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Spin alignment of K∗ induced by strange-baryon density inhomogeneity
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The difference between the spin alignments of K∗ and those of φ at low collision energies is a puzzle raised by
the recent experiments. Unlike the φ meson, K∗, carrying a unit strange charge, should react to strange chemical
potential μS . In this paper, I shall first show that μS is not small in a baryon-rich medium for keeping strange
neutrality, and then derive the spin alignment induced by the gradient of μS using linear response theory, with the
transport coefficients expressed, without any approximation, in terms of the K∗’s in-medium spectral properties
by employing the Ward-Takahashi identity. It turns out that such an effect applies mainly to the particles whose
longitudinal and transverse modes diverge, and induces only the local spin alignment in a static medium. The
magnitudes of these coefficients will be further estimated using the quasiparticle approximation.
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I. INTRODUCTION

The strong magnetic fields and relativistic flows gen-
erated in high energy heavy-ion collisions (HICs) induce
probably the most abundant spin polarization phenomena—
including the chiral magnetic effect [1,2], chiral vortical effect
[3–8], shear induced polarization [9,10], and spin Hall effect
[11,12]—which open a new window for probing the proper-
ties of quark-gluon plasma (QGP). Among these polarization
phenomena, the tensor polarization, or spin alignment, of the
vector mesons is under active investigation and discussion.

Spin alignment, defined as δρ00 ≡ ρ00 − 1/3 with ρ00

being the probability of finding a vector meson in |0〉, charac-
terizes the tendency for the vector mesons to be in |±1〉 or |0〉.
Proposed in 2005 and based on the quark coalescence model,
the spin alignment was considered to have originated from the
polarization of the constituent quarks [13,14], and was fur-
ther estimated with the thermal model as δρ00 ∼ O(ω2/T 2) ∼
O(10−4) in HICs [15], with ω and T representing the vorticity
and temperature of the rotating fireball respectively, under
the assumption that the polarization is purely induced due
to vortical effect. This estimated value is, however, much
smaller than the results of later measurements carried out for
various vector mesons, including K∗, φ, and J/ψ , at the BNL
Relativistic Heavy-Ion Collider (RHIC) and the CERN Large
Hadron Collider (LHC) [16–19].

Substantial efforts have been made to fix the mismatch
between the theoretical estimations and experimental mea-
surements, including improving the quark coalescence model
[20], introducing an exotic fluctuating strong field [21], and
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connecting the spin alignment with the turbulent color fields
[22] or the fluctuating glasma field in the HICs [23]. Among
these theoretical efforts, the discovery of shear induced tensor
polarization (SITP) was made recently via both the linear
response theory [24,25] and the quantum kinetic theory [26],
and is promising to describe the data obtained in Au-Au
collisions at 200 GeV [24]. Furthermore, it is illustrated in
Ref. [24] that the SITP mechanism bridges two key problems
in high energy nuclear physics, i.e., the spin alignment and the
in-medium spectral properties of the vector mesons, making
the former a potential probe of the latter.

Besides the magnitude, the dependencies of the spin align-
ments on the transverse momenta (pT ), centralities, collisional
energies, and particle species are puzzling as well. The pT and
centrality dependencies might be promisingly described in the
SITP scenario with further efforts [24]. In this paper, I will
focus on the species dependence of the spin alignments, i.e.,
the difference between the spin alignments of K∗ and those of
φ, which is enlarged in low energy collisions.

Unlike the φ meson, K∗ carries a unit strange charge, mak-
ing it react to the strange chemical potential μS . Therefore,
the gradient ∂ (βμS ) could contribute to the spin alignments
of K∗, but not to those of φ. It might make the spin align-
ments of the two particle species diverge. Since ∂ (βμS ) is
usually related to the diffusion of strange charge, I would
like to call this effect diffusion induced tensor polarization
(DITP). I would not conclude that the DITP effect is the key
machinery leading to the difference between the K∗ and φ spin
alignments. In fact, it will be pointed out in Sec. IV that the
DITP effect only contributes to the “local” spin alignments in
a static medium, and hence most probably is not the reason
for the observed difference on the “global” spin alignment be-
tween the particle species. But still, it is an interesting effect.
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FIG. 1. The dependence of strange chemical potential μS on
baryon chemical potential μB for a strange neutral system either in
partonic phase or in hadronic phase at various temperatures.

As explained later, DITP could be affected drastically by the
spinodal decomposition [27,28], which makes it a potential
signal of first-order phase transition that has been sought for a
decade in the beam energy scan (BES) experiments [29].

Following the avenue paved in Ref. [24], I will show the
derivation of DITP using linear response theory, with the
corresponding transport coefficients evaluated beyond random
phase approximation. By employing Ward-Takahashi identity
[30], these coefficients can be expressed nonperturbatively in
terms of the meson’s spectral properties, and further estimated
using the quasiparticle approximation. But before the deriva-
tion, I would first like to clarify shortly in the next section that
μS is not negligible in low energy HICs.

