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Effects of finite temperature and pairing correlations in multi-� hypernuclei
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The influence of finite temperatures and pairing correlations on the ground-state properties of multi-�
Ca, Sn, and Pb hypernuclei is explored using the finite-temperature Hartree-Fock-Bogoliubov approach and
contact pairing interaction. A critical temperature is predicted and is in agreement with the Bardeen-Cooper-
Schrieffer relationship kBT �

C ≈ 0.5�T =0
� , beyond which pairing correlations drop to zero. Particle densities,

� single-particle energies, and nuclear radii are weakly impacted by pairing as well as by finite tempera-
tures. However, other nuclear properties which are more sensitive to pairing correlations, such as �-pairing
gaps, condensation energies, and abnormal densities are also more impacted by finite temperature, especially
around the critical temperature. Furthermore, calculations show the occurrence of the pairing re-entrance
effect in the 280

70�Pb hyperon drip-line hypernucleus. Our study provides insight into the thermal evolution of
� pairing, i.e., the emergence and vanishing of pairing correlations in multi-� hypernuclei as a function of
temperature.

DOI: 10.1103/PhysRevC.110.014329

I. INTRODUCTION

Including the temperature effect in nuclear systems can
have a large impact on astrophysical processes [1]. Hot nu-
clear matter exists only temporarily in compact stars and in
finite nuclei since thermal energy can be efficiently evacuated
by neutrino and γ -ray emissions. The properties of hot matter
may, however, be different from the ones of cold systems
such as neutron stars (NSs) or finite nuclei and may influ-
ence time evolution. For instance, protoneutron stars (PNSs)
are transient celestial objects for which temperature impacts
dynamical evolution [2–5]. During the first few seconds after
their formation by massive-star core collapse (supernovae)
or by binary neutron star mergers (kilonovae), matter can be
heated to temperatures of the order of a few 1011 K, which
drops down to about T � 1010 K in less than an hour [6].
During this cooling, hypernuclear matter may temporarily
exist in hot PNSs [7,8], but the actual presence of hyperons

in the inner core of PNSs crucially depends on the hyperon-
hyperon interaction [9]. Consequently, the interplay between
the hyperon-hyperon interaction and temperature plays an
important role in the understanding of the cooling properties
of PNSs.

The uncertainties in the hyperon-hyperon interaction are,
however, still too large to allow accurate predictions about
hyperon matter. These uncertainties are largely due to the
scarce amount of experimental data, since only a limited
number of double-� hypernuclei, including 6

��He and 11
��Be

[10–12] have been produced and measured in laboratories. In
the future, the production of hyperons at FAIR and JPARC
will provide new data which will be employed to reduce
the uncertainties in the actual modeling of hyperon matter
[13–15].

Astrophysical data can also be employed to reduce the
model uncertainties. For instance the presence of hyperons
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in NSs may impact their cooling, by influencing neutrino
emission processes. More precisely, two hyperon β decays,
namely, �− → � + e− + ν̄ and � → p + e− + ν̄, contribut-
ing to the direct URCA process, have been predicted to be
very efficient in the long-time (� years) cooling of NSs [16].
If these processes occur, the surface temperature would be
lower than the observed ones [17–19]. Therefore, it is nec-
essary to reduce their efficiency, for instance, when the NS
temperature is below the critical temperature T �

C for � pairing
[18,20–22]. If hyperons are present in NSs, the observed sur-
face temperature is a sign for the existence of pairing among
hyperons: in this superfluid state, the emissivity of strange
decay reactions is reduced by a factor of exp(−�/kT ), where
� represents the pairing gap [18].

In conclusion of these first remarks, the composition of
dense matter in the core of NSs and PNSs has observational
consequences which can be related to the properties of hy-
peron interactions. In addition, the impact of these interactions
on the �-pairing gap is very important for the cooling of
these stellar objects, and several theoretical predictions on �

pairing have been performed in baryonic matter [23–31] and
hypernuclei [32–43].

