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Dipole-driven multidimensional fusion:
An insightful approach to the formation of superheavy nuclei
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We present an approach to describe the fusion of two heavy ions in which the colliding system has access
to a wide spectrum of shapes through the utilization of an auxiliary reference frame and the employment of a
multipole expansion of the nuclear radius with the dipole term treated as an actual and leading shape variable.
Access to fusion shapes that would otherwise be unattainable is possible by initially placing the origin of the
auxiliary reference frame in the neck region between the colliding nuclei. The fusion process is modeled as an
unconstrained biased random walk in a four-dimensional deformation space with step probabilities correlated
to the density of available states. Deformation energy is calculated using the macroscopic-microscopic method,
incorporating rotational energy. The presented approach successfully describes fusion probabilities for reactions
involving 48Ca, 50Ti, and 54Cr projectiles with a 208Pb target.
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The experimental data show that the cross sections for
producing nuclei with atomic numbers 102 � Z � 113 us-
ing cold fusion reactions, in which 208Pb and 209Bi targets
are bombarded with nuclei of lighter elements, decrease by
seven orders of magnitude, from hundreds of nanobarns to
the experimentally difficult-to-achieve femtobarn level, as the
projectile nucleus changes from 48Ca to 70Zn [1].

Models employed to calculate cross sections for the syn-
thesis of heavy and superheavy nuclei assume that the process
occurs in three independent steps: capture of the projectile by
the target, fusion, i.e., the formation of an excited compound
nucleus, and de-excitation through the emission of neutrons,
light charged particles, and γ rays.

The observed decrease in cross section for cold synthesis
is attributed to the intermediate stage of the reaction, which
represents the most challenging aspect of model calculations.
Despite years of dedicated research, there is no consensus on
the underlying fusion mechanisms [2]. In calculations, this
step is typically parametrized based on measured evapora-
tion residue cross sections, incorporating various assumptions
about the process itself. Consequently, predictions for new
reactions often differ significantly between models [2,3].

In this Letter, we present an approach that successfully
describes experimentally determined fusion probabilities for
48Ca, 50Ti, and 54Cr reactions with a 208Pb target, without
relying on measured cross sections or model parameter cal-
ibration. The model is based on the random-walk method
in a multidimensional deformation space and offers detailed
insights into the underlying process. While such an approach
has already been employed to describe fission from excited
states [4], it is not commonly utilized to describe fusion,
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primarily due to difficulties in determining the configuration
from which the process initiates and in accessing the required
classes of shapes within a single shape parametrization. How-
ever, as will be demonstrated, these issues can be resolved
through the application of the standard formula for the nuclear
radius when an auxiliary reference frame is introduced.

Following Świątecki’s work [5], we assume that the fu-
sion process begins when the colliding nuclei overcome the
entrance channel barrier and a mononuclear system begins to
form. The initial shape configuration, in which the fragments
are barely in contact, is situated within the asymmetric fission
valley of the compound nucleus. The final configuration that
the system needs to reach is highly compact. Describing the
smooth transition between these two configurations is possible
by utilizing an auxiliary reference frame initially placed at the
projectile-target point of contact and employing the standard
multipole expansion of the nuclear radius, with the dipole
term treated as an actual and leading shape variable. For
axially symmetric shapes the nuclear radius R(ϑ ), where ϑ

is the polar angle, can be expressed in spherical harmonics,
Yλ0(ϑ ), as follows:

R(ϑ ) = cR0

{
1 +

∞∑
λ=1

βλ0Yλ0(ϑ )

}
, (1)

where c is a volume-fixing factor, R0 is the nuclear radius of
the spherical compound nucleus, and βλ0 are the expansion
coefficients describing nuclear deformations.

The dipole variable β10 in Eq. (1) is typically omitted.
However, as demonstrated in our earlier study [6], the dipole
term is more than just a technical parameter for center-of-mass
adjustment; it is responsible for modifying the hyperdeforma-
tion characteristics of heavy nuclei.
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FIG. 1. The initial fusion configuration for the 50Ti + 208Pb sys-
tem. By placing the reference frame in the zone where the projectile
and target nuclei touch, it becomes possible to describe the system’s
shape during fusion using a multipole expansion of the nuclear radius
with only a few deformation parameters.

Including this variable introduces entirely unique and
physically meaningful categories of compact shapes. Dipole
deformation accumulates a significant amount of energy. Its
importance was also demonstrated in [7], where it was shown
that including such deformation leads to the disappearance of
the previously predicted third deep potential energy minimum
in the 232Th nucleus.

