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The low-lying level schemes, E2 transitional rates, electrical quadrupole moments Q, and magnetic dipole
moments μ of odd-mass Te isotopes with mass number from 129–139 are calculated within the framework of the
nucleon-pair approximation of the shell model by using the standard multipole-multipole interaction in a large
truncated space. Good agreement is obtained between the calculated results and experimental data. The dominant
configurations in collective nucleon-pair basis of low-lying yrast states in 129–133Te and 135–139Te are analyzed in
detail. The possible weak-coupling multiplets in these nuclei are probed by investigating the corresponding
relative excitation energy, wave function, E2 transition rates, electric quadrupole moments Q, and magnetic
dipole moment μ. E2 ground-state transitions of odd-mass nuclei and even-even core are compared, and a
similar asymmetry pattern with respect to N = 82 is obtained. The electromagnetic moments Q and μ of the
3/2+

1 , 11/2−
1 states in 129–133Te, and the 7/2−

1 state in 135–139Te are discussed in terms of the overall trend and the
contribution of the proton and neutron components.
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I. INTRODUCTION

The study of neutron-rich nuclei in the 132Sn region is
one of the hot and challenging topics in nuclear structure and
nuclear astrophysics [1–4]. Heavy tellurium (Te) isotopes with
mass number A around 130 have two valence protons and
several valence neutrons (or neutron holes) outside the 132Sn
core. Such nuclei are well worth studying, since they offer
relatively simple laboratories for exploring nucleon-nucleon
interactions, testing model Hamiltonians, and studying single-
particle excitations and collective motions [5,6]. The 2+

1 levels
and E2 transitional rates B(E2, 2+

1 → 0+
1 ) of even-even Te

isotopes exhibit asymmetric structural evolutions across the
N = 82 shell closure, implying different collectivity for va-
lence neutron particles and holes [7,8]. Particle-particle nuclei
with Z > 50 and N > 82 present faster collective develop-
ment than particle-hole nuclei with N < 82 [9,10]. And a
shape transition from spherical in 136Te to prolate in 140Te is
predicted to take place at 139Te [11]. It is thus interesting to
study the low-lying structural evolution of odd-mass heavy
Te isotopes with neutron number across the N = 82 shell
closure.

The energy level of neutron-rich isotopes is one of the
observations reflecting nuclear structure information, and has
important influence on the modeling of r-process path [12].
Compared with the even-even nuclei, odd-mass nuclei exhibit

*Contact author: huijiang@shmtu.edu.cn

more extensive and complex band structures. Experimen-
tally, every neutron-hole nuclei of 127,129,131,133Te has a Iπ =
3/2+ ground state and a low-lying 11/2− β-decaying isomer
[13,14]. The high-spin level schemes of odd-mass 125–133Te
have been extended up to 5–6 MeV excitation energies
[14–16]; the effects of the proton-pair breaking along the yrast
lines [16], as well as the core-excited states [17,18], are ana-
lyzed by the shell-model calculations. For the neutron-particle
nuclei 135,137,139Te with N > 82, available experimental en-
ergy levels are relatively scarce. The level scheme of 135Te
has been considerably extended up to 6 MeV, but for 137Te
and 139Te, energy levels are only extended to 2–3 MeV [19].
The ground states of 135,137,139Te are suggested to have spin
and parity Iπ = 7/2−, from the systematic trend of yrast ex-
citations in N = 83, 85, 87 isotones [19]. As the number of
valence neutrons beyond the N = 82 closed shell increases,
level schemes of 135,137Te and 139Te show an excitation pattern
characteristic of spherical [20,21] and transitional [11] nuclei,
respectively.

The electromagnetic properties provide us with relevant
information on the two-body interactions of valence nucle-
ons and detailed single-particle configurations contributing
to the nuclear wave function, thereby helping us understand
nuclear shell structure. The measurement of electromagnetic
properties in this region is a challenging task. So far, the heav-
iest tellurium nucleus with known magnetic dipole moments
(μ) and electric quadrupole moment (Q) is 135Te [22]. The
μ(11/2−

1 ) values in neutron-hole Te isotopes with N < 82 are
negative and become slightly more negative with increasing
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mass number [23]. The observed trends of μ(7/2−
1 ) and

Q(7/2−
1 ) in N = 83 isotones show a negative growth as the

proton number Z increases from 52–66, reflecting the ef-
fects of valence protons [24]. The B(E2, 15/2−

1 → 11/2−
1 )

value of 135Te is typical of a vibrational transition [10]; its
B(E2, 19/2−

1 → 15/2−
1 ) value [3.92(20) W.u.] is larger than

the B(E2, 6+
1 → 4+

1 ) [2.05(4) W.u.] of 134Te, which can be
understood as an effect of the mixing in the 15/2−

1 state of the
(πg2

7/2)4+ ⊗ ν f7/2 and (πg2
7/2)6+ ⊗ ν f7/2 couplings [25].

The purpose of this paper is to apply the nucleon-pair
approximation (NPA) [26,27] of the shell model to study
the low-lying structures and possible weak-coupling mul-
tiplets for odd-mass 129–139Te isotopes. The NPA is one
natural and efficient truncation scheme of the shell model.
It can treat even-even, odd-mass, and odd-odd nuclei on the
same footing. In the past 20 years, the NPA has made a
lot of progress in the study of medium and heavy nuclei
[28–36]. Traditional J-scheme version of the NPA adopts ba-
sis states constructed by stepwise couplings of nucleon pairs
with given spin; the dimension of the collective nucleon-pair
subspace is small, thus providing a simple and illuminating
picture of the nuclear structure under investigation. There
have also been a number of important developments in the
model itself in recent years, including isospin symmetry [37],
particle-hole excitations [38], m-scheme versions [39], defor-
mation [40], and state-of-the-art version of the NPA (which
combines the advantages of both J-scheme and m-scheme
versions) [41].