We briefly review these predictions. Based on a G-matrix,
the �-pairing gap has been predicted to be about a few 100
keV [23] for densities n� ≈ nsat, where nsat is the satura-
tion density of symmetric matter, nsat ≈ 0.155 ± 0.005 fm−3

[24], and the BCS relation obtained in the weak-coupling
approximation kBTC ≈ 0.57�T =0 has been found to be well
satisfied [25–27]. Moreover, superfluidity has been predicted
to occur at about 4nsat in β-equilibrated matter, using one-
boson-exchange potentials for the �� interaction [28,29].
Phenomenological nuclear interactions have also been em-
ployed to predict the properties of � pairing in nuclear matter.
For instance, a relativistic mean-field (RMF) model has pre-
dicted the pairing gap to be 810 keV at the baryon density
of 0.349 fm−3 [30]. Other models consider σ ∗ and ϕ mesons
(with strange quark) added on top of the other (without strange
quark) mesons: the pairing gap is predicted to be reduced
down to 282 keV at the total baryon density of 0.364 fm−3

[31]. These results illustrate the variability among different
predictions.

One can also employ hypernuclei as a benchmark for ��

interactions. For instance, a study based on the relativis-
tic Thomas-Fermi approach and applied to hypernuclei, has
shown an interesting effect of the temperature: the � radii in-
creases faster as a function of the temperature than the nucleon
radii, since it is easier to excite the small amount of hyperons
than to excite the large number of nucleons [32]. Still in finite
nuclei, the Skyrme-Hartree-Fock model [33–35], the gener-
alized liquid-drop model [36,37], and the beyond-mean-field
SHF model [38–40] have been employed within the BCS
approximation. Microscopic calculations applied to multi-�
hypernuclei have emphasized the connection between pairing
in the � channel and the �� interaction [41–43]. Using
different methods to calibrate the �-pairing strength, these
studies have predicted the properties of multi-� hypernuclei
in their ground states. However, there are no calculations in
hypernuclei which explicitly treat temperature and � pairing
together.

The main purpose of the present study is to understand the
effect of temperature and � pairing in hypernuclei, in view
of the future production of a wealth of hypernuclei at FAIR
and JPARC. It is also expected to impact hyperon matter in
astrophysics. In this work, we extend our previous analysis of
� pairing in multistrange hypernuclei [41] by incorporating
the finite-temperature effect. To do so, we implement the
finite-temperature Hartree-Fock-Bogoliubov approach [44],
where we consider Skyrme-type energy density functionals in
the nucleon channel. To account for the �N interaction, we
consider the density functionals DF-NSC89, DF-NSC97a, and
DF-NSC97f, adjusted to reproduce Brueckner Hartree-Fock
results based on Nijmegen interactions NSC89, NSC97a, and
NSC97f [45,46]. To describe the �� interaction, we use the
empirical prescription EmpC [47], which is adjusted to repro-
duce the binding energy of 6

��He.
In practice, we consider spherical symmetry in this first

study, aiming at having a qualitative understanding of �

pairing at finite temperature. We have, therefore, specifi-
cally chosen hypernuclei with closed proton and neutron
shells, such as 40−S

−S� Ca, 132−S
−S� Sn, and 208−S

−S� Pb, known for their
semimagic properties. Moreover, the structure of hyperon
drip-line hypernuclei is also examined, particularly those with
open neutron shells located near closed neutron shells, such as
56,58,62,64
20� Ca, 168,170,174,176

40� Sn, and 274,276,280,282
70� Pb. Our study

focuses on investigating the impact of the temperature on the
low-energy properties of multi-� hypernuclei.

The present manuscript is organized as follows. In Sec. II,
we provide a brief overview of the FT-HFB approach applied
to multi-� hypernuclei. In Sec. III, we explore the interplay
between temperature and � pairing, analyzing their impact on
the low-energy properties. Conclusions are given in Sec. IV.

II. FINITE-TEMPERATURE
HARTREE-FOCK-BOGOLIUBOV APPROACH

FOR MULTI-� HYPERNUCLEI

The present model is based on the FT-HFB approach,
which is described in detail in Ref. [44]. It is a nonrelativistic
model for nucleons N = (p, n) and � hyperons, which is
employed to describe multi-� hypernuclei.