To access a wide class of shapes we introduce an auxiliary
reference frame whose origin changes its position relative to
the center-of-mass frame based on the current deformation of
the system. For highly asymmetric shapes, determining the
minimum distance between the center of mass and points on
the surface within the neck area becomes ambiguous, leading
to an indeterminate potential energy for such shapes. Intro-
ducing the dipole variable along with an auxiliary reference
frame solves this problem and provides us with the capability
to describe fusion or fission shapes when both fragments are
distinguishable. For axially symmetric shapes, the origin of
the auxiliary reference frame shifts exclusively along the axis
of symmetry. By initially placing the reference frame’s origin
at the point of contact between the projectile and target nuclei,
we can accurately describe the starting configuration using
only a few βλ0 deformation parameters, the values of which
can be obtained by fitting Eq. (1) to a specified shape.

As an example the initial configuration for the 50Ti + 208Pb
fusion reaction is shown in Fig. 1. In this case, neither the
projectile nor the target is deformed, and the initial shape of
the combined system corresponds to two touching spheres
with a barely visible neck. The starting values for the βλ0

parameters are listed in Fig. 1. It is worth noting that the
octupole variable β30, typically associated with mass asymme-
try, becomes redundant in describing the initial configuration
upon introducing the dipole variable. Moreover, it is observed
that at significant elongations (quadrupole variable β20 > 1)
the neck forms naturally without the need for adding the

hexadecapole variable β40. Among higher-order deforma-
tions, only β60 has a non-negligible value for the initial
configuration. However, as the overall length of the system
diminishes, this deformation diminishes as well, and the com-
plete evolution of the system can be effectively described
using just four deformation parameters: β10, β20, β30, and β40.

The presented approach proves highly efficient, signifi-
cantly reducing the number of required deformation param-
eters and enabling the description of intermediate shapes in
the fusion process, including pear-shaped configurations. The
concept of using an additional reference frame initially placed
at the touching point can probably also be applied to nonaxial
shapes by including higher order deformation parameters in
Eq. (1). Such an approach could prove useful in describing
hot fusion reactions of 48Ca with deformed actinide targets,
though this matter requires separate investigation.

Let us denote the set of deformation parameters describing
the shape of the composite system at a given moment in
the fusion process by β. For a given shape the mass of the
system is calculated using the well-established macroscopic-
microscopic method detailed in [8]. Here, we will only briefly
summarize this method.

The binding energy of the composite system, described by
the shape β, is given by the expression

Etot (β ) = Emac(β ) + Emic(β ). (2)

The microscopic energy, Emic(β ), is calculated using the
Strutinsky shell correction method applied to the single-
particle levels of the deformed Woods-Saxon potential [9].
Pairing energy is accounted for using the Bardeen-Cooper-
Schriffer (BCS) theory. The macroscopic component Emac(β )
of the binding energy is derived from the liquid-drop formula
employing a Yukawa-plus-exponential model, as described
in [10].

The shape-dependent binding energy given by Eq. (2) is
usually represented as a multidimensional potential energy
surface (PES), where Etot (β ) is normalized to the macroscopic
deformation energy of the spherical shape Eshpere. In this
study, we will confine the deformation space to four dimen-
sions, represented by the parameters β10, β20, β30, and β40

as presented in the Eq. (1). Figure 2 shows a projection of
the multidimensional potential energy surface for the 258Rf
nucleus formed in the 50Ti + 208Pb reaction onto the β20-β30

plane, for fixed values of β10 = 0.9 and β40 = 0.0. The map
illustrates one of the possible asymmetric fission valleys lo-
cated near the place where the nuclear fusion process initiates.
The global minimum, representing the compound nucleus
configuration, is clearly visible on the map and is preceded
by the saddle point.

The likelihood of the system reaching the compound nu-
cleus configuration is significantly influenced by the topology
of the potential energy surface, collision energy, and angu-
lar momentum. As demonstrated in our recent paper [11],
rotational effects play a crucial role in describing fusion
probabilities at collision energies above the entrance channel
barrier. Specifically, the saddle point, being more compact
and possessing a lower moment of inertia, exhibits greater
sensitivity to the rise in angular momenta compared to the ini-
tial touching configuration of the projectile and target nuclei.
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FIG. 2. A fragment of the potential energy map for the 258Rf
nucleus calculated within the macroscopic-microscopic model. The
map is a projection of a four-dimensional potential energy surface
onto the β20-β30 plane, with fixed values of β10 = 0.9 and β40 = 0.0.
The arrows indicate the approximate starting point of the fusion
process for the 50Ti + 208Pb system and the 258Rf compound nucleus
configuration. Three examples of fusion trajectories calculated at
a compound nucleus excitation energy of 20 MeV and � = 0h̄ are
presented.