In 2007, the NPA calculation of odd-mass Sn, Te, Xe,
Ba, Ce, Sb, I, Cs, and La isotopes in this region was per-
formed in the SD-pair truncated space with the strengths of
quadrupole pairing and quadrupole-quadrupole interactions
varying with the mass number [32]. The excited energies of
low-lying yrast states for 129–135Te agree well with the ex-
periment, but those of 137–139Te differ from the experiment
to some extent. This calculation demonstrated that S and
D pairs play an important role in the low-lying states for
129–135Te. However, due to the faster collective development
in the N > 82 region, 137–139Te require a larger truncated
space to describe their low-lying states. After 2007, with the
improvement of experimental facilities, experimental energy
levels and electromagnetic properties in this region have been
updated. At the same time, our computing power has also
been greatly improved. Therefore, in this paper, the low-
lying structures of odd-mass Te nuclei are studied in a large
truncated space (SπDπGπ Iπ + SνDνKν pairs for N < 82 and
Sπ DπGπ Iπ + SνDνGνIνKν pairs for N > 82) according to the
single-particle energies. Due to the larger configuration space
and better phenomenological interactions, our results agree
better with the experimental values, and more low-lying states
with high spin can be discussed in this paper. Compared with
the previous work in 2007, this paper not only describes and
predicts more low-lying energy levels, E2 transition rates,
electric quadrupole moments Q, and magnetic dipole mo-
ments μ, but also focuses on the dominant configuration of
wave function, the weak-coupling multiplet, and the evolution
of electromagnetic properties. In particular, the data associa-
tion between excited energy, B(E2) transition, Q, and μ is
used to find more evidence for weak-coupling effects in Te

isotopes. This is important for understanding the low-lying
structures of nuclei in this region.

This paper is organized as follows. In Sec. II we present
a brief introduction to the NPA, including the model space,
the Hamiltonian, the transition operators, and parametriza-
tion of our calculations. In Sec. III we present and discuss
our calculated energy spectra, E2 transitional rates, electrical
quadrupole moments Q, and magnetic dipole moments μ,
with our focus on the dominant configuration, the evolution
of electromagnetic properties with mass number, and possible
weak-coupling multiplets in detail. The summary and conclu-
sion are given in Sec. IV.

II. FORMULATION OF THE NPA

In this section, we present the model space, the Hamil-
tonian, the transition operators, and parametrization of our
calculations. The building blocks of the model space are
collective nucleon-pair basis states. For an even system with
2N valence protons or neutrons, we assume that all the va-
lence nucleons are coupled to collective nucleon pairs Ar†

σ

with angular momentum r = 0, 2, 4, 6, 8 (corresponding to S,
D, G, I , and K pairs). σ = π, ν is the index of proton and
neutron degrees of freedom, respectively. Then the collective
nucleon-pair basis state with total angular momentum JN for
an even system is constructed by coupling N collective nu-
cleon pairs r1, r2 · · · rN stepwise [· · · (Ar1† × Ar2†)J2 × · · · ×
ArN †]JN

σ |0〉. Similarly, for an odd system with 2N + 1 valence
protons or neutrons, the collective nucleon-pair basis state is
given by successively coupling the N nucleon pairs to the
unpaired nucleon in a single jσ orbit as {· · · [(C†

jσ
× Ar1†)J1 ×

Ar2†]J2 × · · · × ArN †}JN
σ |0〉. Here, C†

jσ
is the single-particle cre-

ation operator in the jσ orbit. JN (half-integer) denotes the
total angular momentum for the 2N + 1 nucleons. The com-
bination of proton and neutron collective nucleon-pair basis
states forms a complete set of nonorthonormal but linearly
independent many-pair basis states.

The Hamiltonian is chosen to have the phenomenological
and separable form as follows:

H =
∑

jσ

ε jσ C†
jσ

Cjσ

−
∑

σ

(
G0

σP (0)†
σ · P (0)

σ + G2
σP (2)†

σ · P (2)
σ

)

−
∑

σ

κσ Qσ · Qσ + κπνQπ · Qν, (1)

where P (0)
σ , P (2)

σ , and Qσ are the pairing and quadrupole
operators, respectively. ε jσ is the single-particle energy. G0

σ ,
G2

σ , κσ , and κπν are the two-body interaction strengths corre-
sponding to monopole, quadrupole pairing, and quadrupole-
quadrupole interactions between valence nucleons. The
adopted single-particle energies and two-body interaction
strengths are listed in Table I. Among them, the single-particle
energies are obtained from the experimental excitation ener-
gies [19] of 133Sb (for proton ε jπ ), 131Sn (for neutron-hole ε jν ),
and 133Sn (for neutron-particle ε jν ) except for the neutron h9/2

orbital. For this orbital, it is assumed that εh9/2 changes with
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TABLE I. Adopted single-particle energies ε jσ and two-body
interaction strengths G0

σ , G2
σ , κσ , and κπν . σ = π, ν stands for proton

and neutron, respectively. Definition of the εh9/2 is given in the text.
ε jσ and G0

σ are in unit of MeV; G2
σ , κσ and κπν are in MeV/r4

0 with

r2
0 = 1.012A

1
3 fm2.

jπ s1/2 d3/2 d5/2 g7/2 h11/2

ε jπ 2.990 2.440 0.962 0.000 2.792

jν s−1
1/2 d−1

3/2 d−1
5/2 g−1

7/2 h−1
11/2

N < 82 ε jν 0.332 0.000 1.655 2.434 0.065

jν p1/2 p3/2 f5/2 f7/2 h9/2 i13/2

N > 82 ε jν 1.363 0.8537 2.0046 0.000 εh9/2 2.690

G0ν G2ν κν G0π G2π κπ κπν

N � 82 0.17 0.021 0.04 0.18 0.018 0.039 +0.08

N > 82 0.11 0.01 0.02 0.13 0.024 0.05 −0.08

the numbers of valence neutrons. For N = 83 and N = 85,
εh9/2 = 1.5609 and 0.9503 MeV, which are taken from the
corresponding experimental excitation energies of 133Sn and
135Sn. For N = 87, no experimental data is available for 137Sn,
so εh9/2 = 0.6956 MeV comes from fitting the experimental
energy levels of 139Te.

