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~alysis of one-nucleon transfer reactions between heavy ions in terms of
exact finite-range distorted-wave Born-approximation calculations
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A new technique is developed to carry out exact finite-range distorted-wave Born-
approximation calculations very quickly, and is applied to analyze a large amount of data
for one-nucleon transfer reactions between heavy ions. It is confirmed that heavy-ion
induced reaction data, if analyzed in terms of an exact finite-range approach, can be used
as a dependable spectroscopic tool.

NUCLEAR REACTIONS Pb( 0, N), E =104, 140 MeV Pb( C, B),
208pb(i2C 13{ ) g 77 98 ] 16 MeV. 208pb(1kB lOBe) 208pb(llB &2B)

MeV 88Sr('60 '5N), E =44—59 MeV 6 Ni(' 0 N), &=56 MeV Ni(' C, ' B)
E =48 MeV; calculated o'(0); full recoil; exact-finite-range DWBA, 9Bi,

Pb, Y, Cu levels deduced S ~

I. INTRODUCTION

With the accumulation of experimental data of
transfer reactions between heavy ions obtained
with ever increasing bombarding energies, the
need of carrying out exact finite range (EFR) dis-
torted-wave Born-approximation (DWBA} calcula-
tions, ' which includes recoil effects exactly, has
become very evident. ' The purpose of the present
article is to discuss, first, a new technique which
allows one to perform EFR-DWBA calculations
rather fast, and then to apply this technique to
analyze several sets of available data for one-nu-
cleon transfer reactions.

In the past decade, data of light-ion induced di-

rectt

reactions, analyzed in terms of zer o -range
DWBA, have been used extensively and efficiently
in order to extract nuclear structure information;
see, e.g. , Ref. 3. The data of heavy-ion induced
reactions, if restricted to one-nucleon transfer
reactions, may not add very much new insofar as
the extraction of structure information is con-
cerned. Nevertheless, an understanding of the
mechanism of the heavy-ion induced reaction is of
physical interest in itself. Furthermore, once it
is confirmed that the one-nucleon transfer reac-
tions induced by heavy ions can be used to extract
structure information as reliably as with light-ion
induced reactions, it is clear that one can be con-
vinced of the validity of extending the analysis to
the multinucleon transfer reactions. We try to
supply such a confirmation here. Since such reac-
tions cannot be conceived of within the framework

of light-ion induced reactions, it means that the
heavy-ion induced reactions open up a completely
new way to extract further information on nuclear
structure.

In Sec. II we give an expression of the DWBA
cross section which is valid for both EFR and no-
recoil (NR) approaches. Since there is no evi-
dence of the importance of the spin-orbit interac-
tion in the scattering between two heavy ions this
interaction will be ignored throughout the present
article, making the expression given in Sec. II
extremely simple. Corresponding expre ssions for
the form factor are given in Sec. III, first for
EFR calculations following very closely the pre-
sentation of Ref. 1, but with slight modification of
notation. The form factor for the NR calculation can
be obtained as a limiting case of the EFR form factor,
and we give only its final form. For a more de-
tailed derivation of the formulas given in Secs. II
and III, the reader is referred to Ref. 5.

Section IV is devoted to a brief discussion of the
new technique with which the EFR calculations can
be carried out ver y fast. A s will be seen, this
technique takes full advantage of the fact that the
mass of the transferred particle is much smaller
than those of the heavy ions between which the
transfer takes place. This advantageous situation
can sometimes cause inaccuracy in the numerical
calculations if it is handled carelessly. Thus, a
way to avoid such inaccurate calculations is also
given in Sec. IV. Results of numerical calculations
are discussed in Sec. V, partly summarizing re-
sults which have been reported earlier. ' Final-
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ly, Sec. VI gives a discussion concerning the results of the present work and also the prospects of
future works.

II. FORMULAS FOR DWBA AMPLITUDES AND CROSS SECTIONS

As is well known' the DWBA cross section for a process A(a, b)B is given by

do. DwBA(() )
(2''2) k. (2I„+1)(2s.+1)

NAhf~m mb

(2.1)

with the amplitude

47t
T $ I ( )EA- BA+ SS- ma + s+ ms

Mgmbt 4Am
a b

x Q (IAMAIB MBlj m, )(s.m. .s, —m, l sm, )(jm, sm, l I -m, )
fls

lb+ m

x I, l, (l,ol, m, ~ Im, )(-) 'G, P, (8)I', ,".',"'B'.
b b

(2.2)

Note that I =(2I+I)' ' and 6, =(-)
[(I —[m[ )!/(I + [m[ )!]'~', while (j mj 'm'!j "m") is a
Clebsch-Gordan (CG) coefficient. Most of the
other notation used in (2.1) and (2.2) is rather
conventional" and is easy to understand. We
shall thus explain only quantities that are some-
what less obvious.

Note that (2.2) is given in a form' which is valid
for both stripping and pickup reactions, and the
quantities there have the same meaning for both

cases except that

s, =s„s,=s„ I, =I~, and I, =I„
(for stripping),

(2.3)

s, =sb, s, =s„ I, =I„, and I, =I~

(for pickup).

Further, in (2.2) the dynamical factor I'„"1A' ' is.
given as

1 r
Ii ls;AMb

lb, la 2t, +1
diss;A Basflln1l2n2(r r )

l—
llnll2n2

x(r,r, ) ')(, (k, , ))„2, (k., )2IY, (2', )Y, (r„)],m (2.4)

where )„, (k„r,) and )(, (k„r,) are radial parts ofa& a b

the distorted waves in the incident and exit chan-
nels, respectively, while

.fl' ' ' '(rl ~2) =~@1 ~ (rl)@l ~ (r2)]l (2.5a)

dlls;AaBb ( (1) ( (2) ( )s+l 1/ 22
ll 1l2 2 I&I &~/1 1 s& s&sl2n

xW(l, Lj s; I 2) . (2.5b)

I'

(b)

Note that the choice of the coordinates is made as
given in Figs. 1a and 1b, respectively, for strip-
ping and pickup reactions.

