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We calculate the cross section for the double charge exchange (DCE) reaction (~+, m ).
The multiple-scattering series for DCE scattering of pions by nuclei is found to converge
slowly. To take into account the higher order contributions, we use an eikonalized dis-
torted wave formulation, which is obtained fromthe usual Glauber series by retaining
those terms corresponding to coherent scattering processes. We include s, P, d, and f
partial waves in the pion-nucleon (~N) elastic scattering amplitudes used in the calcula-
tions. Our results show that for incident pion energies below - 200 MeV the contribu-
tion of the spin-flip part of the &N elastic scattering amplitude to the cross section inter-
feres significantly with that due to the spin-independent part of the xN amplitude. The d
wave of the &N amplitude contributes significantly to the cross section above - 100 MeV.
Above 500 MeV the contribution from the f wave becomes important. The calculated
total. DCE cross section for ' O(7(+, 7i )' Ne has a minimum near 130 MeV. Although a
maximum occurs near the (3, 3) resonance energy in both the double scattering and the
double plus triple scattering cross sections, in the full distorted wave results the maxi-
mum is located near 400 MeV and is rather broad. The forward differential cross sec-
tion for DCE exhibits the same qualitative features as the integrated cross section as a
function of the pion incident energy. The angular distributions are peaked in the forward
direction and possess structure in the form of maxima and minima or shoulders.

NUCLEAR REACTIONS 0(&+, & ) Ne, E ~ 550 MeV; calculated a.(E),
0(E, 0=0'), 0(~).

I. INTRODUCTION

Since the pion has three charge states, it can
exchange two units of charge with a nucleus and

still emerge as a pion. Consequently, double
charge exchange (DCE) scattering of pions by nu-

clei, (m', n ) or (w, n'), has no equivalent coun-
terpart in nucleon-nucleus interactions. Although
no definite identification of the analog state in
(n ', n ) reactions has been made experimentally,
measurements designed to do so will be performed
very shortly with a n' beam at the Clinton P. An-
derson Meson Physics Facility (LAMPF). '

The early theoretical works in the field are
double-scattering calculations. ' 4 However, as
we shall see, the triple and higher order multiple-
s cattering effects are quite significant at interme-
diate energies. Multiple-scattering effects have
recently been studied by Kaufmann, Jackson, and
Gibbs' using a new formulation of the Watson theo-
ry and by Bjornenak et &l.' a,nd by Locci and
Picchi' using the Glauber approximation. DCE
calculations using an optical model have been
done by Rost and Edwards. ' In the present work,
we use the Glauber approximation together with a
coherent scattering approximation to study the
DCE scattering of positive pions by "0below

-550 MeV. The final nucleus "Ne is a double an-
alog of the ta, rget nucleus O.

The approach we take leads to a derivation of an
eikonalized distorted wave approximation from the
Glauber theory and represents a viable procedure
for taking into account the higher order multiple-
scattering effects. One of the new and useful fea-
tures of the present analysis is related to our ex-
tensive use of Racah algebra which allows the an-
tisymmetrization aspect of the scattering of pions
by nucleons to be handled in a rather economica, l
manner. We avoid using the familiar but rather
lengthy method, generally employed in previous
Glauber-type calculations, in which one computes
the entire Slater determinant composed of the ma-
trix elements of profile functions taken between
initial and final states. In our approach we use the
angular momentum algebra from the outset. We
are then able to express the scattering amplitudes
in terms of quantities having simple symmetry
properties with respect to the values of the quan-
tum numbers. [See Eqs. (3.3) and (3.10)j. Conse-
quently, we can see that fewer terms than the num-
bers implied by the summations in those equations
actually have to be computed. We can also deter-
mine which terms cancel each other. When double
spin flips are involved, as in the present case, the
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DOUBLE CHARGE EXCHANGE SCATTERING OF PIONS BY "0
more conventional techniques do not provide a di-
rect exhibition of this cancellation. Our method
can be used to treat heavier nuclei for which our
eikonalized distorted wave formulation may be
even more appropriate.