The E2 transition operator is defined by T (E2) = eπQπ +
eνQν, where eπ and eν correspond to the effective charges of
valence proton and valence neutron. The B(E2) value in units
of W.u. is given by

B(E2; Ji → Jf ) = C × (eπχπ + eνχν )2, (2)

with

C = 2Jf + 1

2Ji + 1
× r4

0

5.94 × 10−6 × A4/3
.

Here, reduced matrix element χσ = 〈β f , Jf ||Qσ ||βi, Ji〉 (σ =
π, ν) and r2

0 = 1.012A1/3 fm2. |βi, Ji〉 is the eigenfunction
carrying angular momentum Ji and the symbol βi represents
all quantum numbers other than Ji. The electric quadrupole
moment is related to the E2 transition operator by

Q(Ji ) =
√

16π

5
CJiJi

JiJi,20(eπχπ + eνχν )r2
0 , (3)

with χσ = 〈βi, Ji||Qσ ||βi, Ji〉 (σ = π, ν). The magnetic
dipole moment is defined by

μ(Ji ) =
√

4π

3
CJiJi

JiJi,10(ξlπ + ξsπ + ξlν + ξsν )μN , (4)

with reduced matrix element ξlσ = 〈βi, Ji||glσ Lσ ||βi, Ji〉 and
ξsσ = 〈βi, Ji||gsσ Sσ ||βi, Ji〉 (σ = π, ν). Here, Lσ and Sσ are
the orbital and spin angular momenta. glσ and gsσ correspond
to the orbital and spin gyromagnetic ratios. μN is the nu-
clear magneton. The two-body interaction strengths and the
parameters for calculating electromagnetic properties adopted
in this paper are consistent with those of the corresponding
even-even core [8].

Based on the single-particle energies in Table I, the model
space we choose is as follows. For proton degree of freedom,
collective Sπ , Dπ , Gπ , Iπ pairs are taken to construct the

proton nucleon-pair basis. For neutron degree of freedom,
collective Sν, Dν, Kν pairs (or Sν, Dν, Gν, Iν , and Kν pairs) are
included in the neutron-hole (or neutron-particle) pair basis.
To verify the validity of our model truncation scheme, we
compare the low-lying energy levels of odd-mass 129–137Te
between the NPA and the shell model (using BIGSTICK code
[42], denoted by SM) by taking the same phenomenological
interactions in Eq. (1). Due to the limitation of computing
conditions, SM calculation of 139Te is not available for the
time being. It is seen in Fig. 1 that both calculations give rather
similar results, and they agree well with the experimental
values. This indicates that the NPA with the phenomeno-
logical interactions is very well fitted to explain low-lying
states in these nuclei, especially the energies and electro-
magnetic properties of those states of concern (see Table II
below).

III. RESULTS AND DISCUSSION

In this section, we present our calculated results of low-
lying states in odd-mass Te isotopes, with neutron number
from 77–87. Our results include energy levels, E2 transition
rates, electric quadrupole moments Q, and magnetic dipole
moments μ, presented in Fig. 1 and Table II. One sees that our
results agree well with the experimental data on the whole.
This suggests that the NPA provides a suitable theoretical
framework to describe the low-lying states of these nuclei.
Next, we will discuss the low-lying structure of Te isotopes
from three aspects: the evolution of low-lying energy levels,
the weak-coupling multiplet, and the evolution of electromag-
netic moments.

A. Evolution of low-lying energy levels

In this section, we focus on the evolution of the low-lying
energy levels in odd-mass Te isotopes shown in Fig. 1, and
analyze its microscopic nature from the perspective of the
dominant configuration of wave function.

For neutron hole-type nuclei 129–133Te, the three lowest
energy levels are 3/2+

1 , 1/2+
1 , and 11/2−

1 , where 11/2−
1 is

reported to be a β-decaying isomer [13,14]. Our calculations
show that these three levels have single-hole characteristics
and their dominant configurations are |(d−1

3/2)ν〉, |(s−1
1/2)ν〉, and

|(h−1
11/2)ν〉, respectively. This is consistent with the conjectures

of the literature [19]. Here S pairs are omitted for short (i.e.,
we use abbreviations |(S†

π )Nπ j†
ν (S†

ν )Nν 〉 → | jν〉, and jν corre-
sponds to the orbit of the unpaired neutron). For 133Te, there
is a significant energy gap (about 700 keV) between the other
low-lying levels and the above three lowest levels. The lowest
energy level above 11/2−

1 experimentally is (7/2+, 5/2−) lo-
cated at 1096 keV. According to our calculations, this energy
level is suggested to be 7/2+

1 and its dominant configuration
is |Dπ (d−1

3/2)ν〉. The 5/2+
1 energy level very close to it is also

dominated by |Dπ (d−1
3/2)ν〉. As the number of neutron holes

increases to three, the above energy gap decreases rapidly to
be about 300 KeV at 131Te. The lower energy level is the 5/2+

1
state at 642 keV, dominated by |(d−1

3/2)νDν〉. At this point, it
can be inferred that the sudden drop of the 5/2+

1 state from
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FIG. 1. Comparison of calculated and experimental excitation energies for odd-mass nuclei 129–133Te (in the left column with N < 82)
and 135–139Te (in the right column with N > 82). The NPA and the shell-model calculations (denoted by SM) are performed with the same
phenomenological interactions in Eq. (1). Experimental data are taken from Ref. [19,21]. Experimental levels with “( )” correspond to cases
for which the spin and/or parity of the corresponding states are not well established.
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TABLE II. B(E2 : Jπ
i → Jπ

f ) values (in units of W.u.), electric quadrupole moments Q(Jπ
i ) (in eb), and magnetic dipole moments μ(Jπ

i )
(in μN ) for odd-mass 129–139Te isotopes. Experimental data are from Refs. [10,19,22].