A. Formalism

The total Hamiltonian reads

Ĥ =
∑

i

T̂i +
∑
i, j

Ĥ ′
i j, (1)

where T̂ represents the kinetic energy operators, and Ĥ ′ de-
notes the interaction operator with (i, j) = (N, N), (N,�),
and (�,�). The total energy can be expressed as

E =
∫

d3r
∑
i, j

εi j, (2)

with the following contributions: the hyperon-nucleon energy
density

ε�N = −(
α1 − α2ρN + α3ρ

2
N

)
ρ�ρN

+(
α4 − α5ρN + α6ρ

2
N

)
ρ

5/3
� ρN, (3)
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TABLE I. Parameters corresponding to the energy density and effective mass of the � hyperons.

Functional α1 α2 α3 α4 α5 α6 α7 α8 α9 μ1 μ2 μ3 μ4

DF-NSC89 + EmpC 327 1159 1163 335 1102 1660 22.81 0 0 1 1.83 5.33 6.07
DF-NSC97a + EmpC 423 1899 3795 577 4017 11061 21.12 0 0 0.98 1.72 3.18 0
DF-NSC97f + EmpC 384 1473 1933 635 1829 4100 33.25 0 0 0.93 2.19 3.89 0

the hyperon-hyperon energy density

ε�� = h̄2

2m�

τ� − (
α7 − α8ρ� + α9ρ

2
�

)
ρ2

� , (4)

and the nucleon-nucleon energy density, where q stands for
neutrons or protons,

εNN = h̄2

2mN
τN + 1

2
t0

[(
1 + x0

2

)
ρ2

N −
(

x0 + 1

2

) ∑
q

ρ2
q

]

+ t1
4

{(
1 + x1

2

)[
ρNτN + 3

4
(∇ρN)2

]
−

(
x1 + 1

2

)
×

∑
q

[
ρqτq + 3

4
(∇ρq)2

]}

+ t2
4

{(
1 + x2

2

)[
ρNτN − 1

4
(∇ρN)2

]
+

(
x2 + 1

2

)
×

∑
q

[
ρqτq − 1

4
(∇ρq)2

]}

− 1

16
(t1x1 + t2x2)J2

N + 1

16
(t1 − t2)

∑
q

J2
q

+ 1

12
t3ρ

γ

N

⎡⎣(
1 + x3

2

)
ρ2

N −
(

x3 + 1

2

) ∑
q

ρ2
q

⎤⎦
+ 1

2
W0

(
JN∇ρN +

∑
q

Jq∇ρq

)
+ εCoul . (5)

The parameters α1−9 in Eqs. (3) and (4) are provided in Table I
for the following functionals: DF-NSC89, DF-NSC97a, and
DF-NSC97f [45,46] with EmpC prescription for α7 [47]. The
density ρ� represents the � density, and the nucleon density
is ρN = ρp + ρn. In infinite nuclear matter, the kinetic energy
densities τ� and τN are analytical functions of the matter den-
sity: τi = 3

5 (6π2/gi )2/3ρ
5/3
i , where gi = 4(2) for i = N(�).

The parameters t0−3, x0−3, γ , and W0 are given by the Skyrme
interaction and J represents the spin-current densities of nu-
cleons. The term εCoul corresponds to the Coulomb energy
density. It is worth noting that, in Eqs. (3) and (4), we em-
ploy energy density functionals, which have been adjusted to
reproduce Brueckner-Hartree-Fock predictions, incorporating
both nucleons and � hyperons [45,46], as well as the bond
energy of 6

��He.
The HFB equations in coordinate representation are de-

rived by taking the variation of the energy functional
expressed in Eq. (2) with respect to the density matrices:(

h − λ h̃
h̃ −h + λ

)(
Uk

Vk

)
= Ek

(
Uk

Vk

)
, (6)

where h(rσ, r′σ ′) = δE
δρ(rσ,r′σ ′ ) is the Hamiltonian contain-

ing the self-consistent field with particle density ρ(r, r′) =
1

4π

∑
k (2 jk + 1)Vk (r)V ∗

k (r′) and the chemical potential λ, and
h̃(rσ, r′σ ′) = δE

δρ̃(rσ,r′σ ′ ) is the pairing field with pairing den-

sity ρ̃(r, r′) = − 1
4π

∑
k (2 jk + 1)Vk (r)U ∗

k (r′). The fields Uk

and Vk are the components of the radial HFB wave function
and Ek is the quasiparticle energy. It should be noted that
the considered model incorporates two distinct types of HFB
mean-field potentials:

V� = ∂ (ε�N + ε��)

∂ρ�

−
(

m�

m∗
�(ρN)