In our calculations, we have included the effect
of the spin-flip part of the elementary nN scatter-
ing amplitude. Our results show that the contribu-
tion from this part of the zN amplitude interferes
significantly with that due to the spin-independent
part. We have also used a more accurate para-
metrization of the elementary ~N scattering ampli-
tude, taking into account s, P, d, and f partial
waves. In previous Glauber -type calculations, the
momentum-transfer dependence of the spin-inde-
pendent part of the wN amplitude was either ne-
glected or parametrized simply by a Gaussian,
and the spin-flip part of the nN amplitude was not
considered. Furthermore, we have included all
(4) orders of multiple scattering in our calculation
since we have found some higher order terms to
be significant.

In order to fully exhibit the effects of spin and of

the higher order partial waves of the mN amplitude,
we do not include in this calculation any model for
nucleon-nucleon correlations or for Fermi motion.
Such studies would be meaningful if the dynamical
aspects of the nN off-shell amplitude were con-
sidered.

We derive the basic equations in Sec. II and cal-
culate the double scattering contribution in Sec.
III. In Sec. IV we formulate the coherent scatter-
ing approximation with the aid of a diagrammatic
approach which makes the physical idea more
transparent and apply it to triple scattering. By
applying this approximation to triple and higher
order multiple scatterings, we obtain in Sec. V an
eikonalized distorted wave formula for the scatter-
ing amplitude. The results are discussed in the
last section. All calculations are done in the pion-
nucleus center-of-mass frame.

II. BASIC EQUATIONS

The amplitude for the double charge exchange
scattering (w, ))' ) is given in the Glauber approxi-

mation by' (5=1)
/ A

Il .(q) = — d'bd'x d'x .d'x e' ' 5' —+x
1 =1

A

x(e
( 2,",„...,,, (x„.. . , x„)I)— "'() -2', (6 —s )]i 2,„.„„,(x„.. . , x ) I

e'),
j=1

(2.1)

where we have used the notation(s'
~

and
~

))') to
denote the final and initial isospin states of the
pion. The vector q =k —k' is the momentum trans-
fer in the pion-nucleus center-of-mass frame. In
Eq. (2.1) the profile function of the jth nucleon is
defined by'

2', (5 —s )=(2eik,") '
J e 'e" i ' if(ee, , q')d'2',

(2.2)

where f(w, , q') represents the on-shell mÃ scatter-
ing amplitude calculated at total energy m& and at
momentum transfer q' in the pion-jth nucleon
center-of-mass frame. This fundamental ~N scat-
tering amplitude has the general form"'"

(2.3)

Here cr( j) and r( j) are, respectively, the spin and
isospin operators which act on the spin and iso-
spin variables of the jth nucleon. f is the pion

p+' O n +' Ne, (2.5)

we shall be interested in calculating the transition
to the ground state of "Ne. This channel is of
great theoretical interest since the final nucleus
"Ne (T' =1, T,'=1) is an analog state of the "0
ground state. With an energy resolution of approx-
imately 0.5 MeV this state can be well separated
from the excited states of "Ne.

By assuming that both the initial and the final nu-
clear wave functions can be described by an anti-
symmetrized product of single-particle harmonic
oscillator wave functions, we can eliminate the

isospin operator, and n(j) is defined by

n( j)= ( k,*.
&& k,*. ')/a,*a,*', (2 4)

where k,*. and k&' are, respectively, the initial
and final pion momenta in the nN c.m. frame. The
various components of the nN scattering amplitude
f~'(m, , q') (i =0, 1, 2, 3) are functions of the 7fN

partial-wave phase shifts. Since the energy do-
main of this work corresponds to pion kinetic en-
ergies up through -550 MeV, s, p, d and f waves
are taken into account.

For the double charge exchange reaction
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center-of-mass correlation 6 function in Eq. (2.1) and write"
A

F~;(q) =-—e' '"" d'be'"' (n 4'("Ne)
t Jl [I—I'~(b-s, )]t 4'("0);w ),
j =1

(2.6)

where n is the usual harmonic oscillator parame-
ter.