State B(E2) Q(Jπ
i ) μ(Jπ

i )

Nuclei Jπ
i Jπ

f Expt. NPA Expt. NPA Expt. NPA

129Te 3/2+
1 0.055(13) −0.04 0.702(4) 0.77

7/2+
1 3/2+

1 14.29 +0.13 1.92

11/2+
1 7/2+

1 8.45 −0.22 4.14

15/2+
1 11/2+

1 6.36 −0.72 5.23

11/2−
1 +0.40(3) +0.41 −1.091(7) −1.18

15/2−
1 11/2−

1 20.11 +0.49 −0.75

19/2−
1 15/2−

1 19.94 +0.36 0.82

23/2−
1 19/2−

1 5.96 −0.23 3.26
131Te 3/2+

1 +0.09 0.696(9) 0.84

7/2+
1 3/2+

1 10.17 +0.21 2.26

11/2+
1 7/2+

1 3.89 −0.26 4.24

15/2+
1 11/2+

1 2.54 −0.50 5.36

11/2−
1 +0.25(14) +0.49 −1.04(4) −1.19

15/2−
1 11/2−

1 12.70 +0.60 −0.66

19/2−
1 15/2−

1 4.24 +0.14 2.31

23/2−
1 19/2−

1 1.88 −0.13 3.41

17/2−
1 13/2−

1 3.5(10) 2.37 +0.04 2.34
133Te 3/2+

1 +0.23(9) +0.20 0.85(2) 0.89

7/2+
1 3/2+

1 6.52 +0.25 2.58

11/2+
1 7/2+

1 2.27 −0.32 4.41

15/2+
1 11/2+

1 1.44 −0.24 5.49

11/2−
1 +0.28(14) +0.44 (−)1.129(7) −1.19

15/2−
1 11/2−

1 4.83 +0.46 0.49

19/2−
1 15/2−

1 2.56(14) 1.80 +0.08 2.72

23/2−
1 19/2−

1 0.62 −0.05 3.52
135Te 7/2−

1 +0.29(9) −0.29 −0.69(5) −0.73

11/2−
1 7/2−

1 >0.020 4.66 −0.13 1.02

15/2−
1 11/2−

1 6.6(2) 4.63 −0.26 2.77

19/2−
1 15/2−

1 3.92(20) 3.29 −0.53 −3.8(4) 3.97
137Te 7/2−

1 −0.18 −0.58

11/2−
1 7/2−

1 10.13 −0.26 0.11

15/2−
1 11/2−

1 10.72 −0.28 0.69

19/2−
1 15/2−

1 4.63 −0.53 3.74
139Te 7/2−

1 +0.01 −0.54

11/2−
1 7/2−

1 12.05 −0.19 0.27

15/2−
1 11/2−

1 13.05 −0.29 1.90

19/2−
1 15/2−

1 7.45 −0.57 3.77

133Te to 131Te is influenced by the drastic decrease of the
2+

1 state energy between 134Te and 132Te, whose nature is
changes from proton to neutron excitation. However, from
133Te to 131Te, the experimental 7/2+

1 energy changes little
(from 1096 keV to 943 keV). This is mainly because 7/2+

1
state of 131Te is still dominated by |Dπ (d−1

3/2)ν〉 (76%) from
our calculations.

The neutron-particle-type nuclei 135–139Te present faster
collective development than the neutron-hole-type nuclei
129–133Te. The nucleus 135Te has one valence neutron outside
132Sn. In the literature [19], the configuration of its (7/2−

1 )
ground state is ν f7/2; (3/2−

1 ) and (1/2−
1 ) levels are probable

νp3/2 and νp1/2 states, respectively. Our results are consistent
with the above, and the three energy levels are dominated by
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|( f7/2)ν〉, |(p3/2)ν〉, and |(p1/2)ν〉, respectively. The other low-
lying states of 135Te do not have single-particle characteristics
with high probability in our calculations. Above the (1/2−

1 )
level, there are three successive levels [i.e. (5/2−

1 ), (11/2−
1 ),

and (9/2−
1 )] that are very close in energy, all of which have

a dominant configuration of |Dπ ( f7/2)ν〉. The dominant con-
figurations 13/2−

1 and 15/2−
1 are |Gπ ( f7/2)ν〉; those of 17/2−

1
and 19/2−

1 are |Iπ ( f7/2)ν〉; that of 21/2−
1 is |Iπ (h9/2)ν〉.

The nucleus 137Te has two more neutrons than 135Te. As
can be seen from Fig. 1, the three lowest energy levels of
137Te calculated are 7/2−

1 , 5/2−
1 , and 3/2−

1 in turn, which
is consistent with the large-scale shell-model calculations
performed using Napoli and N3LOP effective interactions
[21]. Although the 3/2−

1 level has not been experimentally
measured, the systematics of the 3/2−

1 excitation energies in
neighboring N = 85 isotones supports our results. In terms
of wave function, the 7/2−

1 ground state is still dominated
by |( f7/2)ν〉; but the 5/2−

1 level is dominated by |( f7/2)νDν〉
(61%), and 3/2−

1 is by |( f7/2)νDν〉 (45%) and |(p3/2)νDν〉
(31%). Thus, as the number of neutrons increases from N =
83 to N = 85, the decrease in excitation energy of 5/2−

1 and
3/2−

1 is mainly due to the changes from proton to neutron
excitation, similar to the previous discussion of the 5/2+

1 state
from 133Te to 131Te. In Fig. 1, the 9/2−

1 and 11/2−
1 levels

are close together. It is found that their dominant configura-
tions are similar, i.e., |Dπ ( f7/2)ν〉 and |( f7/2)νDν〉. In contrast,
the 13/2−

1 and 15/2−
1 levels are close in energies, but their

structures are quite different. The 13/2−
1 state is dominated by

the |(h9/2)νDν〉 configuration; while 15/2−
1 state is dominated

by |Dπ ( f7/2)νDν〉, |( f7/2)νGν〉, and |Dπ ( f7/2)νGν〉. It is to
be pointed out that our results largely agree with what was
concluded in Refs. [20,21].

