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A simple analytical expression is derived for the total nuclear reaction cross section in
heavy-ion heavy-ion collisions at high energies based on the semiclassical optical model.
Tapered nuclear density distributions are used in conjunction with nucleon-nucleon collision

cross sections.
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I. INTRODUCTION

High-energy beams of heavy ions have been
available on a limited basis for a number of years.
Studies of nuclear reactions induced by 720 MeV
a particles at Newport News, 920 MeV « particles
at the Berkeley cyclotron, 29 GeV N at the
Princeton-Penn accelerator, and 29 GeV '*N and
34 GeV %0 at the Berkeley Bevatron have recent-
ly been reported.'™*®* The Berkeley BEVELAC®®
anticipates beams of relativistic heavy ions
through *°Ar to be accessible in the near future.
Rapidly growing interest in these studies comes
from the fields of nuclear physics, nuclear chem-
istry, biomedical sciences, and cosmic ray phys-
ics. Besides experimental interest, theoretical
enthusiasm has also been aroused.'” "2

A measurement vital to any of these pursuits is
the total reaction cross section ¢; for a high-ener-
gy heavy ion incident on a complex target nucleus.
The hard-sphere model of colliding billiard balls
in which oz =R 2(Ap'3 + A;Y3)? is simple but inac-
curate. The overlap model

0R=7TR02(A~PU3+AT1/3_b)2 (1)

in its several versions,?*”?® each essentially a mod-

ification of the hard-sphere model, is similarly
uncomplicated, but we believe also inaccurate in
many circumstances because of the absence of en-
ergy dependence and the inability to assign a unique
value to the overlap parameter b. Alexander and
Yekutieli®” calculated nucleus-nucleus reaction
cross sections using available density distribution

parameters by numerical integration on a computer.

We present here a simple analytical expression
for soft-sphere nucleus-nucleus reaction cross

sections, one which allows for a tapered density
distribution at the nuclear surface. The method,
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like that of Alexander and Yekutieli, is based on
the semiclassical optical model of Fernbach, Ser-
ber, and Taylor®® and uses experimental nucleon-
nucleon collision cross sections. The cross sec-
tion formula should be applicable not only for nu-
cleus-nucleus reactions, but also for any hadron-
nucleus system.?® Comparison with available ex-
perimental nucleon-nucleus and pion-nucleus cross
sections is very satisfactory.

II. MODEL

As with the (point) particle-nucleus calculation
of Fernbach, Serber, and Taylor using a uniform
target density distribution,?® the total reaction
cross section

0R=2nf [L=T@)]rar (2)
0

reduces to the problem of calculating T(r), the
probability that at impact parameter », the pro-
jectile will pass through the target without inter-
acting. The transparency function 7(r) is calcu-
lated by assuming that interactions result from
single nucleon-nucleon collisions in the region of
overlap between projectile and target. Implicit in
this (impulse) approximation is the restriction of
the calculation to high energies. For this reason
and to maintain a workable model, Coulomb ef-
fects are ignored as are considerations of Fermi
motion of nucleons within nuclei, reflection, re-
fraction, the effect of the exclusion principle on
the nucleon-nucleon scattering cross section in-
side nuclei, and the possibility of higher order
eclipsing corrections.??

Calculation of the transparency function is facil-
itated by referring to Fig. 1. A cylindrical coor-
dinate system is defined in reference to the center
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of the target nucleus as the origin 0, the z axis as
the beam direction, and 7 as the impact param-
eter (of the center of the projectile nucleus 0').
For fixed (7, z) the probability of interaction per
unit path length between z and z +dz, called the
“thickness function” by Glauber,?° is given by

Q(r,2)dz =0p (7, 2)pp (v, 2)dz , ®)

where pp(¥, 2) and pp (7, 2) are the nucleon density
distributions of target and projectile, respective-
ly, at point (v, 2z). The average nucleon-nucleon
collision cross section G is given by

wo-[(2) ()22 () oo
) G

where Zgppy, Npp), and Appy are, respectively,
the proton, neutron, and mass numbers of the tar-
get (projectile); o, is the proton-proton (neutron-
neutron) total cross section; o,; is the proton-neu-
tron cross section all taken from the experimental
nucleon-nucleon values®!*32 at laboratory kinetic
energies E=Ep/Ap where Ep is the projectile lab
energy.