In our calculations we shall use the technique of
coupling and recoupling of angular momenta,
adopting the convention of Fano and Racah for ir-
reducible tensors. " Accordingly, for the partial-
wave decomposition of a plane wave, we write

Consequently, the leading contribution comes from
double scattering. Since we are using totally anti-
symmetrized initial and final nuclear wave func-
tions, we may write the double-scattering term as

F &2.&(q) =
2m

0(28sQ. 28

e' "' " =4m Q Y, (q) Y~'l(x) j,(qx),

where Y~'~(x) =i'Y, (x) W.e also write

(2.7)
x( v-; ~'P '

I
l', (b - s,)i,(b - ss)l uP; w') .

(3.1)

(j) (j)=g(-1)' ' "'(j) ",(j)
—o[21(j)z(21(j)+o[»(j )nl»(j ). (2.8)

The term n~'~ vanishes in the sum (2.8) since the
direction of the initial momentum k,. is taken along
the z axis.

III. DOUBLE SCATTERING

The single scattering term in Eq. (2.1) or Eq.
(2.6) gives no contribution to the DCE process

Here, the quantum numbers n, P, e', and P' run
over all the permitted single-particle orbits. The
states (a'P '

t
and t

o.'P) are normalized antisym-
metric two-particle states.

For the specific channel (2.5) we are consider-
ing, the quantum numbers Q. and P can only be as-
sociated with the two 1d5/2 neutrons of "O. Simi-
larly, the range of n' and p' is restricted to the
orbits of the two 1d, &, protons of "Ne. The situ-
ation is represented by the diagrams in Fig. 1.

Consequently, we may rewrite this amplitude as

F ~", (q) =F„(q)+2F„(q)+F„(q)

—= re(2)(keik ) (keik, ) f d kd 2 d 2 err

X((—,', —,')00t e' 2'2'"2' '2'[f ' (W„q, )f ' (W„q,)+2if "(W„q,)fi"(W„q,)O(2) n(2)

n, (p) p (p)

-f~'~(w„q, )f~'~ (w„q, )o(1) n(1)o(2) n(2)] t (—'„—', )00),

oc (p) p (p)

(3.2)

I

o Irr'
)

I

I

l

I

ca (n) )8(n) oc (n) P(n)
FIG. l. Graphic representation of doubl. e scattering.

The dashed line represents the pion and the solid lines
represent the valence nucleons. These nucleons are re-
garded as "particles" with respect to the core nucleus.
Their quantum numbers are denoted be Greek letters.
The charge states are given by p (for proton) or n (for
neutron). The wavy lines represent the ~N t matrix.
The sequence of events proceeds upward.

where K (q) = —ikw ' exp(q '/4Am') In obtain. ing
Eq. (3.2), we have used the fact that only that part
of the product 1,I', in Eq. (3.1) which contains the
factor I r(1)f r(2) contributes.

The three terms defined in Eq. (3.2) represent,
in successive order, the spin-independent, single
spin-flip, and double spin-flip contributions. Since
a spin zero final nucleus cannot be obtained from
a spin zero initial nucleus by a single spin flip,
the single spin-flip contribution E»(q) to the dou-
ble scattering is zero. (This result holds for all
DCE scatterings in which the final nucleus is a
double analog state of the initial nucleus and both
have zero spin. ) We now apply the Racah algebra
analysis to the remaining two terms of the ampli-
tude F~@ (q).

By using the relation (2.7) for e'~2' '
2 and for

e' &' '& in Eq. (3.2) we may write the spin-indepen-
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dent term as

P (q)=K(q) Jl (-4/k,*k*)d2bd q, d q e'~ q2 ~2) f~2)(w„q, )f~)(w„q )

x+0' '„',l',* (q, ) Y',* „(q,)M(l, f;q„q,)
l, m

(3.3)

with

M(i, f;q„q,) =((-'„-,'}00
I
[r'"e l'"],"j,(q,x, )j,(q,x,) I

(-,', —,')OO&

05 5
2 2

—; —; 0 [& (-,', 2)2 II
r"'

ll (2, 2)r'&1'& R
I j,(q,x,}j((q.x,}IR&,

l l 0

(3 4)

where the radial matrix elements are defined by

2

(R i j,(q, x,)j,(q,x, ) i R& =-
' dxx j,(q, x)R„. . .(x)R„. . .(x). (3.5)

Since both initial and final nuclear states have
zero spin, the (l, l)0 angular momentum coupling
scheme indicated in M(l, l; q„q,) is the only possi-
ble one. The harmonic oscillator radial wave
function R„q(x) is given by

~3)2 2~+2
R„, q(x)=, i, (2 l), , (ax) e ""~'.