− 1

)
(3π2)2/3

2m�

ρ
2/3
� (7)

and

VN = ∂ (ε�N + εNN)

∂ρN
+ ∂

∂ρN

(
m�

m∗
�(ρN)

)
×

(
τ�

2m�

− 3

5

(3π2)2/3

2m�

ρ
5/3
�

)
. (8)

The � effective mass reads

m∗
�(ρN)

m�

= μ1 − μ2ρN + μ3ρ
2
N − μ4ρ

3
N, (9)

where the parameters μ1−4 are given in Table I. The ��-
pairing interaction is defined as a volume-type contact
interaction, similar to the one used in Ref. [41]:

V�pair = V�0δ(r1 − r2) , (10)

where V�0 is the ��-pairing-interaction strength. It should
be noted that the pairing effect in the �� channel is yet hy-
pothetical. Nevertheless, even in the case of vanishing pairing,
temperature effects shall impact the �-shell structure, through
the Fermi distribution as described below.

All equations presented so far, including Eq. (6), are iden-
tical at finite temperature [44,48] provided the densities are
generalized at finite temperature according to the following
expressions:

ρT (r) = 1

4π

∑
k

(2 jk + 1)

× [V ∗
k (r)Vk (r)(1 − fk ) + U ∗

k (r)Uk (r) fk], (11)

τT (r) = 1

4π

∑
k

(2 jk + 1)

×
{[(

dVk

dr
− Vk

r

)2

+ lk (lk + 1)

r2
V 2

k

]
(1 − fk )

+
[(

dUk

dr
− Uk

r

)2

+ lk (lk + 1)

r2
U 2

k

]
fk

}
, (12)
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TABLE II. ��-pairing-interaction strength and corresponding
hyperisotopic chain for each functional.

Functional V�0 (MeV fm3) Hyperisotopic chain

DF-NSC89 + EmpC −139 40−S
−S� Ca (−S = 6–20)

DF-NSC97a + EmpC −148 40−S
−S� Ca (−S = 6–20)

DF-NSC97f + EmpC −180 40−S
−S� Ca (−S = 6–20)

DF-NSC89 + EmpC −158 132−S
−S� Sn (−S = 18–40)

DF-NSC97a + EmpC −145 132−S
−S� Sn (−S = 18–40)

DF-NSC97f + EmpC −180 132−S
−S� Sn (−S = 18–40)

DF-NSC89 + EmpC −184 208−S
−S� Pb (−S = 58–70)

DF-NSC97a + EmpC −180 208−S
−S� Pb (−S = 58–70)

DF-NSC97f + EmpC −220 208−S
−S� Pb (−S = 58–70)

JT (r) = 1

4π

∑
k

(2 jk + 1)

[
jk ( jk + 1) − lk (lk + 1) − 3

4

]
× {

V 2
k (1 − fk ) + U 2

k fk
}
, (13)

where fk = [1 + exp(Ek/kBT )]−1 is the Fermi distribution, kB

is the Boltzmann constant, and T is the temperature. The low-
energy properties in the equilibrium state at finite temperature
for multi-� hypernuclei are obtained from the solution of
Eq. (6), injecting Eqs. (11)–(13) into Eqs. (2)–(9).

B. Numerical strategy

The FT-HFB equations for the multi-� hypernuclei pre-
sented above are solved in coordinate representation and
considering spherical symmetry. The SLy5 Skyrme inter-
action is fixed for the nucleon sector since it accurately
reproduces stable and exotic nuclei properties [49]. As usual,
the spin-orbit term in the � mean-field channel is neglected
(see Ref. [50], for instance).

Following the approach suggested in Ref. [41], the strength
of the ��-pairing interaction V�0 is adjusted to reproduce the
maximum value of the theoretical BCS prediction in uniform
matter calculated in Ref. [28] (see Table II). It should be noted
that the pairing gap at T = 0 in nuclei is expected to be close
to the one of uniform matter. For instance, in the considered
−S intervals displayed in Table II, the average pairing gap
�̄�(T = 0) (running over a set of hypernuclei changing the
number of hyperons while keeping the number of protons and
neutrons) is close to the value in uniform matter [41]. It should
be noted that calculations of the average pairing gaps at finite
temperatures are carried out using equation

�̄�(T ) ≡ 1

NS

∑
−S

��

(
T, A−S

−S�X
)
, (14)

where NS represents the count of hyperisotopes within the
observed range.