II. STRANGE-BARYON CORRESPONDENCE

The significance of μS in low energy HICs can be intu-
itively illustrated by the simulation of Ar+KCl collisions at
1.76 GeV [31], where the produced kaons amount to 50 times
the number of antikaons, which is reasonable, since in such a
baryon rich medium s quarks are more likely to be bound with
diquarks into hyperons, rather than paired with antiquarks into
anti-kaons. From the perspective of the thermal model, a large
ratio NK/NK̄ ∼ exp(2μS/T ) suggests a large μS in these low
energy HICs.

In fact, μS is positively dependent on μB for any strange
neutral system. In the partonic phase, given that an s quark
carries 1/3 baryon charge and −1 strange charge, μS should
be equal to μB/3 so that there are equal numbers of s and s̄
quarks in the system. The contribution from electrical chem-
ical potential is negligible at all collisional energies [32], and
is hence neglected in the above analysis. For a strange neutral
hadron gas composed of all the particle species listed in the
Particle Data Group (PDG) notebook [33], the dependencies
of μS on μB at various temperatures are plotted by the solid
lines in Fig. 1. As shown, in all the thermal equilibrium cases,
μS increases with μB, consistent with the results shown in
Ref. [32], and approaches the partonic limit, i.e., μB/3, at high
temperatures.

The strange-baryon correspondence demonstrated above
suggests not only the significance of the driving force of the
DITP effect, i.e., ∂ (βμS ), in low energy HICs, but also the po-
tential connection between the DITP and the first-order phase
transition, since, as illustrated in Fig. 1, ∂ (βμS ) is positively
dependent on ∂ (βμB), while the latter will be enlarged with
density inhomogeneity generated during a first-order phase
decomposition [27,28], which is observed and quantified by
the density moments in simulations of HICs at BES energies
[34,35]. It makes the DITP effect a potential novel probe of
QCD first-order phase transition.

In the next section, I present the formalism for DITP.

III. DERIVATION OF DITP

The derivation of DITP is based on the linear response
theory, where ∂ (βμS ) plays the role of the driving force and
δρ00 is the response of the system proportional to the driving
force. Before I go further, let me first express δρ00 in terms of
the field operators.

A. Observable

Following Ref. [24], δρ00 is again expressed in terms
of the Wigner function of the vector mesons. In detail, the
single-particle density matrix element ρss′ (p) is defined as
N−1a†

s (p)as′ (p), where a†
s and as are the operators generating

and annihilating a vector meson in the state |s〉, and N is
the normalization factor keeping

∑
s ρss = 1. The annihilating

and generating operators can be further expressed in terms of
the field operators (see, e.g., Chap. 5 in Ref. [36]) using

φ̃μ(p) = (2π )4− 3
2√

2Ep
δ(p0 − Ep)

∑
s

εμ
s (p)as(p), (1)

where Ep =
√

p2 + m2 is the on-shell energy, φ represents
the particle annihilation field, and ε represents the on-
shell covariant polarizer satisfying ε∗

s (p) · εs′ (p) = −δss′ and
εs(p) · p̃ = 0 with p̃ ≡ (Ep, p) representing the on-shell four-
momentum. It finally leads to

ρss′ (p) = N−1εμ
s (p)

∫
d3XWμν (X, p)εν∗

s′ (p),

Wμν (X, p) ≡ Ep

∫
d p0

π
d4yeip·yφ†

μ

(
X − y

2

)
φν

(
X + y

2

)
,

(2)

where W is the Wigner function characterizing the phase
space distribution of the vector mesons, with the integration
on p0 covering only the positive and timelike frequencies
to exclude the contributions from the antiparticle sectors.
The normalization factor can thus be determined, using∑

s εμ
s εν∗

s ≡ P̃μν , as

N = P̃μν

∫
d3XW(μν)(X, p), (3)

where Pμν (p) ≡ −gμν + pμ pν/p2 is the projector orthogonal
to momentum, satisfying P · p = 0, Pμ

μ = −3, and P · P =
−P, and P̃ is a shorthand of P( p̃) satisfying P̃ · εs = −εs.
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Given that εs is real for s = 0, the spin alignment can thus
be written as

δρ00(p) = N−1ε
〈μ
0 (p)εν〉

0 (p)
∫

d3XW(μν)(X, p), (4)

where the parentheses indicate that the tensor is symmetrized
about the indices in the parentheses, i.e., A(αβ ) ≡ Aαβ/2 +
Aβα/2, and the angle brackets indicate that the tensor is also
“made traceless,” i.e., A〈αβ〉 ≡ A(αβ ) − P̃αβ P̃μνAμν/3, result-
ing in ε

〈μ
0 ε

ν〉
0 = ε

μ
0 εν

0 − P̃μν/3.
Equation (4) exhibits a general dependence of spin align-

ment on the Wigner function, whose expectation value can be
decomposed as W = W (0) + W (1) with W (0) and W (1) repre-
senting the thermal expectation value of W and its correction
proportional to the “driving force” respectively. After keeping
the leading order of W (1), one obtains

δρ00 = α0 + N−1
0

[
ε

〈μ
0 ε

ν〉
0 − α0P̃μν

] ∫
d3XW (1)

(μν), (5)

where

α0 = N−1
0 ε

〈μ
0 ε

ν〉
0

∫
d3XW (0)

(μν),

N0 = P̃μν

∫
d3XW (0)

(μν) (6)

characterizes the zeroth order tensor polarization, originating
from the in-medium divergence between the longitudinal and
the transverse modes of the vector mesons, which has been
proposed and studied in Refs. [24,25], and is proven negligible
at least for the φ meson [25]. In the remaining part of this
paper, I shall focus on the second term in Eq. (5) and evaluate
W (1) originating from the gradient ∂ (βμS ) using the linear re-
sponse theory. But before exploring W (1) with linear response
theory, let me end this subsection by mentioning a last point:
in a real HIC, the spatial integration

∫
d3X in Eqs. (4) and (5)

should be replaced with the integration over the hypersurface
at freeze-out.