(3.6)

We should point out that the form (3.4) is quite
general in the sense that the radial wave functions
R needed in the evaluation of Eq. (3.5} is not re-
stricted to harmonic oscillator functions. Any

single-particle shell model wave function can be
used, provided that an appropriate c.m. correlamm

tion correction is made. By using

2l+1 l —ng~'
y 12

( )
( ™}'P 6)(0) 66)ltl (3 qi)' ~ 4n (l+ m)!

we obtain
5 l 5

F22(q) = l2mrf(q) Jf db bJ,(qb) Q Q ( —l) (2l+l) I@2)(f, m; f, —m; b),
l =0,2, 4 -l ~m~l

where we have defined

ll 1(l, m;l—m;6)= (k, , k, )
' f d d ,-q, 6f 6( q„61)fm(q„dl)mq

x J (q,b)J (q,b)P) (0)P, (0)(Rij,(q, x,)j,(q,x,) I R& . (3 9)

Similarly, after some algebra the double spin-flip part can be reduced to

q„(q)=11(q) Jd ke'2' 16q' g P g g (-1) ' (2L+))
l =0,2~4 I =l kl l =l, l k2 m, m'
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where the function I," is defined by

2I+I 3/3 (I m)) &/3
"

2P +1 3/3 /P mt ) &/3
I(33) (I m . Pm t. b) (b3bm)-1 f-l-(m+1) 30 ( ) ' 3-l'-(m'-I) 30

4~ (I +m)! 4~ (I'+m')!
5

2 2 2

x dq, dq, q,q, f"(w„q, )J„„(q,b)P, (0)
I

& 2 3 f") (3U„q,)z„,(q,b)P, (0)
(0 o 0)

2 2
1 5

(2 I 2l 8 Ij) (qixi) j) (q3&3)I&&.

(0 o 0)

The subscript + in I"," corresponds to the subscript m+1 of the first Bessel function in this equation and
to the exponent m+1; the subscript —corresponds to the subscript rn' —1 of the second Bessel function
and to the exponent m' —1. There are similar expressions for I"",, I3", and I',",'. These are obtained by
making the corresponding changes of the + and —signs in the subscripts and exponents un+ 1 and m' —1
in I",".

IV. TRIPLE SCATTERING

The triple-scattering contribution in the Glauber approximation is given by

/

E/")(q)= —e' " " g d'be'" !&)t I&o.'p'y'lr3(b —s, )I',(b-s, )I',(b-s, )lupy&lx'&,
cf8yn'8'y'

(4.1)

where &a'P'y'
I

and
I nPy& stand, respectively, for antisymmetrized final and initial three-nucleon states.

In Glauber theory, the pion can scatter off any nucleon only once. It follows that for the specific channel
(2.5) being studied, after assigning the quantum numbers o. ', P', a, and P to the valence nucleons, we

must have the restriction y =y, with y spanning all orbits occupied by the core nucleons. In order to ex-
hibit all possible different intermediate charge exchange sequences, we express the matrix element in
Eq. (4.1) as

.'&~
I [&~ p—Ir.r. i ~~&&yl r, ly&+&~ O'I r, r, l &P&&yl r, ly)+(ylr, ly&&~ p'Ir, r, l ~P&

+&~'I r, l y&&P'yl r, r, l nP&+&A'I r, l y&&yn'I r, r, l np&+&p'yl r, r, l ~p&&n'I r, l y&

+&y(3'I r,r, l ()'P&&PI r, i y&+&y()-''I r, r, l o'P&&P'I r, i y&+&0'y I r,r. l Il&&o" I r I y &] I ))'&, (4.2)

where the argument b -s, of the profile function
I; is understood. The symbols I nP& etc. denote
normalized antisymmetrized two-nucleon states
and

I y) etc. the normalized single-nucleon states.
The sequence is ordered according to the indices
of the F's.