We employ the Numerov method to solve the FT-HFB
equations and we consider the Dirichlet boundary condition
for vanishing wave functions. The wave functions are obtained

numerically for a spherical box with a radius of 30 fm and a
resolution of 0.1 fm. The self-consistent solution is obtained
by an iterative process, which is repeated until the total energy
converges within an accuracy of about 10−8 MeV.

III. RESULTS AT FINITE TEMPERATURES

In this section, we investigate how the pairing gaps, con-
densation energies, normal and pairing densities, and radii
of multi-� hypernuclei evolve as functions of the temper-
ature, considering different numbers of � hyperons (−S)
present in the system. We focus on studying the hyperisotopes
40−S
−S� Ca, 132−S

−S� Sn, and 208−S
−S� Pb being magic in the nucleon

sector. Additionally, in cases where the hypernuclei are close
to the hyperon drip-line, investigations have also explored
hypernuclei with neutron open-shell configurations at neutron
numbers lying between ±2 and ±4 from the neutron magic
number.

A. �-pairing gaps and binding energies

We first study the �-pairing gap (��) as a function of the
temperature in the following multi-� hyperisotopes: 40−S

−S� Ca,
132−S
−S� Sn, and 208−S

−S� Pb. The results for ��(T ) are shown in
Fig. 1, using the DF-NSC97a + EmpC functional.

As the temperature increases, the pairing gaps �� decrease
until temperature reaches the critical temperature T �

C for �

pairing, which is studied in more detail in the following. At
low temperature, the pairing gap is only weakly reduced but it
drops down only when the temperature is close to the critical
temperature T �

C . Note that for hypernuclei with −S close to
magic numbers, the pairing gap drops to zero even before
the critical temperature is reached, at about kBT = 0.4 MeV.
This trend is visible in Fig. 2, illustrating the influence of
strangeness on finite temperature across various functionals
for 40−S

−S� Ca hypernuclei. In the three panels of Fig. 1, the
largest temperature is set to the maximal critical temperature
T �

C for the considered hyperisotopic chain (e.g., 0.54 MeV in
the 40−S

−S� Ca case).
In 40−S

−S� Ca, the �-pairing gap �� is maximum at
−S = 6 in the studied range −S = 6–20. Similarly, for
132−S
−S� Sn, the maximum pairing gap is obtained at −S = 28
in the range −S = 18–40, and for 208−S

−S� Pb, it occurs at −S =
64 in the range −S = 58–70. The pairing gaps are quenched
for the following magic numbers: −S = 8, 18, 20, 34, 40,
58, and 70. This sequence is different from the usual one in
nonstrange nuclei since the spin-orbit has a negligible impact
in the � channel, involving a different shell structure.

It should be noted that qualitatively similar results are
obtained for the DF-NSC89 + EmpC and DF-NSC97f +
EmpC functionals. This can be seen in Fig. 3 for 46

6�Ca, 160
28�Sn,

and 272
64�Pb hypernuclei. Comparing �� values for all three

functionals, the DF-NSC97a + EmpC functional exhibits
the largest �-pairing-gap value across almost all tempera-
tures. While a larger density of states around the Fermi level
generally contributes to the enhanced pairing gap, for the
hypernuclei we are looking at, the increased number of bound
single-particle states expands the available states for pairing
interactions. This leads to a larger pairing gap, driven by the
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(a)

(b)

(c)

FIG. 1. Evolution of the �-pairing gap with increasing tempera-
ture for 40−S

−S� Ca (a), 132−S
−S� Sn (b), and 208−S

−S� Pb (c) hypernuclei using the
DF-NSC97a + EmpC functional.

deeper N� potential of the DF-NSC97a + EmpC functional
compared to DF-NSC89 + EmpC and DF-NSC97f + EmpC
[10,11].

Table III displays the values of the pairing gaps in the
ground state �T =0

� and the critical temperature T �
C for a set

of hypernuclei. We find that the BCS relation in uniform

FIG. 2. Impact of strangeness on finite temperature for 40−S
−S� Ca

hypernuclei.

matter, namely, kBTC ≈ 0.5�T =0
� , is well reproduced for finite

hypernuclei. Note that the BCS relation is almost independent
of the functional, since all used functionals impact both �T =0

�

and T �
C .

