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Novel approach to light-cluster production in heavy-ion collisions
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The issue of cluster production in heavy-ion collisions is addressed in a new manner, by implementing cluster
correlation into the quantum molecular dynamics (QMD) transport model. We demonstrate for the first time,
the good potentialities of this popular transport approach in the unified description of light-cluster production
including the deuteron, the triton, 3He, and the α cluster in heavy-ion collisions at intermediate energies. Both
the INDRA and FOPI experimental data of the yields of light clusters and the charge distributions of heavier
fragments are reasonably reproduced in a unified manner. The effects of both the cluster binding energies and
the Pauli repulsion are also shown to play crucial roles in the production of clusters.
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The emergence of clusters is of nontrivial interest,
sometimes central importance, in the study of nuclear
physics [1–8]. In the particular study of heavy-ion collisions
(HICs) at incident energies of tens of MeV to hundreds of
MeV, for instance, the yields of deuterons, tritons, 3He, and
α particles are comparable with or even greater than the yield
of protons [9]. The huge effects of clusters on the equation
of state (EoS) of nuclear matter have already been revealed
in the low-density regime [10]. Thus, the crucial role played
by clusters in the dynamical evolution of the reaction system
is also supposed to have an impact [9,11] on the final-state
observables which furnish probes to the nuclear EoS in the
high-density regime [12–14]. Therefore, cluster is an unavoid-
able aspect which deserves explicit treatments in transport
approaches for HICs. In astrophysical studies, just like the
pasta phase [15–17], the rich cluster contents in dilute and
warm nuclear matter [18–20] also have significant relevance
in the core-collapse of supernovae and the properties and
evolution of compact stars [21,22].

In HICs at higher energies, for example, several
GeV/nucleon at FAIR [23–25], RHIC-STAR [26–28],
NICA [29], and HIAF [30] in the future, hypernuclei are
abundantly created. They furnish interesting laboratories to
study the two- or three-body hyperon interactions which lie
at the heart of the understanding of the structure of com-
pact stars [31,32]. The dynamics of hypernucleus production
in the midrapidity regions may be reasonably reproduced
simply by baryon coalescence in central HICs [28]. How-
ever, light clusters are also copiously produced in the
spectator rapidity regions and in semicentral or peripheral
collisions [33–37]. This is reminiscent of fireball-spectator
fragmentation [37–39] where coalescence is not applicable
and of the interesting formation mechanism of hypernuclei
through the capture of hyperons by spectator clusters [40].
It is, thus, a prerequisite to properly account for the issue
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of clusters in the nonfireball regions [37] which break up at
intermediate energies. This may also open the perspective to
study the nuclear liquid-gas phase transition with hyperons
and the production of hypernuclei of extreme isospin.

In the past and in very recent years, explicit treat-
ment of clusters has well been incorporated into trans-
port models like the anti-symmetrized molecular dynamics
model (AMD) [41,42] or the Boltzmann-Uehling-Uhlenbeck
model [43–50], which are capable of describing the produc-
tion of clusters even up to α [41–43]. They promise excellent
theoretical tools in the study of the various effects of clus-
ters in HICs, for example, the extraction of the high-density
EoS [11], fragment formation [51,52], nucleosynthesis in ul-
trarelativistic HICs [48,50], and so on. It is rather intriguing,
however, to also see similar attempts [53] based on another
popular class of model, the quantum molecular dynamics
(QMD) transport model [54], which accounts for the branch-
ing of the system into different final-state fragment partitions
and is readily applicable to high energies, furnishing excellent
opportunities to investigate the abovementioned cases where
cluster and strangeness join to play an interesting role.

In this Letter, we address the issue of clusters in heavy-
ion collisions from a new perspective, by implementing in
the QMD model the kinetic production of clusters including
deuterons, tritons, 3He, and the α particle for the first time,
leading to a good description of the production of both light
clusters and heavier fragments in a unified manner, as com-
pared to the INDRA [55,56] and FOPI [57] data, furnishing
a starting point to the abovementioned studies. The effects of
both the cluster binding energies and the Pauli repulsion on
clusters [58] have also been shown to play vital roles in the
production of clusters.