The first three terms in (4.2) correspond to
three different sequences all having the pion scat-
tered elastically by a core nucleon. Those pro-
cesses represent the coherent scattering of the
pion from the core nucleus, and are shown graph-
ically in Figs. 2(a)-2(c). The fourth and fifth
terms are forbidden by the Pauli principle, as
are two of the four contributions arising from the
sixth and seventh terms. The remaining matrix
elements all involve exchanges between valence
and core nucleons. A core nucleon is first excited
into the d5f, proton orbit and the hole left in the
core nucleus is then removed by the deexcitation
of a d„, neutron. These processes are shown in

Figs. 2(d)-2(f). We see that different sequences
of creating and annihilating the hole state give dif-
ferent charge exchange sequences and hence differ-
ent transition strengths. These third-order dia-
grams can be obtained from the second-order dia-
grams (Fig. 1) by inserting into the latter the dia-
gram elements shown in Fig. 3. We insert the-
points indicated by the &&'s at all possible sequences,
and annihilate the hole states in all possible ways
such that the pion interacts once with each nucleon
(Glauber approximation), charge is conserved at
each interaction vertex, and no two nucleons oc-
cupy the same orbit (Pauli principle).

Terms involving exchange between valence and
core nucleons are, in general, expected to be
much less important than the coherent terms,
since two intermediate orbit changes (inelastic
scattering) for nucleons are involved. We there-
fore define a "coherent scattering approximation"
by neglecting the terms involving exchange be-
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o{'(p) p'(p)o{(p) }s'(p) oc'(p) P'(p)
l

m

o{(n) P (n)
(c)

o{(n) P(n)
(b)

a, (n} P(n)
(a)

oc'(p) /g (p) (x'(p) p'(p) cc'(p) P'(p)
I

rr (vr ))

rr'(vr )

rr '(m'~'(vr )) Ji Jl

o(; (n) /8(n)
(f)

n' Cvr+)~

o( (n) /(n)
(4)

oc (n) P(n)
(e)

rules. As an illustration, in Fig. 4 we present all
fourth order diagrams generated from the diagram
in Fig. 2(a).

The higher the order of multiple scattering, the
more involved are the diagrams. Clearly, some
approximation is desirable to make the calcula-
tion tractable. In view of the expected smallness
of the contribution involving the excitation of a
core nucleon and the subsequent deexcitation of
another nucleon to fill the hole in the core, we
have applied the "coherent scattering approxima-
tion" to all orders. This is equivalent to ignoring
diagrams containing the element shown in Fig. 3(b).

tween the valence and core nucleons. We obtain
in this approximation

Fi" (t))= —F(q) f d'( F'"(F„(b)+F„(()](2mk")',
d'q, e 'q3'" y se„q, e' 3'3 y

y

(4.3)
where

For the "0 core, we use"

P (q) = g &rl e*"lr) l

I

I

l

I

l

l

I

I

=16(1—q'/8n')e ' "" (4.4)

The quantities E»(b) and F»(b) in Eq. (4.3) are,
respectively, the integrands of the d'b integration
in Eqs. (3.3) and (3.10).

V. HIGHER ORDER CONTRIBUTIONS (a)
The fourth order diagrams can be obtained from

the third order diagrams by applying our graphic
FIG. 3. Diagram elements needed for insertion into

Fig. 1 to obtain Fig. '2;

FIG. 2. Diagrams representing possible triple scatterings. The notation is the same as for Fig. 1. A line with an

arrow pointing downward denotes the hole state y (conjugate to the particle state of quantum number y). The charge
state of the pion corresponding to intermediate processes involving a neutron hole are indicated in the parentheses to
the right of those corresponding to intermediate processes involving a proton hole. All diagrams shouM be supple-
mented by diagrams with m and P interchanged or with e' and P' interchanged.
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The total scattering amplitude becomes

y cs(q) ea /@An ~ d2b eiq'b

n8n' 8'

A

x&&
I )(o"p'I r, (b —s,)r, (b —s )I o-'p}(p("'o)lexp z p x, (b-s, ) Iy("'0)}

j=3

+&~'P'Ir, (b-s, )(g("o)lexp ( Q x,(5-s;) lq("o)}r,(b —s,)luP}

+&y("O)l exp ( g x, (b -s, ) I y("O)}&o"P'I r, (b - s,)r, (b -s, )l ~P}
J'= 3

(5.1)

