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Predictions of the masses of highly neutron-rich light nuclei
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A simple mass equation is derived and is shown to provide a good description of the masses
of the recently measured Tz ——2 nuclei in the s-d shell. A comparison is made with the
method of Garvey et al. and predictions of masses and of the stability of neutron-excess light
nuclei are given for both methods.

NUCLEAR STRUCTURE Derived mass equation based on shell model; compared
predictions with method of Garvey et al.

I. INTRODUCTION

Over the last few years many very neutron-rich
light nuclei' (T~ ~ j,A & 50) have been shown to be
particle stable and the masses of several of these
have also been determined. On comparing these
results with theory, though good agreement with
regard to predictions of stability based on the
transverse relation of Garvey-Kelson" is ob-
served, as in the recent correct prediction that
"BshouM be particle stable, ' poorer agreement
is generally found for the measured mass excess.
For example, in the s-d shell there are several
T~ =-, nuclei for which there is a significant dis-
crepancy (&500 keV) between the experimental and
the calculated mass excess.

In this report an alternative scheme, similar in
approach to the method of Garvey et aI,.' but taking
more explicit account of shell effects, will be
described which more successfully accounts for
many of the observed masses of neutron-excess
light nuclei.

II. MASS EQUATIONS

Following the simple shell model approach of
Goldstein and Talmi, ' the mass of a neutron-excess
doubly closed shell nucleus, M„ is related to that
of a nucleus with additional m j protons and n j'
neutrons in a higher shell, M(mj™vj'"),by the equa-
tion:

M(mj vj '") =MD+V(mj™)+V(vj'")+V(j",j'"). (1)

In this expression V(wj ) represents the kinetic en-
ergy, interaction with the closed shells, and mutu-
al interaction of the m j protons, V(vj'") that of the
n j' neutrons, and V(j, j'") the interaction between
the j protons and j' neutrons.

Simplification is possible in Eg. (1) since the

values of V(mj ) and V(vj'") can each be expressed
in terms of just three parameters (as noted below).
However, since other configurations besides that
of the simple shell model are generally important
.'..n describing the ground state wave function of a
nucleus, some allowance for such configuration
mixing can be made by regarding V(vj ) and
V(vj'") as separate parameters for each value of
m and n. This is equivalent to replacing I,
+V(mj )+ V(vj'") by the sum of arbitrary functions
U(Z) and W(N) of the number of protons and neu-
trons, respectively. Furthermore, if no odd-odd
nuclei are considered, then V(j, j'") depends only
on an average interaction potential, V(jj') through
the relation ' V(j,j '") =mnV(jj ') Hence, w.ith
the restriction (=—mn even) of no odd-odd nuclei
and rewriting M(nj™vj'")as M(Z, N), Eq. (1) is
then equivalent to:

M(Z, N) =U(Z)+W(N)+mnV(jj') (mn even).

This mass equation can be generalized to include
neutron-excess nuclei from several configurations
nj;vj„ though still with the requirement that the
neutron shell vj„ lie higher than the proton shell
mj;. In this more general case the mass M(Z, N)
is given by what will be denoted the modified shell
model mass equation:

M(Z, N) = U(Z) + W(N)

The m& and n, are the number of protons and neu-
trons in the shells mj; and vj„, respectively, and
the sum Q;, is over the neutron-proton interaction
parameters V(j;j„).

For comparison, in the simple shell model
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M(Z, N) is given by:

+ Q vl;BgV(j;Jp) (B1 Bp even) .

iV(Z, N) =F(Z)+G(N)+a(A), (5)

where E, G, and H are arbitrary functions of the
number of protons, neutrons, and nucleons„re-
spectively. Comparison of these equations shows
that the two methods differ mainly in their para-
metrization of the residual neutron-proton interac-
tion. In the method of Garvey et nl. ' much of this
interaction is given by the functionH(A), while in
Eq. (3) more explicit account is taken of shell
structure by the term L,mn, V()';j~) Also, im.-
plicit in Eq. (5) is the assumption that the residual
neutron-proton interaction is independent' of T~.

