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Nonextensivity and temperature fluctuations of the Higgs boson production
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We determine the temperature fluctuations associated with the Higgs boson pr spectrum through the derivation
of the string tension distribution corresponding to the QCD-based Hagedorn function, frequently used to fit the
transverse momentum distribution (TMD). The identified string tension fluctuations are heavy tailed, behaving
similarly to the g-Gaussian distribution. After the convolution with the Schwinger mechanism, both approaches
correctly describe the entire TMD. This approach leads to the nonthermal description of the particle production
in ultrarelativistic pp collisions. By analyzing the data of pp collisions at /s = 13 TeV, we found that the
average temperature associated with the Higgs boson differential cross section is around 85 times greater than
the estimated value for the charged particle TMD. Our results show that the Higgs boson production exhibits the

largest deviation from the thermal description.
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I. INTRODUCTION

One fundamental problem in quantum chromodynamics
(QCD) is understanding why quarks and gluons are never
found in isolation but always forming color-neutral combi-
nations (hadrons) [1-4]. Early models attempted to explain
confinement through the formation of color flux tubes or color
strings between partons. In these approaches, the potential en-
ergy in the strings increases linearly with the distance between
partons, preventing their separation beyond a certain energy
threshold [5-7].

In 1968, Veneziano proposed a framework for describing
the scattering amplitudes of mesons [8], which later led to the
development of dual resonance models. These dual models
exhibited properties reminiscent of strings, where particles
emerged as resonances corresponding to different vibrational
modes of the string [9—12]. In the early 1970s, QCD was es-
tablished as the fundamental gauge theory of the strong force
describing the color interactions via gluon exchanges [13—16].
Shortly after, lattice QCD was proposed as an alternative ap-
proach to understanding the behavior of quarks and gluons at
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a fundamental level [2], confirming the confinement and pro-
viding insights into the nonperturbative aspects of QCD [17].

The development of string-inspired models as effective
descriptions of QCD acquired an important role in the low
pr regime, where standard perturbative techniques are im-
practical. Phenomenological models such as the Lund string
model [18], the color string percolation model [19,20], or
event generators, among which stands out PYTHIA (even
EPOS and HERWIG), take into account the string fragmen-
tation to describe experimental observables as well as the
production of particles in high-energy colliders, e.g., the BNL
Relativistic Heavy Ion Collider (RHIC) and the CERN Large
Hadron Collider (LHC) [21].

In particular, the study of the particle spectrum is useful
to infer information about the properties of the produced
medium, including the possible formation of the quark-gluon
plasma. To this end, several fitting functions based on different
assumptions have been proposed to describe the behavior
of transverse momentum distribution (TMD). For instance,
Hagedorn introduced a QCD-based function that correctly
describes the TMD behaviors, namely, exponential decay at
low pr and a tail that decreases as a power-law at high pr [22].
Later, Bialas considered the Schwinger mechanism together
with the assumption that the string tensions fluctuate accord-
ing to a Gaussian distribution [23]. This approach recovered
the thermal py spectrum, formerly obtained for hadron gas
models.

Other efforts to describe the entire TMD data promote the
exponential decay to a g-exponential function [24]. This ap-
proach is equivalent to the Hagedorn function [25], for which
Wilk and Wlodarczyk derived from the convolution of the
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thermal distribution with temperature fluctuations [26]. This
result connects the TMD observed with the local properties of
the systems created in high energy collisions. Nevertheless,
descriptions of the string tension fluctuations have not yet
been deduced for these approaches.

In recent studies [27-29], it was found that the entire TMD
of produced particles in pp collisions can be described by
a family of Tricomi’s functions with two free parameters,
obtained by considering the Schwinger mechanism and a g-
Gaussian characterization of the string tension fluctuations,
which are fine tuned by analyzing the experimental TMD for
each particular data set. One immediate implication of these
results is that the hard part of the TMD can be originated
by raising the probability of observing strings with higher
tension. In other words, the string tension fluctuations must
be a heavy tailed distribution, giving rise to a nonthermal
description of the systems.

In this paper, we aim to derive the string tension fluc-
tuations that describe the QCD-based Hagedorn function as
well as the temperature fluctuations corresponding to the
g-Gaussian tension fluctuations. To do this, we derive the
TMD from the convolution of the Schwinger mechanism
with both temperature and tension fluctuations. To connect
our findings with experimental results, we analyze the TMD
data of charged particles produced in pp collisions under the
minimum bias and VO multiplicity classes reported by the
ALICE Collaboration. Moreover, we fit the TMD data of
the Higgs boson produced in pp collisions at /s = 13 TeV
reported by CMS and ATLAS Collaborations in the combined
channels H — yy,H — ZZ*,and H — bb (only CMS). The
main result presented here is the determination and charac-
terization of the temperature fluctuations associated with the
TMD of produced particles in pp collisions, including the
Higgs boson.

