (summed over lepton po-
larizations) is

DMy > = 0" 7,77 Q@ )*8(P; — P — Py — P_)AM,Ej.
SyS_
(C73)
Here, rather than replacing 7, — %p, we equivalently re-
place p — _%22 p and set 7, = 0, and then j becomes j T

where J7 is the transverse current:

=Y @93, (C74)
A==%1
or equivalently
=@ DIe: + @y - ey (C75)
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2
Defining o = —q—% p, we have the intermediate result:

T Ty =2ELE_|ol —Evo(p- - T™) = E_@"(py - T") = Es0*(p- - T") —E_0(ps - T"™)

+ By - TP

Since we evaluate matrix elements between |i) = |J;M;) and
|f) = |JrMy) which have fixed M, then the terms which mix
oand J 77 must vanish as p does not change the M of the initial
state but j T does (as j T consists of the operators 71). The
terms which mix A = 1 and A = —1 will also be zero, e.g.,
T Jx

This is equivalent to removing all the terms except n = 1
and n = 4 in (C42) as v4 exactly matches the coefficient in
front of |MEM |2, since

.
C.
R e
2, .2 W T o
. s+ a-q)b-
af —a-b+m*— A4 ) =aﬂ+m2——( q;i q)'

The lepton tensor and nuclear current contractions result in

Q4

1 *
20T, =—|p| (E+E_ + Py - P —m?)

P+ D (p- '67)i|
7 ’

(C77)

+ IJT|2|:E+E +m?

where the charge density relates directly to the Coulomb op-
erators, i.e.,

Z Z o = |M°P, (C78)

ﬂ > leP =

o J=0

while the transverse current relates to the transverse electric
and magnetic operators,

ZZUT JNZZ]TE + |7 =

iJ>1

EMp2
|MEE

(C79)

T+ (B - T (-

- IN) = (ol = |TTPNEE — py - p_ — mP). (C76)

[
Putting everything together, we first do the integral over the
final nucleus momentum:
JT — 4o dpy d’p_
S\ 02 ) Qrn)RE, Qn)RE_

x 2m8(M; — Ep — E, — E,)Z Ze““J,j‘Jv.
i f

(C80)

Second, we do the angular integrals. There are four angles
determining the directions of the positron and electron mo-
menta. The amplitude only depends on the relative separation
angle 6,.. Therefore by measuring the direction of j, relative
to p_ we can replace the integration d cos0, — d cos6,, =
dx. The remaining three angles (d¢,d cos 0_d¢_) then give a
constant factor (8772) in the total rate, i.e.,

dPp.d’p_ = 2ndxpidp+4np%dp,. (C81)

Third, we insert the lepton-nuclear tensor contraction and
do the integral over dp_ using the remaining §. We get a

2 2

pEAm E_
factor of ¥— =

p ~ p-

P+X )] 1

and a recoil factor f, = [1 + E (1

. We can change integration variables p+dp+ =

E+dE+, and further $dy = dE, using (C50), resulting in the
differential decay rate:

dr 20w ot
iy = 70t P p+fR[q4 |IMEP(ELE- + pip-x —m®)
N |MEM|2<E+E o W)}

(C82)

This matches the formula of Ref. [38].

In order to evaluate this rate using NCSMC transition
matrix elements, we take the diagonal matrix elements, e.g.,
>t 1Casts s|?, with the appropriate normalization factors,
equivalent to the K = 0 terms of (C47). The result is propor-
tional to the partially integrated differential cross section of
(C57) and (CT71).
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