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Statistical modeling of the fission process of 197Tl, 217Fr, 224Th, and 254Fm nuclei produced
in heavy ion reactions within the modified statistical model
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Fission processes of the excited compound nuclei 197Tl, 217Fr, 224Th, and 254Fm in a wide range of mass
numbers produced in fusion reactions have been simulated in the framework of the modified statistical model
and different observables were reproduced for these nuclei. In the statistical calculations have been considered
the effects of the projection of the total spin of the compound nucleus onto the symmetry axis K, the temperature
dependence of the location and height of fission transition points, and the classical collective motion of the
excited compound nuclei about the ground state. Furthermore, in the present research, particle binding energies
as a function of deformation of nuclei and subbarrier fission have been considered for more accurate reproduction
of the experimental data. The fission cross section, the evaporation residue cross section, the fission probability,
the average prescission neutron multiplicity, and the anisotropy of fission fragments’ angular distribution have
been calculated for the excited compound nuclei 197Tl, 217Fr, 224Th, and 254Fm. In the statistical simulations,
the scaling factor of the fission barrier height, rs, and the temperature coefficient of the effective potential, k,
were considered as a free parameter. For each reaction the parameters rs and k were adjusted to reproduce
a single fission cross section and a single evaporation residue cross section. It was shown that the results of
calculations are in good agreement with the experimental data by using appropriate values for these param-
eters equal to k = 0.0182 ± 0.0050 MeV−2 and rs = 1.0005 ± 0.0020 for 197Tl; k = 0.0063 ± 0.0040 MeV−2

and rs = 1.0042 ± 0.0015 for 217Fr; k = 0.0060 ± 0.0040 MeV−2 and rs = 1.0050 ± 0.0020 for 224Th; k =
0.0025 ± 0.0015 MeV−2 and rs = 1.0100 ± 0.0014 for 254Fm. Furthermore, by using appropriate values of
parameters k and rs I have calculated the average prescission neutron multiplicity, the fission probability, and
the anisotropy of fission fragments’ angular distribution for the compound nuclei 197Tl, 217Fr, 224Th, and 254Fm.
It was shown that the modified statistical model is well able to reproduce different experimental data, although
at high excitation energies the results of calculations for the neutron multiplicity and the anisotropy of fission
fragments’ angular distribution are slightly lower than the experimental data. It was also shown that, at high
excitation energy, for reproducing the neutron multiplicity one needs to increase the nuclear dissipation. Finally,
from the comparison of the extracted results of parameters k and rs for the compound nuclei 197Tl, 217Fr, 224Th,
and 254Fm, it was shown that the parameter k decreases and the parameter rs increases with increasing mass
number of the compound nucleus.

DOI: 10.1103/PhysRevC.109.064624

I. INTRODUCTION

The study of the fission of highly excited compound nuclei
produced in fusion reactions remains a topic of great interest.
Nuclear fission was discovered in December 1938 by chemists
Otto Hahn and Fritz Strassmann and physicists Lise Meitner
and Otto Robert Frisch [1,2]. After the fission process was dis-
covered, Bohr and Wheeler proposed the standard liquid drop
model to describe the fission process of nuclei [3]. Bohr and
Wheeler in their model assumed that the compound nucleus is
as a mononucleus that equilibrated in all degrees of freedom
with no memory of its formation except the conserved quan-
tities such as energy and angular momentum. In this model
the fission decay width of a fully equilibrated system can be
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determined as follows:

� f = Nt

2πρ
, (1)

where Nt is the number of transition states and ρ is the total
level density of the initial system. By making several simplify-
ing assumptions one can obtain the fission width for a nucleus
with total excitation energy E∗ as

� f = 1

2π

1

ρgs(E∗)

∫ E∗−B f

0
ρsp(E∗ − B f − ε)dε, (2)

where ρgs and ρsp are the level densities at the ground state
and the saddle points, respectively, B f is the fission barrier
height, and ε represents the kinetic energy associated with the
fission distortion. The level density of the nuclear system is
often estimated assuming a weakly interacting Fermi gas [4].
It should be noted that in very high excitation energy or in a
small barrier height the temperatures at the ground and saddle
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points will be equal and so the fission decay width can be
considered as