In order to explain the notation in (2.5a), let us

FIG. 1. Choice of coordinates: (a) for pickup and (b)
for stripping. The coordinates r„rb, r&, and r& are
used most conveniently for EFH, while r and r'
are for NH calculations.
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first consider the amplitude of the stripping reac-
tion given in the post form. Then 4, „(r,) equals

1 1
u, „(r,), which is the wave function of the nucleon
bound to the nucleus A to form B, with the total
spin j, the orbital angular momentum l„and n,
radial nodes. Definingu, „(r,) in the same way,'2n2
except that the total spin is denoted as s, we have

C, „(r,) = V(r, )u, „(r,), where V(i, ) is the potential
by which the nucleon is bound to the nucleus b to
form a. In (2.5b), for example, C]')z &, „ is theI&~ ~ 1n
coefficient of fractional parentage i.e. , the ampli-

tude with which the state [in which the single nu-
cleon in the orbit (j L,n, ) is coupled to the core
nucleus A with spin I„]is contained in the wave
function of B with spin IB] times n~&~', where n, is
the number of nucleons in the orbit j in the nucleus
A. The meaning of (2.5) in the prior form for the

stripping, and also for both forms in the pickup
reactions, will be understood similarly.

It is easy to see that the summation over M»M~,
m„and m, in (2.1) can be carried out analytically
because of the simple form of the CG coefficients

in (2.2). The result is given in the following very simplified form:

« "(t)) Li, ,L), , ki, (2I, +1)(2s)+1) 4)T '
L, ) L, )

dQ (2iiLL')' k, (2I„+l)(2s, + 1)

Q L,L„(L,OL, m, ) Lm, )Ii".' ' ~
( )ib™iG, P, (8)

lying

l alb

(2.6)

Note that in (2.6) the product of the spectroscopic
factors S&')S~'), with S&') = [C')]', has been fac-
tored out, where C ' was introduced in (2.5b).
Therefore, in the form of (2.6), the dynamical
factor I', ". " is to be interpreted to be the same
as that in (2.4) except that C&" and C ') are re-
placed by unity in (2.5b). Note also that the possi-
ble values of l are those that satisfy the following
triangular conditions:

j + I+ s =0 and I, +(, +1=0 . (2 "L)

We shall make a remark concerning the appear-
ance of the factor (L,OLim,

~ Lm, )P.. .(g) in (2.6).
As is well known, the characteristic feature of
EFR calculations is that the factor P, „". ' ' is non-

vanishing even if (-)'"""= —1. For this parity
nonconserving L, however, (L,OL„m, ~ Lm, ) =0 if m,
=O. This CG coefficient is nonzero for nonzero
m„but P, „(L))=0 for 0 =0 or =)i, if m, g0. There-
fore the contribution to the cross section of the
parity nonconserving l still vanishes at these two
angles.

III. EXPLICIT REPRESENTATION OF THE FORM FACTOR

The dynamical factor I', ".;"' ' defined in (2.4)
involves a six-dimensional integral, but the inte-
gration over the four angular variables can be
performed analytically following the procedure
developed in Ref. 1. We thus have the dynamical

factor in the form of a two-dimensional integral:

IiI;i, (EFR) =~
~

~ Xi~(kalari)F», , '(r„t&)')L, (k, , r,)r,i'idr, dr~,

where the form factor is given as

Pjis;Aa Bb( )
1

gg ts; AgBb 'y y'
X1+ X2

lb/a a& b 1nl l2n2 a b

l 1n1l2n2 ysA
1 1 2 2 a b

x i&'~ "~)-&'"'»(-)"'(2k+1)k,),'),R,
'
l, l, A.A~, ».D. .., s'is '2L 'ii '2

2 2 2'

&& (A.„OA.,O[ A,O)(A.,'OA,'Oi A, O)(A, OkOi L,O)(A, OkO) L,O) W(L,A, L,A„k L )

L1l2l

(3.2)
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D (y ) =by y )[(2t + I),/(2X+ 1), (2/). + 1),j

r; =(r;( =[s;r,+t,r„[ (i =1, 2), (3.4)

and t(, in (3.3) is the cosine of the angle between
r, and rb. Finally, the stripping and pickup cases
are distinguished by the following relations:

s, = a B/xT, t, = —bB/xT, s, = aA/xT,

t, = —aB/xT, and J'=(aB/xT)' (for stripping),

(3.5a)

and the kernel defined by
/. 1

G,""'""'(r„r.) = ' ~..., (r, )a ...,(r.)p»(t )du .

(3.3)
In (3.3) the function m, „(r,) is the radial part of

1 1
C, „(r,) divided by r, while w, „(r,) involves

1 l. 2"2
another factor V(r, ), the binding potential. Fur-
ther,

s, = —aA/xT, t, =bA/xT, s, = —bA/xT,

t, =bB/xT, and J =(bA/xT)' (for pickup) .

(3.5b)

r, = r+ (x/a)r' and r, = (A/B)r+ (x/B)r' (3.6)

and then approximate it as

r, = r and r» = (A/B)r . (3.7)

Then the expression of the dynamical factor is
very much simplified, as was shown in detail in

If the calculation is made using (3.1) with (3.2)-
(3.5) in (2.6) it may be called an exact finite-range
(EFR) calculation since no approximation has been
made.