For the nucleus 139Te with N = 87, the ground state is sug-
gested to have spin and parity Iπ = 7/2−. The doublet 7/2−

1
and 5/2−

1 states that occur in pairs are observed in heavier
N = 87 isotones, corresponding to an undeformed shape [11].
As can be seen in Fig. 1, our calculations reproduce these two
energy levels well; their energies are very close, and dominant
configurations are |( f7/2)ν〉 and |( f7/2)νDν〉, respectively. The
3/2−

1 level is slightly higher than 5/2−
1 in our calculation,

since its configuration is similar to 5/2−
1 state. Comparing the

calculated yrast levels of 137Te and 139Te, one specific change
is the increase in the energy gap between 9/2−

1 and 11/2−
1 ,

and between 13/2−
1 and 15/2−

1 . At this point, the unpaired
neutron of 9/2−

1 state for 139Te no longer occupies mostly
the ν f7/2 orbit, but instead occupies the νh9/2 orbit, which is
dominated by |(h9/2)ν〉. The unpaired neutron of the 13/2−

1
level still occupies mostly the νh9/2 orbit like 137Te, but the
reduction in the single-particle energy of the νh9/2 orbit results
in a reduction in the 13/2−

1 energy. Compared with 137Te,
the 11/2−

1 and 15/2−
1 level positions of 139Te do not change

much. This is mainly due to the fact that the unpaired neutron
of these two levels still mainly occupies the ν f7/2 orbit, and
their dominant configuration changes little. In the literature
[19], both 17/2−

1 and 21/2−
1 belong to the band built on

13/2−
1 . Our results support this conclusion, and the unpaired

neutron of these two levels is mainly located in the νh9/2

orbit.

TABLE III. Overlaps between yrast spin-J states |J〉 of 129–139Te
and weak-coupling wave functions of |(ν j)±1 ⊗ (Jee, even-even
core)〉. Here, (ν j)+1 or (ν j)−1 refers to a single valence neutron or
neutron hole in the j orbit. Jee is the state spin of the corresponding
even-even core.

Band |J〉 |(ν j)−1 ⊗ (Jee )〉 129Te 131Te 133Te

Band A |3/2+
1 〉 |(νd3/2)−1 ⊗ (0+

1 )〉 0.97 0.97 0.97

|7/2+
1 〉 |(νd3/2)−1 ⊗ (2+

1 )〉 0.93 0.92 0.94

|11/2+
1 〉 |(νd3/2)−1 ⊗ (4+

1 )〉 0.81 0.59 0.50

|15/2+
1 〉 |(νd3/2)−1 ⊗ (6+

1 )〉 0.96 0.98 0.99

Band B |11/2−
1 〉 |(νh11/2)−1 ⊗ (0+

1 )〉 0.96 0.96 0.98

|15/2−
1 〉 |(νh11/2 )−1 ⊗ (2+

1 )〉 0.96 0.96 0.95

|19/2−
1 〉 |(νh11/2)−1 ⊗ (4+

1 )〉 0.83 0.68 0.52
|23/2−

1 〉 |(νh11/2)−1 ⊗ (6+
1 )〉 0.97 0.99 1.00

|J〉 |(ν j)+1 ⊗ (Jee )〉 135Te 137Te 139Te

Band C |7/2−
1 〉 |(ν f7/2)+1 ⊗ (0+

1 )〉 0.97 0.93 0.93

|11/2−
1 〉 |(ν f7/2)+1 ⊗ (2+

1 )〉 0.92 0.94 0.91

|15/2−
1 〉 |(ν f7/2)+1 ⊗ (4+

1 )〉 0.82 0.92 0.82

|19/2−
1 〉 |(ν f7/2)+1 ⊗ (6+

1 )〉 0.99 0.97 0.94

B. Weak-coupling multiplet

In this section, we investigate the possible weak-coupling
multiplet of odd-mass Te isotopes in terms of energy level,
wave function, B(E2) transition, electric quadrupole mo-
ments Q, and magnetic dipole moment μ. We first present
the relative energies of a few yrast states in 129–139Te and
the corresponding 2+

1 , 4+
1 , and 6+

1 states in even-even Te
cores in Fig. 2, where the theoretical and experimental re-
sults are on the left and right, respectively. The selected yrast
states are band A (3/2+

1 , 7/2+
1 , 11/2+

1 , 15/2+
1 ), and band

B (11/2−
1 , 15/2−

1 , 19/2−
1 , 23/2−

1 ) for 129–133Te; and band C
(7/2−

1 , 11/2−
1 , 15/2−

1 , 19/2−
1 ) for 135–139Te. To understand

the structures of these states, we also present in Table III
the overlaps between yrast spin-J states |J〉 of 129–139Te and
weak-coupling wave functions of |(ν j)±1 ⊗ (0+

1 , 2+
1 , 4+

1 or
6+

1 , even-even Te core)〉. Here, (ν j)+1 or (ν j)−1 refers to a
single valence neutron or neutron hole in the j orbit.

It can be seen in Figs. 2(a)–2(d) that for neutron-hole-
type nuclei (N < 82), the relative excitation energies of each
yrast states are in good agreement with the systematics of
the corresponding 2+

1 , 4+
1 , and 6+

1 states in even-even Te
core, except for the 23/2−

1 state in Fig. 2(d). To understand
the structures of these states, we analyze them within our
collective nucleon-pair subspace. One sees in Table III that
most overlaps are indeed very large (>0.9), indicating that
these states can be well represented by the weak coupling be-
tween a collective state in the even-even core and the unpaired
nucleon in a single- j orbit. For 11/2+

1 and 19/2−
1 states of

131,133Te, it is interesting that their overlaps are about 0.5–0.6
for the |(ν j)−1 ⊗ (4+

1 )〉, and 0.7–0.8 for the |(ν j)−1 ⊗ (6+
1 )〉.

As shown in Figs. 2(b), 2(d) the energy level spacing between
4+

1 and 6+
1 states is generally small (the experimental values

are approximately 0.12 MeV at 134Te, 0.10 MeV at 132Te, and
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FIG. 2. The mass number (A) dependence of excitation energies (in MeV) for a few yrast states of even-even and odd-mass Te nuclei.
Panels on the left are based on our calculated results, and the right on experimental results. The 2+

1 , 4+
1 , and 6+

1 correspond to the excitation
energies of even-even Te cores, represented by solid symbols. Those of odd-mass nuclei are represented by hollow symbols. (a), (b) and (c),
(d) present respectively the energies of 7/2+

1 , 11/2+
1 , and 15/2+

1 states with respect to the 3/2+
1 and those of 15/2−

1 , 19/2−
1 , and 23/2−

1 states
with respect to the 11/2−

1 for 129–133Te (N < 82). (e), (f) show the energies of 11/2−
1 , 15/2−

1 , and 19/2−
1 states relative to the 7/2−

1 for 135–139Te
(N > 82). Experimental data are taken from Ref. [19].