In the treatment of cluster production, we follow the
method proposed by Ono in AMD clusters, as documented
in previous articles [41,42]. The basic idea is to include
quantum transition to clustered states up to the produc-
tion of α as possible final states of the scattering between
two nucleons, N1N2. Starting from the nonclustered NN
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scattering final state, repeated steps are taken by construct-
ing the projection operator P̂ = ∑

i j |Pi〉(N−1)i j〈Pi| for the
subspace of clustered states |Pi〉 at each step, to consider
all scattering channels C1 + C2 → C3 + C4 between nucleon-
nucleon, nucleon-cluster, and cluster-cluster in a unified
manner. The actual treatment, however, is much more com-
plicated. Denote the state of the reaction system before NN
scattering as |O〉, and denote the state after ordinary NN scat-
tering without considering clusters and energy conservation
as |P〉. We need to adjust the relative momentum between N1

and N2 in the nonclustered state |P〉 to a new nonclustered
state, |Q〉, from which the energy-conserving clustered final
state can be constructed. If we assume the transition amplitude
of the process to be P(C1 + C2 → C3 + C4)|T ( p̃rel )|2, where
|T ( p̃rel )| is the ordinary NN scattering transition amplitude
evaluated at the average relative NN momentum p̃rel of |O〉
and |Q〉, the differential cross section of the process can be
cast as follows:

dσ

d�
= P(C1 + C2 → C3 + C4)

× vp̃rel

v

|[∂e(k)/∂k]k=p̃rel||
|[∂H (p f )/∂ p f ]p f =prel |

p2
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p̃2
rel

[
dσNN

d�

]
p̃rel

. (1)

Here v is the NN relative velocity in |O〉 and vp̃rel is that under
p̃rel. prel is the relative momentum between N1N2 in |Q〉. e(k)
is the kinetic energy of the two nucleons in free space and
H is the total energy of the reaction system. Both e(k) and
H (p f ) are functions of the relative momentum between N1N2.
The last factor in the expression is the ordinary free-space
differential NN cross section evaluated at p̃rel:
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For the mean-field evolution of the reaction system, we em-
ploy the usual standard form of the Hamiltonian average in the
Lanzhou quantum molecular dynamics (LQMD) model [59],
but with slight modifications as shown in the above equation.
We turn off the surface interaction term between any two
nucleons among each cluster, as indicated by the extra prime
added to the summation in the gsur term, so that all the nucle-
ons within a cluster move as a single object under the surface
potential. The last but two term is a summation over the
zero-point potential energy contributed by each cluster. This
represents the internal quantum kinetic energy of nucleons
within a cluster, and we adopted the form defined in Ref. [60].
But for the width and the smearing parameters defined in
Ref. [60], we take a = 0 fm and b = 2.25 × 2.25 fm2 to
guarantee that no local energy-minima are encountered in the
dissolution of clusters, as is described later. Finally, in the last
but one term, the binding energy of the deuteron is corrected

by artificially adding a term, where Vcorr = 1 MeV, ri is the
relative distance between the wave-packet centers of the two
nucleons, and L = 1.75 fm2 is the wave-packet width parame-
ter tuned here for LQMD to reasonably reproduce the binding
energy of all light clusters. With the above prescription, the
binding energy per nucleon of the deuteron is then 1.15 MeV,
close to the experimental value. Other parameters in the above
equation are α = −226.5 MeV, β = 173.7 MeV, γ = 1.309,
Csym = 38 MeV, gsur = 23 MeV fm2, and ρ0 = 0.16 fm−3.