To introduce the NR approximation for the strip-
ping we first express r, and r, as [cf. Fig. 1(a)j

Ref. 5. Here we shall show only the results:

)l,'*/"' '(NN)= —(l, l /))().,0(,0(lip) k, (k„—r»'„"'"' '(r)k, (k„r)dr, (3.8)

where the NR form factor is given as

FN»'R" ' (r) = 2p d", „","„»r ) (
r'i~&+ ip „(r')G ' (r, r')dr'i (-) D, z ), A, A,'l, lN(A, Ol0~ kO)

with

x+l, l, x,k; lr') (3.9)

~1
G»' '(r, r') = se( „(l r+ r'~ )P»(p, )dp .

1 1
(3.10)

The dynamical factor appropriate for the pickup reaction with NR approximation is given by

»', ".,'" '(NN-pi»pep) = —(l, l,/l)(i, pl, pl lp) k, (k„r)P„"„'"''(r)k, (0„—r)dr

= ",— (i. ), /))().0)cpl (0) Xg (k ~» r)»'„"'"' '
Nr)k, (k„r) r (3.11)

IV. REMARKS CONCERNING

NUMERICAL CALCULATIONS

The reason why the EFR range calculation is
normally so time consuming is that the compli-
cated form factor (3.2) has to be evaluated at
each mesh point in a huge, multidimensional
space, spanned by the quantum numbers j, l,
s, l, , and l» and also by the (discretized) co-

ordinates &, and &b. The number of these mesh
points is indeed very large in general, and thus
the total number of quantities that are needed to
describe the form factor is in the millions. Thus
its evaluation, storing, and recovery take much
computer time. Note that this number can be par-
ticularly large for heavy-ion induced reactions,
because they often require usage of rather small
mesh size and a wide range for &, and &b, as well
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(4.1a)

(4.1b)

where

aB A
x(a +A) ab g a b (4.2)

In (4.2) we note that o.'is large (being equal, e.g. ,
to approximately 12 and 16 for ("C,"B)and ("0,-
"N} reactions on 'o'Pb, respectively) and that &,
and h, are also large, being at least equal to the
lower cutoff radius R„(about 8 fm in the two
reactions mentioned). Then, in order to keep
h, &R„, the following restrictions can be imposed
upon &, , &», and p, : (i) ~

6,J must be kept very
small, e.g. ~

6,»~ &1 fm, and (ii) p. must be kept
very close to unity in order to make &'(I —p, ) &1.

What the restriction (i) implies is that the

region in the (x, , r» ) space in which E is to be
calculated is confined within a very narrow band
along the line defined by 6„=0, i.e. the (diagonal)
line &» = (A/B)r, = r, This re.duces drastically the
number of mesh points that must be calculated.

The restrictions (i) and (ii) together result in
another important property that, for a given set
of &„and p, , both h, and h, depend very weakly
on h, . Therefore G~ and consequently I" depends
very weakly on hb for a fixed value of &„. Thus,
if we take the mesh size for &,b to be & and cal-
culate E for &» (for each fixed 6„)with a mesh
size equal to nA (n&1), the values of E at the
intermediate (n —1}points can then be obtained
by interpolation. Because of the weak dependence

as of large numbers of l, and lb.
We shall now show that this number of mesh

points can be reduced greatly in practice. To see
this we first note that the integrand of (3.3) be-
comes negligibly small if &, and/or r, exceed their
respective critical values R„and R„, which can
be defined as the radius for which 4

y
or 4', are

six or more orders of magnitude smaller than
their peak values. (The actual values of R„and
@„vary largely from case to case. Very crudely,
however, one may say that R„=10fm and R„
=20-30 fm. ) Therefore, it is necessary to retain
in our calculation only pairs of (r, , r») so that
r,. &R«(i =1 and 2) for at least part of the values
of p, between —1 and 1. Otherwise G~ and thus
I" become negligibly small.

The explicit dependence of h, and h, upon h, ,
h, , and p, can best be seen in the following form,
which is obtained from (3.4) with (3.5a) (for strip-
ping):

— X/2

r, = ( 6o„x+,)'+2 —r, r» n'(1 —p)a

of I" on hb, the needed accuracy for E is not lost
this way while its speed of evaluation is increased
by a factor of n. Our experience showed that n
can be taken as large as 10, although it depends
on the value of 4.

Further, the restriction (ii) can be used in
speeding up the evaluation of the integral in (3.3).
Note that P, (p. ) for a large k is a highly oscillatory
function if it is considered in the whole range of

p from —1 to 1. However, if P» (g) is considered
only in the range of p, from p, ,=1 —n '=0.99 to
unity, it is not very oscillatory. Therefore, even
when G, has to be calculated up to a very large
value of &, the number of mesh points (e.g. with
the Gaussian quadrature) to be taken for p. in
performing the integral in (3.3) accurately can be
much smaller than k, allowing this integration to
be carried out very rapidly.

We shall now make a remark which is not par-
ticularly related to speeding up the numerical cal-
culations, but rather to guaranteeing in an im-
portant way sufficient accuracy in evaluating the
form factor for EFR calculations. Let us first
note that the form factor (3.2) involves manyfold
summations, and that in the summand the param-
eters sy s2 ty and t, are all large, being of the
order of e = 16, if we again use the example of
the '"Pb("0,"N)'"Bi reaction. Therefore the
value of the factor &, &s, »t~t, & (—= E,) in the sum-
mand is about 16 ~+ 2+ ~ 2=16'i"2=16 =10',
if the + state in "9Bi is considered (i.e. if /, =4
and l, =1), which is a very large value.

The most important contribution to the integral
of (3.1) is expected to come from the values of
h, =hb--R, where R is of the order of magnitude
of the channel radius ro(a' '+A' ') =r, (b' '+R' ')
hp being the radius parameter of the optical poten-
tial. Therefore, in the summand of (3.2) the other
fa.ctor r "&' 2r,"&+"' (=E,) is of the order of magni-
tude of R' "'2. As can be seen from the deriva-
tion" ' of (3.2), however, the origin of the com-
bined factor F,I", is the factor h, 'h, ' which is again
of the order of R""2. It is thus seen that, if the
order of magnitude of G» is written as O(G» ),
the order of magnitude of the right-hand side of
(3.2), after all the summations are taken, must
be of the order of R ' 'O(G»): On the other hand,
that of each summand is 10'R'&'"O(G»}. In other
words, the complicated geometric factor in (3.2),
whose magnitude is of the order of unity, has a
very specific phase relation which cancels out
Chastically the contributions of individual sum-
mands to the sum.