0.18 MeV at 130Te), which is mainly caused by the spin align-
ment of two protons in the πg7/2 orbit [8]. Thus, the small
overlap between the 11/2+

1 /19/2−
1 states and |(ν j)−1 ⊗ (4+

1 )〉
for 131,133Te is related to the mixing effect of 4+

1 and 6+
1

states. The 15/2+
1 and 23/2−

1 states are little affected by the
mixing effect because of the angular momentum coupling
rule (i.e., d3/2 or h11/2 coupling with 4+ cannot form 15/2+
or 23/2−).

In the literature [15,16], the 23/2−
1 level of 129–133Te is

suggested to be a fully aligned (νh11/2)−1 ⊗ (πg7/2)2 state
and that is exactly what we calculated. The dominant con-
figuration of this state in the NPA is |Iπ (h−1

11/2)ν〉, and the
two-valence-proton configuration (πg7/2)2 accounts for 99%

in the collective Iπ pair. Therefore, the 23/2−
1 state is pre-

dicted to be a good weakly coupled state |(νh11/2)−1 ⊗ (6+
1 )〉

in Table III. However, experimental relative energies of the
23/2−

1 state in Fig. 2(d) are about 0.5–1 MeV higher than
those of the 6+

1 state. It should be pointed out that our
calculated 23/2−

1 energy levels are very close to those of
the shell model [16–18], both of which have large deviations
from the experimental data. One sees in Fig. 2(c) that the
NPA results are very close to the relative energies of the
6+

1 state, which is more consistent with the weakly coupled
picture. For the 23/2−

1 state, the spin and/or parity are not well
established in experiment. And the shell-model calculation
[18] suggested the observed first (23/2−) level at 3.070 MeV
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FIG. 3. Comparison of NPA predictions with weak-coupling values for the yrast states of neutron hole-type nuclei (N < 82) listed in
Table III: (a) B(E2) transitions (in W.u.), (b) magnetic dipole moment μ (in μN ), and (c) electric quadrupole moment Q (in eb). Since B(E2)
transitions involves initial and final states, the color bar in panel (a) represents the product of overlap in Table III of the initial and final states
of each transition. The color bars of μ and Q in panels (b), (c) represent the overlap between each state and the corresponding weak-coupling
wave function.

of 133Te to be the second 23/2− state. Therefore, the above
deviations are worthy of further study both theoretically and
experimentally.

For neutron particle-type nuclei (N > 82) in Figs. 2(e), 2(f)
the relative excitation energies of 11/2−

1 , 15/2−
1 , and 19/2−

1
states with respect to the 7/2−

1 level agree reasonably well
with the corresponding 2+

1 , 4+
1 , and 6+

1 states, respectively.
One sees in Table III that most overlaps of band C (7/2−

1 ,
11/2−

1 , 15/2−
1 , 19/2−

1 ) are above 0.9, which indicates that
they can be regarded as a result of the weak coupling of
the odd neutron in the ν f7/2 orbital to the even-even core
excitations. The observed 11/2−

1 levels in the N = 85 isotones
have similar characteristics [20,21].

We then discuss the weak-coupling multiplet in terms of
electromagnetic properties. In the weak-coupling regime, the
magnetic moment μ of state [ j ⊗ Jee]J in odd-mass nuclei can
be calculated using the additivity relation [43]:

μ(J ) = J

2

[
μ(Jee )

Jee
+ μ( j)

j
+

(
μ(Jee )

Jee
− μ( j)

j

)

× Jee(Jee + 1) − j( j + 1)

J (J + 1)

]
. (5)

Here, μ(Jee ) is the magnetic moment of spin-Jee state in the
corresponding even-even core. μ( j) stands for the single-
particle moment with spin j. Similarly, the electric quadrupole
moments Q(J ) in odd-mass nuclei is expressed as

Q(J ) =
(

J 2 J
−J 0 J

)
(−1)Jee+ j+J (2J + 1)

×
⎡
⎣

{
Jee J j
J Jee 2

}
Q(Jee )( Jee 2 Jee

−Jee 0 Jee

)

+
{

j J Jee

J j 2

}
Q( j)( j 2 j

− j 0 j

)

⎤
⎦, (6)

involving the quadrupole moment of even-even core Q(Jee ),
the single-particle moment Q( j), Wigner-3 j and Wigner-6 j

symbols. The B(E2) values governing transitions between the
states [ j ⊗ Jee]Ji and [ j ⊗ J ′

ee]Jf can be evaluated by the same
method [44]:

B(E2 : ( jJee )Ji → ( jJ ′
ee)Jf ) = α × B(E2 : Jee → J ′

ee ),

with

α = (2Jf + 1)(2Jee + 1)

×
[

(−1) j+Jee+Jf +2

{
j Jee Ji

2 Jf J ′
ee

}]2

.

It can be shown that the coefficients α in the above formula are
equal to 1, for the E2 transition rates between the states with
the same single-particle spin j in Table III (that is, 7/2+

1 →
3/2+

1 , 11/2+
1 → 7/2+

1 , 15/2+
1 → 11/2+

1 , 15/2−
1 → 11/2−

1 ,
19/2−

1 → 15/2−
1 , and 23/2−

1 → 19/2−
1 for N < 82 nuclei;

11/2−
1 → 7/2−

1 , 15/2−
1 → 11/2−

1 , and 19/2−
1 → 15/2−

1 for
N > 82 nuclei). This indicates that the B(E2) values are ap-
proximately equal if the additional unpaired nucleon is weakly
coupled to the even-even core:

B(E2 : ( jJee )Ji → ( jJ ′
ee)Jf ) = B(E2 : Jee → J ′

ee ). (7)

According to the Eqs. (5)–(7), the weak-coupling B(E2),
μ and Q corresponding to the states listed in Table III are
calculated. Here, the local single-particle moments μ( j) and
Q( j) are used, which are from magnetic and electric moments
of the lowest states with spin j in 129–139Te. The calculated
values of weak coupling are compared with those of the NPA
in Table II, as shown in Figs. 3 and 4 for N < 82 and N > 82,
respectively. Since B(E2) transitions involves initial and final
states, the color bar in Figs. 3(a), 4(a) represents the overlap
product of the initial and final states of each transition. The
color bars of μ and Q in Figs. 3(b), 3(c) and 4(b), 4(c)
represent the corresponding overlap of each state. It can be
seen that the blue data points of B(E2), μ and Q basically fall
on the middle diagonal, that is, their weak-coupling values are
basically consistent with the NPA results. This indicates that
the state with overlap greater than 0.9 can be regarded as a
good weak-coupling multiplet.
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FIG. 4. Same as Fig. 3 except for the yrast states of neutron particle-type nuclei (N > 82) listed in Table III.