For a core nucleus as heavy as "0, we take the
optical limit to describe the scattering of pions
by the core nucleus and write

A

(0("O)lexp g (X;(b-s, ) le("'O)}=e*"""

be taken over the three pion-charge states. In the
case of a zero spin and zero isospin core nucleus,
as is the case with "0, this notation is somewhat
redundant. In this calculation, we use a local po-
tential which has the following structure

where
(5.2)

U, ,(k, r) = —4m ZJ, „(k*,—p")p, (r), (5.4)

x.(k;b) =-
2k

U,p, g(b, z)dz (5.3)

It is worth pointing out that the larger the number
of nucleons in the core nucleus, the better the
optical description represented by Eq. (5.2). The
bar on the optical potential U,~, in Eq. (5.3) de-
notes that for the general case where the spin and
isospin of the core nucleus are different from
zero, a mean value of the optical potential must

where the Jacobian J transforms the TrN scattering
amplitude from the mN c.m. frame to the m-nucleus
c.m. frame. In our eikonal formulation, the pion
predominantly undergoes small angle scattering.
Consequently, we setZ=k/k*, and the operator
-p' in Eq. (5.4) is related to the pion momentum
transfers in the m-nucleus and mÃ c.m. frames by
-7'=q = q*'. Hence for a spin-zero isospin-zero
core nucleus, as is the case with "0, we have the
following operator form for the gN amplitude in

cc (p) P'(p) .4C (p) P'(p) A' (p) P (p)

JL

TT
I

I
Tr

Tt I Ji + I )l

TT (Tr )

~'(p) P'(p)

w(n) P(n)
(I)

a'(p) P'(p)
Tr (TT )I

I

rr (n )i

TT (TT )

TT+ ( +)I )i

Tr (TT')

a (n) P(n)
.(I!)

oC (n) /t(n)
(I)

m'(p) P'(p)
I

Tr (TT )I

I

TT (TT )I

o I
Tr (Tr )I

o I
TT (TT )~

Tr (m)I
I

ca(n) P(n)
(e)

a (n) P(n)
(c)

yc'(p) P'(p)

Tr (TT )

or. ( n) P (n )
(f).

TT (TT )

TT'(TT')

n'(n')
I

oc (n) )6(n)
(g)

FIG. 4. Sample diagrams for quadruple scattering, generated by the diagram of Fig. 2 (a). The notation is the same
as for Fig. 1.
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coordinate space:

(A(o& +A(o& yA(o& +A(o&) + (A(o& y 3A(o& + 6A(o&) (Ps/2k +s) + (l 5A(o& + 7 5A(0&) (+2/2k gs)2

+2.5A~ (V'/2k*')' (5.5)

The A&'~'s are related to the various mN partial-
wave amplitudes, a'sr»(k~) =(qs'r s~(k*)
exp[2i5s'r sz (k*)]—l'I/2ik*, by the equations

A~" =—'(2a,', +a'„),

AI =s ( +si+ +ss++ii+2&as) ~

A,' =-,' (4as's+6ass+2a, 's+3a,'s),

A~' =—', (6ass+8a37+36$5+4a») . (5.6)

They represent, respectively, the s, p, d, and f
wave contribution to the scalar part of mN ampli-
tude fio&. Clearly, if we neglect the d and f waves,
then A&o& =Az&o& = 0 in Eq. (5.5), and the optical po-
tential will reduce to the simpler but more widely
employed local Laplacian form. "

The amplitude EP(q) has the familiar "distorted
wave" form with the double-scattering operator
I y Fg corresponding to scattering of the pion from
the valence neutron pair acting as the fundamental
inter action.