This drastic cancellation means that, if one
wants to obtain the form factor with an accuracy
of 5 significant figures, say, each summand in
(3.2) must be obtained with 11 significant figures.
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Set No.
V W

(Me V) (Me V)
fo

(fm) (fm)
Origin
Ref.

TABLE I. Optical model parameter (OMP) sets. TABLE II. Spectroscopic factors S2 for pairs of
smaller nuclei. They are theoretical values given in
Ref. 12.

OMP-I
OMP-II
OMP-III
OMP-IV
OMP-V

40
40

100
100
120

15
15
25
25.81
15.02

1.310
1.218
1.210
1.223
1.203

0.45
0.612
0.50
0.50
0.50

9
10
11

8

8

Nuclear
pair

S2 2.00 0.613 2.85 0.708 0.43

6O i5N i3( 2( i2( B i2B 1 B iiB 10B

Note, however, that the summand has G, as a fac-
tor, and it is not an easy task to obtain it with this
high accuracy.

It is not difficult, however, to evaluate the fac-
tor I',F, so that it carries 11 significant figures.
Therefore, the best route to follow would be to
perform first the summations over A,„A.„X'„A.,',
A„and A» so that the evaluation of the square-
bracket factor of (3.2) is completed before it is
multiplied by G~. As the above argument shows,
this square-bracket factor is of the order of
&i&+i2 and carries 5 significant figures. In the
final summation over k in (3.2), it is thus clear
that the sum and the summands are of the same
order of magnitude, and thus any serious further
loss of accuracy is not expected to take place in the
carrying out of this summation. In other words,
if Q~ is obtained with 5 significant figures, which is
an easy task, it is guaranteed that the form factor
is obtained with the same accuracy.

V. RESULTS OF NUMERICAL CALCULATIONS

We analyzed various data for single-nucleon
transfer reactions in terms of EFR-DWBA cal-
culations, and the results of these calculations will
be summarized here.

As is seen below, there is available a fairly large
amount of data obtained by taking "'Pb as target,
and the motive for choosing this target is obvious.
It is a doubly magic nucleus, and thus the final
states formed by one-nucleon transfer reactions
are expected to be (almost) purely single-particle
states. The analysis of such data can therefore be
considered as a good test for the validity of a the-
ory used for the analysis. The results of our
analyses show that EFR-DWBA is indeed a valid
theoretical tool, while NR-DWBA is not.

It should be noted that any experiment which
uses a heavy nucleus like '"Pb as a target has to
be carried out with a high incident energy, since
otherwise the Coulomb barrier cannot be overcome
and thus the cross section will be immeasurably
small. Theoretically, this means that the calcula-
tions have to be made including a large number of
partial waves. Also the upper cutoff radius in the

integral (3.1) has to be taken very large (=30 fm),
particularly when the process is that of the stripp-
ing of a proton onto ' 'Pb, where the nucleon in the
residual nucleus is very weakly bound because of
the doubly magic nature of "'Pb. It is thus seen
that the calculations are rather involved in gener-
al. With the method developed in Sec. IV, how-
ever, such calculations were performed with com-
parative ease.

Not only data with BPb as target but also data
with many other targets were analyzed. As is
seen below, the targets that are chosen cover a
wide range of the periodic table, and EFR-DWBA
is found to work well for all the data. The sets
of optical parameters used in these calculations
are summarized in Table I, where references
from which these sets were taken are also given.

The values of S~"(i.e., the spectroscopic factor
normally denoted as O'S) between pairs of lighter
ions involved in the reactions considered below
are summarized in Table II. They are theoretical
values of Cohen and Kurath. " Using these values
and fitting the theoretical cross section to experi-
ment, the spectroscopic factor S(' for the heavier
system can be extracted. In the following, this
S ' will be denoted as SE„~ or S~~ depending on
whether it is extracted from EFR or NR calcula-
tions.

All the calculations to be presented below were
performed by using the computer program
SATURN-MARS-1 (SM1)." Most of the experimen-
tal data to be discussed below had been analyzed
previously by using the same program and the re-
sults were reported elsewhere, ' ' but unfortunate-
ly a not very systematic use of bound state and
optical parameters was made in these works. We
thus have reanalyzed most of the data and the re-
sults summarized below were obtained this way.

Throughout this work, the wave function of the
transferred nucleon was obtained by using the
separation energy procedure with the Woods-Saxon
potential. A fixed set of parameters y, =1.20 fm,
a =0.65 fm, and (the strength of the spin-orbit
interaction) V„=7 MeV, to be called BS-O, is used
for lighter systems. For heavier systems, par-
ticularly for ' 'Pb and "'Bi, different sets are
used and they are listed in Table III as sets BS-1
through BS-4.
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TABLE III. Bound state (BS) parameter sets.

a V, x, a, Origin
Set No. (fm) (fm) (Me V) (fm) (fm) Ref.