The effects of finite temperatures and pairing correlations
on binding energy can also be assessed by estimating the con-
densation energy, defined as Econd = EHF − EHFB. Figure 4
shows Econd for a set of 132−S

−S� Sn hypernuclei, using DF-NSC89
+ EmpC, DF-NSC97a + EmpC, and DF-NSC97f + EmpC
functionals. The behavior of the condensation energy closely
mirrors the trend observed in the �-pairing gap of Fig. 1.

The peak value of the condensation energy nearly reaches 3
MeV at T = 0. With increasing temperature, the EHF − EHFB

value experiences a consistent reduction across all hypernu-
clei, mirroring the pattern displayed in Fig. 1. For instance,
as the temperature increases to kBT = 0.3 MeV, the peak
of the condensation energy decresases to approximately 2
MeV. At a specific temperature threshold EHF = EHFB across
the whole −S range. In conclusion, Fig. 4 represents the

TABLE III. Pairing gap in the ground state �T =0
� and critical

temperatures T �
C for different functionals and for a set of hypernu-

clei, which are the ones with maximum pairing gap (see Fig. 1).

Functional Hypernucleus �T =0
� (MeV) kBT�

C (MeV)

DF-NSC89 + EmpC 46
6�Ca 0.82 0.46

DF-NSC97a + EmpC 46
6�Ca 1.04 0.54

DF-NSC97f + EmpC 46
6�Ca 0.98 0.48

DF-NSC89 + EmpC 160
28�Sn 0.84 0.43

DF-NSC97a + EmpC 160
28�Sn 0.82 0.44

DF-NSC97f + EmpC 160
28�Sn 0.82 0.43

DF-NSC89 + EmpC 272
64�Pb 0.69 0.39

DF-NSC97a + EmpC 272
64�Pb 0.76 0.44

DF-NSC97f + EmpC 272
64�Pb 0.71 0.38
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FIG. 3. Evolution of �-pairing gap with increasing temperature
for 46

6�Ca (a), 160
28�Sn (b), and 272

64�Pb (c) hypernuclei. The plot depicts
the results obtained from three functionals: DF-NSC89 + EmpC
(solid line), DF-NSC97a + EmpC (dashed line), and DF-NSC97f
+ EmpC (dotted line).

condensation energy for various temperatures up to the crit-
ical one (Tc = 0.44 MeV). It shows a systematical decrease
as the temperature increases, and at the critical temperature,
the FT-HF results are recovered. Figure 5 shows this for the

FIG. 4. Temperature-dependent binding energy differences of
HF and HFB approaches for 132−S

−S� Sn hypernuclei with different func-
tionals. The plot depicts the results obtained from three functionals:
DF-NSC89 + EmpC (solid line), DF-NSC97a + EmpC (dashed
line), and DF-NSC97f + EmpC (dotted line).

average pairing gap defined by Eq. (14) in the case of the DF-
NSC89 + EmpC and DF-NSC97f + EmpC functionals. This
figure also shows that the definition of the average pairing gap
defined in Eq. (14) still allows behavior as a function of A
similar to the nucleonic one, i.e., �� ∼ c/

√
A. The A slope is

slightly larger as the temperature increases.

B. Normal and abnormal pairing densities

Figure 6 displays the density profiles for three typical hy-
pernuclei, 46

6�Ca, 160
28�Sn, and 272

64�Pb, for T = 0 and T = T �
C .

The impact of temperature on the normal densities is very
small in the range of temperature bounded by the critical

FIG. 5. Variations in average pairing gap computed using
Eq. (14) for 40−S

−S� Ca (−S = 6–20), 132−S
−S� Sn (−S = 18–40), and

208−S
−S� Pb (−S = 58–70) hypernuclei. The plot depicts the results ob-
tained from three temperatures: kBT = 0 MeV (solid lines), kBT =
0.3 MeV (dashed lines), and kBT = 0.4 MeV (dotted lines).
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FIG. 6. Normal density profiles of 46
6�Ca, 160

28�Sn, and 272
64�Pb hy-

pernuclei at finite temperatures using the DF-NSC97a + EmpC
functional.

temperature. The � single-particle spectrum has also been
analyzed. In the considered hypernuclei, shifts in energy lev-
els of up to a few hundred keV are observed, as temperature
increases. Therefore, there is not an important impact of the
temperature of the � single-particle spectrum.