VI. NUMERICAL RESULTS AND DISCUSSION

In all calculations the CERN "theoretical" fit"
was used for the vN amplitudes f&'&. Since no data
exist for the DCE reaction and since we are main-
ly interested in the qualitative features of the cal-
culations, rather than the detailed numerical re-
sults, we have not investigated the effects of un-
certainties of the miV phase shifts on the numerical
values we obtain. The q' dependence of the mX
scattering amplitude (2.3) is essentially of two
types, namely, cos&& =5& k&' and ~k& xk&'~. We
have used the relations k* k*. ' = (%*'+%*"—q")/
2k,*. kf' and ~k f xk~~'

~

= q'/k& to extrapolate f (ru&, q')
to the unphysical region. The first relation is
exact. The second relation is an approximation
which represents the quantity ~k~ x k& '~ fairly well
for small values of q' and allows the integration
defining the nucleon profile function to be carried
out in the region of unphysical q'. Using these
relations with a partial wave expansion is perhaps
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FIG. 5. The total DCE cross sections 0(n'+, x ) Ne
due to the double-scattering (D) and the doubl. e-plus-
tripl. e-scattering (D+ T) contributions as function of
incident pion kinetic energy. The dashed curves repre-
sent the results with only s and P waves of the rN
ampl. itude taken into account. The solid curves repre-
sent the results containing s, p, d, and f waves of the
mN amplitude.

T (MeV)

FIG. 6. The total. DCE cross section 0(x+, 7( ) Ne
given by the full calculation. The dashed and solid
curves have the same description as fo~ Fig. 5. The
dash-dotted curve represents the results with the s, p,
and d waves of the &N amplitude included and cannot be
distinguished graphically from the solid curve for ener-
gies below 350 MeV. The dotted curve represents the
results due to the p wave only.
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more realistic than using a Gaussian parametri-
zation at energies below 550 MeV and near the
(3,3) resonance in particular. The harmonic os-
cillator parameter a was taken to be 0.5656 fm '.
This value is based upon the electron scattering
data, ' with the finite size of the proton being cor-
rected for.

In Figs. 5 and 6 we present the integrated DCE
cross section as a function of the pion kinetic en-
ergy. In Fig. 5 we compare the cross sections for
only double scattering with those for double plus
triple scattering. We also compare these cross
sections when only s and p waves are considered
with those when s, P, d, and f waves are considered.
We see that above 100 MeV the cross section ob-
tained from the double-plus-triple-scattering con-
tributions is considerably greater than that ob-
tained from only double scattering; indicating that
a double-scattering approximation is not a valid
one. In Fig. 6 we present the full calculation,
showing the result obtained when only p wave,
when only s and p waves, when only s, p, and d
waves, and when s, p, d, and f waves are con-
sidered. We see that the full calculation yields
a cross section that is considerably smaller than
those for double or double plus triple scattering,
indicating the multiple-scattering series converges
rather slowly. " Although the integrated cross
sections due to the double-scattering contribution
and the double-plus-triple-scattering contribution,
shown in Fig. 5, exhibit a maxirnurn near the
(3, 3) resonance energy, this characteristic peak
structure disappears in the full calculation result.
The distortion shifts the maximum to approximate-
ly 400 MeV and makes it rather broad. In addi-
tion, there is a deep minimum near 130 MeV. The
presence of this minimum is due to the strong in-

terf erence between the mN s and p waves on the
one hand and the multiple-scattering effects on
the other. By inspecting the dotted curves in Fig.
6 we see that when only the p wave is considered,
the cross section exhibits a shallow minimum near
150 MeV and does not vary rapidly between -100
to 400 MeV. On the other hand, the dashed curve
that includes both the s and p waves exhibits a
sharp minimum near 130 MeV. The effect of the
interference between the s and p waves is to shift
the minimum downward by - 20 MeV and to greatly
increase its sharpness. The energy region of the
sharp minimum corresponds to the P33 gN reso-
nance energy inside a finite nucleus. At this ener-
gy, the attenuation of the pion wave by the distor-
tion becomes very strong 2nd helps to produce the
minimum in the cross section. Between 130 and
400 MeV the cross section increases by more
than a factor of 10.