� f = T

2π
exp

(−B f

T

)
, (3)

where T and B f are the temperature of the nucleus and the
fission barrier height, respectively. Furthermore, the excitation
energy can be low enough and the barrier height large enough
such that the temperatures at the ground state and the saddle
points are significantly different and so the fission decay width
can be given by

� f = Tsp

2π
exp

( −2B f

Tgs + Tsp

)
, (4)

where Tgs and Tsp are the temperature of the compound nu-
cleus at the ground and saddle points, respectively. In the
fission process the slowing effects of nuclear viscosity can be
considered by using the Kramers-modified Bohr and Wheeler
model [5]

� f (K ) = (
√

1 + γ 2 − γ )
h̄ωeq

2π
exp

(
−B f

T

)
, (5)

where γ is the dimensionless nuclear viscosity and can be
given by γ = β/2ωsp, β is the nuclear dissipation and ωeq, ωsp

are the curvatures of the potential energy surface at the equi-
librium and the fission saddle points, respectively. B f , ωeq,
and ωsp are all assumed functions of K . The (

√
1 + γ 2 − γ )

term is commonly referred to as the Kramers reduction fac-
tor. After the Bohr and Wheeler model, many statistical and
dynamical model codes were proposed to describe the fission
process of nuclei and many papers were published according
to these models (see for example Refs. [6–25] and references
therein). In many statistical model codes for simulation of
the fission process of the excited compound nuclei, a scaling
of the fission barrier heights was used and the ratio of the
level density parameters at saddle and equilibrium points and
magnitude of these parameters was considered as free param-
eters. The magnitudes of these parameters usually have been
adjusted by reproducing different experimental data. It should
be mentioned that the fission process of the excited compound
nuclei cannot be accurately modeled by using the ratio of
the level density parameters at saddle and equilibrium points
and the spin dependence of the fission barriers at temperature
equal to zero [6]. Furthermore, the curvature at the ground
states and the fission transition points and the barrier loca-
tions and heights cannot all be determined in a self-consistent
manner as a function of spin, J , projection of spin about the
symmetry axis of the nucleus, K , and temperature of the nu-
cleus. Lestone and McCalla in Ref. [6] introduced a modified
statistical model (MSM) and in this model for removing these
problems they considered other parameters as free parame-
ters which perform similar roles as a scaling of the fission
barrier heights and the ratio of the level density parameters
at saddle and equilibrium points. They considered a scaling
of the modified liquid drop model (MLDM) radii from their
default values to calculate the surface and Coulomb energies
with the parameter rs and the temperature coefficient in the ef-
fective potential formula, k. In their model, they assumed that

the surface energy is proportional to the square of rs, while
the Coulomb energy is inversely proportional to rs. A value
rs = 1 is the standard MLDM with fission barrier heights in
agreement with the finite range liquid drop model (FRLDM).
Raising rs above 1 decreases the Coulomb energy and in-
creases the surface energy. This causes the fission barriers to
increase. It should be mentioned that Lestone and McCalla
in Ref. [6] have pointed out that many statistical codes intro-
duced to describe the fission process are missing three pieces
of physics. Then, they considered the effects of these pieces
of physics in their model. These key pieces of physics are the
calculation of the location and height of fission saddle points
as a function of excitation energy and the incorporation of the
orientation (K state) degree of freedom and the determination
of the total level density of the compound system taking into
account the collective motion of the system about the ground
state position.

The main purpose of this research is to simulate the fission
process of the excited compound nuclei 197Tl, 217Fr, 224Th,
and 254Fm produced in 16O + 181Ta, 19F + 198Pt, 16O +
208Pb, and 16O + 238U reactions, respectively, in the frame-
work of the MSM and determine the appropriate values for the
scaling factor of the fission barrier height and the temperature
coefficient of the effective potential for these nuclei. It should
be mentioned that in the present calculations, particle binding
energies as a function of deformation of nuclei and subbarrier
fission have been considered for more accurate reproduction
of the experimental data.