The �-hyperon radius, along with the nuclear radius, is
also analyzed. It should be noted that the value calculated
here using only neutron and proton densities is referred to
as the nuclear radius. Figure 7 illustrates this in the hy-
pernuclei 46

6�Ca, 160
28�Sn, and 272

64�Pb using the DF-NSC97a +
EmpC functional. Small effects of temperature are found.
Across all examined hypernuclei, the modification in the �

hyperon radii remains around 0.3% as temperature changes
from 0 to T �

C . Similarly, this change remains relatively
small as the temperature extends from 0 to 2T �

C for these

FIG. 7. Correlation between temperature and �-hyperon (solid
lines) and nuclear (dashed lines) radii in hypernuclei 46

6�Ca, 160
28�Sn,

and 272
64�Pb using the DF-NSC97a + EmpC functional. Corresponding

kBT �
C values of these hypernuclei are listed in Table III.

(b)

(a)

FIG. 8. Temperature dependence of neutron (a) and �-hyperon
(b) canonical wave functions for 46

6�Ca, 160
28�Sn, and 272

64�Pb hypernuclei,
which contribute the most to the increase in radii shown in Fig 7. The
label segments of panels (a) and (b) display the root-mean-square
radii (r) and occupation probabilities (V 2) derived from the relevant
states at varying temperatures.

hypernuclei. For instance, in the case of 40−S
−S� Ca hyperiso-

topes, the radius increase is roughly 0.6%, while for 132−S
−S� Sn

hyperisotopes it reaches around 3%. In the scenario of �

hyperon-rich 208−S
−S� Pb, this increase amounts to approximately

4%. Figure 7 shows that the variation of nuclear radii with
temperature closely mirrors the one of �-hyperon radii. The
difference between nuclear radii and �-hyperon radii (r − r�)
remains relatively stable up to 2T �

C . Beyond this tempera-
ture, this difference increases, with a smaller effect on heavy
hypernuclei. In conclusion, we found only weak impact of
temperature on the � hyperon and nuclear radii. Beyond 2TC ,
the sudden increase of the radii is due to the creation of a
neutron gas, which is a spurious effect of using a finite-size
box [32].

In order to study more quantitatively the origin of the
increase of the radii with temperature, we examined the wave
functions of the states contributing to radius increases at tem-
peratures exceeding 2TC , and we included the most significant
ones in Fig. 8, in the canonical basis. The computed root-
mean-square (rms) radii values for these states are shown
in the inset, along with their occupation probabilities. Each
of these states resides above the Fermi level, and at T = 0,
their occupation probabilities are zero. As seen in Fig. 8, only
at temperatures greater than 2TC do the occupation proba-
bilities of these states become large. Concurrently, the rms
radii increase, and the wave functions are shifted to larger
positions.

While the impact of temperature on normal density profiles
has been found to be negligible, the effect of temperature
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FIG. 9. Abnormal pairing density profiles for 46
6�Ca (a), 160

28�Sn
(b), and 272

64�Pb (c) hypernuclei at finite temperatures using the DF-
NSC97a + EmpC functional.

on the abnormal pairing density profiles is much stronger,
as shown in Fig. 9 for 46

6�Ca, 160
28�Sn, and 272

64�Pb hypernuclei.
Note that all the other hypernuclei that we have studied (see
Fig. 1) show similar results. As expected, the reduction of the
abnormal pairing density scales with the one of the pairing
gaps shown in Fig. 1.

FIG. 10. Comparison of the evolution of �- and neutron-pairing
gaps with increasing temperature for the 280

70�Pb hypernucleus. The red
line represents the �-pairing gap calculated using the DF-NSC97f +
EmpC functional, while the blue line represents the neutron-pairing
gap using a pairing strength of Vn0 = −265 MeV fm3.