The rest of the paper is organized as follows. In Sec. II, we
deduce the string tension and temperature fluctuations for the
Tricomi and Hagedorn functions. In Sec. III, we describe the
methodology to analyze the TMD data set for the production
of charged particles and the Higgs boson in pp collisions.
We also comment on the relations between the fitting param-
eters of the Tricomi and Hagedorn functions together with
the statistical properties of the temperature fluctuations of
both approaches. Finally, Sec. IV contains our discussion and
conclusions.

II. STRING TENSION AND TEMPERATURE
FLUCTUATIONS

In string models, the production of particles is described
through the creation of neutral color current pairs g-g and
qq-qq that later decay into the observed hadrons. In this way,
the transverse momentum of these particles is given by the
Schwinger mechanism

d_N ~ e*ﬂlﬁ/xz’ (D

2

dpy
where x? is the string tension [30]. Here, we use the notation
dN/dp? to indicate the invariant yield of produced particles.
If the tension fluctuates according to a distribution P(x), then

the transverse momentum distribution must be computed as
the convolution of the Schwinger mechanism with the string
tension fluctuations. Thus

dN 0

o | e P(x)da. 2)

de 0
In 1999, Bialas introduced a Gaussian description for the
string tension fluctuations based on a stochastic QCD-vacuum
approach, given by [23]

2 2 2
P(x)= [——e ©)
TS

with ¢? being the variance of the distribution. After the con-
volution with the Schwinger mechanism, the TMD becomes a
thermal distribution [23],
- e /T, “4)
dpy

which resembles the Boltzmann distribution in the classi-
cal ensemble theory, where T = ¢/+/27 is identified as the
temperature of the TMD [31,32]. From a statistical thermody-
namic description, the final state could be characterized by an
effective temperature 7 associated with the medium wherein
the particles are produced [33,34]. This temperature-like pa-
rameter is also interpreted as the freeze-out temperature for
particle spectra [28,35], suggesting that 7' can be understood
as a scale temperature of the medium created in the collision.

Equation (4) adequately describes the experimental TMD
at low pr values. However, it considerably deviates from the
TMD tail. One reason for that is the possibility of hard gluon
emissions from strings, as in the Lund model [18]. Then, the
production of high-momentum partons may give rise to the
creation of massive particles [36,37]. For instance, the prin-
cipal channels of the Higgs boson production are the gluon
fusion and the annihilation of vector bosons [38—40].

As we commented before, the TMD data is frequently
described by the QCD-based function proposed by Hage-
dorn [22]:

dN _

—— o (1+pr/po)™, ©)

dpr
where pg is a momentum scale threshold coming from the
elastic scattering of the particles in the collision, and m is a
power law exponent [22,33,41]. One advantage of the Hage-
dorn function is the correct description of the asymptotic
behaviors of the TMD. At low pr values, dN/dp3 ~ ¢=Pr/Tha
with Tyae = po/m. At high pr values, the TMD decreases
as a power law, dN/d pZT ~ p7" [22]. Equation (5) can be
rewritten as the convolution of the thermal distribution (4)
with temperature fluctuations [26], i.e.,

(1+ pr/po) ™ = / ¥ e DAL pO) o

0 T?

where T'(x, a, B) = B%x*~'e™*/T"(«) is the gamma distribu-
tion. Equation (6) shows that the Hagedorn function emerges
from the temperature fluctuations. We recall that the thermal

015205-2



NONEXTENSIVITY AND TEMPERATURE FLUCTUATIONS ...

PHYSICAL REVIEW C 110, 015205 (2024)

distribution is obtained by considering that the tension fluc-
tuates according to a Gaussian distribution (3). Therefore, the
Hagedorn function (5) is rewritten as follows:

(I+pr/po)™ = / / eiﬂ”’z"/sz(x)THag(T)dT dx,
o Jo

)
where Tiao(T) =T'(1/T, m, po)/ T? is the function describ-
ing the temperature fluctuations. Notice that the integration
of the joint probability P(x)7 (T) with respect to T gives
the string tension fluctuations. Therefore, for the Hagedorn
function, we found

Prag () = / P() Trea(T)dT ®)
0

CompfrT  (m+1 1 np] 9
== Ty a) O
where U is Tricomi’s confluent hypergeometric function, de-
fined as

1 o0
U(a,b,z):—/ e A 4+ 1) dr. (10)
L'(a) Jo
Thus,

oo
(14 pr/po) ™" = / e Pgg(v)dx. (1)
0
Equation (11) means that the Hagedorn function is also ob-
tained from the picture of the fragmentation of color string
clusters where their tension fluctuates according to Py,g(x) in
Eq. (9). Let us discuss the asymptotic behaviors of Py,e. At

low x values,

_ mA D0m 4227

. + OOt ~ e (12)
47 pj

PHag o 1

Hence, Py,, recovers the Gaussian string tension fluctuations
with variance ﬁﬁag = 27 p}/[(m + 1)(m + 2)]. On the other
hand, at high x values, we found Py,, ~ x~m+D This implies
that Py, is a heavy-tailed distribution.