FIG. 2. The Feynman diagram for calculating 

αβ;μ
W J in Eq. (8).

The fields φ†α and φβ are at the same time, resulting in the sum-
mation on the Matsubara frequency iωl . The momentum flow to jμ

vanishes.

B. Linear response

Following the approach developed by Zubarev [37,38],
W(1) under an inhomogeneous strange charge distribution can
be obtained as

W (αβ )
(1) = − lim

k0→0



αβ;μ
W J (k0, k = 0)

k0

∂μ(βμS )

β
,



αβ;μ
W J (k) ≡

∫
d4xeik·x

[
W (αβ )

(
x′ + x

2
, p
)
, jμ

(
x′ − x

2

)]
.

(7)

After substituting W αβ with the field operators using
Eq. (2), and transforming the commutators in 
 into a Matsub-
ara propagator via an analytical continuation (see, e.g., Chap.
2.4 in Ref. [39]), 
 can be further expressed as the three-point
Green’s function illustrated in Fig. 2 as



αβ;μ
W J (k) = 4Ep

∫
d3y e−ip·y

∫ β

0
d4xeiωnx0−ik·x Im

〈
Tτ φ

†(α
(

x′ + x

2
− y

2

)
φβ )
(

x′ + x

2
+ y

2

)
jμ
(

x′ − x

2

)〉∣∣∣
iωn→k0+i0+

= 4EpT
∑

l

Im

[
S̃(βρ

(
iωn + iωl , p + k

2

)
�̃μ

ρσ

(
iωn + iωl , p + k

2
; iωl , p − k

2

)
S̃σα)

(
iωl , p − k

2

)]
(8)

= 2Ep

∫
C↑+C↓

d p0

2π i
Im

[
S̃(βρ

(
iωn + p0, p + k

2

)
�̃μ

ρσ

(
iωn + p0, p + k

2
; p0, p − k

2

)
S̃σα)

(
p0, p − k

2

)]
coth

p0

2T
,

where S̃ and �̃ represent the nonperturbative meson propa-
gator and vertex for conserved current respectively, with the
Matsubara frequencies ωn and ωl taking discrete values, i.e.,
2πnT and 2π lT . The transition from the summation over ωl

to the integration over p0 at the last equality, with C↑ and C↓
representing the upward and downward integration contours
slightly left and right of the imaginary axis respectively, is
based on the residue theorem as explained in Ref. [39].

Equation (8) is exact, without any approximation. The non-
perturbative propagator S̃ can be further written in the spectral

representation (see, e.g., Chap. 2.4 of Ref. [39]) as

S̃αβ (iωn, p) =
∫

d p0

2π

∑
a=L,T

Pαβ
a (p)Aa(p)

iωn − p0
, (9)

where AL and AT are the spectral functions of the longi-
tudinal and transverse modes of the vector mesons, and PL

and PT defined in Eq. (A1) are the longitudinal and trans-
verse projectors respectively. In vacuum, one should expect
AL = AT ∝ δ(p0 − Ep) for stable particles. However, in a
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thermal medium, the spectral functions will be broadened,
with their peak locations being shifted. Furthermore, AL and
AT might diverge as well, with the difference vanishing
for the zero-momentum particles in the medium rest frame
(MRF). As demonstrated in the Appendix, “longitudinal” and
“transverse” mean being parallel and perpendicular to the
particle’s three-momentum respectively in the MRF, so both

the modes should degenerate for the particles with vanishing
three-momenta.

Under the assumption that there is no pole of p0 in the
vertex �̃μ

ρσ (iωn + p0, p + k
2 ; p0, p − k

2 ), the integration over
p0 in Eq. (8) can be conducted by collecting only the residues
of the poles in S̃ indicated in the denominator of Eq. (9), which
results in a simple relation as follows:

W (αβ )
(1) = (�αβ;μ + ϒαβ;μ)

∂μ(βμS )

T
,

�αβ;μ = T 2Ep

∫
d p0

π

T∑
a,b=L

Aa(p)Ab(p)P(ασ
a (p)Pβ )ρ

b (p)
[
Re �̃μ

ρσ (p; p)
] ∂n

∂ p0
,

ϒαβ;μ = T 2EpP
∫

dω̄ dω̄′

π2

T∑
a,b=L

P(ασ

b (ω̄′, p)Pβ )ρ
a (ω̄, p)

Aa(ω̄, p)Ab(ω̄′, p)