The present paper has been arranged as follows: The model
and basic equations are described in Sec. II. The results of
calculations are presented in Sec. III. Finally, the concluding
remarks are given in Sec. IV.

II. DETAILS OF THE MODEL

In a simulation of the fission process a compound nucleus
is needed to specify the initial conditions. Generally, the sim-
ulation is started at the position of the ground state with a
temperature corresponding to the initial excitation energy. The
spin value for a compound nucleus can be sampled from a
fusion spin distribution. The spin distributions can be deter-
mined as in Ref. [26],

dσ (J )

dJ
= 2π

k2

2J + 1

1 + exp
( J−Jc

δJ

) , (6)

where Jc is the critical spin and δJ is the diffuseness parame-
ter. The parameters Jc and δJ can be determined by relations
introduced in Ref. [26]. Figures 1(a) and 1(b) show the spin
distributions calculated, for example, for the compound nuclei
224Th and 254Fm produced in 16O + 208Pb and 16O + 238U
reactions, for example, for projectile energies equal to Ec.m. =
80, 90, 100, 110, 120, and 130 MeV.

In a simulation of fission process of a compound nucleus,
the effective potential energy can be determined by [6]

Veff (q, A, Z, J, K, T ) = V (q, A, Z, J, K ) − �a(q)T 2, (7)

where �a is equal to the difference in the level density pa-
rameter at the saddle point and the equilibrium position and
V (q, A, Z, J, K ) is the potential energy. The potential energy
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FIG. 1. The spin distributions calculated for the compound nu-
clei (a) 224Th and (b) 254Fm produced in 16O + 208Pb and 16O + 238U
reactions, for example, for projectile energies Ec.m. = 80, 90, 100,
110, 120 and 130 MeV.

can be calculated as in Refs. [27,28]:

V (q, A, Z, J, K ) = Bs(q)E0
s (Z, A)

+ Bc(q)E0
c (Z, A) + Erot., (8)

where q = r/R0 is deformation parameter, r is the distance
between the centers of masses of the future fission fragments,
and R0 is the radius of the spherical nucleus. A and z are mass
and atomic numbers of the nucleus, respectively. J and K are
spin and projection of spin about the symmetry axis of the nu-
cleus, respectively. Bc(q) and Bs(q) are Coulomb and surface
energy terms, respectively. E0

s and E0
c are, respectively, the

surface and Coulomb energies of the corresponding spherical
system as determined by Myers and Swiatecki [29,30]. In
Eq. (8) Erot is the rotational energy and can be determined
by

Erot = h̄2J (J + 1)

2I⊥(q)
+ h̄2K2

2Ieff (q)
, (9)

where Ieff is the effective moment of inertia. The inverse of
the effective moment of inertia is I−1

eff = I−1
|| − I−1

⊥ . I|| and I⊥
are the momenta of inertia parallel and perpendicular to the
symmetry axis of the fissioning nucleus.

It should be mentioned that the Fermi-gas level density
parameter a is independent of the nuclear shape. However, for
real nuclei the level density parameter is expected to have a

dependence on nuclear shape. If the level-density parameter
is assumed to be as

a(q) = avA + asA
2/3Bs(q), (10)

then the effective potential can be obtained using a (1 − kT 2)
dependence of the surface energy [6],

Veff (q, A, Z, J, K, T ) = Bs(q)E0
s (Z, A)(1 − kT 2)