BS-0
BS-1
BS-2
BS-3
BS-4

1.20 0.65
1.28 0.76
1.28 0.76
1.28 0.76
1.28 0.63

1,20 0.65

1.09 0.60
1.28 0.76
1.10 0.50

6
14

9
15

It would be in order here to comment on the
numerical accuracy of our calculations, concern-
ing which one might have doubts because of the
use of interpolation introduced below Eq. (4.2) in
Sec. IV. Our experience shows that, so long as
the basic mesh size 6 (also defined in Sec. IV) is
as small as 0.04-0.07 fm, to set n=10, i.e., to
use 10 point interpolation, does not cause any sig-
nificant error. In order to show that a high accu-
racy is indeed maintained, we give in Table IV
differential cross sections at several angles for
the case of "Sr("0,"N)"Y with E„b("0)=59 MeV.
(The values given there were obtained by assuming
that S,S, =1.) As is seen, the resultant cross sec-
tion at the peak (|0')varies only within 0.3% when
n is varied from 3 to 10. The situation is the same
at 10, 40', and 120 where the cross sections are
two to three orders of magnitude smaller than the
peak value. The error is noticeable only at 170'
where the cross section is four orders of magni-
tude smaller than the peak value. It will further
be seen in Table IV that, for practical purposes,
to use n =15 or even 20 may be permissible. It is
thus clear that one can indeed use interpolation
without losing accuracy, and make the calculation
much faster and easier than otherwise. Table IV
also shows a result with LOLA, and our calcula-
tion agrees with this result within a small fraction
of a percent.

In spite of the accuracy with which we made cal-
culations, we have been informed by several inde-
pendent workers (see e.g. Ref. 16) that their own

calculations did not agree with our results reported
earlier. "We have since found that this apparent
disagreement resulted simply from the use of dif-
ferent parameters in their calculations from those
we used; and further that this confusion was caused
by a few erroneous and/or vague statements we
made about the parameters used in our previous
calculations. We shall itemize here such errone-
ous statements and thus clarify the situation.

(i) In the caption of Fig. 1 of Ref. 6, we stated
that V„=6 MeV was used to describe the protons
bound in '"Bi. Actually the Sy values given in Ta-
ble I of this reference were obtained by setting
V„=O. (ii) As was stated in the caption of Fig. 1

TABLE IV. Differential cross sections for
Sr( 60, '~N) ~Y( P~~2) reaction for Ezb(~60) = 59 MeV

with l =0 only. Results with various 4 and n are given.

0 =0.05 fm
Cross sections in mb/sr

10' 40' 70 120' 170'
x10 4 x10 3 xl0 ~ xl0 3 xl0

3
6

10
15
20
25

2.578
2.576
2.592
2.745
2.533
2.611

3.895
3.903
3.889
3.927
3.760
3.608

3.592
3.590
3.579
3.535
3.444
3.220

2.657
2.636
2.640
2.670
2.471
2.046

6.525
6.641
5.246
5,831
3.972

11.640

6=0.1 fm
n=5

z.or.A (Ref. 16)

2.875 4.092 3.892 2.826 5.338

3.585

I.O—

I V I I I I I I

208 Pb (160 15N) 209BI

O. I—

Ex=o.o Mev

I h pre

I.O— Ex=0 90 MeV

I.O-E

O
0
CD

E x=2.84 MeV

2fsrz

I.O—

Ex=3.12 MeY
'(

3I'sr z

I.O—

0.1—

Ex= 3.64 MeV

I I/2

I

Elob Elob = 140 MeV

I I I + I I I I I

60 70 80 30 40 50 60 70 80
8, (deg)

FIG. 2. Comparison with experiment of the
Pb( 0, N) BBi reaction (Ref. 9). The so].id lines

were obtained by using OMP-I (the optical parameter.
set No. I) of Table I, for both channels, while the dotted
lines were obtained by using co= 1.35 fm in the exit
channel.
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t=cl,„n „Q(2l+ I), (5.1)

where l,„is the maximum value of the orbital
angular momentum in the distorted wave, n „is
the number of mesh points (with the mesh size 6)

of Ref. 7, V„=6 MeV was indeed used in calcu-
lating the wave functions of the bound protons.
However, this spin-orbit interaction was ignored
in the transition operator [i.e., in the binding po-
tential V(r, ) defined below Eq. (3.3)]. (iii) In the
caption of Table I of Ref. 7, we stated that C'S
=2.85 was used for the system "C-"B. The actual
value used was C'S=2.44. (iv) Concerning the cal-
culation for the reaction "Sr("0,"N)' Y reported
very briefly in Ref. 6, no information was given
concerning the bound state parameters. The val-
ues used there were r, =1.20 fm, @=0.65 fm, and
V,„=7 MeV for "Y, while the same set, except
that a = 0.60 fm, was used for "0. As was the
case in (ii) above, V,.was not included in V(r, )
used as a transition operator.

The time t needed to perform an EFR-DWBA
with SM1 is approximately

in the radial integral, and in the last factor of
(5.1) l is the transferred orbital angular momen-
tum. With a CDC-6600 computer c=0.0001 sec,
while if IBM360/195 is used c is reduced by about
a factor of 3.

A. Reactions stripping one-proton onto Pb

The available experimental data falling under this
category are those of ("0,"N), ("C, "B)and
("B,"Be) reactions reported in Refs. 9, 17, and
18, respectively. Among them, the data for
("0,"N) reaction were taken with the laboratory
energy Et,. b of the projectile equal to 104 and 140
MeV, while those of the ("C, "B) reaction were
taken with E~b ——77, 98, and 116 MeV. Finally the

208pb(IIE) IDES j209E)

E Iab 72.2 MeV

I,0 =

l I I

208pb(l2C, I l~)209~

0 I =

I, O

0, 5
MeV z

5pg
/2

O, I =
P

I.O

4.0

2.0

I .0

MeV

f
5/2

eV

0.I =

I 0=
I O. 0

5.0

2.0

I,O

MeV-

0 I—

4.0

2.0

L.o

0,5

0. I =

30 40 30 40 50 60 70 80 90
c, m, &d~Q ~

FIG. 3. Comparison with experiment of the
Pb( G, "B) ~pi reaction (Hef. ].7). The solid lines

were obtained by using OMP-II, while the dotted lines
were obtained by taking ro= 1.38 fm in the exit channel.