The differences in assumptions allow the trans-
verse mass equation to be more general than the
modified mass equation, both in predicting masses
of odd-odd nuclei and in being able to predict
masses farther from stability. In both cases pre-
dictions are carried out by determining the param-
eters of the mass equations by a least squares fit
to known masses. [For Eq. (5) all known masses
of N ~ Z nuclei can be included (except N = Z = odd),
while for Eq. (3) only those which possess configu-
rations vj; vj~ and which are not odd-odd can be
used. ] Not all appropriate known masses need be
included; however, there are minimum require-
ments. In particular, for the transverse mass
equation it is not possible to exclude all known
odd-odd nuclei when predicting the masses of odd-
A. nuclei with T~ = 7, if only nuclei with T~ & 7 are
used as input masses.

Each function of the form V(j') represents the in-
teraction energy of q identical nucleons and assum-
ing minimum seniority can be expressed as:

V(j') =Ce,. +V(t1 —1)~a, +[24]b, ,

where [2q] is the integer less than or equal to
~q, and e, , a, , and b,. are three interaction param-
eters. '

Equation (3) is similar to the Garvey-Kelson
transverse mass equation':

l-

0

Transverse Garvey-Kelson

25F
1 I I I

N N Mg Al Si

This work

transverse mass equation were taken from the cal-
culations of Thibault and Klapisch, ' who included
as input from the s-d shell only known T~ & 2 nu-
clei. For the other predictions the modified mass
equation was used except fo.r the values for "0
and ~'F where Eq. (4) from the simple shell model
was employed, since insufficient masses are known
for Eq. (3) to be used. Only known non-odd-odd

T~ ~ 2 nuclei, together with "Na, with configura-
tions vp, &, vd, &„md,&, vs, &„md,&, vd, &„and vs, &,, vd, &,
were included as input. [The mass of "Na deter
mines the interaction parameter V(nd, &, vd, &,).] As
seen in Fig. 1, considerably better agreement was
obtained with the approach of this work than with
the transverse mass equation; quantitatively the
rms deviations between experiment and calculation
are 260 and 620 keV, respectively (excluding the
mass of "0because of its large error). A further
comparison is afforded using the simple shell
model, Eq. (4), alone. This yields a rms devia-
tion of 390 keg, illustrating the importance of con-
figuration mixing, which to some extent is allowed
for in Eq. (3).

Another example is discussed in Ref. 8 where the
masses of the argon isotopes ' ' Ar are compared
with the predictions of Eqs. (3) and (5); bette.
agreement is also found using Eq. (3). For these
isotopes the predictions of Zeldes, Grill, and
Simievic, ' which are based on a generalization of
an independent particle model, are also in good
agreement with experiment. However, for lighter
nuclei these latter predictions are less successful,
probably due to certain charge-dependent terms
in their mass formula. Comparisons between dif-
ferent methods are made difficult, however, by
differences in the input masses that were used

III. RESULTS AND DISCUSSION

As a means of comparing these two approaches
when applied to light neutron-rich nuclei, the
masses of the T~ = —', nuclei in the s-d shell have
been predicted, and their relative agreement with
the experimental values is shown in Fig. 1. For
these nuclei the predicted values arising from the

Masses of TZ = 5/2 nuclei in the 2s-fd shell

O
—-0

FIG. 1. Two comparisons of the differences between
experimental and predicted mass excesses for the
Ez = 2 nuclei in the 2s-Id shell. See text.
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and, as has been noted, 4 predictions can be quite
sensitive to changes in the masses of only a few
nuclei. Bassichis and Ali" have recently accounted
for the observed mass excesses of the T~ =-,' nu-
clei "Ne, "Mg, and "Si by employing a literal in-
terpretation of the Garvey-Kelson mass formula to
relate deviations from the simple predictions for
certain sextuplets of nuclei. References to other
recent work on mass relations and equations can
be found in the paper of Janecke and Behrens. '

Table I presents predictions of mass excesses
and one- and two-neutron binding energies of se-
lected neutron-excess nuclei at or just beyond the
limits of current investigation obtained through a
recalculation with Eq. (5), the transverse mass
equation, as well as with Eq. (3), the modified
mass equation, denoted T and M, respectively.
Experimental values are given when available (see
Refs. 11 and 12 and those cited in the table) and
those nuclei only known to be bound or unbound are
indicated by the symbol "8"or "U". A complete
tabulation of the results is given in Ref. 13.

