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We present a detailed evaluation of the leading term (triangle diagram) of the pion-nucleus optical
potential. The development uses a covariant multiple scattering theory introduced previously. It is
shown how recent phenomenological studies of the pion-nucleon (oA'-shell) scattering amplitudes may be
incorporated into this theory. Further, various problems associated with the transformation of the
pion-nucleon scattering amplitudes from the center of mass of the m-N system to the center of mass of
the m-nucleus system are resolved in this approach.

I. INTRODUCTION

Recently, there has been a great deal of interest
in the calculation of the pion-nucleus interaction.
A large number of the published works in this
area rely on the nonrelativistic multiple scatter-
ing theory of Watson. ' Recently, in a series of
papers we have presented a new covariant multi-
ple scattering theory which we hope to apply to
the problem of pion-nucleus interactions. 2 4 We
feel that our method has a number of important
advantages over the more conventional approaches.
For example, the use of rela, tivistic kinematics is
integral to our scheme. Also, there is no need to
assume a potential interaction between the pion
and nucleon as is the case in the nonrelativistic
theories; in principle, we can also incorporate
production and absorption amplitudes in our anal-
ysis. Binding effects, off-shell effects, and the
dynamics of the target particles are all treated
properly.

In this work we concentrate on the analysis of
the leading contribution to the pion-nucleus optical
potential —the single-scattering term, or "tri-
angle diagram. " In Sec, II we review our covari-
ant scattering theory and in Sec. III we present
the analytical expressions for the triangle diagram.
Our results involve the covariant (off-shell) pion-
nucleon scattering amplitude, and in Sec. IV we
show how recent phenomenological studies of m-iV

amplitudes may be incorporated into our analysis.
The last step requires that an interpreta, tion of
the phenomenological amplitudes be made such
that they have significance in the covariant theory.
In Sec. V and VI we discuss the transformation of
the scattering amplitudes from the m-N center-of-
mass frame to the m-nucleus center-of-mass
frame. This problem has been discussed by sev-
eral authors recently and represents a source of
some confusion. We believe our treatment is un-
ambiguous and serves to resolve the problems

which arise in other noncovariant calculations.
Finally, Sec. VII conta, ins some of our conclu-
sions and some suggestions for future work.

II. REVIEW OF COVARIANT SCATTERING THEORY

M =K+KGM, (2.1)

where E is an irreducible kernel and G= G,G, is
the propagator which propagates both particles.
Equation (2.1) is equivalent to the set of equations

M =U+UgM,

U = K+ K(G —g)U,
(2.2)

(2.3)

where g is a new Green's function. A first order
approximation (U = K) yields an approximate equa-
tion for M.

In our previous work" we describe several pos-
sible choices for g, Each of these reduces Eq.
(2.1) to a three-dimensional covariant integral
equation. Owing to the absence of a strong inter-
action theory for the fundamental pion-nucleon
interaction, calculation of the pion-nucleus scat-
tering necessarily contains some phenomenologi-
cal aspects. In particular, the pion-nucleon scat-
tering amplitudes and production (or absorption)
amplitudes appearing in an analysis of the dia-
grams for pion-nucleus scattering cannot be cal-
culated from current theories. Instead, we must
rely on the information provided by phenomeno-

A relativistic dynamical calculation of projectile-
nucleus scattering can be achieved with the aid of
a two-particle covariant equa, tion, as we have dis-
cussed previously. ' In this approach, each nu-
clear bound state is treated as an elementary par-
ticle, that is, each of these states is described by
a field and has its own propagator. The invariant
amplitude M for the scattering of a pion (particle 1)
by a nucleus (particle 2) then satisfies the integral
equation
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g, (ui W) = 5(ao - ~," "(k))
2(dI(2E~ P

1
X

2W —( (L)R+E„-R)+i Li
(2.4)

logical analyses of these amplitudes. ' Since up
to this date only n-N scattering processes have
received wide attention, it is sensible to use a
covariant scheme which requires the off-shell
pion-nucleon scattering amplitudes as the sole
theoretical input in calculations.

Since the nuclei for which we would construct
optical potentials are, in general, much heavier
than the pion, it is reasonable to limit our discus-
sion to the case in which the heavy nucleus is al-
ways on its mass shell. %e therefore use the fol-
lowing Green's function (for integral spin targets):

where

and

AR'"(k) = W+ RL —E„R

L =(M~ -Mw )/2W .

(2.5)

(2.6)

In Eq. (2.4), 2W is the center-of-mass energy of
the pion-nucleus system, MA is the mass of the
target and ~k and E„k are the relativistic pion
and target energies, respectively. (Note that g,
represents the first part of the Green's function

g, defined in Ref. 2, modified for the case of a
spin-zero target. ) We remark that b,"'"(k,) =0 if

i k, i corresponds to the value appropriate to the
asymptotic condition such that 2R'= ~& +E„k,.

Using reduction techniques we have discussed

previously, we see that Eq. (2.1) takes the form:

Cg'IJW(w)IP& (FIW=(w)15&+J ak(kl(&(w)lk&mw "'"z . (i&1M(w)1)L&. (2.7)

Here,

&p'IM. (W)I p)=-&p', P"=& "(p')IM(W)Ip, t'=& "(p)&, (2.8}

&
p'

I L'(W) I
p&=- &p', P"= &."'"(p')

I &(W) I p, P' = &.'"(p) &, (2.9)

and

A, (k) = 1/(2(dR2E„R) . (2.10)

[Equation (2.10) is appropriate for a spin-zero tar-
get. ]

Finally, using the notation of Appendix A, we
define a T matrix and a V matrix through

«&p'I T.(W) I p&NR =ft."'(p')&p'
I M.(W) I p&fi."'(p),

(2.11)

This last integral equation is of the Lippmann-
Schwinger form and is a covariant dynamical
equation. %e recall that the indices of the T, V,

M, U, and K matrices in Eqs (2.5) to (2.14) refer
explicitly to the particular reduction scheme we
have considered, that is, the one based on g, of
Eq. (2.4).

In the next section we consider the construction
of the optical potential N„&p'iV, (W)ip&« in the ap-
proximation indicated in Eq. (2.13).

NR&p' I ~()(W) I p& NR =ft, "'(p')&p'
i U (W) i p&R, "'(p)

(2.12)

p~W+k-L/2=(2W-E -, k)
A, k

'

(rr)

p'=W+k'-L/2=(2W-E -, k )l, ki

(vr )

= J~."'(p')&p'
I 1~.(W) I p&f~, "'(p) .

