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Transition from mass asymmetry to symmetry in the spontaneous fission of Fm isotopes*
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The observed transition in the spontaneous fission mass distribution from asymmetry in the lighter Fm
isotopes to symmetry in the heavier Fm isotopes is studied on the basis of the potential energy surfaces

(PES) and fragment shell effects in the two-center shell model. To that end, we have calculated the
PES for "Fm and compared them with our previous PES results for other Fm isotopes. Our
calculations show that the lighter Fm isotopes (up to "Fm) should fission asymmetrically, while "'Fm
and other heavier Fm isotopes should fission symmetrically. This is due to the fact that the shell

corrections in these nuclei are found to increase with increasing mass number and decreasing neck
radius, particularly in the region beyond the second barrier, This, in turn, is a consequence of strong
shell effects in fragment nuclei near the doubly closed-shell '&OSn82. The results supporting these
conclusions are shown.
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Recent experiments on spontaneous' ' and low-
energy neutron induced fission' ' of Fm isotopes
have shown that a transition in the mass distribu-
tion from asymmetry to symmetry occurs between
'"Fm and '"Fm. This trend towards mass sym-
metry has been reviewed by Hoffman. '

In our previous work, ' we have indicated that the
transition in the mass distribution of Fm isotopes
is a consequence of fragment shell effects. In this
paper, we propose to extend that idea and show in
detail the role of fragment shell effects in the
spontaneous fission of Fm isotopes. To that end,
we have found it necessary to calculate the poten-
tial energy surfaces (PES) for '"Fm in the two-
center shell model and compare them with our
previous PES calculations for '"Fm, "'Fm, and
264F 7

We will therefore briefly outline the model used
in the PES calculation. After that, we present our
PES results for '"Fm and compare them with oth-
er Fm isotopes. The fragment shell effects are
then shown as a function of the mass number of
Fm isotopes and also as a function of the neck pa-
rameter D (see below) to explain the transition
from mass asymmetry to symmetry.

The potential energy of a deformed nuclear shape
is obtained from the sum of the liquid drop model
(LDM) energy' and the Strutinsky shell correction
energy with pairing. ' The LDM energy is calcu-
lated by Myers-Swiatecki mass formula' and the
shell corrections are calculated by the two-center
shell model for asymmetric shapes. ' "

Since the single particle model used in the pres-
ent work is the same as that used in our earlier
calculations for asymmetric fission, we shall

omit the mathematical details here. However, the
quantities necessary for the presentation of re-
sults are defined.

In this model, we need four independent shape
parameters to describe the nuclear shape: D, the
neck radius in fm; X, the volume (mass) ratio of
the portions of the nucleus on either side of the
neck plane (X =1 for symmetry); o. =a,/a, —1; and
o =z,/P2c, ] =z, /[v 2c, ]. Here a, and a, are the p
semiaxes and c, and c, are z semiaxes of the two
half spheroids connected by a smooth neck. z,
and z, are the centers of the half spheroids (see
Fig. 1 in Ref. 7).

The strength parameters associated with the
spin-orbit and l' term of the deformed single par-
ticle potential and the pairing strengths for the
BCS calculations are the same as those used in
Ref. t.

We now present the results of the potential ener-
gy surface calculations for '"Fm and compare
them with other Fm isotopes. The fragment shell
effects are then shown as a function of the mass
number of Fm isotopes and also as a function of
the constriction degree of freedom, i.e. , the neck
radius D.

Since the calculations of the full four-dimension-
al (D, X, o. , o) potential energy surfaces (PES)
are very time consuming, our calculations are
restricted to cuts V(X) (i.e. , the potential energy
as a function of X, the volume ratio) for selected
values of the neck radius D around and beyond the
second saddle point. We shall see later that it is
sufficient to compare V(X) cuts for various Fm
isotopes to explain quantitatively the transition
from mass asymmetry to symmetry. We should
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FIG. 1. The potential energy for Fm as a function
of &, the volume ratio of the portions of the nucleus on
either side of the neck plane, for selected values of D,
the radius of the neck in fermis. The energy has been
minimized with respect to n and o and normalized to
zero for the ground state energy.

note that the potential energies are minimized with
respect to n and v.

Figure 1 shows the potential energy for '"Fm
as a function of A. , the volume ratio, for selected
values of the neck radius D. The energies are
normalized to the ground state of the nucleus and
as has been mentioned earlier, the energies are
minimized with respect to n and 0. The elimina-
tion of cy and a by minimization is not meant to
imply that the fissioning system always follows
the minimum energy path; rather, this procedure
just permits the display of results in terms of two
most important fission variables A. and D.