ω̄ − ω̄′

× lim
k0→0

1

2k0
Im

[
�̃μ

ρσ (ω̄, p; ω̄ − k0 − i0+, p) coth
ω̄

2T
− �̃μ

ρσ (ω̄′ + k0 + i0+, p; ω̄′, p) coth
ω̄′

2T

]
, (10)

where n is the Bose distribution function and P represents evaluating the principle value of the integration. Notice that both �

and ϒ are dimensionless.
The contribution from ϒαβ;μ in Eq. (10) vanishes if the vertex �̃ is time reversal symmetric and ∂q0 �̃μ

σρ (p + q; p)|q→0 is real
or if A(ω, p) is analytic in the closed upper half-plane of ω and real on the real axis, where the latter is similar to the assumption
employed in the QCD sum rules [40]. To see the validity of the above statement, one can exchange ω̄ and ω̄′ in the second term
of ϒαβ;μ and obtain

ϒαβ;μ = T 2Ep

T∑
a,b=L

P
∫

dω̄

π
P(αρ

a (ω̄, p)Aa(ω̄, p)P
∫

dω̄′

π
Pβ )σ

b (ω̄′, p)
Ab(ω̄′, p)

ω̄ − ω̄′

× lim
k0→0

1

2k0
Im[�̃μ

ρσ (ω̄, p; ω̄ − k0 − i0+, p) + �̃μ
σρ (ω̄ + k0 + i0+, p; ω̄, p)] coth

ω̄

2T

= −T 2Ep

T∑
a,b=L

P
∫

dω̄

π
P(αρ

a (ω̄, p)Aa(ω̄, p)P
∫

dω̄′

π
Pβ )σ

b (ω̄′, p)
Ab(ω̄′, p)

ω̄ − ω̄′

× ∂k0 Im �̃μ
σρ (ω̄ + k0, p; ω̄, p)

∣∣∣∣
k0→0

coth
ω̄

2T
. (11)

The last equality in Eq. (11) holds since �̃μ
ρσ (ω̄, p; ω̄ −

k0 − i0+, p) = �̃μ
σρ (ω̄ − k0 − i0+, p; ω̄, p) due to time

reversal symmetry, and is further approximately equal
to �̃μ

σρ (ω̄ + k0 − i0+, p; ω̄, p) − 2k0∂k0 �̃μ
σρ (p + k; p)|k→0,

where �̃μ
σρ (ω̄ + k0 − i0+, p; ω̄, p) happens to be the complex

conjugate of �̃μ
σρ (ω̄ + k0 + i0+, p; ω̄, p). Equation (11) hence

vanishes if ∂q0 �̃μ
σρ (p + q; p)|q→0 is real, which holds at least

in vacuum with p and p + q being both on-shell [41,42].
On the other hand, the integration over ω̄′ in Eq. (11) is

condensed in the following short expression:

P
∫

dω̄′

π
Pβσ

b (ω̄′, p)
Ab(ω̄′, p)

ω̄ − ω̄′ ,

which, according to Kramers-Kronig relation or disper-
sion relation (see, e.g., Chap. 10.8 in Ref. [36]), can be

evaluated as

P
∫

dω̄′

π
Pβσ

b (ω̄′, p)
ReAb(ω̄′, p)

ω̄ − ω̄′ = −Pβσ

b (ω̄, p)ImAb(ω̄, p),

P
∫

dω̄′

π
Pβσ

b (ω̄′, p)
ImAb(ω̄′, p)

ω̄ − ω̄′ = Pβσ

b (ω̄, p)ReAb(ω̄, p),

if A(ω, p) is analytic in the closed upper half-plane of ω, and
vanishes, leading to a vanishing ϒαβ;μ as well, if I further
require Im A(ω̄, p) = 0, which sounds reasonable.

So, in the remaining part of the paper, I will get rid of the
contribution from ϒ , and focus on the contribution

W (αβ )
(1) = �αβ;μ ∂μ(βμS )

T
. (12)

C. Nonperturbative vertex

To further evaluate �αβ;μ in Eq. (10), one needs to know
the detailed expression of the vertex �̃ dressed by the thermal
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or quantum loops. Fortunately enough, one does not need to
list and calculate the Feynman diagrams for the dressed vertex
order by order; rather, the vertex �̃ can be determined using
the Ward-Takahashi identity [30,43].

Based on the conservation law and the canonical commu-
tation relation, the vertex of jμ is linked with the propagator
of the charged particle S̃ as

�̃μ
ρσ (p; p) = q∂pμ

S̃−1
ρσ (p), (13)

with q representing the particle charge. For vector mesons,

S̃−1
μν (p) = −p2Pμν − m2gμν − �LPL

μν − �T PT
μν, (14)

where �L and �T represent the longitudinal and transverse
self-energies respectively, which are more fundamental than
the spectral functions. In fact, both AL and AT can be

expressed in terms of the self-energies as

AL/T (p) = 2 Im �L/T

(p2 − m2 + Re �L/T )2 + Im �2
L/T

. (15)

Since both �L and �T are Lorentz scalars, they should be ex-
pressed as functions of two independent scalars, i.e., �L/T =
�L/T (ε, ς ) with ε ≡ u · p and ς ≡ p2, for u representing
the flow velocity. In the MRF, ε = p0 and κ2 ≡ ε2 − ς =
p2 represent the energy and square of the three-momentum,
respectively. Hence, the momentum gradient, presented in
Eq. (13), on the self-energies are

∂pμ
�L/T = ∂ε�L/T uμ + 2∂ς�L/T pμ. (16)