(2.13)

(A)
EL

P=W-k+L/2=(E -,-k)
A, IL

' Q=(E -,Q)

(A)

P'=W-k'+L/2=(Ei-, -k')
I

X NR&kl7;(W) I p& „ (2.14)

%e find that the T matrix satisfies the equation

NR&p I &,(W) I p& NR 'NR&p I ~()(W) I p&„
p'i I'(

2W- (((&R +E„R)+i'

FIG. 1. The single-scattering diagram. The dashed,
the light, and the heavy lines represent, respectively,
the pion, the nucl. eon, and the various nuclei. The m-N
off-shell scattering amplitude is denoted by the filled
circle, while the nucl. ear vertex interactions are repre-
sented by the open circles. The o. denotes the unoccu-
pied orbit in C. The cross denotes a particle which has
been placed on its mass shell.
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III. REDUCTION OF THE TRIANGLE DIAGRAM

The most important contribution to the pion-nu-
cleus optical potential comes from the single-

scattering term (or "triangle diagram") —see
Fig. 1. Using our diagram rules, summarized
in Appendix A, and underlining the momenta of
those particles that have been placed on their

mass shell, we have

(2v)'(p', P'I K,(w)l p, P&-=&k'I K, (w)lk&

=p f d'Q
~

((&~)'(&'I('IQ, &'-Q))G (&'-Q)G .(Q)
n, C

x[(2x)3&p, P QIM,„Ys )Ip, P q&]G„(P-q)[(2~)'&q, P- ql I'I P&]

(3.1)

G (P —Q) = [y ' (P —Q) —M„+ie ] (3.2)

Also, Gc „(Q) is the corresponding Feynman prop-

with s = (P'+ P ' Q)' =-(P+ P —Q)'.
In Eq. (3.1) we use the notation

(P', P'- QIM„„(V s )IP, P- Q), inkeepingwiththeno-
tation of Fig. 1; however, the momentum-conserv-
ing f& functions have been removed and this expres-
sion represents the invariant matrix in the relative
momenta. That is [(2w)'( p'P'- QIM,„(Ms)l p, P- Q&]
=—(k,'I M,s(v s ) I kg, where the k, and k', are the
relative four-momenta in the center of mass of
the ))'-X system (see Fig. 2). Similar remarks ap-
ply to the vertex functions 1 and to the quantity
(p'~P'IK, (w)l p, P). Again [(2)))'&p', P'

I K, (w) I p, P)]
—=(k'

I K,(W) I k&, where k and k' are the relative
momenta in the pion-nucleus center-of-mass
system (see Fig. 2). The operators which have
not had the 5 function extracted are distinguished
by a caret, i.e., S, M, etc.—see Eqs. (A2) and

(A9) of Appendix A. The propagators G in Eq.
(3.1) are related to the usual Feynman propaga-
tors Sz by the relation Sz —-iG/(2m)4 Cons.equently,
in Eq. (3.1),

agator for the nucleus C, multiplied by —i(2m)'.
The label u denotes the particular state of the
nucleus C.

Equation (3.1) involves a four-dimensional inte-
gration. Since the nucleus C is much more mas-
sive than either the nucleon or the pion, it is rea-
sonable to neglect its off-mass-shell aspect (see
Appendix B for justification) and to write the cor-
responding propagator as

Gc„(Q)= —2zi[Nc„(Q)] 'b(qo —Ec„o)A~~) (Q)

(3.3)

with

(3 4)

representing the projection operator for positive
energy spinors. Here the summation runs over
the spin projections and Nc „(Q)=Ec „(Q)/Mc„,
the nucleus C being necessarily of half-integer
spin when the nucleus A is of spin zero. With this
on-shell approximation for the spectator nucleus,

Eq. (3.1) becomes

1/2
(2')'(O'I"

I &())')l p, && = Q &'Q((2rr)'(&'(I )'( (&, P —()&)x (Q) (
' ""G (P' —Q)

C, n, r C, af, Q

1/2
x [(2&)'(p', P '

Ql M,s(M&) I p-, P —Q)] G~(P —Q) X "'"(Q)
&c,&, Q

x [(2w) (Q, P —Ql I'I P&J. (3 5)

This equation is still covariant; however, it contains only a three-dimensional integration, the value of
Qo being determined as Q =(Q'+~„')'I . Equation (3.5) may be simplified by introducing wave functions

defined as follows:

@"'(0,P —Ql P) = G (P - Q)x"'"(Q)[(»)'&q, P —Q I
I"

I »]
= (»)"'(Q, (x, &I (1)(o) I p) (3 6)
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and

+"'"(0,P'- Ql P') = I:(»)'&P'I I'I Q P'- Q&] x"'"(Q)G~(P'- Q)

=(2~)"'&P"'I y(0) I 4, ~, ~& .

To obtain some guidance as to the kinematic structure of the matrix elements of the interpolating fields
$(0) and (l)(0), it is useful to expand these matrix elements in a special set of spinor functions to be defined
below. We write (suppressing the spin indices in the state vectors)

&Ql e(0) I P) =&Ql ())"(o) I P)+ &Ql 0' '(o) I P&

3/'2 o Bs k P u k + D-s k P U —k
s

(3.8)

where k is a four-vector, k= P- Q. We also write

&Ql &.(k) I P&= &(k —P+Q)(Q I &.(P- Q) IP)

(QI D .(- k) IP&= t)(k -P+Q)(Q ID,(-P+ Q)l P&,

so that

M~
(Q I ('(0)

I p) =
(~,),i, )

p, "q.() Bs P- P 8'P-

+(QID'.(- P+Q)IP) v '(- P+Q)] .

Also, we have

&P'
I y(o) I

Q&=(P' I g~'(0)
I Q)+&P' I

e' '(0)
I Q)

(3.9a)

g I(c'I &.'(&'- Q)I Q)F(J"-0)(2w)"' P' —Q'

&P'ID .(-P'Q)IQ& -'(-P'Q)] . (3.9b)

In Eqs. (3.8) and (3.9), M„* is a parameter which
we can term the "off-shell mass. " The value for
this parameter is given by (M~)' =(P' —Qc)'
—(P —Q)'. The expansion above is only considered
meaningful if matrix elements of the field are tak-
en between physical states (Ql and I P) such that
(P Q)'& 0. This in—sures that M„* is real. Indeed,
in the situation considered here, this condition
will hold for the relevant matrix elements. Fur-
ther, the spinors u'(k) and v'(k) are to be obtained
from the conventional "on-shell" spinors by the
following prese ription. The "on,-shell" spinor
u'(k) may be considered as a function of k, E~ k,
and M~, where M~ is the nucleon mass and E~ k

= (k'+M„')"'. To obtain the "off-shell" spinor
u'(k), replace k, E„)„and M„by k, I O'I, and

M~. Similarly, we define v'(-k) by replacing,
in v'(k), k, E„)„and M„by -k,

I
kcl, and M„.

These off-shell spinors have the same complete-
ness and orthogonality relations as the convention-

p~(W+ k -L/2, k)=(2W-EN q, k) p'"- (W+k' -L/2 k')=(2W-E, -k')
I

p =P-Q~(E -E,-k-Q)
N A, k c,q

' p' = P'-Q=(E —E,-k'-Q)
N 0, k' c, )0

'

(a)

p =W+k —L /2=(W+k -L /2, k )
c c c c c c c c

p'=W+k'-L /2=(W +k' -L /2, k')
c c c c c c c c

0p' ~ W -k + L /2~ (W -k + L /2, -k )
N, c c c c c c c c p' =W-k'+L /2=(W-k' +L /2, -k')

N, c c c c c c c ' c

(b)

FIG. 2. Kinematics of the pion-nucleon amplitude. (a)
The pion-nucleon scattering amplitude in the pion-nucleus
center-of-mass frame —see Fig. l. (b) The pion-
nucleon scattering amplitude in the pion-nucleon center-
of-mass frame. Note that L~ = (M& -M~ )/2 W~.
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L(p) I o) =
I p)

the field of Eq. (3.8) changes according to

L '(P)0, (0)L(P)=S],.(P)e, (0) .