D =5.0 fm is the region around the second bar-
rier and the smaller values of D indicate the min-
imum energy path towards scission. The figure
shows that the fissioning nucleus '"Fm prefers
symmetry around the second barrier and then
slowly becomes asymmetric with decreasing D.
We should note that the difference in the energy
between symmetry and asymmetry is very small

(for D =3.0 fm, it is about 0.5 MeV). The exten-
sion of the calculation to smaller D is not expect-
ed to significantly increase the energetic prefer-
ence for asymmetry (see Ref. 7 for our calcula-
tions on '"Fm and '"Fm).

Thus our PES calculation indicates a small en-
ergetic preference for mass asymmetry for the
spontaneous fission of '"Fm. Based on their anal-
ysis of the fission probabilities over the outer bar-
rier, Tsang and Wilhelmy" also arrived at the
same conclusion for the spontaneous fission of
this nucleus. However, their prediction of asym-
metric spontaneous fission for '"Fm disagrees
with our calculation (Ref. 7); we have found a pref-
erence for symmetric fission.

In Fig. 2(a), we have compared the potential en-
ergies for '"Fm '"Fm '"Fm and "Fm as a
function of volume ratio X for shapes near the sec-
ond saddle point. The energies are normalized to
the ground state of respective nuclei. We should
note that there is no second saddle for '"Fm and"Fm. However, for the purpose of comparison,
we have chosen D =5.0 fm which corresponds to
the second saddle point in '"Fm. The figure
shows that in the second saddle region the pre-
ferred shapes are reflection symmetric. However,
with decreasing neck radius D, we find that the
preference changes from symmetry to asymmetry
jn Fm and 5 Fm, whjle the preferred shapes jn
' Fm and Fm are still ref lectjon symmetric.

This is shown in Fig. 2(b), where V(X) is plotted
for D =4.0 fm. Figure 2(b) is a clear demonstra-
tion of the fact that the lighter Fm isotopes prefer
asymmetric mass division, while the heavier Fm
isotopes prefer symmetric mass division. The
transition from asymmetry to symmetry occurs
in the Fm mass region 256&8& 258 (also see
Fig. 3).

For smaller values of D, a similar result can
be found and for a comparison, we refer to Fig. 1
in this paper and to Figs. 9-11 of Ref. 7.

Figure 3 is a special case of Fig. 2, where the
potential energy is plotted as a function of the
mass number of Fm isotopes for the symmetric
shapes (solid line) and the a,symmetric shapes
(dashed line). The asymmetric shapes are X = 1.1
for '"Fm, '"Fm, and "Fm and X =1.25 for '"Fm
[see Fig. 2(b)j. The choice of X =1.1 for '"Fm and
' Fm is arbitrary, while X =1.1 for '"Fm and X

=1.25 for '"Fm represent the minimum potential
energy shapes for the neck radius D =4.0 fm. A

straight line is drawn between calculated points.
The figure provides a simpler demonstration of
the transition from mass asymmetry to symmetry
in the Fm isotopes and is also used as a reference
for Figs. 4 and 5.

In order to examine the role of fragment shell
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effects in this transition from asymmetric mass
division to symmetric mass division in Fm iso-
topes, we have plotted in Fig. 4 the shell correc-
tion energies as a function of the mass number of
Fm isotopes for both the symmetric and the shell
correction energy preferred asymmetric shapes.
The asymmetry in '"Fm is X = 1.25, in '"Fm X

= 1.1, and in "Fm X.= 1.1, and for all the shapes
the neck radius is kept fixed at D =4.0 fm. Fig-
ure 4 shows two important results:

(a) The shell corrections prefer asymmetric
shapes for A & 264 and this preference increases
with decreasing mass number of Fm isotopes.
Similar results are also found for other values
of D between the second barrier and the scission
point. The shell preference of symmetry for the
constricted shapes in '"Fm is due to the fact that
two double-magic ",',Sn„ fragments are formed at
symmetry. For further discussion on this we re-
fer to Refs. 7 and 12. The LDM, however, always
prefer symmetric shapes. The competition be-

tween the two energies, i.e. , the shell correction
energies and the LDM energies, finally decides
the mass number where the asymmetric mass divi-
sion should become symmetric (see Fig. 3).