D. General form of DITP

After substituting �̃μ
ρσ in Eq. (10) with Eqs. (13), (14), and

(16), and employing the last identity in Eq. (A2) and then
Eq. (A9), one obtains

�αβ;μ = − qT 2Ep

∫
d p0

π

T∑
a,b=L

AaAb
{
[2pμ(1 + ∂ςRe�a) + uμ∂εRe �a]Pαβ

a δab + Re(�T − �L )P(ασ
a Pβ )ρ

b ∂pμ
PT

ρσ

} ∂n

∂ p0

= − qT 2Ep

∫
d p0

π

⎧⎪⎪⎨⎪⎪⎩
A2

L[2pμ(1 + ∂ςRe �L ) + uμ∂εRe �L]Pαβ
L

+A2
T [2pμ(1 + ∂ςRe �T ) + uμ∂εRe �T ]Pαβ

T

+2εκ−2ALAT Re(�T − �L )u(β
⊥ P̃α)μ

T

⎫⎪⎪⎬⎪⎪⎭
∂n

∂ p0
. (17)

Let me further move all the tensors with indices in Eq. (17) out of the integration by transforming the off-shell tensors and
vectors, including p, u⊥, and PL/T , into the on-shell ones using Eqs. (A4), (A5), and (A6). Given that the α, β indices in Eq. (17)
will eventually be contracted with those of the on-shell polarizers and projectors as demonstrated in Eq. (5), �αβ;μ can be
equivalently decomposed as

�αβ;μ =
(

ϑ
p
L

p̃μ

m
+ ϑu

Luμ

)
P̃αβ

L +
(

ϑ
p
T

p̃μ

m
+ ϑu

T uμ

)
P̃αβ

T + ϑ�u(αP̃β )μ
T , (18)

where the dimensionless scalar transport coefficients, whose values can be evaluated in the MRF, are

ϑ
p
L = −2qmT 2Ep

∫
dε

π
A2

L(1 + ∂ςRe �L )
∂n

∂ε

(
1 + �2κ2

m2ς

)
,

ϑ
p
T = −2qmT 2Ep

∫
dε

π
A2

T (1 + ∂ςRe �T )
∂n

∂ε
,

ϑu
L = −qT 2Ep

∫
dε

π
A2

L(2� + 2�∂ς Re �L + ∂εRe �L )
∂n

∂ε

(
1 + �2κ2

m2ς

)
,

ϑu
T = −qT 2Ep

∫
dε

π
A2

T (2� + 2�∂ς Re �T + ∂εRe �T )
∂n

∂ε
,

ϑ� = 2qT 2Ep

∫
dε

π

ε

κ2
ALAT Re(�T − �L )

∂n

∂ε

(
1 − ε�

ς

)
, (19)

with � ≡ u · (p − p̃) characterizing the deviation of the particle’s energy p0 from its on-shell kinetic energy Ep.
After substituting W (1) in Eq. (5) with Eqs. (12) and (18), and employing the identities in Eqs. (A2) and (A7), one should

finally obtain the spin alignment as

δρ00 = α0 + N−1
0

∫
d3X

[(
ϑ p

sp.

p̃μ

m
+ ϑu

sp.u
μ

)
ε0
〈αε0

β〉P̃
αβ
L + ϑ�ε0

αε0
βu(αP̃β )μ

T − α0

(
ϑ

p
tt .

p̃μ

m
+ ϑu

tt .u
μ

)]
∂μ(βμS )

T
,

ϑ p
sp. ≡ ϑ

p
L − ϑ

p
T , ϑ

p
tt . ≡ ϑ

p
L + 2ϑ

p
T , ϑu

sp. ≡ ϑu
L − ϑu

T , ϑu
tt . ≡ ϑu

L + 2ϑu
T . (20)
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Again, the spatial integration
∫

d3X should be replaced with
the integration over the freeze-out hypersurface. Notice that
all the nonvanishing transport coefficients in Eq. (20), includ-
ing α0, ϑ

p/u
sp. and ϑ�, are mainly originating from the splitting

of the spectral properties between the longitudinal and the
transverse modes. Hence, the DITP effect applies mainly to
the vector mesons whose longitudinal and transverse modes
are different.

Equations (20) and (19) demonstrate the key discovery of
this work. In the next two sections, I shall look into the tensor
structures in Eq. (20) in detail in the MRF, and further estimate
the transport coefficients in Eq. (19) using the quasiparticle
approximation.

IV. CONTRIBUTION TO THE GLOBAL AND LOCAL
SPIN ALIGNMENT

I now evaluate the contributions from each term in Eq. (20)
to the “global” spin alignment, i.e., the spin alignment ob-
tained after integrating out the particles’ three-momentum, or
at least integrating out the orientation of the three-momentum.
One should expect that some terms may vanish after the mo-
mentum (or orientation) integration due to symmetry. Let us
figure out which terms.

In the MRF, under the assumption that all the transport
coefficients are functions of p2 near thermal equilibrium, there
are three tensor structures in Eq. (20) relevant to the mo-
mentum orientation, i.e., ε0

〈αε0
β〉P̃

αβ
L p̃ · ∂ (βμS ), ε0

〈αε0
β〉P̃

αβ
L u ·

∂ (βμS ), and ε0
αε0

βu(αP̃β )μ
T ∂μ(βμS ). The terms proportional to

α0 do not contribute additional tensor structures, since α0 ∝
ε0
〈αε0

β〉P̃
αβ
L [24].