In the AMD clusters, cluster correlation is only al-
lowed where the nucleon density is above ρcut = 0.125
fm−3 [61]. In AMD or extended quantum molecular dynamics
(EQMD) [60], a very large portion of the nucleon kinetic
energy appears as the quantum zero-point motion of the
Gaussian wave function. For this reason, the centroids of the
nucleons’ wave packets move faster in QMD than in AMD or
EQMD so that it is more difficult to form clusters due to lower
overlap between the wave packets. Meanwhile the density
distribution of the system fluctuates more violently with faster
moving nucleons. Thus, with the same form of in-medium NN
cross section employed [42], to ensure that the same amount
of cluster correlation is seen in both AMD clusters and QMD,
we are forced to adopt a higher density cut ρcut = 0.170 fm−3

in our case.
The fermionic nature of the nucleon is a fundamental as-

pect in the formation and evolution of clusters in HICs. That
the nucleon is a fermion is important in two aspects, mainly
due to the exchange terms in the Hamiltonian average of a
fermionic system. The exchange part of the kinetic energy
term leads to the Pauli repulsion between fermions which
can be mimicked by introducing a Pauli potential [62–64] or
with the method of phase-space constraint [65] in QMD. The
exchange part in the interaction term accounts for the change
of the strength of binding among the nucleons within a cluster
moving in nuclear media (Mott effect). At present, we only
included the Pauli repulsion effect, while the Mott effect is
left for future improvements.

The method of phase-space constraint was proposed by
Papa et al. [65] in their constrained molecular dynamics model
to render the phase-space occupation number f i’s below 1
around every nucleon i in the course of mean-field evolution
by a series of NN scatterings, but this is not viable when
it comes to the case with clusters, since the evolution of
nucleons is not continuous in momentum space with this
method, which would destroy all formed cluster structures.
For a remedy to this deficiency, a more delicate treatment is
in order. We define a phase-space compactness function Ui in
the form of a Pauli potential defined in Ref. [60], to measure
the compactness of nucleons in each phase-space region Pi

defined in the following, and lower Ui continuously by the
technique of frictional cooling [66] under all conserved quan-
tities of the reaction system, until the fi’s are approximately
all below a given bound fboun,i. For each spin-isospin, the Pi’s
are identified by an elaborate minimum spanning tree (MST)
procedure which divides the system into different phase-space
regions by requiring that ki j � 6a

√
L is fulfilled between each

pair of nucleons i and j within an identified phase-space re-
gion, where k2

i j = [a(ri − r j )]2 + [(pi − p j )/2ah̄]2, with a =
0.4 fm−1. For each nucleon i, define a quantity Mi, which we
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may call “marginality,” measuring the closeness of i to the
boundary of the nucleon distribution in space. Mi is the num-
ber of nucleons within a sphere of radius 3

√
L and centered

at i. Then the bound on the phase-space occupation of each
nucleon i is defined as a hyperbolic tangential function,

fboun,i = fboun,l + fboun,u − fboun,l

2
(tanh

Mi − Mu+Ml
2

Mu−Ml
4

+ 1),

(3)

where the upper and the lower values of the bound are
fboun,u = 0.95 and fboun,l = 0.65, and the corresponding
marginalities Mi are Mu = 17 and Ml = 8. In this way, the
process of phase-space constraint acts like a Pauli potential
and the formation of clusters in dilute regions at the disinte-
gration of the system can thus be favored by imposing a tighter
fboun,i which has the tightest value, fboun,l = 0.65, in the most
dilute areas.

For the dissolution of clusters in mean-field evolution, at
the end of each time step of mean-field evolution, an MST
procedure is applied among the nucleons within each exist-
ing cluster, in which an MST criterion ki j � 1.75 is satisfied
between any two nucleons in an MST fragment. If a cluster
is identified as consisting of more than one MST fragment,
the mother cluster is destroyed and the daughter clusters are
registered. For the formation of bigger clusters, an MST pro-
cedure is applied to the entire system with r0 = 3.5 fm and
p0 = 200 MeV/c. If an MST fragment (2 � A � 4) contains,
as its constituents, smaller existing clusters, all the smaller
clusters are destroyed and the MST fragment is registered as
a new existing cluster. In all cases, the conservation of energy
is treated via frictional cooling.