+ Bc(q)E0
c (Z, A) + Erot., (11)

where k = cSA2/3/E0
S . Töke and Swiatecki [31] obtain cs ≈

0.27 and other estimates of cs give values of k that range
0.007–0.022 MeV−2 [4,32–35]. It should be stressed that cs

is very sensitive to the assumed properties of nuclear matter
and to other approximations [35]. In Eq. (10) Bs(q) is the
surface energy in the liquid drop model and A is the mass
number of the compound nucleus. In Eq. (10) the values of
the parameters av = 0.073 MeV−1 and as = 0.095 MeV−1 are
taken from the work of Ignatyuk et al. [4]. Figures 2(a)–2(c)
show the effective potential calculated, for example, for the
compound nucleus 224Th produced in the 16O + 208Pb reac-
tion as a function of the coordinate q and deferent combination
of J, K, and T. It is clear from Figs. 2(a) and 2(b) that the
height of the effective potential,B f , decreases with increasing
spin of nucleus and also for a given value of spin the height
of the effective potential increases with increasing the value
of K. It is also clear from Fig. 2(c) that the effective potential
decreases with increasing temperature. Figure 3 also shows
the effective potential at T = 1.5 MeV and J = 30h̄ for the
compound nucleus 224Th as a function of the coordinates q
and K .

In simulation of the fission process of a compound nucleus,
the time evolution is followed over small time steps, and the
fate of the system at each time step is decided by a Monte
Carlo sampling of the decay widths of various channels. In
other words, at each time step are calculated the decay widths
for emission of light particles n, p, α, γ and the decay width
for the fission event. Furthermore, the probabilities of decay
via different channels can be calculated by using a standard
Monte Carlo cascade procedure where the kind of decay se-
lected with the weights �v/�tot (v = n, p, α, γ , fission) and
�tot = �n + �p + �α + �γ + � f . This procedure simulates
the law for radioactive decay for the different particles. This
procedure allows for multiple emissions of light particles and
a higher chance of fission. The loss of angular momentum is
taken into account by assuming that a neutron carries away 1h̄,
a proton 1h̄, an α particle 2h̄, and a γ quantum 1h̄. After each
emission act of a particle of kind v = n, p, α, γ the kinetic
energy of the emitted particle is calculated by a hit and miss
Monte Carlo procedure. The particle decay width of a particle
of kind ν can be calculated as in Ref. [36],

�v (E∗, J ) = (2sv + 1)

2πρc(E∗, J )
×

∫ E∗−Bv

0

∑
l

Tl (εv )

×
I=|J+l|∑
I=|J−l|

ρR(E∗ − Bv − εv, I )dεv, (12)
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FIG. 2. The effective potential for the compound nucleus 224Th
produced in 16O + 208Pb reaction as a function of the coordinate q
for (a) different values of J at T = 2 MeV and K = 0h̄, (b) J = 60h̄,
T = 2 MeV and different values of K, and (c) J = 0h̄, K = 0h̄ and
different values of T . Bf is the effective fission barrier height.

where ε, sv , and l are the kinetic energy, spin, and orbital
angular momentum of the emitted particle, Bv is the liquid
drop binding energies of the emitted particle v, ρc and ρR are
the level densities of the compound and residual nuclei, and
Tl is the transmission coefficient. Particle binding energies as
a function of deformation can be calculated by

Bv (q) = Mp(q) − Md (q) − Mv, (13)

where Mv with v = n, p, α is the mass of the emitted particle.
Mp(q) and Md (q) are the masses of the mother and daughter
nuclei, respectively. The mass of a deformed nucleus is deter-
mined in terms of the Coulomb energy Bc(q) and the surface

FIG. 3. The effective potential at T = 1.5 MeV and J = 30h̄ for
the compound nucleus 224Th produced in 16O + 208Pb reaction as a
function of the coordinates q and K .

energy Bs(q). The deformation dependence of the charged-
particle emission barriers can be determined as in Ref. [26]
by Vc(q) = VvBc(q), where Vv = [(Z − Zv )ZvKv]/(Rv + 1.6)
with Kv = 1.15 for protons and 1.32 for α particles. Rv =
1.21[(A − Av )1/3 + A1/3

v ] + (3.4/ε
1/2
v )δv,n, where Av and εv

are the mass number and the kinetic energy of the emitted
particle v = n, p, α. Figure 4 shows the change in neutron,
proton, and α-particle binding energies as a function of q
relative to the spherical binding energies, for example, for
the compound nucleus 224Th. It is clear from Fig. 4 that
the neutron binding energies decreases slightly while the
proton and alpha particle binding energies increase rapidly
with deformation. Such behavior is expected, because for a
fixed deformation the removal of a neutron causes a slight
decrease in the nuclear deformation energy, while the removal
of charges causes a rapid increase. It should be noted that
the charged particles’ emission probability decreases with