By plugging po = Thagm in Eq. (5), the Hagedorn function
becomes a g-exponential Tsallis function. Then, the TMD
is rewritten as dN/dp3 oc (1 + pr/mTu,)™™. By taking
m=1/(g. — 1) or m=gq,/(q, — 1), the Hagedorn function
recaptures different versions of the g-exponential Tsallis
distribution frequently used by the high energy physics com-
munity to fit the TMD experimental data [42—44].

Another interesting heavy tailed distribution frequently
used in the literature to study nonextensive and nonequilib-
rium phenomena is the g-Gaussian Tsallis function, given

by [45]
ZZ%F L 2\
PyG(x) = #(q_l)l)(l + %) ENCE)
g—1 2

where zo = (g — 1)/202, g is a deformation parameter,’ and
vo? is the width of the distribution. P, has the following

!¢ must be bounded by 1 and 3/2 to assure that {py) is finite.

asymptotic behaviors: at low x values,

2
X —x2 2
Pyg o1 = o5 + O ~ 72, (14)

where 7 = o2 is identified as the variance of the Gaussian
fluctuations recovered in this limit. Conversely, the tail of P;g
behaves as (x2)~1/1=9_ The convolution of the Schwinger
mechanism with P,g results in a confluent hypergeometric
function (10). In this way, the TMD is described by

1 11
vl ——— -, =, 2 ). 15
<q—1 - zzopr) (1)

The latter has the appropriate asymptotic behaviors. At low pr
values, dN/d pzT ~ ¢ Pr/Tu | with thermal temperature Ty =
B(a, 1/2)//4mz9, where B is the Beta function. On the

other hand, the TMD behaves as (p%)*ﬁ1 for high pr val-
ues [27,28].

Similarly to the Hagedorn case, the g-Gaussian distribution
can be expressed as the convolution of the Gaussian string
tension fluctuations (3) with the following temperature fluctu-
ations:

AN
dp?

2 (1 1 11
V= =T =, — — =, — ). 16
To(T) = 75 <T2 g—1 2 4zo> (16)

Hence, the TMD (15) is rewritten as follows:

dN

o0 o0 N N
i ~f / e TP P Ty (T)dT dx
T 0 0

= /OO e Pr/T T (T)dT. (17)
0

Again, the TMD is expressed as the convolution of the ther-
mal distribution with the temperature fluctuations. Note that
Egs. (6) and (17) can be identified as Laplace-like transforms
of Thae and Ty, respectively. We must emphasize that both
Py, and PG are heavy-tailed distributions, which characterize
the departure from the thermal description (4). Moreover, the
production of high pr particles (including massive particles
and jets) is implicitly incorporated via the observations of rare
events modeled by the tails of these distributions.

In both cases, T and Ty correspond to local temperature
fluctuations wherein a particle is produced. In consequence,
the temperature variations occur in small parts of the system,
implying that the system is nonthermal.

II1. DATA ANALYSIS AND RESULTS

The particular form of the string tension and temperature
fluctuations depend on the free parameters of (5) and (15),
which are determined by fitting different data sets. To this end,
we analyze the experimental TMD data of the charged particle
production reported by the STAR and ALICE Collabora-
tions for pp collisions considering different classes of events,
namely, minimum bias [46—48] at different center-of-mass
energies and the data reported by the ALICE Collaboration
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FIG. 1. Fits to experimental TMD data (figures) of charged particles for (a) minimum bias pp collisions at different center-of-mass energies,
(b) ALICE-V0 multiplicity classes at /s = 13 TeV, and (c) Higgs boson produced in pp collisions at /s = 13 TeV. Solid and dashed lines
correspond to U and Hagedorn fitting functions, respectively. The data sets were scaled to improve visualization.

using the VO multiplicity classes [49]. We also analyze the
data of the differential cross section (do /dpr) of the Higgs
boson reported by the ATLAS and CMS Collaborations in the
combined channels H — yy, H — ZZ*, and H — bb (only
CMS) [50,51].