30 40 50 60 70 80 90
ee, m, (deg)

plo, 4. Comparison with experiment of the
~ 8Pb( 8, Be) ~Bi reaction (Ref. 18). All the theoret-
ical curves were obtained by using OMP-II.
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TABLE V. Results of the EFR calculations for the 0 Pb( 0, N) Bi reaction. OMP-I was used throughout.

El,b-104 MeV

Ex SEFR NR +L~ ~+L
(Me V) nl j L,L' BS-l BS-2 BS-3 BS-3 BS-1

Elab = 140 MeV

SEVR SNR
BS-1 BS-2 BS-3 BS-3 BS-1

Comparison
Sr.l'R

(average
over Elab)

BS-2 (3He, d) b Theory c

0.00 1@9/2 4, 5

0.90 2 f~/g 4, 3

1.61 li(3/2 7, 6

2.84 2 f5/2 2, 3

3,12 3p3/2 2g 1

3.64 3P(/, O, 1

1.05
(1.50)
0.82
(1.O3)

0.70
(o.s4)
0.75

(o.ss)
0.65

(o.68)
0.50

(o.5o)

1.20 1.60 3.04 0.14

0.81 0.80 0.80 0.03

0.68 0.64 0.66 0.02

081 098 320 010

0.66 0.68 O. 92 0.02

0,54 0.59 2.80 0.15

1.00 1.07 1.45 3.84 0.20

0.72 0.71 0.69 0.48 0.08

0 56 0 53 0 48 0 40 0 07

0.57 0.58 0.70 3.20 0.17

0.55 0.56 0.59 0.48 O. 06

0.65 0.68 O.75 4.80 0.34

1.14

0.76

0.61

0.70

0.61

0.61

1.17

0.78

0.56

0.88

0.67

0.45

0.95

0.85

0.70

0.66

0.74

0.54

a Taken from Ref. 9.
Taken from Ref. 20.

Taken from Ref. 22.
d Taken from Ref. 6.

data of the ("B,"Be) reaction were taken only with

E» ——72.2 MeV.
The comparison of the theoretical cross sections

with the data is made in Figs. 2-4 and the spectro-
scopic factors extracted by using the fit in these
figures are given in Tables V-VII, and are also
displayed in Fig. 5.

As is seen, the fit of the angular distribution
(given by solid lines) is very good for the higher
E.„ in both ("0,"N) and ("C,"B)reactions, but

gets somewhat poorer for the lowest El b and with
increased excitation energy E„of the final states
in" Bi. As the curves given in Figs. 2 and 3 with
dotted lines show, however, one can get a satis-
factory fit to the data if the radius parameter in
the exit channel is increased slightly from what

it is in the incident channel.
Note that, for example, the peak position of the

angular distribution of the ("C, "'B) reaction given
by the solid lines in Fig. 3 for E» —-77 MeV shifts
to larger angles as E„ increases, while there is
a much weaker shift for higher E»b. %e shall
first present a general discussion on why this be-
havior is seen, particularly when the angular dis-
tribution is basically bell-shaped as is the case
here.

In order to explain this feature, let us denote as
l„(l„)the angular momentum corresponding to the
classical grazing collision in the incident (exit)
channel. Then it is expected that if the triangular
condition 1 „+1„~ +1 = 0 is satisfied, the peak posi-
tion approximately coincides with the grazing angle

TABLE VI. Results of the EFR calculations for the BPb( C, B) 9Bi reaction.

(Me V) n&j

BS-2
OMP-I

Elab
(MeV)

77 98 116

OMP-II

lab

(MeV)
77 98 116

Szl:R(Average over Elab)
OMP-I OMP- II

BS-2 BS-3 BS-2 BS-3
Comparison

( He, g) Theory

0.00 1 h9/2
0.90 2 fv/2
1,61 1 i)3/2
2.82 2f5/2

3 ~ 12 3p3/2
3.64 3pg/2

1.21
1.26
1.18
0.90
1.50

0.88 1.15
1.12 1.30
1.09 1.01
0.85 0.87
1.35

d

0.54
0.58
0.52
0.42
0.74
0.59

0.37 0.46
0.47 0.54
0.47 0.43
0.36 0.37
0.57 d

d d

1.08 1.42
1.23 1.13
1.09 0.89
0.87 1.07
1.42 1.41
1.21 1.32

0.47 0.57
0,53 0.49
0.47 0.39
0.38 0.46
0.66 0.65
0.59 0.64

1.17
0.78
0.56
0.88
0.67
0.45

0.95
0.85
0.70
0.66
0.74
0.54

Taken from Ref. 20.
Taken from Ref. 22.
These values are essentially 0.77 times those given in Table I of Ref. 7.
No data available.
E l,b = 78 Me V data of Ref. 9 were used.



- ~OWE AN ~ ~AMURA

TABLE
Pb(il tP

suits of the EFR c 1

Be) r eaction at 7
alculations for

throughout.
a 2.2 MeV. BS-2 was used

EFR
OMP-I OMP-II ('He , d) Theory c(Mev) ni~

1A 9/g

2f7/2

13/2

2fy2
3p3/p

0.00
0.90
1.61
2.82
3.12

0.95
0.85
0.70
0.66
0.74

1.04
0.99
1.06
0.76
l.09

0.47
0.51
0.60
0.35
0.58

1.17
0.78
0.56
0.88
0.67

These S vvalues were tak
the bound state

a en from Ref. 10.
a e parameter used fe or B ther

m, and l so=7 MeV.
re had rp=1.35

Taken from Ref. 20.
c Taken from Ref. 22
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TABLE VIII. Spectroscopic factors for states of ~Pb.