(3.10)

(3.11)

al spinors, which we denote as ugk) and v'(k).
In writing Eqs. (3.8) and (3.9) we are using the

fact that the off-shell spinors defined here are a
complete set for the expansion of a four-compo-
nent object such as that appearing at the left-hand
side of these equations. Under a Lorentz trans-
formation such as

Consequently the wave function defined by Eq.
(3.6) may be written in terms of the relative mo-
mentum in the rest frame of the initial target nu-
cleus (see Fig. 3)

~„"'"(Q,P —Q I &) = ~"„"(9)

= s, .(p)&- Q, o', 3'I 0,(0) I 0) (»)"'
=S„.(P)[G,(Q )] „X~ "(-QM)

)& [(2~)'(& -Q, Q Ii'II' )] „
(3.12)

or using Eq. (3.8) and restoring the spin indices

I/2
s„"'(Q,)= s's(]s,' s„„(o)g((-Q„n,~]ls.(o)]lo&n. (s)+&-Q„,n, ~(ln, (-s)]lo&U,-'(-s)] . (s. (s)

S

Now we have chosen the four-vector k such that
its zeroth component is in correspondence with
the four-momentum of the off-shell nucleon in
Fig. 3(b). Therefare We haVe k-=Q„=(M„-EcO„,QM).
This specification then determines the appropriate
value of the mass parameter through the relation
MMs = [(k')' —(k)']"'. We can note that the binding
energy of the nucleon in the nucleus A makes MP
different from M)((. (Note further that the nuclei
C and A are on their mass shells. )

If the shell model is used for specifying the nu-
clear structure, we can replace the set of quantum
numbers (n, 3') by the set (nIM), where n specifies
the specific shell model configuration of the spec-
tator nucleus C.

It follows that [see Fig. 3(b)]

(-Q„nIM I &.(&) I 0)

()3(k Q ) P ( 1)L-ML C I 1/2 L

On(/l/2)LM (k), (3.14)

kn(/1/2)LML( ) =In(/1/2)L(IkI)I'LM (&)

(3.15)
(3.16)

0 n(/1/2)Lr)/L(k) An(11/2)L(l kl )ELM(~) (3.17)

with

JIP„

Pn(/1/2)LML( )
I

poI c (k)+A (0)4'n(/1/2)LML(k)

We note that the value of L is determined by parity, and also M =M+ s
Similarly, we have

(-Q„niMI D'.(- &)I |))
21

(o Q)P( () ' '( ( ()' '&'' ' s'' (o) (slo)
big /

with M =M+ s.
By virtue of Eqs. (3.14) and (3,18), the nuclear wave function of Eq. (3.13) becomes

@n(/1 2) Ms/(Q )

1/2

(-() "
( cz,"z s ( i )rrr (Q )sv, (o)n', (Q„)

1/2+(-()""'I (-()' "'( s &,"!*;,s'.('u.),, (Q, )s,.(o)".'(-o ) .
HEI /

(3.19)

Since no information is available concerning the negative frequency nuclear wave function except for the
deuteron, we shall retain only the first term of Eq. (3.19). Similar calculations allow us to write Eq. (3.7)
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as follows:
1/2

@n(I 1/2)1/&i(Q ) g ( I)L-)IL pl 1/2 I y(+) (Q' )
—s (q' )$ -1(Pi)

ML

1/2
+ g(-()"'"""(— s'"'' ' ' (-Q')s '(-Q')s '(s')

ML

Again, only the first term will be retained in the present analysis.
Using these covariant reductions, Eq. (3.5) becomes

[(2)i)'&P', P
I ffs(II') I P, »j =&k' I ft (II') I k)

(3.20)

= Q f sQ I, 2 "(n'- Q)((s~)'&S', n'- QI si,«(/I)(S, n Q&)n' (n —Q)—
nlL "s'

1/2
nl (+)n(I 1/2)L(Q Qi )

nl

nI,Q ~ni,Q
(3.21)

In Eq. (3.21) the invariant density is defined by

v'. ', ".'l""'(Q, Q )= Q — """'(si,() c '" ' c' l"~'st' i ) '(Qa)g('u ~
(Q')

M, ML, ML

and is related to the conventional (nonrelativistic) density p by the general relation

pn(1 1/2)L(Q Q& ) Ql/2(Q )/V
W 1/2(Q )Pj' 1/2(t))

p
11(I 1/ 2 )L

(Q Q
I

)~ 1/ 2
(Q

i
)~4 —1/ 2

(Q
I

)+ 1/ 2
(())

(3.22)

(3.23)

In the present case N„i(QR) =(E„IQ /M„, ); &((((Q„)
=(())Qs/M„*) and IVA(0) =2M„. Equation (3.23) is the
direct consequence of the relation between the in-
variantly normalized states and nonrelativistically
normalized states.

From Eqs. (3.21) and (2.13), we obtain the first-
order optical potential

NR&k'I I'(~)lk)NR = (2&A, k ) "'(2Q)k )
'"

x&k'
~ Ks(W) ~ k) (2EA ) (2((/k)

(3.24)
If we recall our notational conventions, we have
(see Fig. 2)

I

u' (P'- ()))t(2)i)'&p',P'- ())
~ M, „(v s ) ~ p, P- (I))]u"(P—()))

=u"(p„'.)(k,', n,"] M„„(Ms)) k„F)u'(p„,),
(3.25)

where we have made the dependence on k,' and k',

explicit. In Sec. IV we will relate the M matrix
in Eq. (3.21) to the T matrices written in the
space of two-dimensional spinors.

Let us now consider a standard approximation
in which the nucleon is placed on its mass shell.
This is accomplished by placing )'I,' =(s),", (k, ) and
II,"= &,""(k,')—see Sec. IV. In this case we can in-
troduce the T matrix in our formalism through

the use of the equation

u' (-k,')&k,', )'2,"= 6,'"(k, ) ~ M,„(&( s ) ~ k, , )'2,' =6,'"(k,))u'(- k, )

=(»k )'"(E/I k /Ms)"'u' (-k.')NR( k,'I &2//(vs )I k.)NRu' (- k.)(»k )"'(Es,k /Ms)'" (3.26)

Then

,„&Pl v(w)(II&„= I; J sQ I s*"(-ic,)„„&ic,(l i,„(/s )(lie.&„,u"( ic, )
nIL

i h I,k' 5 -w /')
(Q Q )

. O' Q i'-~0-Q
)Q // P Q @A,k'@A, k@nl, Q @//, QS @//, QS

(3.2'7)
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P= (E,—I&)
Ask '

P„= (M, O)

\/n

n

(b)

P-Q=(E --E -, -(I(+Q)
A, k c, Q'

Q=(E,Q)c, Q
'

Q„=(M -E -, Q„)
R

= [M /2+Q —L„/2, Q ]

P -Q =(E —,-Q )
R N c, Q

'
R

=[M /2 —Q'+L /2, -Q ]

where the nuclei are treated nonrelativistically.
The detailed dynamical effects implied in our

approach will be discussed in the later sections.
However, it is worth noting the following point at
this stage.
(4) In Eqs. (3.26) and (3.27) we have considered
the approximation in which the nucleon is placed
on its mass shell. This leads to Eq. (3.27), which

may readily be compared to the standard result of
nonrelativis tic multiple scattering theory. The
more general resul. t is contained in Eq. (3.21),
where the nucleon is off its mass shell. This kine-
matic freedom will be important in carrying out
transformations from the ~-nucleus center-of-
mass frome to the m-N center-of-mass frame.
This feature will be discussed in some detail in

the following section.
FIG. 3. Kinematic variables for the vertex functions in

(a) the x-nucleus center-of-mass frame and (b) the rest
frame of the target nucleus. Note Lz = (Mz —M& )/Mz.

where k,' and k, are, respectively, the final and

initial pion momenta in the c.m. frame of the pion-
nuc leon sys tern.