The polarizer ε0 can be expressed explicitly in the MRF as

ε0 = 1

m

(
Ep p

p mI + (Ep − m)p̂p̂

)(
0
ẑ

)
, (21)

where p̂ ≡ p/|p|, and ẑ is the spin quantization axis in the
particle rest frame (PRF). Hence, in the MRF,

ε0
〈αε0

β〉P̃
αβ
L p̃ · ∂ =

[
(p · ẑ)2

p2
− 1

3

]
(Ep∂t + p · ∇),

ε0
〈αε0

β〉P̃
αβ
L u · ∂ =

[
(p · ẑ)2

p2
− 1

3

]
∂t ,

ε0
αε0

βu(αP̃β )μ
T ∂μ = − (p · ẑ)

m
[p̂ × (ẑ × p̂)] · ∇. (22)

All the above terms vanish after the momentum or orientation
integration, indicating that the DITP effect induces only the
“local” spin alignment in a static medium, which is illustrated
intuitively in Fig. 3, where the orientation dependencies of
the spin alignments in a static medium contributed by the
tensor structures listed in Eq. (22) are plotted for the cases
with ∇(βμS ) being perpendicular (left column) and parallel
(right column) to ẑ respectively. A more general orientation
dependencies of the spin alignment induced by DITP in a
static medium is the superposition of the patterns illustrated
in Fig. 3. These orientation dependencies, apparently different
from those generated in the SITP [24] effect, may be regarded
as the signal of the DITP effect and, as demonstrated in Sec. II,
a potential probe of the first order phase transition.

FIG. 3. The momentum orientation dependence of the spin align-
ment induced by the DITP effect contributed by the tensor structure
ε0
〈αε

0
β〉P̃

αβ

L p̃ · ∂ (upper panels) and ε0
αε

0
βu(αP̃β )μ

T ∂μ (lower panels) in
a static and near-equilibrium medium, with the chemical potential
gradient ∇(βμS ) being perpendicular (left column) and parallel
(right column) to the spin quantization axis ẑ, respectively, where
θ represents the angle between p and ẑ, and φ represents the azimuth
relative to ẑ. A more general orientation dependence of the spin
alignment induced by DITP is the superposition of these patterns.

It should be noted that the above discussions apply only to
cases where the spin alignments are counted in a synchronous
bulk. If they are counted on a realistic freeze-out hypersurface,
which means the spatial integration in Eq. (20) is replaced
by
∫

d�α pα [11,24], the DITP effect might contribute to the
“global” spin alignment due to the extra orientation depen-
dence in the integration measure.

V. DITP UNDER QUASIPARTICLE APPROXIMATION

Although the transport coefficients were already given in
Eq. (19), and can thus be evaluated by employing the self-
energies and spectral functions of the vector mesons obtained
systematically via a nonperturbative formalism such as the
functional renormalization group (FRG) method [44], it is still
meaningful to express these coefficients in terms of quantities
with intuitive physical meanings, such as spectral width and
mass shift, using the quasiparticle approximation.

Under the quasiparticle approximation, the self-energies
are modeled as

Im �L/T ∼ Ep�L/T ,

Re �L/T ∼ −2EpEL/T + 2μSε + μ2
S, (23)

with � and E , depending only on p2 in the MRF, represent-
ing the width and mass shift respectively. The terms with
μS originate from transforming p2 → (p0 + μ)2 − p2 in the
denominator of Eq. (15) in the presence of finite chemical
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potential. The momentum derivatives presented in Eq. (16)
reduce to

1 + ∂ς Re � = 1 − F ,

2� + 2�∂ς Re � + ∂ε Re � = 2(� + μS + EpF ),

accordingly, with F ≡ 2∂p2 (EpE ). The spectral function
can thus be written approximately in the Breit-Wigner
form as

AL/T ≈ 2Ep�L/T

4E2
p (� + μS − EL/T )2 + E2

p�
2
L/T

, (24)

which satisfies

Ep

∫
dε

π
A2

L/T = 1

Ep�L/T
,

Ep

∫
dε

π
�A2

L/T = E ′
L/T

Ep�L/T
,

Ep

∫
dε

π
�2A2

L/T =
1
4�2

L/T + E ′2
L/T

Ep�L/T
,

Ep

∫
dε

π
ALAT = �̄

Ep(�̄2 + E2
�)

,

Ep

∫
dε

π
�ALAT = �̄Ē ′ − 1

4��E�

Ep
(
�̄2 + E2

�

) ,

Ep

∫
dε

π
�2ALAT = �L�T �̄ + 2E ′2

T �L + 2E ′2
L �T

4Ep
(
�̄2 + E2

�

) , (25)

where �̄ ≡ (�L + �T )/2 and Ē ≡ (EL + ET )/2 represent the
average spectral width and mass shift, �� ≡ �L − �T and
E� ≡ EL − ET represent the differences of the width and
mass-shift between the longitudinal and transverse modes,
and E ′ ≡ E − μS .