(MeV) nl j

(i2C i3C)

BS-4, OMP-I
&i.b

(Me V)
77 98 116 Average

BS-3, OMP-I
Average

(iiB i28)
BS-4

OMP-I OMP-II (d, t) a (~ ~) b TheOry c

0.00 3pi/2
0.57 2f5/2

0.90 3P3/2
1.64 1 ii3/P
2.34 2 f7/2

1.60
1.38
1.22
1.10
0.93

1.71 1.72
1.77 d

1.55 1.97
1.29 d

1.09 0 ~ 88

l.68
1.58
1.58
1.20
0.97

1 ~ 17
1.19
0.95
0.63
0.54

2.54
2.90
2.48

d

d

1.73
1.93
1.58

d

d

1 ~ 00
1.00
0.85
0.71
0.75

1.00
0.63
1.00
0.63
0.75

0.95
0,94
0.92
0.87
0.70

a Iaken from Ref. 23.
b Taken from Ref. 24.

C Taken from Ref. 22.
No data available.

contributions of components with .transferred or-
bital angular momentum I, and I' of a natural and
unnatural parity nature, respectively. The values
of L, and L,

' are listed in Table V, which also
gives the ratio o~ /o~. Since this ratio, which
vanishes for NR, is comparatively small even for
EFR, it is seen that the large difference between

SFFR and SN& must arise from the difference be-
tween o~(EFR) and o~(NR); and in factwe get, e.g.
for the104 MeV ease, oz(EFR/oz(NR)=2. 5, 0.7,
1.9, 0.5, and 1.3 for& =-,' through . This example
shows how dangerous the NR calculation can be,
even when o~, /a~ as estimated with EFR calcula-
tions is rather small.

Table VI presents SEER for states in ' Bi that
were extracted by fitting the ' 'Pb("C, "B)'"Bi
data given by the solid lines in Fig. 3. It is seen
that, if the parameters OMP-I and BS-2 are used,
the values for lower excited states are about the
same as those given in the last three columns of
Table V, but those for higher excited states are
somewhat too large. We do not know at this mo-
ment why such discrepancy takes place, although
it could be due to the deformation of the nuclei "C
and "B. Table VI also presents values of SE„R ob-
tained by using OMP-II and BS-2, and it is seen that
the values of these new S«R are about half those
with OMP-I, presenting an example of the sensi-
tivity of S upon the optical parameters. Table VI
further gives results with BS-3, with the intent of
showing the dependence on the bound state parame-
ters, and, as is seen, there appears a rather er-
ratic j, and j, dependence of the extracted S val-
ues.

The values of S „obtained by fitting the
("B,"Be) data as seen in Fig. 4 are given in Ta-
ble VII. Their behavior with respect to the choice
of OMP-I and OMP-II is about the same as in the
case of ("C,"B) reactions.

The solid lines given in Fig. 4 fit the data very
well for all the states, in spite of the fact that

E] b
= 72 2 MeV is lower than the lowest energy

E„„=77MeV in the case of ("C,"B)reaction.
The reason is that the Coulomb barrier in the

("B,"Be) reaction is much lower tha, n that in the

("C, "B)reaction, and thus a given E„b in the

former corresponds to a higher E„b in the latter.
The S«R corresponding to the dotted lines in

Fig. 2 are given in parentheses in Table V. Their
values differ as much as about 507@ from those
corresponding to solid lines, indicating that, in
spite of the good fit to the angular distribution,
the ad ho@ increase we made of the radius or dif-
fuseness parameters in the exit channel might not

be a correct approach, and thus a more careful
search of optical parameters is needed. It may
also indicate the need of investigating the contribu-
tions of processes which are more complicated
than that described by simple DWBA.

Finally, Fig. 5 is presented so as to make easy
the comparison of various entries in Tables
V-VII. After a detailed discussion about these
tables, no additional comment mill be needed for
this figure.

E iab

(Me V)

0.91 MeV 1g9/2 g.s. 2pi/2
a a

EE R NR EFR NR

S(p, ~,) /S(g9/2)
EFR NR

46
48
52
56
59

Average b

(h, d)

1.16 1.58
1.70 2.29
1,71 1.94
1.69 1.94
1.61 1.67
1.83 1.76

1.71 l.92

0.88

1.15 1.67
1.99 3.01
2.09 3.23
1.91 3.23
2.02 3.29
2.32 3.89

2.07 3.33

0.90

1.0 1.03
1.17 1.29
1.22 1.63
1,13 1,63
1.25 1~ 93
1.27 2, 16

1.23 1.73

1.02

' Taken from Ref. 11.
Values for E2=44 MeV were excluded.
Taken from Ref. 25.

TABLE IX. Spectroscopic factor SFFR and SNRfor states
of 89Y. BS-0 was used for both i60 and 89Y.
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TABLE X. Values of SE&a and SNafor states of s'Cu.

(i2C, iiB)
NR EFR

(i6O i 5N)

NR EFR

0.00
0.77
1.11
1.48
1.62
2 ~ 51

2 P3/2

pi/2
lf s/2lf 7/2
1f5/2
18's/2

0, 1, 2
12

2, 3, 4
2, 3, 4
2, 3, 4
3, 4, 5

0.79 (0.63)
O.53 (O.42)
o.34 (o.2v)
0.054(0.43)
O. 69 (O.56)
o.6v (o.54)

o.v9 (o.51)
0.61 (0.40)
0.37 (0.24)
O. O54(O. O35)
0.73 (0.47)
0.57 (0.37)

1, 2

0, 1
23
3, 4
23

5

O.V9 (1.O5)

1.19 (1.58)
1.03 (1.38)
0.054(0.072)
2.07 (2.75)
O. 58 (O.69)

0,79 (1,01)
0.70 (0.89)
o.42 (o.54)
o.o54(o.o6v)
0.78 (1.00)
O. 54 (O.69)

0.79
0.75
0.26
0.054
0.57
0.29

0.79
1.00
0.38

0.91
0.35

' Taken from Ref. 26.