Our result differs substantially from the conven-
tional one based on Watson theory in the following
aspects:
(1) The optical potential N2(k' I V(W) I k) „in Eq.
(3.24) can be used in a covariant integral equation.
(2) The total energy of the n Nsystem-, Ms, can
be calculated by four-momentum conservation and

depends therefore on the binding of the nucleon.
Consequently, our m-N scattering amplitude con-
tains dynamical off-shell effects.
(3) Relativistic kinematics are fully integrated
into our method of calculation. Note that the kine-
matic factor at the right of the density matrix in

Eq. (3.27) is absent in the conventional treatments

IV. USE OF PHENOMENOLOGICAL T MATRICES

x FI,.
""(p', P' —q; p, P- q I v s ), (4.2)

and in the case in which all particles are on their
mass shells we have

S

In this section we discuss the invariant scatter-
ing amplitude and indicate how phenomenological
information may be used in its cons true tion. We
may denote the invariant off-shell n-N amplitude
in Eq. (3.21) by

Ft;' ——u' (P' —Q)[(22')'(p', P' —JIM„„(vs )

&IP, P-Q)]u' (P- Q) (4.1)

We may also define the amplitude Ff',. ' such that

II I Ms

In turn, F&, may be written

Fg;
' (P', P '- Q; P, P —QI Ms )

u' (P'- Q)[[&"+ '&"~ (p'+p)]+(I-T);[&' '+ '&' '~ (p'+p)]]u' -(P 0), (4 4)-
with

:[»,.,.(s, t, P", -P', (P-—e)',(P'-e)'&+~, „,(s, t, P",P', (P--e)', (P'-e)')],

& ' = -'[&,=.,.(s, t, p", p', (P —Q)', (P' —0)') -&,=„.(s, &, p", p', (P —0)', (P'- Q)')] , (4.5)

and

s = (P + P —Q)' = (P'+ P ' Q)', —

t=(p-p')' .
There are similar definitions for B' and B

(4.6)

(4.7)

The indices f and i refer now to the isospin states
of the pion-nucleon system. Equation (4.4) is a
generalization of the on-shell invariant 2t-N

anPli tude. '~
Furthermore, in the c.m. frame of the ~-N sys-
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tern we have Using Eq. (A13), we have also in the on-shell
limit

F' ' =—(&u- ur- E - E - )'"T' '
fj ~ k' k Nk' Nk fj

N
(4.11)

+ f r)„.[Fi;&+F!-l(a k;)(o i,)]]~.. . (4.8)

x[A'*'+ [v s —,'(Mp+M—„'")]a"J/8iiMs, (4.9)

where the quantities y, and g, . are now the nonrela-
tivistic two-component spinors. The k,' and k, are
the unit vectors of the final and initial pion momen-
ta. %e have also defined'

F,'= [(IP„",I+M,*}(IP„,I+M,*}]' '

4 Nk (4.12)

In terms of the phenomenological partial wave
phase shifts, the on-shell 7 matrix is

~ Il~ I

(2~)'E - ~-, Ik.'I

the amplitude Tf' is related to the differential.
cross section by [see Eqs. (A13) and (A14)]

x[-A' + [v s + 2( Mp +M„'*)]B"]/8nvs'
(4.10)

3«"fIQ f„(~,, ~)o. l ~, ~),
m=0

(4.13)

with

fo= P (3[ta3 „,+(i+ 1)a3»+, ]+ —,'[la,' „,+(l +l)a', »+,]) P(k,' k,),

~ J2fi= z b( 3,2l ia-32l +1 )+ 3( 1,2l-l 1,2l+1 f)d(k . k f l(k
c c~

f, = Q [—,'[ a,' „,+ (l+ 1)a,' „„]——,'[la',.„,+ (l + l)a,' „+i]]P,(ko' k,),
(4.14)

f3= + 4( ',2~-1- 3,2i. l}—-'(ai, 2i-i a,',2~.1)ld-(k, . k )P&(k.
' k.},

c c&

Oo= 1, 0, = —io (k, xk', ), O, =I 7, O, =O 0, , (4.15)

a' (vs ) = —(e '~2r, 2i~ ' —1)
1

(4.16)
k '=-([P (P- Q)]' 'P( P- Q)9- (4.18}

The off-shell generalization of Eq. (4.13) can-
sistent with Eq. (4.11) consists in replacing the
quantities (E„k id' ), f (s, &) and a,'r „(v s ) by

=f (s, k,' k„k'.I', Ik, l', k~', k.'), and

a,', „(s,lk, l', Ik, I', k,",k.').
Combining these results we may write

Ff,' ——(s",f I Q f (s, t, k,",k), k,'o, ko)

m=0

xo
I
s', i)/(Ik,'llk, l)"', (4.1't)

where the k," and k,' can be expressed by the in-
variant relations .

k."= —,f[P' (P' —Q)]' P"(P'- Q)'), —

1
(P —P+ Q) ' (P+ P —Q)

P'-O'- Q)',
2v s

1
k,'o - ,'1., = ~ (P' —P'+-Q} (P'+ P '- Q)

(4.19)

(4.20)

(4.21)
P"—(P'- Q)'

2vs
These relations may be verified by evaluating the
right-hand sides in the m-N center-of-mass frame
using Fig. 2 (b) .

As we have seen, the development of our co-
variant scattering theory requires the knowledge
of the pion-nucleon scattering amplitude for par-
ticles off their mass shells. On the other hand,
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there have been a series of phenomenological studies of the pion-nucleon scattering amplitude' using a
three-dimensional wave equation (with suppressed spin indices) of the form:

(kl y(W)lk) (klylk) NR(kl+lk )NR NR( I (W)lk)Na
(2W) —(&uk ~ + E~ k. ) + ie

(4.22)

(In some of these works the role of inelastic chan-
nels in the pion-nucleon system has been studied,
also in the context of three-dimensional wave
equations with relativistic kinematics. ) Among
the results of these studies has been the con-
struction of separable potentials which yield T
matrices which reproduce the on-shell. pion-nu-
c leon amplitudes.

In the separable potential approach to the m-N

scattering, the off-shell partial wave amplitude
is assumed to take the form'

(Ik.'llk. l) '"a.'. ..(Ik.'I, lk. l; vs )

(+k~~k~ +IV, k~+N, k~ )

(2m) Ms

~ [ ~,', „.,'„,(I k; I )o,', „(Ik, I )iD,', „(M~)],

(4.23)

b,,'"(k) = ~u s + 2L —E„k (4.25)

In Eq. (4.25) the value of L is that appropriate to
the w-N system, and E„k ——(k'+M„')'~'.

We write

a,', „(s, Ik,'I', lk, l', h,",h;)

=a,', „(s, Ik, I2, Ik, l', h 0=~,"'(k,), ho=~,""(k.))

+[h,"-~,""(k,)]G,', „(s, Ik, l', Ik, l')

y [h, —b." (k,)]H'r 2„(s, I k,'I, Ik, I )

where A. is the coupling constant and the v' are the
form factors. In order to make use of these phe-
nomenological amplitudes of Eq. (4.23) we consider
an expansion of the function a,'z, »(s, I k,'I', I k, l', h,",
k, ) about the values h, = b,""(k,) and h,'o = 4,'"(k,'),
where [recalling Eq. (2.5)]

lD(~s) l gl P [ 2T 2z&)]
(271)3 MS —z ~ —4 + ifN, p p+

(4.24)

+ ~ ~ ~ (4.26)

We now desire to introduce the phenomenlogical
amplitudes via the identification of the first term
on the right of Eq. (4.26) with the quantity given

in Eq. (4.23):

(Ik. l I
k'.

I ) "'a,', „(s, I
k'.

I
', Ik. I

', h."= &."(k'.), h.'= &'."(k.))