FIG. 4. Variation of binding energy of neutron, proton, and α

particle as a function of q relative to the spherical binding energies
for the compound nucleus 224Th.
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increasing deformation of the compound nucleus 224Th. Con-
sequently, the neutron emission probability increases relative
to the charged particle emission probability.

The γ -ray decay width at each time step is calculated as in
Ref. [37],

�γ
∼= 3

ρc(Eint )

∫ Eint

0
dερc(Eint − ε) f (ε), (14)

where ε is the energy of the emitted γ -ray and f (ε) is
calculated by

f (ε) = 4

3π

e2

h̄c

1 + k

mc2

NZ

A

�Gε4

(�Gε)2 + (
ε2 − E2

G

)2 , (15)

with �G = 5 MeV, EG = 80 A−1/3, k = 0.75 [38], and �G and
EG are the width and position of the giant dipole resonance,
respectively. The intrinsic excitation energy for a rotating
system can be given by

Eint = E∗ − Veff (q) − Erot. (16)

The fission decay width for a system with fixed spin K
about the symmetry axis can be determined by Eq. (5). The
full fission decay width can be obtained by summing over all
possible K [6],

� f =
∑J

K=−J P(K )� f (K )∑J
K=−J P(K )

, (17)

where P(K ) is the probability that the system is in a given K
and it can be determined by

P(K ) = T

h̄ωeq
exp

(
−Veq

T

)
, (18)

where Veq is the potential energy at the equilibrium
position.

It should be mentioned that in the present research tun-
neling effects have been also considered for description of
the fission process of nuclei, when the energy of the com-
pound system is smaller than the energy of the fission barrier,
because the tunneling effect plays an important role in this
energy region. The subbarrier fission decay width for nuclei
can be determined as in Ref. [19]. The level density of a
spherical system and a deformed system can be determined
as in Ref. [6]

Figure 5 shows the n, p, α,γ and fission decay widths as
a function of excitation energy calculated, for example, for
the compound nuclei 224Th and 254Fm. It can be seen from
Fig. 5 that the decay widths are rapidly increased by excitation
energies in the range of E∗ < 40 MeV . It is also observed that
the neutron widths are also larger than those of the proton and
alpha emissions.

In the present statistical model, the fission cross section is
determined in terms of the fusion cross section,

σFiss =
∑

J

σFus(J )
� f

�tot
. (19)

The total fusion cross section can be calculated from

σFus =
∑

J

dσFus(J )

dJ
, (20)

FIG. 5. Comparisons of the decay widths of the light particle
emissions and the fission width as a function of excitation energy
calculated for the compound nuclei (a) 224Th and (b) 254Fm.

where the spin distribution of the compound nucleus can be
considered by Eq. (6). The fission probability Pf can also
be calculated by the relation Pf = Nfiss/(Nfiss + Neva ) where
Nfiss is the number of fission events and Neva is the number of
evaporation residue events.

The anisotropy of fission fragment angular distribution can
be calculated in the framework of the saddle point transition
model (SPTS) [39–42]. In analyzing the fission fragment an-
gular distributions, it is usually assumed that fission fragments
travel in the direction of the symmetry axis of the nucleus.
Consequently, the fission fragment angular distributions can
be determined by three quantum numbers: J,M,K, where J is
the spin of a compound nucleus, M is the projection of J on
the axis of the projectile ion beam, and K is the projection of
J on the symmetry axis of the nucleus. In the case of fusion
of spinless ions, the magnitude of M is equal to zero. At fixed
values of J and K, the angular distribution can be determined
as follows:

W (θ, J, K ) = (J + 1/2)
∣∣dJ

M=0,K (θ )
∣∣2

, (21)

where θ is the angle between the beam axis and the nuclear
symmetry axis and function dJ

M,K (θ ) can be defined as in
Ref. [40]. At high values of J , W (θ, J, K ) can be approxi-
mated as

W (θ, J, K ) ≈ J + 1/2

π
[(J + 1/2)2 sin 2θ − K2]1/2. (22)
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The fission fragments’ angular distribution can be calcu-
lated by averaging Eq. (22) over the quantum numbers J and
K as follows:

W (θ ) =
∞∑

J=0

σJ

J∑
K=−J

P(K )W (θ, J, K ), (23)

where P(K) is the distribution of the compound nuclei over
K. In the SPTS model this function can be determined by
the Boltzmann factor exp(−Erot/T ) [42] at the saddle point.
Therefore, the equilibrium distribution with respect to K can
be expressed as

Peq(K ) = exp
[− K2/

(
2K2

0

)]
∑J

K=−J exp
[− K2/

(
2K2

0

)] , (24)

where variance of the equilibrium K distribution, K0, is given
by the expression K2

0 = (T/h̄2)Ie f f where T is the nuclear
temperature. It can be shown that the anisotropy of fission
fragment angular distribution can be given by the approximate
relation

A = 〈W (180◦)〉
〈W (90◦)〉 ≈ 1 + 〈J2〉

4K2
0

. (25)

III. RESULTS AND DISCUSSION

In the framework of the MSM have been simulated fission
process of the excited compound nuclei 197Tl, 217Fr, 224Th,
and 254Fm produced in 16O + 181Ta, 19F + 198Pt, 16O +
208Pb, and 16O + 238U reactions, respectively. The fission
cross section, the evaporation residue cross section, the fission
probability, the average prescission neutron multiplicity, and
the anisotropy of fission fragments’ angular distribution have
been calculated for the excited compound nuclei 197Tl, 217Fr,
224Th, and 254Fm. It should be mentioned that in the present
calculations, particle binding energies as a function of defor-
mation of nuclei and subbarrier fission have been considered
for more accurate reproduction of the experimental data. In
the statistical calculations, the nuclear dissipation is consid-
ered equal to 3 × 1021 s−1, a value that is consistent with theo-
retical and experimental estimates [26,43,44]. Furthermore, in
the calculations the parameters k and rs are adjusted to repro-
duce a single fission and residue cross sections. Figures 6(a),
6(b), 7(a), 7(b), 8(a), 8(b), 9(a), and 9(b) show the results of
the calculations for the fission and evaporation residue cross
sections and the cross sections for the formation of evapora-
tion residues in the 2n, 3n, 4n, and 5n channels in 16O + 181Ta,
19F + 198Pt , 16O + 208Pb, and 16O + 238U reactions.

It can be seen from Figs. 6(a), 6(b), 7(a), 7(b), 8(a),
8(b), 9(a), and 9(b) that the results of the calculations are in
good agreement with the experimental data by using values
of k = 0.0182 ± 0.0050 MeV−2 and rs = 1.0005 ± 0.0020
for 197Tl; k = 0.0063 ± 0.0040 MeV−2 and rs = 1.0042 ±
0.0015 for 217Fr; k = 0.0060 ± 0.0040 MeV−2 and rs =
1.0050 ± 0.0020 for 224Th; k = 0.0025 ± 0.0015 MeV−2 and
rs = 1.0100 ± 0.0014 for 254Fm. It is clear from Figs. 6(a),
7(a), 8(a), and 9(a) that at higher projectile energies the fission
cross section reaches a constant value. This is because with in-
creasing projectile energy the prescission particle multiplicity

FIG. 6. The results of (a) the fission cross section and (b) the
evaporation residues cross section for the 16O + 181Ta reaction calcu-
lated considering k = 0.0182 ± 0.0050 MeV−2 and rs = 1.0005 ±
0.0020. The solid symbols are experimental data [45–47].

increases and each emission of a light particle carries away
angular momentum and excitation energy, therefore fission
barrier height of the residual nucleus increases and conse-
quently the fission event becomes less and less probable.