The data are processed by using the ROOT 6 software.
In Fig. 1, we show the experimental data together with
their corresponding fits according to the Hagedorn (5) and
Tricomi (15) fitting functions. Notably, both approaches ac-
curately describe the TMD data (in all cases x?/ndf < 1).

For the analyzed data, we found that the fitting parameters
of the two approaches can be linearly related, as shown in
Fig. 2. The parameters satisfy the relations: m = a,/(q — 1),
and Tyae = po/m = my0 + b,, with a, =2.112(7), ms =
0.482(5), and b, = —0.042(2) GeV. These relations are rele-
vant because they establish a mapping between the Hagedorn
and g-Gaussian approaches. Hence, we can describe all the
observables as a function of two parameters, for instance, g
and o.

Interestingly, for all the cases analyzed, we found that
Thag < Ty. This observation can be tracked from the string
tension fluctuations of each approach. We recall that ana-
lyzing the TMD behavior at low pr defines the soft scale.
Notice that both Py, and Py tend to a Gaussian distribution
in the limit of low x values. Then, the corresponding ther-
mal picture of these limits leads to soft scales proportional
to the variance’s square root. We found By, < By for the
analyzed TMD data. Figure 2(a) shows the ratio ﬂ}zlag / ,3(2],
which is less than 1 in all cases. This implies that the Py, is a
more narrow distribution than P,g. In fact, Py,, substantially
increases the probability of observing strings with tension
around zero compared with the Gaussian and g-Gaussian dis-
tributions. In consequence, Py, produces an excess of strings
with tension close to zero. Hence, the production of particles
with very low pr is enhanced but in a short py range. The
main implication is that the soft scale (Th,e) is underesti-
mated. This is expected because the Hagedorn function was
proposed in order to explain the TMD produced by hard
QCD processes.

Let us discuss some statistics of the temperature distribu-
tion. The average temperature is
1 1)2
(¢ = DB(;5. —3)

= Ty,
v 472 —q) v

(18a)

T m
( >Hag = m—1
In both cases, the average temperature is greater than
the soft scale as the system becomes nonthermal, but they
coincide only in the thermal limit ¢ — 1 and m — oo for
the U and Hagedorn functions. On the other hand, when the
parameters g and m are close to their limit values (¢ < 1.5
and m > 3 to assure the convergence of (pr)), the quotient
(T)/T;, goes to 4/m and 3/2 for the U and Hagedorn
functions, respectively. In Fig. 3(c), we show the values of
(T')/T,, for the data analyzed under the U and Hagedorn
fitting functions. Notice that both the soft scale and the
average temperature grow as the center-of-mass energy
(v/s) and multiplicity (1) do. In particular, the Higgs boson
spectra have a temperature one hundred times greater than
any analyzed TMD of charged particles. It indicates that the
soft scale may also depend on the particle masses. We must
point out that the Higgs boson is not produced through soft
processes. However, its pr spectrum encompasses around
54% of the produced Higgs bosons with pr lower than 30
GeV, which can be described by a pr exponential. This
range of pr can be considered the soft part of the TMD. It
is worth mentioning that, in both cases, the average of 1/T
takes the values of the inverse of the soft scales, as Wilk and
Wtodarczyk discussed for the Hagedorn function in Ref. [26].
We also determine the relative variance of the temperature
distributions as @ = var(T)/(T')?, obtaining closed formulas
depending only on the parameters that modulate the shape of
the TMD tail:

Thag- (18b)

(19a)

WHag =

_2’
87 (g — 2)?

(g DG -39B(5. 1)’

wu —1.  (19b)
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FIG. 2. (a) Ratio between the variance f,,/B; of the Hage-
dorn and U functions (gradient color) in the g-o parameter space.
Figures correspond to the analyzed pp collision experimental data.
Correlations between the fitting parameters of the U and Hagedorn
functions for the analyzed pp collision data: (b) T,, Vs 0 and (c) m
vs 1/(q — 1). Dotted lines correspond to the linear trends.

Interestingly, @ diminishes as the system reaches the ther-
mal behavior. In this limit, the temperature fluctuations are
described by Dirac’s delta 6(T — T;;). This means that the
temperature is the same along with the medium wherein the
particles are produced. However, as the pr spectrum becomes
nonthermal, the particle production may occur at different
temperatures according to the distributions 7y and Tiag.