Z/2
= —(k ~+4 ~~ @N,k~ +N, k ~~)

(2n) Ws

(4.27)

The justification of this identification requires
two steps. First, we must relate phenomenolog-
ical amplitudes to the covariant theory by consid-
ering some reduction of the four-dimensional to
the three -dimens ional formulation. Second, we
must argue that the remaining terms in Eq. (4.26)
involving derivatives with respect to k, and k,"
are small.

With respect to the first point, we note that we

may consider that the solution of Eq. (4.22) be re-
lated to the invariant m-N amplitude by a similar
reduction scheme to that used previously in which
the heavy particle is put on its mass shell. If we
make that particular interpretation of the nonrela-

tivistic amplitude, we may make the identification

N&&kl &(W)lk')N, =&."'(k)(k, &'=~,'"(k)lief(W)

x I
k', h" = ik""(k'))H ' '(k')

(4.28)

where b6'"(k) has the value given in Eq. (4.25), and

8,"'(k) = (M~/2~k E„k)"' Also, if we m. ake thi s
particular interpretation of the phenomenological
amplitudes, then the identification made in Eq.
(4.2'7) is correct.

Now it is also clear that Eqs. (4.26) and (4.27)
will be useful if all but the first term of Eq. (4.26)
are small. While we are not able to calculate the
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derivatives G2'~„and H,'~„etc., we are able to
give a simple expression for the factors [ko
—46"(k)] and [k' —&6"{k')]. In Fig. 2 we indicate
the off-shell pion-nucleon amplitude in (a) the
pion-nucleus center-of-mass system and in (b)
the pion-nucleon center-of-mass system. In
terms of the four-vectors appearing in this fig-
ure we have (see Appendix 8)

O 1 ™N2 2 1/2

1+ -2c ' k +Mc N

.s(- )
(M~' —Ms')

kc 2EN, kc
(4.29)

Similar expressions are obtained for k,". Now, as
remarked previously, for the nucleons in the tri-
angle diagram we have rt' = IM„' —M„*' I/M~'«1.
The corrections to Eq. (4.8) are of the order
q(M„G2»&) and q(MsH2»&) and thus we may ex-
pect that our approximation is satisfactory if
~NG2r 2&~»

Having all four particles off their mass shell,

the off-shell pion-nucleon amplitude of Eq. (4.26)
depends on five independent Lorentz invariants.
However, the off-shell amplitude of Eq. (4.23),
evaluated in the region corresponding to having
both initial and final nucleons on the mass shell,
depends only on three independent Lorentz invari-
ants. In this sense, Eq. (4.23) is less general than
Eq. (4.26). At this point, we emphasize that the
use of Eq. (4.23) is only motivated by the observa-
tion that all phenomenological analyses of off-shell
m-Ã scattering amplitude published in the litera-
ture have been made on the assumption that the
w-N amplitude depends on four independent vari-
ables. (There are three independent variables
after the angle projection is made. ) Since it is
clear that in a covariant theory the relevant off-
shell pion-nucleon amplitude does depend on inde-
pendent variables, future analyses which encom-
pass this aspect and test the validity of the approx-
imation in Eq. (4.23) would be of value.

With these considerations out of the way we may
continue our analysis, noting that Eqs. (4.8) and

(4.17) imply

~' =[f.-(k.'k. )f, ]/(lk;ilk. l)'"; ~.''=f /(lk;llk. l)"',
and (4.30)

&', ' = [f.- (k.' k.)f,]/(Ik'. Ilk. l
)"'; &,' ' =f./(Ik'. Ilk. l

)"' .

These relations were obtained previously. ' They
allow the evaluation of the invariant amplitudes
A'" and B'" from the knowledge of the phenomeno-
logical off- shell amplitudes, Eq. (4.27), using the
inverse relations to Eqs. (4.9) and (4. 10), viz:

(~ I Ws+ 2{M„+M„) (,)
[[(lp.",.I+M.'*)(lp:,.I M.*)]'" '

u s —2(M(((+ M(((*) y {+)

[( l
pro

I
Mi 4)( lpa

I
M+)](/2 2

(4.31)

d'=4~([(lp" I
+M'*)(lp'

I
+M*)]-"I"'

+[(Ip~..I
—Ms*)(l p's, .I -Ms)] '"+'"]

V. TRANSFORMATION FROM THE m-N CENTERAF-MASS
FRAME TO m-NUCLEUS CENTER-OF-MASS FRAME

While the phenomenological (either on-shell or
off-shell) 7( %partial wave -amplitudes are para-
metrized and computed in the c.m. frame of the
m-N system, the m-N amplitude needed in con-
structing the m-nucleus optical potential is in the
c.m. frame of the latter system. Consequently,

one has to know the manner in which the m-N am-
plitude is to be transformed. A large number of
studies have been made in this connection, ' and in
each of these works a different approximation is
implied. A common feature of these studies is
that, although the off-shell character of the m-N

amplitude was recognized, one still implicitly put
every internal particle on the mass shell when per-
forming angle transformations. This treatment of
the off-shell effects, having its root in nonrelativ-
istic scattering theory, is obviously different from
ours. One consequence of this on-shell approxi-
mation is that the usual Lorentz transformation,
appropriate to on-mass-shell particles, cannot be
consistently applied for all angles when relating
the n-nucleus and the v-N center-of-mass systems.

In our approach, we allow the intermediate par-
ticles to go off their mass shells so that four-
momentum is conserved at each interaction ele-
ment or vertex. The transformation rules are
therefore obtained by simply comparing the ex-
pression of the invariant off-shell amplitude [Eq.
(4.4)] in the v-nucleus c.m. frame with that in the
m-nucleon c.m. frame. Obviously, the rules ob-
tained in this way are not only unambiguous, but
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are also valid for all angles in both frames. The
detailed formulas will be found in Sec. VI. It
should be stressed that these improved kinemat-
ical features are unaffected by using Eq. (4.2V) in
place of Eq. (4.26).

We emphasize that we need not and shall not use
the "fixed-scatterer approximation" (FSA). How-

ever, in view of the fact that the FSA is used in
other works where a factorized form, t(q)p(q), is
obtained for the first-order m-nucleus optical po-
tential, we believe it is worth studying the FSA in

a covariant version and comparing our transfor-
mation rules with those rules derived by others.
We recall that in the FSA the target nucleon is
considered at rest (in the laboratory) before the
scattering event. According to this model, in the
c.m. frame of m-nucleus system the momenta of
the initial and final nucleons to be used in the eval-
uation of the m-N amplitude should be taken as p„
=-k/N and p„'=-k'+(N 1)-k/N. Here k and k' are
the initial and final pion moments (see Fig. 1}and

N represents the number of nucleons in the nucle-

us. We obtain

(Fz(')', ' „=[a&(+b«(k k')]5. .. +i(b&(+cz()(s" l&r (k'x~ k) ls'},

with

(5.1)

af( 16+ [MNM(( (pN ™N}(pN ™((})

x(( p'„+M*„)[(p'„+M'„*)A+ 2(k 2 k~)B]~,

+(k'/N)[A + 2(p'„+pN'+M„*+M„'* —p p")—B]y( + (k'/N')[-A + 2(p'+ p'0)B]~(j,

.[M*M'*(P'+M,*)(P,"+M'")] "'(1/N}[-A+ .(P'+P,"+-M;+M,'*+P'+P")B],1
ff 16 3

(5.2)

(5.8)

c«=——,[M„*M„'*(P'„+M„*)(P„"+M„'")]"'(1—1/N}(P'„+M„*)B&(.16'' (5.4)

In Eqs. (5.2) to (5.4}, we have used the notation

Af( A +(I T)f (Ap

B~( B' '+(I r)~(B' '

(5.5)

(5.6)

with

+i(b*)~((s" la ~ (k,'xk, ) l
s'), (5. l)

In what follows all isospin matrix elements will be
defined according to Eqs. (5.5) and (5.6)

(Note that Eqs. (5.1)-(5.4} represent a special
case of Eq. (6.1) with Q =-[(N-1)/N]k. j

In the c.m. frame of the pion-nucleon system,
the amplitude 6&(

' is given by Eq. (4.8}, which
we rewrite as follows:

(6'g; ' )',„=[a((+ b(*((k,' k, )]5,-, .