For even-even 128–140Te isotopes, the measured
B(E2; 2+

1 → 0+
1 ) transitions show certain asymmetric

pattern with respect to N = 82, which was interpreted as
different core polarization below and above N = 82 shell
[8]. According to Eq. (7), in the weak-coupling regime,
the B(E2 : ( jJee )Ji → ( jJ ′

ee)Jf ) of odd-mass nucleus is
approximately equal to the B(E2 : Jee → J ′

ee ) of even-even
core. Therefore, it is interesting to investigate whether B(E2)
transitions of odd-mass nuclei have similar asymmetric
pattern. In Fig. 5(a), B(E2 : 7/2+

1 → 3/2+
1 ) of 129–133Te

and B(E2 : 11/2−
1 → 7/2−

1 ) of 135–139Te are compared with
B(E2; 2+

1 → 0+
1 ) transitions of even-even core. One sees the

E2 ground-state transitions between odd-mass nuclei and
even-even core are approximately equal, which indicates
that the extra neutron in ν f7/2 orbit of 135–139Te (or neutron
hole in νd3/2 orbit of 129–133Te) has no significant effect
on the reduced transition probabilities for these states.
The B(E2) trend of odd-mass nuclei is similar to that of
even-even core. For N < 82, the B(E2) of hole-type nuclei
increases linearly with the increase of valence neutron

holes. However, for N > 82, B(E2) curve of particle-type
nuclei is not linear, and the B(E2) increment becomes
smaller between A = 137 and A = 139. We further study
the contributions of proton and neutron to B(E2) values.
From Eq. (2), B(E2; Ji → Jf ) = C[eπχπ + eνχν]2 with the
coefficient C ≈ 0.33 and 0.43 fm4 for B(E2 : 7/2+

1 → 3/2+
1 )

and B(E2 : 11/2−
1 → 7/2−

1 ), respectively. Therefore the
proton and neutron contributions to B(E2) values depend on
the matrix elements χ∗

π = √Ceπχπ and χ∗
ν = √Ceνχν . As

presented in Fig. 5(b), the general trend of B(E2) transitions
in odd-mass nuclei are mainly determined by the neutron
matrix element χ∗

ν , which is consistent with the conclusion of
even-even nuclei [8].

C. Evolution of electromagnetic moments

We finally discuss the electromagnetic moments of low-
lying states presented in Table II. As can be seen from
this table, the observed electromagnetic moments are mainly
concentrated on the ground states 3/2+

1 and 7/2−
1 , as well

FIG. 5. (a) Comparison of B(E2) transitions (in W.u.) between odd-mass Te isotopes and their even-even core, and (b) the matrix elements
of proton χ∗

π and neutron χ∗
ν in odd-mass nuclei. Here, B(E2 : 7/2+

1 → 3/2+
1 ) values of 129–133Te, B(E2 : 11/2−

1 → 7/2−
1 ) of 135–139Te and

B(E2 : 2+
1 → 0+

1 ) of even-even 128–140Te are represented by squares, five-pointed stars, and circles, respectively.
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FIG. 6. The electric quadrupole moments Q (in eb) of the 3/2+
1 , 11/2−

1 and 7/2−
1 states in the odd-mass Te isotopes. (a), (b), and (c) refer

to the comparison of the experimental and calculated Q values. The experimental data are taken from Ref. [19]. (d), (e), and (f) present the
proton/neutron part contributions (Qπ and Qν) in the Q values.

as the single neutron state 11/2−
1 . In general, our calcu-

lations agree well with the experimental results within the
error bars. In the electric multipole expansion, the electric
quadrupole moment Q is an important physical quantity,
which reflects the shape of the nucleus and describes the inter-
action between the nucleus and the external electric field. As
shown in Figs. 6(a)–6(c), Q(3/2+

1 ), Q(11/2−
1 ), and Q(7/2−

1 )
values increase with the mass number A from negative to
positive, indicating that the shape changes from oblate to
prolate. It should be noted that there is one Q measure-
ment with undetermined sign, that is Q(3/2+

1 ) of 129Te.
For this state, derived quantity is Qexp = 0.055(13)eb in ex-
periment [45], indicating a nearly spherical structure. The
magnitude of our result (Qcal = −0.04) is close to the exper-
iment. Considering that Q(3/2+

1 ) value increases with A, and
our result of 131Te (Qcal = +0.09) is in good agreement with
the quasiparticle calculation (+0.078) [45], it is reasonable for
our Q value of 129Te to be negative. For the 7/2−

1 state of 135Te,
the sign of the experimental and theoretical values is reversed.
A similar situation also appears in shell-model calcula-
tions [24]. Their results (Qcal = −0.30 and −0.33 by using
microscopic and empirical effective operators, respectively)
are close to ours (Qcal = −0.29). Therefore, it is necessary
to remeasure the electric quadrupole moment to clarify the
true structure of this state. We further analyze the contribu-
tions of the proton and neutron components. From Eq. (3),
Q can be divided into a proton part and a neutron part, i.e.,
Q = Qπ + Qν . As presented in Figs. 6(d)–6(f), for the two
ground states 3/2+

1 and 7/2−
1 , the contributions of neutron and

proton are approximately equal. However, for the low-lying
state 11/2−

1 , the tendency of Q to change with A is mainly
determined by the neutron part.