The probability that the projectile undergoes no
interaction at impact distance 7 is given by

T(r):exp[-— f_: Q(r,z)dzJ

— [ ostr, etz )

The integral in Eq. (5) is the overlap of target and
projectile density distributions for target-projec-
tile separation (7, z) and is obtained from

pT(,y’ z)pp('}’, Z)

=27Tf dﬂf pT(,r;Z, b, TI)PP(V,Z, by n)b db,
-0 0
(6)

where the coordinate 7 corresponds to distance,
along the nuclei center-to-center axis (00’ in Fig.
1), 7=0 being the target center. The coordinate
b is the projected distance of any point from the
n axis. Cylindrical symmetry about the n axis is
responsible for the factor of 27. Nuclear density
distributions p; and pp, are assumed to be spheri-
cally symmetric and, in the (b,7n) coordinate sys-
tem, become pp(R) and pp(R’), respectively,
where radial variables R = (7% + b?)"/? and
R/:{[(1,2+22)1/2 —77]2+b2}”2.

For light nuclei, with A <40, the density distri-

bution is assumed to be Gaussian

A 2
R) = e—(R/a) ,
PRY= Y
where ¢ is related to the root mean square radius
ers by

a=R(1.5)7V2

and experimental R, values®® may be employed.
For heavier nuclei (4> 40) the form of the nu-
clear density distribution chosen is one which
meets two criteria. First, that it describe the
tapered nuclear surface in a manner closely ap-
proximating that for the charge distribution deter-
mined from electron scattering and muonic atom
experiments. Second, the distribution should yield
an expression in Eq. (6) which will allow an analyt-
ical solution for the reaction cross section oy
rather than one which mandates a numerical inte-
gration. What has been chosen is a “surface-nor-
malized” Gaussian density distribution by which
is meant the following: the nuclear density distri-
bution is of the form

p(R)=p(0)e™ @ ™" )

where both p(0) and « are treated as free param-
eters adjusted to reproduce the experimentally de-
termined nuclear surface texture as given, for ex-
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FIG. 1. Coordinate system for the target-projectile
overlap integration. The center of the target nucleus
is the origin 0; the beam direction defines the z axis;
the projected distance of the incident particle center 0’
from the z axis is the impact parameter ». The points
00’ define a new 7 axis about which the target-projec-
tile overlap density is symmetrical. The projected dis-
tance of any s t);al point onto the n axis defines the &
coordinate of that point.
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FIG. 2. (a) Nucleon density distributions for #Cu and
28ph, The broken curves correspond to Fermi I dis-
tributions [Eq. (8)] with ¢=4.34 and ¢=2.15 fm for Cu
and ¢=6.32 and £=2.73 fm for Pb; the dotted curves
correspond to the “surface-normalized” Gaussian dis-
tributions [Eq. (7)] which cross the Fermi profiles at
the 50% and 10% central density values; the solid curves
are the mock “Fermi” density distributions [Eq.(A1)].
Parameters are listed in Table II. (b) Transmission
as a function of impact parameter distance for Cu and
Pb targets plus N and Ar ions for =35 mb. The open
circles are evaluated from the surface-normalized
Gaussian distributions and the closed circles from the
mock “Fermi” distributions shown in (a).

ample, by the usual Fermi I distribution

p(R) =po{1 + exp[(r - )/4.4¢]} . ®

The Gaussian density distribution is thus unnor-
malized, i.e.