It is worth pointing out that our results show
clearly that for this reaction, the d wave contribu-
tion of the elementary mÃ amplitude is very im-
portant. Although the inclusion of the d wave hard-
ly alters the numerical results in the energy re-
gion 150 to 250 MeV, it increases the cross sec-
tions at higher energies significantly. The cross
sections in the energy region around 100 MeV are
also enhanced by the d wave contribution. It has
long been argued that in this region the d wave
need not be considered as a result of the small-
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FIG. 7. The O(~+, 7t. )' Ne forward differentiaI. cross
sections due to the double-scattering (D) and the double-
plus-triple-scattering (D+T) contributions. Same
description as for Fig. 5.
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FIG. 8. The O(7t+, x ) Ne forward differential
cross sections given by the ful. l distorted wave calcula-
tion. Same description as for Fig. 6.
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ness of its phase shifts. However, we find that
while the phase shifts are small in this region,
the d wave part brings into the mN amplitude a
term proportional to (cose*)', which, when ex-
pressed in terms of the three-momentum transfer
q' of the pion, introduces a q'4 component into the
mN scattering amplitude in momentum space. In
fact this q'4 term make a non-negligible contribu-
tion to the total DCE cross section via the profile
function defined in Eq. (2.2). In the integration of
this function, if only s and p waves were retained,
the integrand f ly&, q') would involve terms only up
to q". We have seen that the inclusion of the d
wave also affects the distorting potential Uopt by
introducing a v4 term.

We have examined the effect of the core density
on the cross sections. Our results show that if we
increase the core radius of the nucleus, the total
DCE cross sections decrease. The general trend
is that the higher the pion energy, the smaller the
decrease. Furthermore, the deep minimum shifts
toward lower energies. For example, if we in-
crease the radius by 11 and 25%, the position of the
minimum shifts from the original value of -130
MeV to -120 and -110 MeV, respectively.

In Fig. 7 we present the forward differential
DCE cross sections due to the double-scattering
contribution and the double-plus-triple-scattering
contribution. The calculations were done with s
and p waves and with s, p, d, and f waves. We
see that above 200 MeV one must include more
than just the s and p waves in the calculation. In

Fig. 8 we show the complete calculation for the
forward differential cross sections. As in the in-
tegrated cross section case, we see that the d
wave is important near 100 MeV and above 250
MeV.

In Fig. 9 we show the interference effect between
the amplitudes F,",(0) and F'„'(0), which are, re
spectively, connected to the spin-independent and
the double spin-flip parts of the elementary zN
amplitude. We have introduced a quantity a de-
fined by

& =[1~22(0)+~3s(0)l'- I~22(0)l']&I~22(0)l'

The positive and negative sign of this number
therefore represents, respectively, the construc-
tive and destructive interference effect of these
two amplitudes. Our results show that they are
destructive below -300 MeV and the maximum ef-
fect occurs near 130 MeV, the energy at which
the integrated cross section has its minimum.
Figure 9 indicates clearly that at pion energies
between 80 and 180 MeV the spin-flip part of the
wN scattering amplitude should be included in cal-
culations.

In Figs. 10 and 11, we show the differential
cross sections at 130 and 450 MeV. They are both
peaked forward and possess structure in the form
of shoulders, or maxima and minima. The shapes
are not altered significantly by the inclusion of
spin flip or d and f wave scattering of the wN am-
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FIG. 9. The influence of the spin-flip part of the n'N

amplitude on the total DCE cross section as function of
pion energy. The quantity 4 is defined in the text. All
s, P, d, and f waves of the ~N amplitude are
considered.
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FIG. 10. The DCE differential cross section (solid
curve) at 130 MeV. The dashed curve is given by F22(q)
alone, while the dash-dotted curve is given by ~&3(q)
alone.
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plitude. However, the magnitudes are affected
considerably.

The results obtained from pion-nucleus elastic
scattering calculations show that the Glauber ap-
proximation is in reasonable agreement with the
measurements for pion energies above 120 MeV."
Consequently, our numerical results for energies
below 120 MeV should only be regarded as quali-
tative. Because of the complexity of the problem
different approximations have been used in the
various published calculations; these models will
be tested by the measurements that will soon be
made. However, our conclusions on the conver-
gence properties of the multiple-scattering series,
on the influence of spin, and on the significance of
the d and f waves appear to be quite general and
should not be altered by more detailed calcula-
tions.

10
10 20 30 40

ecm (deg)
50 60 70

FIG. 11. The DCE differential cross section at 450
MeV. The solid curve contains s, P, d, and f waves
Of rN scattering. The dash-double-dotted curve contains
only s and p waves of &AN scattering.
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