The magnetic dipole moment μ is related to the motion
state of the nucleons in the nucleus, which directly and indi-
rectly reflects the information of nuclear structure. The overall
trends of μ(3/2+

1 ), μ(11/2−
1 ), and μ(7/2−

1 ) values with A are

presented in Figs. 7(a)–7(c), respectively. It can be seen in
Figs. 7(a)–7(b) that both μ(3/2+

1 ) and |μ(11/2−
1 )| values of

neutron-hole-type nuclei gradually decrease as the number of
valence neutron holes increases (that is, the mass number A
decreases). A similar conclusion can be reached for neutron-
particle-type nuclei in Fig. 7(c). Namely, the |μ(7/2−

1 )| value
decreases as the valence neutron number (or mass num-
ber) increases. To understand the general trend of μ values,
we analyze the contributions from their proton/neutron spin
and orbital angular momentum components, i.e., μ = μsπ +
μsν + μlπ + μlν . One sees in Figs. 7(d)–7(f) that the trend
of μ is mainly determined by the neutron spin part μsν .
According to the single-particle model, the single-neutron
state properties of the odd-mass Te isotopes are determined
by the last unpaired odd neutron. In the literature, the
single-neutron magnetic moments in the d3/2, h11/2, and
f7/2 orbits are μν (d3/2) = +0.747(4)μN [19], μν (h11/2) =
−1.276(5)μN [19], and μν ( f7/2) = −1.410(1)μN [24] (taken
from μexp of the lowest states with spin j in 131Sn and 133Sn,
respectively). It can be seen that these single-neutron mag-
netic moments are approximately equivalent to the neutron
spin part μsν in Figs. 7(d)–7(f). It should be noted in Fig. 7(f)
that when N > 82 the proton/neutron orbital parts (μlπ and
μlν) are positive and their values cannot be ignored. The neg-
ative sign of μ(7/2−

1 ) is determined by the μsν , but because
orbital parts cancel out some negative values, the final value
of μ(7/2−

1 ) is about −0.54–−0.73 in our calculation.

IV. SUMMARY

In this paper, we have calculated the low-lying level
schemes, E2 transitional rates, electrical quadrupole moments
Q, and magnetic dipole moments μ of odd-mass Te isotopes
with neutron numbers from 77–87 within the nucleon-
pair approximation (NPA) of the shell model, by using
the phenomenological pairing plus quadrupole interactions.
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FIG. 7. Same as Fig. 6 except for the magnetic dipole moments μ (in μN ). Here, (d), (e), and (f) present the proton/neutron spin part (μsπ ,
μsν) and orbital part contributions (μlπ , μlν) in the μ values.

Our results are in good agreement with available experimental
data. The B(E2), Q, and μ values of low-lying states are tabu-
lated in this paper, many of which have not yet been measured
for these nuclei, and they provide a quantitative reference for
future experimental and theoretical studies.

The dominant configurations of yrast low-lying states
are discussed in the collective nucleon-pair subspace. For
neutron-hole-type nuclei 129–133Te, the 3/2+

1 , 1/2+
1 , and 11/2−

1
states have single-hole characteristics. As the mass num-
ber decreases from 133–131, the favored configuration of
5/2+

1 state changes from |Dπ (d−1
3/2)ν〉 to |(d−1

3/2)νDν〉. Thus,
the sudden drop of 5/2+

1 energy is due to the drastic de-
crease of the 2+

1 energy from 134Te to 132Te. The 7/2+
1 state

of both 133Te and 131Te are dominated by |Dπ (d−1
3/2)ν〉, so

there is no significant reduction in its energy value. When
N > 82, the energy level shows a faster collective devel-
opment. It is found that 7/2−

1 , 3/2−
1 , 1/2−

1 states of 135Te,
7/2−

1 , 1/2−
1 states of 137Te, and 7/2−

1 , 9/2−
1 states of 139Te

most likely have single-particle characteristics. We predict
that both 137Te and 139Te have a 3/2−

1 state near the 5/2−
1

state, and the largest dominant configuration of both states is
|( f7/2)νDν〉.

The weak-coupling pictures of yrast low-lying states are
probed by investigating the corresponding relative excitation
energy, B(E2) transition, Q, and μ values. In addition, the
probabilities that the states could be interpreted in terms of
the weak coupling between collective even-even core and
the unpaired particle are extracted from the NPA wave func-
tions. By comparing the performance of B(E2), Q, and μ

values in the weak-coupling regime, it is found that the weak-

coupling values of state with overlap greater than 0.9 are
basically consistent with the NPA results. Therefore, the 3/2+

1 ,
7/2+

1 , 15/2+
1 , 11/2−

1 , 15/2−
1 , and 23/2−

1 states in 129–133Te;
the 7/2−

1 , 11/2−
1 , and 19/2−

1 states in 135–139Te are sug-
gested to be good weak-coupling multiplets. B(E2 : 7/2+

1 →
3/2+

1 ) of 129–133Te and B(E2 : 11/2−
1 → 7/2−

1 ) of 135–139Te
are compared with B(E2; 2+

1 → 0+
1 ) transitions of even-even

core. E2 ground-state transitions of odd-mass nuclei are sug-
gested to have similar asymmetric characteristics with respect
to N = 82.

The electromagnetic moment Q and μ of 3/2+
1 , 11/2−

1
states in 129–133Te, and 7/2−

1 state in 135–139Te, as well as
the contributions of the proton and neutron components, are
discussed. On the whole, Q(3/2+

1 ), Q(11/2−
1 ), and Q(7/2−

1 )
values increase with A. For the ground states 3/2+

1 and 7/2−
1 ,

the contributions of the neutron and the proton are approxi-
mately equal; but for the 11/2−

1 state, the neutron component
contributes more. μ(3/2+

1 ) and |μ(11/2−
1 )| values of neutron-

hole-type nuclei (and |μ(7/2−
1 )| values of neutron-particle-

type nuclei) gradually decrease as the valence nucleon number
increases. Their overall trends are suggested to be given
essentially by the neutron holes/neutrons in the νd3/2, νh11/2,
and ν f7/2 orbits, respectively.
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