A¢4nf p(R)R%R .
(]

However, the density distribution in the nuclear
suvface is normalized in the sense that there ex-
ists some radial distance, within the half-central-
density distance, beyond which the number of nu-
cleons is identical in both the Fermi and Gaussian
distributions. Justification for this approach is
discussed in extensive detail in the Appendix and
may be summarized briefly by recognizing that
the transmission, 1 - 7(7), of the target towards
the projectile remains effectively unity at impact

J

Equation (6) now takes the form
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FIG. 3. Graphical illustration of the surface density
distribution parameters’ dependences on mass number
corresponding to ¢ =1.07AY% and £=2.2, 2.4, and 2.6
fm in Egs. (9) and (10). Solid curve for a (right scale),
broken curve for p(0)/A (left scale).

parameters approximately up to the sum of the
“radii” of the nuclei regardless of the form of the
density distribution chosen for this core-overlap
region. Therefore, whether this region is perfect-
ly uniform, hollow, or Gaussian, its contribution
to the total reaction cross section is practically
geometrical. Beyond this core region the trans-
mission decreases as determined by the texture
of the nuclear surface so that the remaining con-
tribution to the total reaction cross section ac-
crues from the skin-overlap region.

Parameters p(0) and « for nuclei with A> 40 are
calculated by requiring p(R) at R=c and R=c+{/2
in the Gaussian distribution to be identical to the
values calculated from the Fermi distribution
where c¢ is the half-central-density radius and ¢
is the 90%-10% surface skin thickness parameter
usually taken as 1.07xXAY2 and 2.4 fm, respective-
ly. Consequently

and
p(0) =z p,exp(c/a) , (10)
where
3A (11)

p°=477c3[1+ (7%#2/19.36¢7)]
and
k=4(In5)=6.437"75... .

Example density distributions for #*Cu and 2%Pb
are illustrated in Fig. 2(a). The dependence of p
and a on mass number is shown in Fig. 3 for sev-
eral values of the skin thickness parameter ¢.

pr(r,z)pp(r,Z)=2ﬂpT(0)pp(0)f ”dnf i GXp—{
i 0

ar

2

+[(1,2+Z2)1/2 -1]%+ b2

}bdb

= (12)
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which with the aid of the identities*

£

f X210 G gl o prt (13)
0
and
[ et expia? /) (19)
becomes ‘
21325 (E)p(0)pp (0)a’ap®
pT(’)’,Z)pP(’}’,Z)— (aT2+aP2)3/2

xexp[— (r2+2%)/(ar*+ap?)] .
(15)

Substitution of the above expression into Eq. (5)
followed by integration over the z coordinate
yields the transparency function

_ °G(E)p7(0)pp (0)arlap®
B (arz + apz)

T(r)

xexp [-72/(az?+ap®)] . (16)

Finally, the total reaction cross section may be
expressed by substituting Eq. (16) into (2) and us-
ing the identity

X U
f 1 ue du=E (x)+Inx+v, 1)
o

where

: TTZG(E)pT(O)pP (O)az‘saps
10(az® +ap®) ’

(18)

v =Euler’s constant=0.5772. ..
for p in units of fm™, @ in fm, and ¢ in mb and

the exponential integral®

ooe-u
EL(X)=fx ” du

E,(x) values are accessibly tabulated® and usually
of negligible magnitude. The final expression for
total reaction cross section in mb is

0g =107m(a® +ap?)[E,(X) + Inx + 7] (19)

in which a4, ap, and x are related to experimental
density distribution parameters®® and nucleon-
nucleon cross sections®!'* by Egs. (4), (9), (10),
and (18).

The derivative of Eq. (19) provides a quick
means of calculating the total reaction cross sec-
tion 0 (E) at any energy from the 2.1 GeV/nucleon
results by application of the approximation

0g(E)= 05(2.1 GeV) + [16(A,Y% + A,M%) + 18] 7

x In—2E)

52.1 GeV) (20)
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and knowledge of the weighted average particle-nu-
cleon collision cross section in mb at that energy,
O(E), as given by Eq. (4). Equation (20) is valid
for c=1.07A"2 and ¢=2.4 fm for projectile and
target.

III. RESULTS

Results of the total reaction cross section calcu-
lation for 2.1 GeV/nucleon projectiles are illus-
trated in Fig. 4 and plotted as a function of
(ApY® + AP for representative targets and
projectiles: the figure caption lists all of the
parameters which were necessarily employed
in the calculation.