Calculated T and M values in Table I arise from
a least squares fitting program which employed
with equal weight the appropriate particle-stable
nuclei'~ with N & 8 whose mass excesses are known
to &200 keV; those known with less accuracy were
not used in these calculations and are shown in the
table enclosed in parentheses. All known nuclei
(2'(1) with 2 & Z & 35 and 4 & N & 50 were used in ob-
taining the transverse mass equation values. Com-
pared to the recent calculation, ' the ten known s-d
shell T~~ -', nuclei given in Table I were the addi-
tional nuclei included. For Eq. (3) the known non-
odd-odd nuclei (74) with configurations ~P,~, vP,~„
np, &~vd, &» np», vd, &» md, &~vs»» md, &, vd3/»
ms, &, vd, &„and md, &, uf,~, were employed. In Eq.
(3) lack of sufficient known masses required as-
sumed values for the mass excesses of "O, "O,
and "Be: For "0and "0the values from Eq. (4)
were used and [to determine the interaction param-
eter V(nj,~, vd», )] the mass excess of "Be (known
to be bound" ) was taken to equal '~Be+2n =41.09
MeV, close to the value obtained with the trans-
verse equation of 40.72 MeV.

In order to compare how well these two ap-
proaches account for known masses, ' one can
evaluate the rms deviation defined as [Q;& /
(N P))'~', where —the &; are differences between
the calculated and experimental masses, and N
and P are the number of known nuclei and param-
eters, respectively. For nuclei with 2 & Z & 17
the transverse mass equation yields an rms devia-
tion of 220 keV (N =82, P =66) and the modified
mass equation 200 keV (N = 51, P = 36). Though
these values are very similar it does not neces-
sarily follow that the predictive validity of the two
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approaches will be the same (compare the results
in Fig. 1).

Several comments on nuclei at or near the cur-
rent limit of experimental accessibility can be
made from Table I. It appears that the differences
between the T and M approaches observed in the
s-d shell for the T~ = —,

' nuclei persist to lighter
nuclei, since the predictions for 'He, "Be, "B,
and "N differ by more than 750 keV. In the s-d
shell the reported "0mass excess" is much less
bound (by 2.1 MeV) than is calculated by either the
transverse or the simple shell model mass equa-
tions (however, the experimental approach em-
ployed by Artukh et al."could possibly suffer
from a systematic error in this direction, so that
an additional measurement of the mass excess of"0is of great interest). For "Na and "Na it has
been pointed out from recent experimental mea-
surements" that their mass excesses imply a shell
closure effect (N=20) larger than would be deduced
from the properties of nuclei closer to stability.
Experimentally, the mass excesses of "Na and
"Na are 10.6 + 0.8 and 16.4 + 1.1 MeV, respective-
ly, "while the transverse mass equation predicts
12.7 and 21.0 MeV. This enhanced closure effect
for "Na is also strikingly seen when comparing
with experiment the predicted mass excess of
14.4 MeV, arising from the modified mass equa-
tion.

These mass-excess calculations permit predic-
tions of those nuclei lying on the edge of stability.
The limits yielded by this recalculation with the
transverse equation differ from those of Ref. 3,
which did not employ any T~ ~ —,

' nuclei from the
s-d shell, in that (a) 'N, "0, 40Mg, 'AI, and
'Si are predicted to be the last nucleon-stable

isotopes, compared to N, 0, ~ Mg, Al, and

«'Si; and (b) "F, "Ne, and "Mg are predicted to
be the first unbound isotopes, compared' to "F,
"Ne, and 'Mg. Results from the modified mass
equation are less extensive than those from the
transverse equation, generally not predicting the

edge of stability; however, for the lighter nuclei
"0 is calculated by Eq. (3) to be unbound by 240

keV, predicting "O as the last stable oxygen iso-
tope. Also "F is calculated to be unbound to 2n

decay by 910 keV, compared to the prediction of
the transverse equation that it is bound by 770 keV.

Kelson and Garvey" have also employed rela-
tions based on the charge symmetry of nuclear
forces to predict quite successfully the masses of
neutron-deficient nuclei through the titanium iso-
topes. An appendix of Ref. 13 tabulates results
for mass excesses and one- and two-proton bind-

ing energies from a similar recalculation of these
nuclei which employed current known masses and
predictions for neutron-excess nuclei from the
transverse equation where necessary. Although

many masses change considerably in this recal-
culation, the only revision" in their predictions
of the onset of nuclear instability is that "Ar is
now expected to be unbound.

The approach employing the modified mass
equation described above appears to be a useful
alternate predictive scheme for the masses of
very neutron-excess light nuclei. Further mass
measurements of nuclei far from stability such
as, for example, the nucleon-stable isotopes "8
and "N will afford particularly interesting new

comparisons of this method and that of Garvey
et al.' with experiment.
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