In Fig. 1, we present the numbers of nucleons contained in
the final-state deuterons, tritons, 3He, and α emitted in central
HICs with different reaction systems at Fermi energies. Trian-
gles stand for the results of the model, and solid circles stand
for those of experiments. For the last two reaction systems
on the right-hand side, the experimental data are displayed.
For 129Xe + 118Sn at 50A MeV, the INDRA data [55] are
plotted, and for 197Au + 197Au at 90A MeV, the FOPI data are
plotted [57]. Since in the FOPI data, the multiplicity of α and
3He are not explicitly given for 197Au + 197Au at 90A MeV, we
substitute the α multiplicity of 197Au + 197Au at 120A MeV,
in that the experimental α yield is constant within error bars
around 120A MeV. Hot fragments are all deexcited at 600
fm/c through the GEMINI code. For all the reaction systems
shown here, the yield of α prevails, and for the reaction
systems for which the experimental results are available, the
results of our model agree with the data reasonably. Upon
examining the figure more carefully, it can also be pointed out
that the isospin asymmetries of the reaction systems are also
correctly reflected on the relative yields of tritons and 3He. For
16O + 16O and 40Ca + 40Ca, which are isospin symmetric, the
yield ratio of triton/3He is almost 1, whereas in 129Xe + 118Sn
and 197Au + 197Au, which are neutron rich, this ratio is greater
than 1. When the phase-space constraint is not applied, as
indicated by the black short-dashed line for 129Xe + 118Sn,
the yield of α is almost the same as that of tritons + 3He,
and lower than that of deutrons. When this method is turned

FIG. 1. The numbers of nucleons of each type of cluster, includ-
ing the deuterons (olive), tritons (blue), 3He (wine), and α particles
(magenta), are plotted for the results of the model (solid triangles)
and that of experiments (solid circles), with the INDRA data [55] for
129Xe + 118Sn at 50A MeV and the FOPI data [57] for 197Au + 197Au
at 90A MeV, respectively. The data of α in the latter reaction system
are taken from that of 197Au + 197Au at 120A MeV, as explained in
the text. The results without phase-space constraint (short-dashed
line) and with “flat” phase-space constraint (solid line) are also
plotted for 129Xe + 118Sn at 50A MeV.

on but with the same fboun,i, that is, fboun,i = 0.95 for all
nucleons, as indicated by the black solid line denoted as “flat
constraint,” the yield of α particles almost doubles. And when
we apply a stronger constraint to dilute regions, as described
in the context earlier, the yield of α doubles again to match the
experimental data. This can be attributed to both the global
improvement of phase-space distribution of nucleons across
the entire system and to a complex of factors brought by
the stronger phase-space constraint in dilute regions. These
mainly include the aggregation of smaller clusters and nucle-
ons into bigger clusters, the reduced Pauli-blocking in forming
clusters in scattering, the increased outward Pauli repulsion of
the boundary regions upon α particles [58], and finally, the
interplay among all these effects. For this reaction system, the
time evolutions of all gas-phase clusters are also plotted in
Fig. 2. We observe that above 120 fm/c, the multiplicities
of all clusters already reach approximate constant values;
therefore, concerning the production of clusters, the time cut
to switch from the dynamical stage to the stage of statistical
decay is not so important in our case. In Fig. 3, we show the
charge distributions of fragments reproduced by our model
in comparison with the experimental data, for central HICs
with typical reaction systems. Roughly speaking, our model
gives a reasonable reproduction of the experimental charge
spectra for Z � 2. At higher energies, our model seems to
underestimate the data for fragments of large charge number,
as also seen in the QMD results in Ref. [56]. This is due to the
scheme of centrality selection we adopted here and the fact
that the results presented here are raw and unfiltered [56]. For
129Xe + 118Sn at 50A MeV, the yields of intermediate mass
fragments (IMF), which have more than one nucleon occupy-
ing a spin-isospin state, are underestimated due to a stronger
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FIG. 2. The multiplicities of gas-phase clusters, including the
deuterons (dashed line), the tritons (dot-dashed line), 3He (dot-dot-
dashed line) and the α particles (solid line), are plotted as functions of
the evolution time of the reaction system 129Xe + 118Sn at 50A MeV.
Here the time starts at 10 fm/c when the two nuclei already overlap.