Figure 4 demonstrates the nearly linear depen-
dence of 0z on (4,'% +A;/3)?, Both the hard-
sphere model and modified hard-sphere (overlap)
model demand linearity. A linear fit tothe calcu-
lated points in Fig. 4 allows one to determine val-
ues of R; and b corresponding to Eq. (1). The re-
sulting fitted values of Rjand & are found to vary
both with the target-projectile system and with the
free nucleon-nucleon cross section as shown in
Fig. 5. Such dependence is not allowed for in the
hard-sphere models but is qualitatively reasonable.
For light nuclei, b is positive and accounts for
some transparency in the mostly skin light nuclei.
For heavier nuclei, however, b becomes emphat-
ically negative and in effect accounts for a contri-
bution to the core cross section from the halo of
skin nucleons. This is also discernible by noting
that b for incident @ particles is positive (suggest-
ing transparent encounters) where the free nucleon-
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FIG. 4. Nucleus-nucleus reaction cross sections for
several projectile systems at 2.1 GeV per nucleon lab
energy. Calculated from Eq. (19) using the following
parameters: 0;;=44.9 mb and 0;;=43.1 mb (Ref. 31);
¢=1.07AY% fm and ¢ =2.4 fm for ¥Ar, ®cu, ¥Br, 0y,
108Ag 1277 18lmg  28pPh and 28U; ap=1.330 fm for ‘He
and ap=2.074 fm for N. Each projectile system shows
a slight curvature but straight lines have been fitted
from which hard-sphere overlap parameters R, and &
are extracted.
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FIG. 5. Dependence of hard-sphere overlap parameters
R (right scale) and b (left scale) on the average nucleon-
nucleon collision cross section (and therefore projectile
kinetic energy) for ‘He, 1N, “Ar, 8Br, and 127
projectiles.

nucleon cross section 0 is small, but becomes
negative as 0 increases in magnitude in order to
accommodate the increasing contribution to oy
from nucleons in the nuclear tail.

Dependence of reaction cross section on projec-
tile energy is well represented by Eq. (20) and ex-
emplified by the excitation function for **N +°%“Cu
in Fig. 6. Dependence of 0; on the structural pa-
rameters ¢ and ¢ is given explicitly if obscurely
in the contributing terms of Eq. (19) and is basi-
cally dominated by the m(a;* +ap®) term. Figure 7
shows the variation of o for **N +°%Cu with ¢ and
t of ®*Cu extending over reasonable ranges.

Comparison of reaction cross sections predicted
by Eq. (19) with experiment is difficult because of
the paucity of experimental data. A few such com-
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FIG. 6. Excitation function for the total reaction
cross section in b of N incident on ®4Cu target calcu-
lated from Eq. (19). For ®Cu, ¢=4.28 fm, ¢=2.4 fm,
ap=2.72 fm, and pp(0) =1.043/fm®. For N, ap=2.074
fm and pp(0) =0.282/fm3. G(E)’s were obtained from
Ref. 32.
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FIG. 7. The %Cu reaction cross section in mb for 2.1
GeV/nucleon N ions. Dependence of 0x upon nuclear
density distribution radial and skin thickness param-
eters. The broken curves delineate the constant cross
section contours. The heavy closed region encompasses
the approximate uncertainties usually associated with
experimentally determined values for c¢, #, and the
root mean square radius for %Cu.

parisons with high-energy single-particle projec-
tiles® ™% and also recent relativistic heavy-ion
fragmentation studies of Cheshire ef al.,'® are
presented in Table I. The agreement is very sat-
isfactory. Preliminary results®® of *0O with C, S,
Cu, and Pb appear to be systematically low com-
pared to calculation and other data as quoted by
Cheshire et al.

TABLE 1. Particle-nucleus and nucleus-nucleus reac-
tion cross sections in mb., Comparison of experiment
with calculated values from Eq. (19).