0.80 (1.00) 0.65 (1.00) 1.33 (1.00) 1.28 (1.00)

Taken from Ref. 27.

from 44 to 59 MeV. This trouble disappears in
S«ta as is seen in Table IX (except for the value
for 44 MeV, which might be caused by the experi-
mental difficulty in calibrating the effective E„„
at this low energy; see the note added in proof in
Ref. 11).

The energy averaged SEF~, which equals 2.07 and
1 71 respe trav ly for th Pi/2 and g9/2 states,
differ from the values 0.90 and 0, 88 extracted for
these two states from the "Sr(It, d)"Y reaction, "
but this may simply indicate that the bound state
parameter set BS-O, used not only for "9but also
for "Y„ is not adequate for the latter.

D. Reactions stripping one proton onto Ni

The data, considered here are of ("0,"N) and
("C, "B)reactions, and a fairly detailed account
of their analyses was already given elsewhere. '
We shall therefore summarize them very briefly
here.

The fit to the experimental angular distribution
i.n terms of both NR and EFR calculations are
given in Figs. 10 and 11, and the values of SN~ and

S«R extracted from. this fit are given in Table X.
As is seen, two sets of S values are given in this

table, the ones without parentheses being those ob-
tained by multiplying the right-hand side of Eq.
(2.6) with an extra normalization factor N so a.s to
make S =0.79 for the ground —,

' state, in accord
with the value obtained from light-ion induced
reactions. "'" Other sets given in parentheses are
those obtained without extra normalization, i.e.
with N=1.

It is seen that S~„R without parentheses for both
reactions agree fairly well with the light-ion val-
ues, but a rather large discrepancy is seen in SNR,

particula. rly those extracted from the ("0, "N) re-
action for j, states. This discrepancy is much
more marked when N=1 is taken.

In spite of the good mutual agreement of the nor-
malized S„,a values extracted from the ("0,"N)
a.nd ("C,"B)reactions, the unnormalized Ss„a dif-
fer from each other by about a factor of 2. Note
that a similar but somewhat less pronounced dis-
crepancy was seen in the comparison of the SE,-R
values extracted from ("0,"N) and ("C, "B)reac-
tions from ' 'Pb. We shall discuss this problem
in the next section.

Ni( 0, N) Cu EI,b=56 Me& 6~N. (I2C II&)65
EIpb 48 MGV

I, O .—

E

IOO

OI—
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2P3
/2

I I I I I I I I
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g9 +

2
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e (deg j
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FIG. 10. Comparison with experiment of the
4Ni( 60, 5N) Cu reaction (Ref. 8). The solid (dashed)

lines are EFR (NR) results. Al. l these curves were ob-
tained by using OMP-IV, except that a = 0.60 fm in the
exit channel.

FIG. 11. Comparison with experiment of the
¹i('C, 'iB) 6~Cu reaction (Ref. 8). The solid (dashed)

I,ines are EFR (NR) results. All these curves were ob-
tained by using OMP-V except that a = 0.60 fm in the
exit channel.
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VI. CONCLUDING REMARKS

From the results summarized in Sec. V one may
say rather safely that the EFR analysis of the one-
nucleon transfer reactions between heavy ions al-
lows one to extract spectroscopic factors within a
factor of 2 in the absolute magnitude, and possibly
much better, particularly when relative magnitudes
are concerned. It is also gratifying to see that the
extraction of the spectroscopic factor can be made
independent of E», because then data obtained with
a variety of accelerators can be used with equal
significance. Since, furthermore, it has been es-
tablished that using our techniques the EFR calcu-
lation takes only a few times more computer time
than needed in performing NR calculations, the
EFR analysis can be made on a more or less rou-
tine basis. It thus appears that heavy-ion induced
transfer reaction data can in fact be used as a very
useful spectroscopic tool.

As was seen in Sec. V, one of the most serious
sources of ambiguity in extracting S,-, R is the lack
of sufficient knowledge of optical parameters. Ac-
cumulation of more scattering data and their opti-
cal model (and/or coupled-channel) analyses are
needed in order to make full use of available and
forthcoming data for transfer reactions.

We pointed out at the end of Sec. VD that SH ~
extracted from ("0, N) and ("C, "B)reactions
differs by as much as a factor of 2. This may
again simply be due to the lack of sufficient know-
ledge of optical parameters. Another conceivable,
and probably more interesting, possibility is,
however, that the difference between the nuclear
shape of "C and "Bon the one hand and of "O and
"N on the other, is responsible for this difference:
The former pair of nuclei are well deformed, while
the latter pair are spherical. If this is indeed the
case, it would mean that EFR-CCBA (coupled-
channel Born-approximation) calculations rather
than EFR-DWBA are needed to analyze ("C,"B)
data, and in fact we are now engaged in such cal-
culations. It should be noted that with the same
projectile having a given deformation P, the effec-

tive deformation P,« = Pa'~'/(a't'+A. ' ') that is to
be used in the CCBA calculation gets smaller as
the target mass A increases. It is thus very in-
teresting to reemphasize the fact that the differ-
ence between the ("0, "N) and ("C,"B) spectro-
scopic factors was much more pronounced when
"Ni was used as target than it was when '"Pb was
used as target.

Note addedin Proof: In Sec. VA we discussed,
referring to Figs. 3 and 4, the discrepancy be-
tween the peak positions of the theoretical (solid
lines) and the experimental angular distributions
for lower E~. In this regard let us consider the
effect of the two-step process, in which an inelas-
tic scattering to excite a (collective) state in "Pb
precedestheproton transfer. The l„ for this two-
step process is somewhat smaller than the l„
(=I,',") for the one-step process. Therefore, if the
two processes interfere destructively the net l„
will become larger than l,',", and thus the peak
position is shifted to a smaller angle, in agree-
ment with experiment. Such an effect has indeed
been observed in our recent work, in which the
above kind of inelastic effect was included. "
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