C. Pairing correlations around the hyperon drip-line

Among the 40−S
−S� Ca, 132−S

−S� Sn, and 208−S
−S� Pb hypernuclei that

we examined in detail above, 60
20�Ca, 172

40�Sn, and 278
70�Pb lie the

closest to the hyperon drip-line at T = 0: their ��-separation
energies are very close to 0. These drip-line systems can
contribute to conditions where the pairing re-entrance effect
(the pairing gap becomes nonzero above a given tempera-
ture) is predicted [51,52]. However, as seen from Fig. 1,
even at finite temperatures, �� = 0 for these hypernuclei.
This is not the case when considering open-shell neutron
cases. For this purpose, calculations were performed for
56,58,62,64
20� Ca, 168,170,174,176

40� Sn, and 274,276,280,282
70� Pb hypernuclei

using all three functionals. Mixed-type pairing interaction was
used in the neutron channel for these hypernuclei, with the
pairing strength Vn0 = −265 MeV fm3, such that the pair-
ing gap �n ≈ 0.6 MeV in 280

70�Pb (see Fig. 10). For the �

channel, we used the pairing strengthes given in Table II.
Pairing re-entrance occurs in 280

70�Pb using the DF-NSC97f
+ EmpC functional, with the two predicted critical temper-
atures kBTc1 = 0.19 MeV and kBTc2 = 0.41 MeV. It should
be noted that at kBTc2 = 0.41 MeV, using the DF-NSC97f +
EmpC functional yields chemical potentials of −0.32 MeV
for � hyperons, −2.83 MeV for neutrons, and −7.21 MeV
for protons in 280

70�Pb. However, for all other neutron open-
shell hypernuclei we investigated, �� remains constant at 0
across all temperatures. The reason for the pairing re-entrance
phenomenon specific to 280

70�Pb is that, in this hypernucleus
using DF-NSC97f + EmpC, the energy difference between
the last occupied 3s level and the first unoccupied 1h level
is smaller compared to other similar 274,276,278,282

70� Pb hypernu-
clei, as shown in Table IV. As the temperature changes, the 1h
level, which is for this hypernucleus is empty at T = 0, begins
to fill, and pairing properties begin to emerge at temperatures
greater than kBT = 0.19 MeV.
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TABLE IV. Energy difference between the highest occupied 3s
level and the lowest unoccupied 1h level in 274,276,278,280,282

70� Pb hyper-
nuclei at T = 0.

Energy difference (MeV)

Functionals 274
70�Pb 276

70�Pb 278
70�Pb 280

70�Pb 282
70�Pb

DF-NSC89 + EmpC 1.87 1.79 1.81 1.80 1.76
DF-NSC97a + EmpC 3.21 2.87 3.03 3.56 3.41
DF-NSC97f + EmpC 1.68 1.68 1.59 1.53 1.62

IV. CONCLUSIONS

In conclusion, the interplay between pairing and finite
temperature for multi-� hypernuclei has been studied using
the FT-HFB apparoach. We have considered three different
functionals for the N� channel, DF-NSC89, DF-NSC97a,
and DF-NSC97f, all adjusted from microscopic Brueckner-
Hartree-Fock predictions. For the �� channel, the empirical
prescription EmpC has been used, which is adjusted to repro-
duce the experimental bond energy in 6

��He.
The pairing gaps for individual hypernuclei show similar

trends as the temperature approaches the critical temperature
T �

C , which is found to be about 0.54 MeV and to scale with re-
spect to ��(T = 0) as suggested by the BCS relation. Among
the studied functionals, DF-NSC97a + EmpC predicts the
largest pairing gaps. While this difference is generally not

greater than 0.1–0.2 MeV, the DF-NSC97a + EmpC func-
tional provides results similar to those of the DF-NSC89 +
EmpC and DF-NSC97f + EmpC functionals for all investi-
gated ground-state properties.

We have also investigated the effect of temperature on the
binding energy, on the single-particle spectra, on the normal
density, and on the �-hyperon radius. There is no effect of
temperature for T � T �

C . As expected, the abnormal pairing
densities and the condensation energy are impacted by the
temperature and shrink to zero for T = T �

C . Calculations also
explored hyperon drip-line hypernuclei. A pairing re-entrance
effect was observed in the neutron open-shell hyperon drip-
line hypernucleus 280

70�Pb, in the � channel.
In summary, this study clarifies the combined effects of

temperature and pairing correlations in hypernuclei. Our main
finding is that the usual BCS correlation between T �

C and
��(T = 0) remains valid for hypernuclei.
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