Soft Sphere

Projectile Target Experiment Eq. (19)
20 GeV p 2TAL 472% 497
64cu 850 847
208py, 17502 1729
238y 19002 1882
2 GeV 7~ 00y 500°P 604
5INi 710° 771
119gp 1164° 1188
208pp 1703° 1675
13.3 GeV/c b Stcu 921 © 913
208pp 2026 © 1831
13.3 GeV/c K~ 4cu 650 ¢ 677
208pp, 1527 ¢ 1505
25 GeV 2C csl 26009 2740
25 GeV 12¢ % 30004 3180
34 GeV 160 Csl 30009 2970
34 GeV 160 A% 35004 3440

2 Reference 36.
b Reference 38.
¢ Reference 37.
d Reference 15.
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TABLE II. Density distribution parameters.
Parameters a2 Wpp2 6oy 8y ? 208py, b 208pp 2
a 1.77 2.52 1.80 2.51 2.60 3.45
p(0) 0.602 0.658 0.168 1.62 0.170 2.59
o 1 1 1 1 1 1
¢y 0 0 1 0 1 0
c, 0 0 0.5 0 0.7 0
c, 0 0 0 0 0 0
cy 0 0 0.125 0 0.125 0
? Surface normalized Gaussian density distribution.
b Mock “Fermi” density distribution, Eq. (Al).
IV. SUMMARY and
A relatively simple analytical expression, Eq. f * 2 'B"zdx—(zﬁ— ni /a\2 (A3)
(19), is derived which may be used to calculate o ¢ 228" \B :
the total nuclear reaction cross section at high
energies for single or composite projectiles on Equation (5) then provides
complex nuclei. Known nucleon-nucleon or par-
ticle-nucleon free collision cross sections are T7)=exp[-q()], (A4)
employed in conjunction with a tapered density
distribution which approximates the nuclear tail where, for a Gaussian projectile density profile
in both the target and projectile. Calculated re-
sults are concordant with ‘the fevx{ esztmg experi- ) 7260,(0)ph (0)a ’ap® e lea
mental values for composite projectiles. q(r)= PR e T 7%
ar +0ap
V. APPENDIX .
Equation (19) representing the total reaction X Z gr? . (A5)
cross section between two nuclei with tapered i=o

density distributions is justified only if the cen-
tral “core” regions of the nuclei are completely
opaque. Justification of this assumption may be
demonstrated by recourse to a comparison of the
transparency function for the surface-normalized
Gaussian distribution and a more realistic density
distribution. For the latter, the form chosen for
mathematical convenience is given by

N

p(R)=p’(0) Z c;R¥ exp[(R/a)?] (A1)
J=0

which, by suitable choice of the ¢;’s and a and a

limited number of terms N, can reproduce the

features exhibited by the Fermi distribution. Ex-

ample mock “Fermi” distributions for ®'Cu and

2%ph are shown in Fig. 2(a). Table II contains

the parameters used.

Substitution of the density distribution given by
Eq. (A1) into expression (6) can be used to obtain
the transparency function 7(7) by applying the
necessary relationships®*

j i/2 2k
P ooxPenae o a2 (T2 (@) <~ _(0/44%)
mele PxTH2E g = jl e /p(,p_) <Z> ?: oot
=0

(A2)

The g; coefficients are complicated but tractable
functions of the representative density distribution
parameters ¢;, ap, ap, and index N. The first
term in the sum in Eq. (A5) is a Gaussian term
which is identical to Eq. (15) if the parameters
are suitably adjusted. Inclusion of higher order
terms produces an expression which is not readily
amenable to analytical integration. Nevertheless,
the functional dependence of T'(») will suffice to
validate the approximation under scrutiny. Fig-
ure 2(b) shows the transmission =1 - 7(), or
opacity, of ®*Cu and 2%®Pb as a function of impact
parameter for high-energy incident *N and “°Ar
ions for the target nuclei density distributions
shown in Fig. 2(a) and the parameters in Table II.
The projectile nuclei are assumed to have Gauss-
ian density distributions. From the close sim-
ilarity of the transmissions for Gaussian and
flattened target distributions, it seems reason-
able to conclude that the location and texture of
the nuclear skin determines o;. Similar sensitiv-
ity to the nuclear surface texture for cross sec-
tions of strongly interacting particles has been
demonstrated by others.0%
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