The following discussion is under the conjectured se-
quence of magnitudes that E� ∼ �� � Ē < �̄ ∼ μS ∼ T �
m < Ep, which is justified, e.g., in the one-loop calculation
on the φ meson spectral properties [25], where the E� and
�� turn out to be negligible compared to Ē and �̄, and �̄

is approximately half of the temperature. T � m is apparent
given the huge K∗ mass, and leads to eEp/T � 1 → n � 1
with n being the Bose distribution. The spectral function given
by Eq. (24) is peaked around � ∼ −μS . I therefore expand the
Bose distribution n(Ep + �) around � ∼ −μS as ∂n/∂ε ∼
[−1 + (μS + �)/T ]n∗/T with n∗ ≡ n(Ep − μS ). Further-
more, according to Ref. [25], the mass shift varies slowly with
|p|, which makes F ≡ 2∂p2 (EpE ) ∼ O(E/m) � 1.

The transport coefficients in Eq. (19) can be estimated
by first expanding the integrands up to the second order of
�, evaluating the integrals using Eq. (25), further expanding
the integrated results in terms of O(��/�̄), O(T/m) or the
other ratios at the similar order of magnitude according to
the above conjectured sequence, and keeping only the leading
contributions for each transport coefficient. The results are
listed below as

ϑ p
sp. ≈ − 2qmn∗

Ep

[E�

�̄
+ (T − Ē )��

�̄2
+ �̄2 + 4(Ē − μS )2

4�̄m

(μS − T )p2

m3

]
,

ϑ
p
tt . ≈ 6qn∗

m

Ep

T − Ē
�̄

,

ϑu
sp. ≈ − 2qn∗

[
�̄2 + 4(Ē − μS )2

4�̄m

(μS − T )p2

m3

B̄ + μ

Ep
+ T − Ē

Ep

( B̄ + Ē
�̄

��

�̄
− B� + E�

�̄

)
+ B̄ + Ē

�̄

E�

Ep
+ ��

4Ep

]
,

ϑu
tt . ≈ 6qn∗

[
T − Ē

Ep

( B̄ + Ē
�̄

)
− �̄

4Ep

]
,

ϑ� ≈ − 4n∗Ep(T − Ē )

p2

E�

�̄
, (26)

where B̄ ≡ 2Ep∂p2 (EpĒ ) and B� ≡ 2Ep∂p2 (EpE�).
One can see from Eq. (26) that O(ϑu

sp./ϑ
p
sp.) ∼

O(ϑu
tt ./ϑ

p
tt .) ∼ O(T/m) � 1, and O(ϑ p

sp.) ∼ O(α0ϑ
p
tt .),

O(ϑu
sp.) ∼ O(α0ϑ

u
tt .) since O(α0) ∼ O(E�/T ) [24]. ϑ�

is sensitive to p2 and seems divergent at p2 = 0. Such a
divergence is however an illusion. As demonstrated before,
the longitudinal and transverse modes should degenerate
for the zero momentum particles in the MRF, resulting a
vanishing E� at p2 = 0 as well. On the other hand, according
to equipartition theorem for the nonrelativistic particles,
p2 ∼ 3T m, which makes O(ϑ�) ∼ O(ϑ p

sp.) in the average
sense. To conclude, using the quasiparticle approximation,
the terms with the transport coefficient ϑ

p
sp., α0ϑ

p
tt ., and ϑ�

are the leading contributions to DITP. All these coefficients
are, however, much smaller than the leading ones in the SITP
effect [24].

Meanwhile, similar to the transport coefficients in the SITP
effects [24], all the coefficients in Eq. (26) are T-odd, i.e.,
odd in the spectral width, whose physical meaning will be
demonstrated in the next section.

VI. SUMMARY

In summary, I discovered a new mechanism, called diffu-
sion induced tensor polarization (DITP), contributing to the
spin alignment of the strange (or charged) vector mesons
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with a magnitude proportional to the gradient of the strange
chemical potentials, which is proven to be not small in low
energy HICs. The DITP effect is derived using the linear
response theory, with the transport coefficients evaluated non-
perturbatively, under certain assumptions, by employing the
Ward-Takahashi identity. It turns out that these nonvanish-
ing coefficients mostly originate from the splitting between
the longitudinal and transverse spectral properties, and are
estimated to be much smaller than those of the SITP effect,
using the quasiparticle approximation. The tensor structure
of the DITP effect indicates that it contributes only to the
“local” spin alignment in a static medium, and is hence most
probably elusive in the current experiments where only the
“global” spin alignments are measured. However, this should
not undermine the significance of the DITP effect. Since the
strange chemical potential is proven positively dependent on
the baryon chemical potential for maintaining strange neu-
trality, DITP should also increase with the gradient of the
baryon chemical potential, while the latter shall be drastically
enhanced during the first-order phase transition. Once the
“local” spin alignments are measured, the DITP effect might
be a novel probe of the QCD first-order phase transition.

Future efforts will be made from two aspects. Theoreti-
cally, the transport coefficients defined in Eq. (19) will be
calculated, with the spectral properties being evaluated using
the FRG formalism. Phenomenologically, I shall generate the
temperature and chemical potential distribution on the freeze-
out hypersurface from realistic simulations based on either the
hydrodynamic or the transport models.