Owing to the basic assumption of the model, the
invariant M„* in the above equations is assigned
the value corresponding to a target nucleon of zero
momentum in the laboratory frame. We have,
therefore, M„*=M„-M~, which differs from the
free nucleon mass by the binding energy of the tar-
get nucleon. Note, however, that in our approach
M„'*1M„*. The value of the M&* is completely de-
termined by the requirement of four-momentum
conservation in the (off-shell} v-N scattering pro
cess.

Equations (5.2)-(5.4), (5.8), and (5.9) relate the
coefficients &, b, and c to the coefficients a* and
5* via the invariant amplitudes A. and B. Combin-
ing all these relations and defining

k.'=k.'/lk.'I,
a,*, -=-Ps/(2v'[M„*M„'*] '")j (&,)«

-=-( s/(2vm[ MPM„'*) "")j
x(f, —(k,' ~ k, )f, +(I f)z([f, —(k,' k,)]j,

and

b,*, =- (s/(2v'[M„"M-„'*]"')j(F,)„
= —(Ws/(2(('[M*„M,")"')j[f,+ (I 7')&(f )

(5.8)

(5.9)

(5.10)

e, = [4s(p„"+M'„*)(p'„+M*)]"',

d'=[(lp~. l
~M'*)(I p'

e,' = (p'„+M„*)/2d',

e." = (p:+p N'}I/2d'

e,' = (p'+ p ")/2d',

e,' = (M„*+M„")/2d',

e,' = Ws/d',

(5.11)

(5.12)

(5.18)

(5.14)

(5.15}

(5.16)

(5.1V}
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we obtain the following transformation rules for the coefficients:

a&,. = e, l2v s(P»0+M»'*)[e,'aP —e, bP, ]+ [(M»+M»*)(P»0+M»'*)+k" —k ][e,'a&, +e, bP,.])
+(k'/N) [[e,'+e,' —(1 —1/N)(e,' —e,' -2e,')] a&,. +[e, +e, —(1 —1/N)(e, -e, +2e, )]b&;], (5.18)

bz, = e,[(e,'+e,' —2e,')az,. + (e, +e, +2e, )bz*,],

and

cz, = e, (1 —I/N)[e,'a&, +e, bz., ] .

(5.19)

(5.20)

By virtue of Eqs. (5.9) and (5.10), az,. and bP; are
functionals of f; (i =0, 1, 2, 3) and (k,' k,).

If only s andp wave scattering is considered in
the c.m. frame of the pion-nucleon system, then

f, and f, are of the form (n)+(P)(k,' k, ), while

p» c = (s+p» -p )/2~s,

p '„,= (s +p „'-p')/2 ~s,

(5.21)

(5.22)

there is no (k,' 'k, ) dependence in f, and f,. It is
now worth remarking that in our covariant ap-
proach all the quantities in Eqs. (5.18}to (5.20}
can be expressed exclusively in terms of vari-
ables defined in the c.m. frame of the pion-nucleus
system. In fact, if we define r(x';y', z')
= [x' —(y +z)'] "'[x' —(y —z)']"', one has

s' —s(p'+p "+p„'+p„"—2t) + (p' -p„')(p" -p„")
(5.23)

where the invariants s and t are defined in Eqs.
(4.6) and (4.7). The P' and P" are the squares of
initial and final pion four-momenta and they may
be different from JI/1„2 for off-shell pions. Similar
remarks apply to the nucleons.

In the literature, the invariant amplitude, Eq.
(4.4), was not used. Consequently, the transforma-
tion rules Eqs. (5.18) to (5.20) were disregarded
in those treatments. Furthermore, only Eq. (5.23),
supplemented by the approximation of putting the
nucleons and Pions on-mass-shell, was used in
transforming (k,' k,). We emphasize that the in-
validity of using the "on-shell" Lorentz transfor-
mation scheme for (k,' k, ) may also be considered
to be a direct consequence of the invariance of the
square of the four-momentum transfer of the pion
t when the pion is scattered by a bound nucleon.
By comparing the expressions for t in both frames
it may be seen that in the case where all four par-
ticles are placed on their mass shells, the angle
transformation implied by this procedure can only
be made meaningful for small angles. For this
reason, the results obtained in that procedure are
questionable at large angles and not valid at all
for zesty large scattering angles, as we have noted
at the beginning of this section. This incompatibi)-

ity is even more serious when we ask how the
spin-flip operators o (k,'xk, ) and o ~ (k'xk) should
be transformed. As a matter of fact, these terms
were systematically disregarded in the literature.
In our procedure, there is no ambiguity in the
transformation to be applied for these terms.

A consequence of using the aforementioned in-
consistent transformation procedures is that
there are then many ways in making approxima-
tions for the transformation of angles. These may
be thought of as giving different "off-shell exten-
sions. " Obviously, these off-shell extensions
have nothing to do with dynamics; they are the
sole by-product of not using an invariant ampli-
tude. In a future publication we will present some
detailed numerical estimates of the errors intro-
duced in using various noncovariant schemes for
performing amplitude transformations from the
pion-nucleon c.m. frame to the pion-nucleus c.m.
fra, me.

VI. NEW DYNAMICAL FEATURES

We no longer make use of the fixed-scatterer
approximation and now write the invariant pion-
nucleon (off-shell) scattering amplitude in the

c.m. frame of the pion-nucleus system:

=u (P' —Q)[(2w)' (p', P' —q ~ M»(v s ) ~ p, P —q) ]u"(I' —q)

, ~],q2 (fF, +62[(k' ~ k) + (k+k') ~ Q]+ 5~(k ~ k )+64(k' k')+ F,(Q ~ Q)j~(6. ..,
16~'~M,*M„'* '"

+ i(s" ( o [P,(k' x k) + 6:,(k' —k) x Q + 8:,(k' + k) x Q]&; ~
s')), (6.1)
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with P„=(P —Q), P'„= (P' —Q),

(6',)„=[(P." M;*)(P'. M.*)]"'[& !(P"P")B]„,
(6.2)

(6' j
[-A + 2(Po+P' +P„+Prr +M~+Mrr*)B]r(

I
(P'rr'+M'rr*)(p'N ™rr)]"'

(S',)„=—,'[(P'„+M„*)/(P'„'+M„'*)]"'B„,

[-&+l(p'+P")B];
2 f i [(ps 0 + MI 4) ( pc +M 4) ] 1/2 k

6:) . = 2(pN ™Ir*—p/i ™&*/))B&i
6 fi f(pio +Mik)(po +Mk )]1/2

(6.5)

(6.6)

(6.7)

(6:,)„=-,'[(P,"+M„'*)/(P'„+M„*)]"'B„,
(6.3)

(6.4)

where P'=2W —F~ I, and P" =28' —F.„&.. The ma-
trix elements Ar; and B«are defined by Eq. (5.4).

Using only the large components of the complete

wave functions, we have for the single nucleon density

!rl"""'".(Q„Q' &= Q (-O"""'(kc, ()c '!ll;,k;, (Q*')k, , (Qk)
MMI' Mg'

«~".":,Il.(r r/2&i(l&R I)&.(r

k/2&i(IMARI).