Consequently, the inclusion of rotational energy at every grid
point on the potential energy surface is essential.

In low-energy nuclear collisions, the kinetic energy of the
impact is rapidly converted into intrinsic excitation energy,
mainly due to the intense friction generated during the neck
formation process. Therefore, the fusion process can be de-
scribed within stochastic models in the overdamped regime
similar to fission [12]. To describe the merging process, we
employ a biased random walk algorithm applied to the four-
dimensional potential energy surfaces, treating the β10, β20,
β30, and β40 deformation parameters as dimensions in which
the system can move freely (higher order deformations are
neglected). We assume that the process initiates with the
contact configuration of the projectile and target nuclei. This
assumption limits the applicability of our model primarily to
energies above the mean value of the entrance channel barrier
B0. At sub-barrier energies, achieving the touching configura-
tion may not be energetically feasible, leading the system to
initiate its evolution from shapes that are more separated.

The probability of transition from one shape to another
is determined by the number of available energy levels for
a given shape. The Fermi gas model with a constant nuclear
level density parameter a is used to calculate the number of
energy levels for a point i on the potential energy surface:

Ni(βi, �) ∝ exp
(
2
√

a
(
E∗

max(βi ) − Erot (βi, �)
))

, (3)

where E∗
max(βi ) represents the maximum excitation energy for

a given shape βi. For nonzero angular momentum this energy
is reduced by the collective rotational energy Erot (βi, �) asso-
ciated with a particular � value, and calculated employing the
rigid body moment of inertia.

In the calculations we assume that:

(i) The random walk occurs in a space where the di-
mensions β20, β30, and β40 are unconstrained, while
|β10| < 1.6.

(ii) Only one deformation parameter changes at a time
with a step size of 0.05. Given eight possible
directions of movement, the probability of transi-
tioning from point i to point j is expressed as
Pi→ j (�) = Nj (β j ,�)∑8

k=1 Nk (βk ,�)
.

(iii) The random walk process continues until an end con-
dition is met, either fusion or fission.

(iv) Fusion is reached after crossing the saddle point
(β20 � 0.3, |β30| � 0.2, and |β40| � 0.2). Splitting
occurs when the neck thickness is less than 4 fm.

(v) Reaching the end condition for a specific collision
energy and angular momentum value defines a single
path.

In Fig. 2 we present examples of three fusion paths cal-
culated for the center-of-mass energy Ec.m. = 189.6 MeV and
angular momentum � = 0h̄ projected onto the β20-β30 plane
(the corresponding excitation energy E∗ of the 258Rf∗ com-
pound nucleus is 20 MeV). Fission paths are usually very
short, with the final condition reached after only a slight
increase in the quadrupole variable.

The dipole variable plays a crucial role in the fusion
process, particularly at the beginning when the system ex-
periences significant elongations. It enables access to highly
asymmetric shape classes and facilitates the exploration of
otherwise inaccessible natural fusion pathways. The octupole
variable starts to engage in the shape description for more
compact configurations. The introduction of a hexadecapole
variable, describing the neck, adds further complexity to
the deformation space. The topology of the potential energy
surface reveals intricate correlations between deformation
parameters. This emphasizes the significance of providing
the system with autonomy to explore a wide spectrum of
shapes without imposing artificial distinctions into ‘relevant’
and ‘irrelevant’ dimensions, as is often the case with one-
dimensional models. The random-walk approach meets these
criteria and thus can provide a more profound understanding
of the fusion process.