This study bridges two key and interesting problems in
high energy nuclear physics, i.e., the spin alignment of the
vector mesons and the properties of the QCD phase transition,
and hence opens new perspectives for improving the under-
standing of both aspects.
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APPENDIX: PROPERTIES OF PROJECTORS

The longitudinal and transverse projectors defined as

Pμν
L ≡ −uμ

⊥uν
⊥

u2
⊥

, Pμν
T ≡ Pμν − Pμν

L , (A1)

with u⊥ ≡ P · u for u representing the flow velocity, take the
components not only perpendicular to the particle momentum,
but also parallel and perpendicular to the flow velocity, respec-
tively, and satisfy the following identities:

P · PL = PL · PL = −PL, P · PT = PT · PT = −PT ,

PL · PT = 0, Pμ
Lμ = −1, Pμ

T μ = −2, Pμ
μ = −3,

p · P(p) = p · PL(p) = p · PT (p) = 0,

P · u = PL · u = u⊥, u · PT = 0,

Pαβ
L uγ

⊥ = Pβγ
L uα

⊥ = Pγα
L uβ

⊥ = · · · ,

Pαρ
a Pβσ

b ∂pμPρσ = 0 fora, b = L or T,

Pαρ
a Pβσ

b ∂pμPL
ρσ = −Pαρ

a Pβσ

b ∂pμPT
ρσ for a, b = L or T .

(A2)

The physical meanings of PT is more transparent in the
medium rest frame (MRF), where u = (1, 0) and

PMRF
L = p2

0

p2

(
v2 v
v p̂p̂

)
, PMRF

T =
(

0 0
0 I − p̂p̂

)
, (A3)

with p̂ ≡ p/|p| being the unit three-vector in the direction of
p, and v ≡ p/p0 being the off-shell particle three-velocity. In
the MRF, PMRF

T takes the spatial components perpendicular to
p; this is the reason why PT is regarded as “transverse.”

Equation (A3) exhibits a key property of PT , i.e., PMRF
T

does not depend on p0, nor on the particle mass. Furthermore,
since a general PT is linked with PMRF

T by a Lorentz boost with
the frame velocity equal to u, i.e., PT = �(u) · PMRF

T · �T (u),
it does not depend on the particle mass in an arbitrary frame
either. Hence,

PT (p) = PT ( p̃) ≡ P̃T , (A4)

with p̃ ≡ (Ep, p) being the on-shell four-momentum. The
connection between PL(p) and P̃L is not as simple as Eq. (A4).
However, if sandwiched by the on-shell polarizers or projec-
tors, PL(p) and P̃L obey the simple relations

ε
〈α
0 PL

αβ (p)εβ〉
0 = ε

〈α
0 P̃L

αβε
β〉
0

(
1 + �2κ2

m2 p2

)
,

P̃αβPL
αβ (p) = P̃αβ P̃L

αβ

(
1 + �2κ2

m2 p2

)
, (A5)

with � ≡ u · (p − p̃), κ2 ≡ (u · p̃)2 − m2 = (u · p)2 − p2.
Similarly,

ε0 · u⊥(p) = −ε0 · u

(
1 − p · u�

p2

)
,

P̃ · u⊥(p) = −P̃ · u

(
1 − p · u�

p2

)
. (A6)

Futhermore, the on-shell projectors obey the identity

ε
〈α
0 P̃L

αβε
β〉
0 = −ε

〈α
0 P̃T

αβε
β〉
0 . (A7)

In the last part, let us look into the momentum deriva-
tive on PT presenting in Eq. (17). Given Eq. (A3), in
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the MRF,

Pαρ
a Pβσ

b ∂pμ
PT

ρσ

= −Pαi
a Pβ j

b

(
δ

μ
i p j

p2
+ δ

μ
j pi

p2
+ 2

pi p j pμ

p4

)
δμ �=0

= p0

(
Pαμ

a Pβ0
b

p2
+ Pα0

a Pβμ

b

p2
− 2

Pα0
a Pβ0

b p0 pμ

p4

)
δμ �=0. (A8)

Equation (A8) can be extended to an arbitrary frame by con-
ducting the following transformation: p0 → u · p, p2 → κ2,
Pμ0

a → Pμν
a uν = 0 (for a = T ) or uμ

⊥ (for a = L), and
V μδμ �=0 → �μνVν with V representing an arbitrary four-
vector and �μν ≡ gμν − uμuν being the flow projector that

takes the components perpendicular to u. Under these trans-
formations, Eq. (A8) are thus extended to

Pασ
T Pβρ

T ∂pμ
PT

ρσ = 0,

Pασ
L Pβρ

T ∂pμ
PT

ρσ = u · p

(
uα

⊥P̃βν
T �μ

ν

κ2

)
= u · p

(
uα

⊥P̃βμ
T

κ2

)
,

Pασ
T Pβρ

L ∂pμ
PT

ρσ = u · p

(
uβ

⊥P̃αμ
T

κ2

)
,

Pασ
L Pβρ

L ∂pμ
PT

ρσ = 2u · p

(
uν

⊥
κ2

+ u2
⊥u · ppν

κ4

)
Pαβ

L �μ
ν = 0.

(A9)
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