(6.8)

After introducing Eqs. (6.1) and (3.23) into Eq. (3.21), taking into account Eqs. (3.24) and (6.8), we ob-
tain the final expression for the first-order relativistic m-nucleus optical potential:

(k')I»„= p g xr&(-()"'""( )c„"(.';,c„''", ', (-16k')-'
nlMM'' M" s "s'

L L

X $'1+ k ' k+ k+k F2 + %3k k'+ 8'4k k +5 gt~s "s'

+((k" (Cx [O,(k'xk)+2(k' —k)x(& ~ 2, (k' k)xQ&x&lk'))

+ y'r*.
rr "(QR)y'r. rr'(Qir@ (r &/2&r, ( I &i'2

I
)Il (r u2&r, ( ~ @R ~ )

(
M~'F..i, o„F. 1/2

X »~»u&. , k &., ~E.r, o'I 4 IIQ" I

(6.9)

We note that the presence of Q dependence in the
pion-nucleon scattering amplitude and the (nI) de-
pendence of the s value of this amplitude, Eq. (4.6),
both prevent the factorization of Eq. (6.9). The
first dependence will also be obtained in a conven-
tional nonrelativistic scattering theory if the FSA
is not used. However, the modification of the s
value through binding effects is usually not con-
sidered. Indeed, in the conventiona/ nonrelativis-
tic scattering theories, the s value for the m-N

system is ambiguous. If we neglect the (nI) de-
pendence of the m-V amplitude we can carry out
the summation on the quantum number I in the
Clebsch-Gordan coefficients of Eq. (6.9) and ob-
tain for closed-shell nuclei the result

I 1/2 L I 1/2 L 2L+1
CM s" M" M s' M' ~M' M" s "s'

2 1s I L&, I&
s s 2I+ 1

which makes the spin-flip contribution zero for
closed- shell nuclear targets. Consequently, one
new dynamical feature of the covariant method is
that, even for a, spin-zero target nucleus, there

is a nonzero contribution of the spin-flip ampli-
tudes to the first-order 7t-nucleus optical poten-
tial. %e note further that for the off-shell situa-
tion, ~k'

~
v ~k~ and p„"wp'„. The spin-flip terms

can therefore contribute to forward (k'//k) off shell-
scattering. Only in on-shel/ forward scattering is
this contribution identically zero, as may be seen
from Eqs. (6.7) and (6.9).

The result for the covariant pion-nucleus opti-
cal potential given in Eq. (6.9) is significantly dif-
ferent from the result given in Fq. (3.27), particu-
larly with respect to the improved treatment of the
off-shell kinematics as stressed in Sec. V. Clear-
ly, it is important to investigate the numerical
consequences of our approach. The full numerical
evaluation of Eq. (6.9), incorporating our model
for cor/affiant off-shell dynamics, will be reported
el sewhere.

VII. CONCLUSION

We have presented a covariant theory of the pion-
nucleus optical potential and in this work we have
analyzed the most important contribution to this
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potential. We emphasize that a series of problems
which exist when one uses nonrelativistic multiple
scattering theory are resolved in this approach:
(i). There is no need to assume a potential inter-
action between the pion and the nucleon as in the
nonrelativistic theories.
(ii). The off-shell features of the interactions are
uniquely specified in the evaluation of the Feynman
diag ram s.
(iii). The covariance of the theory makes the
transformation properties of the amplitudes un-
ambiguous.
(iv). Production and annihilation amplitudes may
be included. A paper is in preparation which pre-
sents a crossing-symmetric theory of pion-nucleus
scattering. In this work production and annihila-
tion appear when one introduces the requirement
of crossing symmetry. The analysis results in a
nonlinear equation which is a generalization of the
Low equation to the scattering from complex
systems.
(v). Phenomenological w Nscatter-ing amplitudes
may be used and the various approximations made
may be improved as more information becomes
available for the covaxiant off-shell amplitudes.

In future work we will compute the cross sec-
tions for elastic scattering for pions from various
nuclei. In addition, we also plan to investigate
various corrections to the approximations consid-
ered here. In particular, the modification of the
m-N amplitudes in the presence of the spectator
nucleus should be studied.

APPENDIX A: NORMALIZATION OF STATES AND

DIAGRAM RULES FOR NUCLEAR REACTIONS

(P', ~'IP, ~) =N(P)6"'(O'-P)6.
, .. (Al)

where o, and o. ' represent isospin and (or) spin
labels as well as other necessary discrete quan-
tum numbers such as the internal quantum num-
bers of a nuclear state. The normalization factor
N(p) is chosen to be (E-/m) for fermions and (2E&)
for bosons, with E- =(p'+m')'~'.

We choose to parametrize the S matrix by

S =1 —2m'iM, (A2)

In this section we describe the diagram rules ap-
propriate to the study of the scattering of a rela-
tivistic projectile by a nucleus. We also discuss
the connection between the invariant scattering
amplitude used in a covariant scattering theory
and the noninvariant scattering amplitude appear-
ing in the nonrelativistic analysis. Throughout our
discussion we use the system of units with 5 = c = 1,
and define the scalar product of two four-momenta
as pl P2 plP~ —pi ~ ~p, . For definiteness, we con-
sider the elastic scattering of two particles. Clear-
ly, our analysis can be extended to include inelas-
tic scattering as well as nuclear reactions having
more than two particles in the final state.

We use the following Lorentz-invariant normal-
ization for the one-particle states:

&Plp2 ls Ipp2& = N (P» (P.)6'"(Pl —P»6'"(Pl —p. ) —2~~6"(p'+ pl -p -p. ) &p' IM(II') lp),
and then obtain the following expression for the differential cross section:

(2')' (~. . . , I(p'o', n,'IM(W) Ipa, o.,) I'' ' N(P')N(p')N(p )N(p)

In particular, in the center-of-mass frame, Eq. (A4) can be written as [p', = —p,
' =p'; p, =-p, =p]

(A3)

(A4)

(A6)

or

(
-, l&p'~l~l l~(II') lp~, ~.) I'

N (P', )N. (I.')N, (p, )N. (p, )
'

(A6)

obtaining Eq. (A6) we have used the relation

6(E-, +E-, -E- -E- )P 1 P2 Pl P2

=I-, l(E,"E
)

(Ip'I —IVI).
Py P2

(AV)

where p, (p')=—E~ E- /(E~ +E~,). In Eq. (A5), v„
is the relativistic relative velocity of the incoming
particles and is equal to [(P, ~ P,)' —P,'P, ')"'/
(E- E- )

In obtaining Eq. (A5), we have exploited the fa.ct
that the products d p',d p,'/[N, (p', )N, (p,')] and

AN, (p, )N2(p2) are I.orentz invariants, while in

Na(p o' IP o')NR =6 (P —P)~

and parametrize the S matrix as follows:

S =1 —2viv,

(A6)

(A9)

For the nonxelativistic analysis, we normalize
the one-particle states so that
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or

»R(pip' I & IP,P.&NR
= 5'"(Pl —P, )5"'(P.' —P.)