(b) Figure 4 also shows how the shell correc-
tions are increasing with the mass number of Fm
isotopes, for both symmetric and asymmetric
shapes. This is a direct consequence of strong
shell effects in fragment nuclei near doubly closed-
shell ',~Sn».

The plots similar to Figs. 3 and 4 for second
saddle shapes of Fig. 2(a) are not meaningful in
the present context, since all the Fm isotopes
show a preference for reflection symmetry.

The shell corrections are also found to increase
in magnitude with constriction, i.e. , decreasing D.
A typical example is shown in Fig. 5, where the
shell corrections for the minimum potential ener-
gy shapes of '"Fm are plotted as a function of
neck radius, D. (We note that the minimum ener-
gy shapes for this nucleus are symmetric, X = l. )
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FIG. 2. (a) The potential energies fpr Fm, ~~Fm, Fm, and Fm are plptted as a functipn pf A, the vplume

ratio of the portions of the nucleus on either side of the neck plane, for the shapes near the second saddle point, The
energies have been minimized with respect to e and ~ and normalized to zero for the ground state energy of respective
nuclei. The results for Fm, Fm, and 6 Fm are taken from Ref. 7. (b) The potential energies for Fm, 256Fm,

Fm, and ~Fm are plotted as a function of ~, the volume ratio of the portions of the nucleus on either side of the-
neck plane, for the fixed value of the neck radius D =4.0 fm. The energies have been minimized with respect to & and
& and normalized to zero for the ground state energy of respective nuclei. The results for 25 Fm, 2 Fm, and @Fm
are taken from Ref. 7.



1062 M. G. MUSTAFA

0
-6

= 4.0fm FOR
LL Fm ISOTOPES

O

-6
(9
UJ -8
4J

-IO

-I 2

-8

z IO0
0
QJ -I 2

O
C3

—l4
UJ

M

-I 6

ASYMME TRY

ETRY

-I4
252

I I

254 256
I I

258 260 262 264

-I8—

MASS NUMER (Fm ISOTOPES) -20
252 254

I I l I

256 258 260 262 264

FIG. 3. The potential energy is plotted as a function
of the mass number of Fm isotopes for symmetric (solid
line) and asymmetric (dashed line) shapes. The ener-
gies are taken from Fig. 2(b). The asymmetric shapes are

for 258Fm 258Fm and 264Fm and g ] 25 for 252Fm

A straight line is drawn between calculated points.

This shows that the nascent fragment structure
effect increases in the descent from the second
barrier to the scission point.

We have thus shown that the shell corrections
in Fm isotopes increase with increasing mass
number and with decreasing neck radius D in the
region between the second barrier and the scis-
sion point. As a result, the transition from mass
asymmetry to symmetry is seen to occur not at
the second saddle point but beyond it. For a sta-
tistical model interpretation of this transition,
we refer to Ref. 13.

The potential energy surfaces for '"Fm have
been calculated with the two-center shell model.
The results indicate a, small energetic preference
for asymmetric mass division in this nucleus.

The potentiaL energy surfaces for ' ' ' Fm
are compared for shapes near the second saddle
point and also for shapes with the neck radius D
=4.0 fm (beyond the second saddle point). We have
seen that a transition from fission fragment mass
asymmetry to symmetry should occur between
'"Fm and '"Fm. This is shown to be a conse-
quence of the fact that the fragment shell effects
increase with increasing mass number of Fm iso-
topes. For the shapes with D =4.0 fm, we have ex-

MASS NUMBER (Fm I SOTOPES)

FIG. 4. The shell correction energies are shown as a
function of the mass number of Fm isotopes for sym-
metric (~ =1) and shell energy preferred asymmetric
shapes. The asymmetric shapes are & =1.1 for 258Fm,
A, =1.1 for 56Fm, and ~ =1.25 for Fm. A straight line
is drawn between calculated points. Also shown is the
shell correction energy for ~ =1.1 in ~~4Fm.
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FIG. 5. The shell correction energies for the minimum
potential energy shapes of Fm are shown as a function
of D, the radius of the neck in fermis. The minimum
potential energy shapes are found to be symmetric (~ =1)
(Ref. 7). A straight line is drawn between calculated
points.
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plicitly shown the shell corrections for the Fm
isotopes studied in this paper (Fig. 4). We have
also shown that the fragment shell effects increase
with decreasing neck radius D (Fig. 5). As a re-
sult, the transition from asymmetry to symmetry

is seen to occur not at the second saddle point but
just beyond it.
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