In Fig. 3(d), we show the w dependence on 1/(g — 1)
for the analyzed data using the U and Hagedorn parameters,
showing a monotonic increasing dependence on the nonexten-
sivity parameters. Additionally, in Ref. [32], the authors found
a similar behavior for the relative variance of the string tension
fluctuation. This means that larger fluctuations of the string
tension imply larger fluctuations in the temperature. Similarly
to (T'), the relative variance increases with the center-of-mass
energy and multiplicity for the production of charged particles
in pp collisions, making the temperature fluctuations wider.
In particular, for the case of the Higgs boson production, we
found that the TMD has a large soft scale (T =~ 11 GeV)
and exhibits the largest possible deviation from the thermal
description (¢ =~ 1.45), which makes the temperature fluctua-
tions wider with a large average temperature.
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FIG. 3. Temperature fluctuations (a) 7y and (b) 7y, obtained for
charged particle production in pp collisions at /s = 13 TeV under
minimum bias conditions (solid lines) and the highest multiplicity
ALICE-VO class (dashed lines). Dotted and dash-dotted lines cor-
respond to the temperature fluctuations associated with the Higgs
boson TMD obtained by analyzing the ATLAS and CMS data, re-
spectively. (¢) (T') /Ty, and (d) w as a function of 1/(q — 1) for the Ty
(filled figures) and 7g,, (empty figures). The dashed and dash-dotted
lines are the theoretical determinations (18) and (19).

IV. CONCLUSIONS

In summary, we have proved that the QCD-based Hage-
dorn function can be derived from string tension fluctuations.
Its distribution Py, has asymptotic behaviors similar to the
recently introduced g-Gaussian distribution. They recover a
Gaussian functional form at low x but both are power laws at
high tension values. The heavy tail of P,g and Py,g lead the
production of particles with high pr, marking the departure
from the thermal distribution. Thus, the involved physics in
the Hagedorn function becomes compatible with color string
models.

Using the derived functions, we analyzed the experimental
TMD data of pp collisions under different classes of events,
for instance, minimum bias as a function of the center-of-mass
energy, and VO multiplicity classes. For each analyzed data
set, we found the free parameters of the Tricomi and Hagedorn
functions, which determine the string tension and tempera-
ture fluctuations and reveal specific conditions for the particle
production.

Note that the Hagedorn (5) and the Tricomi (15) functions
describe the entire spectrum. However, the Hagedorn function
underestimates the soft scale because Py, is more narrow than
the g-Gaussian distribution.
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Interestingly, the string tension fluctuations Pyag and Pyg
arise from the convolution of the Gaussian string tension with
fluctuations in the temperature, which can be identified as the
TMD in the temperature space. For the temperature fluctua-
tions, we found that the average temperature associated with
the Higgs boson differential cross section is 85 times greater
than the estimated for the charged particle TMD of minimum
bias pp collisions at »/s = 13 TeV. This means that the system
has a region with a very high temperature, which causes the
flattening of the invariant yield’s soft part and extends the
range of pr where it is described by a thermal distribution.
This characterization may correspond to the possibility of the
creation of hot spots when massive particles are produced.

In the color string percolation model, more than two strings
may overlap, indicating that they interact through the color
field. Following the color sum rules, this overlapping en-
hances the resultant tension of the cluster, being maximum for
fully overlapped strings [20]. For this approach, it was found
that, for the hadron production, the string density grows with
the temperature parameter [52]. Assuming that this trend is
still valid for heavier particles, the processes with the highest
temperatures correspond to the highest string densities, as in
the case of the Higgs boson production. One way to obtain
the necessary energy density to create at least a parton re-
quired for massive or high pr particle production comes from
the possibility of the accumulation of strings in a singular
spot [32]. Additionally, the heavy tailed distribution for the
string tension increases the probability of having strings with
large tensions, which may help to reach such energy den-
sity [27]. In this sense, hot spots can be interpreted as places
with high string density, i.e., a very dense string cluster, which
corresponds to a region with a high local temperature. It is
following the recent discussion about the production of jets
with higher energy than expected by the Feynman scaling.

This phenomenon extends beyond heavy nuclei and also en-
compasses smaller scale events. Therefore, the production of
massive particles is linked to high-density spatial points that
can be modeled through QCD string interactions [53].

We must clarify that the Higgs boson production (or other
massive particles) does not occur through thermal processes.
However, the approaches discussed in this paper implicitly
involve the production of high pr partons through the heavy
tail of the string tension fluctuations. In this way Py,, and
P, model nonextensive and nonequilibrium systems. More-
over, the temperature fluctuations are a consequence of the
deviation of the TDM from the thermal behavior. Since the
q parameter quantifies the nonextensivity of the systems,
we found that the Higgs boson TMD exhibits the largest
possible deviation from the thermal behavior.

Finally, our results can be useful in improving the string
based computational tools used to simulate high energy
collisions.
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