This parametrization differs from the one usually
used for potential scattering by the presence of an
additional factor 5"'(p', +p,' —p, —p, } in front of the
7 matrix. This 5 function reflects the conserva-
tion of the total three-momentum, a conservation
law which often is not made explicit in potential
scattering theory. Although Eq. (A9) has the same
structure as that of Eq. (A2), the matrix element
of v represents a noninvariant amplitude as a re-
sult of the normalization given in Eq. (A8). The
differential cross section is

4

(do)« = 5"(Pl+Pl -f2, -P.)dpi~pl
VR

x
I NR&p ~1~2 Ir(w} I P~, ~2) NR I

In the c.m. frame, Eq. (All) becomes

(A11)

or

x
I NR&p'&1~2 IT(w) Ip&1~2) NR

I'

(A12)

NR(P +1+2 I r (W} I P +1+2)NR

~ (~pt )
I/2

u(p) "'
NR(p»o'2 I T(w}

I Po'1o'2) N|1

(A14)

where T(W) is the operator we have used in pre-
vious work. "We also recall that we had derived
the relation

NR(P +1+2 I T(W) I P~1~2) NR

=R"'(P') (P'~l~2 I &(W}IP~, ~2)R"'(P},

(A15)

with R'"(p) =
I N, (p)N2(p)] "', and 2W equal to the

total energy of the system. For example, in pion-

= (»)'u'
I NR&p' neo'2 I r(W } I p o', n2) NR I

j j
—

jfi p'I= p,

(AI8)
In Eq. (A13) p, is the reduced mass and v„R = lp I/p.

By comparing the expressions for the cross sec-
tion we can connect the noninvariant amplitude
given by 7 with the Lorentz-invariant amplitude
given by M. We note the relation

nucleon scattering N„(p) =2+- and N„(p) =(Z„-/M„);
it follows that R„"„'(p)=(I„/2~-E„-)"2. As we ob-
served previously, Eq. (A15) also provides a basis
for relating the off-shell nonrelativistic and Lo-
rentz -invariant amplitudes.

Assuming that each nuclear state can be de-
scribed by a separate field and therefore has its
own propagator, we can summarize the calcula-
tion of the M matrix by the following diagram
rules:
(1). for each external line of four-momentum P
(discrete quantum numbers n) entering the dia-
gram, write Ip)x'"'(p);
(2). for each external line of four-momentum P'
(discrete quantum numbers n') leaving the dia-
gram, write y

' '(p') &p' I;
(3). for each internal line, write (2m)'Ik)S(k)(kl,
with g(k) representing the appropriate Feynman
propagator for a boson or a fermion;
(4). include a factor (2w)'5"'(g, P', —Q P,.) for each
interaction element corresponding to energy and
momentum conservation for all the lines joining
at the interaction element;
(5). write a factor (-i)" corresponding to the nth
order term in the perturbation expansion, with n
equal to the number of diagram interaction ele-
ments or vertices;
(6). include a factor (-1) for each closed loop of
the same fermion, '

(7). include a factor (i/271) due to the use of the
parametrization in Eq. (A2);
(8). integrate over the four-momenta of all the
internal lines;
(9). disregard the remaining 5'" function repre-
senting the total energy and momentum conserva-
tion.

In the above rules }t'~(p) represents an appro-
priate Lorentz-invariant spinor conjugate to y' '(p).
For example, in the spin--,' case, X =y yo. We re-
call that the one-particle states are normalized
according to Eq. (A1).

To obtain the T matrix defined in Eq. (A15), we
need only replace the rules (1) and (2) by:
(1'). for each external line of four-momentum P
(discrete quantum number n) entering the diagram,
write

I p)y'+(p)N "'(p}= lp) NRy'~(p); and
(2'). for each external line of four-momentum P'
(discrete quantum number n') leaving the diagram,
w»«N "'(P')x'"'(P') &P'

I
=x'"(P')N:;. &P' I.

APPENDIX B: ESTIMATES OF THE OFF-MASS-SHELL
CHARACTER OF THE TARGET CONSTITUENTS

In obtaining Eq. (4.8), we have used the condi-
tions

~N ~N
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and

i(p„'-M, ')/(k, '+M„')
(
« I,

where k,' is the square of the relative momentum
in the c.m. frame of the m-N system. Now we pro-
ceed to prove these two assertions by referring to
Fig. 2. Being an invariant, the quantity (see Fig. 3)

P -=(P —Q) =Q

has the same value in any frame. It follows from
Eq. (B3) that

=(Pa —p~)' we obta. in

Q' = M„'+M„—2M~K„qR

= (M„-M„)' —(M„/M, )Q,'. (B9)

Q' —M, '
C C C C N

Following the same procedure leading Eq. (B4) to
Eq. (B7), we see that the off-mass-shell param-
eter for the nucleus C is

P = M„+M —2M„E

= (M„—Mc) —(M„/Mc)ga', (B4)

It follows for heavy nuclei (A» 1) that q'c = &)/A.

APPENDIX C: NORMALIZATION OF THE
SINGLE-PARTICLE WAVE FUNCTIONS

where we have used the approximation F~ &
= Mc +pa /2Mc.

Defining the separation energy (or the binding
energy of the nucleon) by i& i =M„+Me —M„)0,
we obtain from Eq. (B14)

p„'-M„'=-[2M„i~i —(Z ('+(M„/M, )Q,']&0,

which proves Eq. (Bl). To prove our second as-
sertion, Eq. (B2), we note that

i(P„'-M„')/(k, '+M„2)i & (P„'-M„'i/M„'=-q.

(B6)

Using Eq. (B5), we have

The relativistic single-particle wave function
consists of two parts. The first part can be called
the "positive-energy" component; it is defined in

Eq. (3.14). The second part which is the "negative-
energy" component is defined in Eq. (3.18). These
two components define the nuclear wave function
+"„"u2)"' of Eq. (3.19). As a result of using the in-
variant normalization, all these wave functions
have covariant transformation properties.

By calculating the matrix elements of the num-
ber operator we can exhibit the appropriate nor-
malization of the functions introduced in Sec. III.
We choose to study

()"
I &., I

)'& =f &X (P'
I
((~)r ( (*& I »

(B7) =AN„(P) 6'"(P' —P), (Cl)

In a finite nucleus
i Q„ i,„„=250 MeV/c and

i
b i„,.„

= 50 MeV. Consequently, for heavy nuclei with a
large number of nucleons, q„,„. , &0.15. For the
case of deuteron, q&0.2.

On the other hand, if we put the nucleon on its
mass shell so as to estimate the maximum off-
mass-shell character of the nucleus, C, of (A —1)
nucleons, then we would have

(B8)

in the gest frame of the nucleus A. Using Q'

where A. is the number of the target nucleons. By
the translational invariance of the nucleon fields
we obtain from Eq. (Cl)

(P'I ~(0)y.s(0) IP) =AN. (P)(») ' (C2)

For the case with both initial and final target nu-
clei at rest, we have

(0 Q(0)y $(0) i 0) =A(2M„)(27() (C3)

After the insertion of a complete set of the (A —1)-
particle states of the nucleus C specified by the

quantum numbers (nIM) and -Qa, Eq. (C3) reads

(G4)

Using, respectively, Eq. (3.19) and its conjugation for the second and the first matrix elements in Eq. (C4),
and performing explicitly the summation over spin indices ju. and v, we obtain

(G5)
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or, after simplifying the Ã factors,

(C6)

In obtaining the last equality, we have used Eq. (8.15). In most cases, the component P' ' is very small.
Recalling that 1. is determined by parity considerations, we have

(C7)

If we use the shell model to describe the target, we may identify the intrinsic states
I
nIM) with single-

hole states. Introducing a more conventional notation in that case we write I-j, M- m&, and I.- l, and
Q'„'„'„»~(gs)- Q'„&I„»&(Qs), so that Eq. (CI) becomes

(C8)

In Eq. (C8) the subscript n includes the isospin quantum number as well as specification of the number
of radial nodes. From Eq. (C8) we see that the P'„'„'„»&(QR) have the standard normalization of radial shell-
model wave functions.
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