phase-space constraint on the dilute regions, the breeding
place not only for clusters but also for IMF. In the meantime,
the yields of heavy fragments are overestimated as a result
of the lack of fragmentation due to the incompleteness of
our description of the fermionic nature of nucleons. Another
interesting result is that, in our model, the yield of fragments
of Z = 1 are very much lower than the yield without cluster
correlation [56] for 197Au + 197Au, which is a sign that the
missing protons appear in gas-phase clusters. This is most
apparent in 129Xe + CsI at 150A MeV, where the yield of
fragments of Z = 1 is close to the experimental value. In
this particular reaction system, the production of very large
fragments is negligible and the produced fireball ends up more

FIG. 4. The dependence of the yield of light clusters includ-
ing the deuterons (olive), the tritons (blue), 3He (wine), and the α

particles (magenta) on the incident energy as plotted in solid lines
for central 197Au + 197Au collisions, in comparison with the FOPI
data [57]. Here the early results of the AMD cluster [42] are also
displayed as solid stars alongside for comparison.

gaslike, suppressing the spurious emission of nucleons from
hot big fragments, which is due to the semiclassical nature of
QMD. With the above observations, we can hitherto conclude
that our model achieved, in a reasonable and unified descrip-
tion of both the yields of light clusters and heavier fragments,
a first step towards a realistic description of hypercluster pro-
duction in spectator fragmentation.

Finally, in Fig. 4, the dependence of the yields of light
clusters on the incident energy is shown for central HICs
with the reaction system 197Au + 197Au, in comparison with

FIG. 3. The fragment charge distributions in central HICs are plotted as solid lines for various reaction systems in comparison with the
experimental data (solid circles). The experimental results are respectively taken from Ref. [67] for 40Ca + 40Ca, the INDRA data [55] for
129Xe + 118Sn, the FOPI data [57] for 129Xe + CsI, and the INDRA data [56] for all the 197Au + 197Au collisions in the lower panels. For the
model, only the raw (unfiltered) results with centralities selected by an impact parameter cut are given.
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available FOPI [57] data and the early results of AMD clus-
ters [42]. First, we see that at the highest energy, 250A MeV,
our result is very similar to that of AMD clusters, with the
yields of deuterons, tritons, and 3He underestimated, which
is within our expectation since both models employ the same
prescription in the treatment of cluster correlation. Finally, our
model correctly describes the increasing trend of the yield of
deuterons against the incident energy, and the experimental
fact that the yield of α particles is almost a plateau over the
shown incident energy range.

In conclusion, by implementing cluster correlation, a pop-
ular microscopic transport approach QMD is for the first time
shown to be as well powerful in a unified description of the
production of light clusters and heavier fragments in heavy-
ion collisions, which may open the perspective for various
future investigations. A method of continuous phase-space
constraint based on the technique of frictional cooling is
devised and acts like a Pauli potential to improve the phase-
space distribution of nucleons, and facilitates the formation
and emission of clusters through Pauli repulsion during the
course of heavy-ion collisions. The binding energy of clus-
ters is also considered and is important for the description
of cluster production. A reasonable reproduction of both the

experimental light-cluster multiplicities including deuterons,
tritons, 3He, and α particles, and the experimental charge
distributions of heavier fragments are achieved. The isospin
asymmetries of the reaction systems are well reflected on the
triton/3He yield ratio, and as far as light-cluster production
is concerned, the results are insensitive to the time cut to
switch from QMD to the statistical afterburner. The trends
of yields of different kinds of light clusters against incident
energy are correctly reproduced. Imperfect it may be, but this
work adds a valuable contribution to the development of the
QMD model in terms of the study of light-cluster production
in multifragmentation reactions at intermediate energies. This
makes accessible the perspective for various promising future
extensions, for example, hypercluster formation in spectator
fragmentation reactions, in which the QMD model is endowed
with special advantages.
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physics. This work was supported by the National Natural
Science Foundation of China (Projects No. 12175072 and
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University of Technology (Project No. 20210115).
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