To test the model, we selected three reactions involving
48Ca, 50Ti, and 54Cr projectiles interacting with a 208Pb target,
for which fusion probabilities have been determined based on
experimental data over a wide range of energies [13–15]. Cal-
culations were performed for compound nucleus excitation
energies ranging from 15 to 70 MeV with a 1 MeV step. For a
given energy, 105 trajectories were calculated for each � value
ranging from 0 to the maximum available angular momentum,
�max, calculated using a sharp cutoff approximation. The par-
tial fusion probability, Pfus(l ), is calculated as the ratio of the
number of trajectories leading to fusion to the total number
of calculated trajectories for a given �. The partial fusion
cross section can then be obtained by multiplying Pfus(l ) by
πλ̄2, where the squared wavelength λ̄2 = h̄2

2μEc.m.
, and μ is the

reduced mass of the colliding system.
In Fig. 3, the �-dependent differential cross section distri-

butions for capture and fusion for the 48Ca + 208Pb system

L061603-3



T. CAP et al. PHYSICAL REVIEW C 109, L061603 (2024)

FIG. 3. The �-dependent differential cross section distributions
for capture (black) and fusion (red) calculated for 48Ca + 208Pb col-
lisions at a center-of-mass energy of 213.7 MeV. The corresponding
excitation energy E∗ of the 256No∗ compound nucleus is 60 MeV.
The capture cross section is calculated using a sharp cutoff approxi-
mation, while the fusion probability is determined using the random
walk method.

are shown as black and red points, respectively. For low
values of angular momentum, the differential fusion cross
section increases at a slower rate than that observed for the
capture process. Additionally, above a certain � value (de-
pendent on the collision energy), a characteristic tail starts to
manifest. This change results from the increasing rotational
energy. For higher partial waves, the number of available

energy levels [see formula (3)], especially for more compact
shapes near the compound nucleus configuration, is lim-
ited, reducing the likelihood of reaching these shapes during
the fusion process. In particular, this applies to the saddle
point, which becomes impassable by the system above a
certain value of angular momentum. The incorporation of
rotational energy at every grid point of the potential energy
surface impacts the trajectories of the random walk, thereby
modulating the transmission probability through the multi-
dimensional fusion barrier. The resulting spin distributions
are realistic, and the proposed approach enables a detailed
investigation of the system’s evolution as a function of angular
momentum.

To determine the effective fusion probability for a given
reaction, one can define the quantity

< Pfus >= 1

(�max + 1)2

�max∑
�=0

(2� + 1) × Pfus(�), (4)

which represents the fusion probability “averaged” over all
angular momenta contributing to the total cross section.

Figure 4 presents a comparison between calculated
< Pfus > values and those derived from experimental data for
the three investigated reactions. It is important to note that the
fusion probability is not a directly measured quantity. The data
from Ref. [13] represent an upper limit of the fusion proba-
bility and were determined by taking the ratios of estimated
fusion cross sections to capture cross sections. The data from
Ref. [14] were obtained by comparing experimental mass
distributions of fission-like fragments with those expected
for compound nucleus fission according to the liquid drop
model. Fusion probabilities from Ref. [15] were determined
by analyzing angular distributions of fission-like fragments.

FIG. 4. The averaged fusion probabilities < Pfus > (solid black lines) calculated using the random walk method for the 48Ca + 208Pb,
50Ti + 208Pb, and 54Cr + 208Pb reactions. Experimental data are taken from Refs. [13–15]. The arrows represent the locations of the mean
entrance channel barrier B0 for each reaction (values taken from Ref. [16]).
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For reactions involving 48Ca and 50Ti, both target and
projectile nuclei are spherical. In the case of the deformed
54Cr projectile, we made the assumption that its shape could
be approximated as spherical. It is anticipated that the defor-
mation of 54Cr will have a minor effect, given its relatively
lighter mass compared to the target nucleus. Additionally,
averaging over all orientations of the projectile and target in
the entrance channel is likely to yield a result similar to that
of two colliding spherical nuclei.

The model provides a reasonable description of the exper-
imental data, reproducing the effect of a systematic reduction
in fusion probabilities associated with the use of heavier pro-
jectiles. This effect is a consequence of the deepening and
widening of the symmetric fission valley as the atomic number
of the compound nucleus increases, making fusion progres-
sively more difficult to achieve as the colliding system’s
symmetry rises. The observed decrease in fusion probability
with increasing beam energy for all reactions can be linked to
a critical angular momentum threshold. This effect becomes

more pronounced at higher energies, when the denominator
in Eq. (4) grows faster than the sum of the partial waves
contributing to fusion.

The results presented in this Letter demonstrate that an
insightful description of superheavy element formation can
be achieved using a simple random-walk method, without the
need for model parameter calibration based on experimen-
tal data. However, it is necessary to ensure, that the system
has access to a wide range of shapes, and the random walk
proceeds on a multidimensional potential energy surface that
accounts for shell effects and rotational energy.
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