In the present research, the average prescission neutron
multiplicity, the anisotropy of fission fragments angular dis-
tribution, and the fission probability have been calculated for
the excited compound nuclei 197Tl, 217Fr, 224Th, and 254Fm
to evaluate the estimated values for the parameters k and rs.
Figures 10(a)–10(d) show the results of the calculations for
the average prefission neutron multiplicities for the nuclei
197Tl, 217Fr, 224Th, and 254Fm. It is clear from Figs. 10(a)–
10(d) that the experimental data of the neutron multiplicities
for the nuclei 197Tl, 217Fr, 224Th, and 254Fm can be satisfac-
torily reproduced by considering appropriate values for the
parameters k and rs, although at high excitation energies the
results of calculations are slightly lower than the experimental
data. This is probably due to the compound nuclei at high
excitation energy being formed with a larger value of spin
and temperature, thus the fission barrier height will be reduced
[see Figs. 2(a) and 2(c)] and therefore the neutron multiplici-
ties are slightly reduced. For reproducing experimental data
of the neutron multiplicities at high excitation energy, the
magnitude of the nuclear dissipation can be increased.

It is clear from Figs 10(a)–10(d) that the experimental
data at high excitation energy can be reproduced by using
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FIG. 7. The results of (a) the fission cross section and (b) the
evaporation residues cross section for the 19F + 198Pt reaction calcu-
lated considering k = 0.0063 ± 0.0040 MeV−2 and rs = 1.0042 ±
0.0015. The solid symbols are experimental data [48,49].

the magnitude of nuclear dissipation equal to 5 × 1021 s−1.
It should be noted that using appropriate values for the
parameters k and rs is very important for reproducing
experimental data. The importance of considering
these parameters in calculations can be investigated by
reproducing experimental data by using k = 0 and rs = 1. In
Figs. 10(a)–10(d), the results of calculations for pressision
neutron multiplicity calculated by using k = 0 and rs = 1
were also included. It is clear from Figs. 10(a)–10(d) that by
using k = 0 and rs = 1 the experimental data on pressision
neutron multiplicity cannot be reproduced satisfactorily, and
the amounts of computational data for 197Tl, 217Fr, 224Th,
and 254Fm are less than the experimental data. Figures 11(a),
11(b), and 12 also show the results of anisotropy of the fission
fragment angular distribution as a function of projectile
energy and scattering angle for 224Th and 254Fm nuclei.

It can be seen from Figs 11(a), 11(b), and 12 that the
difference between the calculated data and experimental data
calculated by using appropriate values of the parameters k
and rs is small, although at higher projectile energies the
calculated data are slightly lower than the experimental data.

In the present investigation the fission probability has been
also calculated for the excited compound nucleus 224Th with
considering k = 0.0060 ± 0.0040 MeV−2 and rs = 1.0050 ±
0.0020. Figure 13 shows the fission probability for 224Th as
a function of excitation energy. It can be seen from Fig. 13

FIG. 8. The results of (a) the fission cross section and (b) the
cross section for the formation of evaporation residues in the 2n
and 3n channels in the 16O + 208Pb reaction calculated considering
k = 0.0060 ± 0.0040 MeV−2 and rs = 1.0050 ± 0.0020. The solid
symbols are experimental data [50,51].

that the calculated data calculated by using appropriate values
for the parameters k and rs satisfactory reproduced the exper-
imental data.

It is clear from Fig. 13 that at low excitation energies the
results of calculation are slightly lower than the experimental
data. This could probably be due to not considering shell
effects in the present calculations.

Finally, it would be useful to compare the extracted values
of the parameters k and rs for the compound nuclei 197Tl,
217Fr, 224Th, and 254Fm which are studied in the present re-
search. Figures 14(a) and 14(b) show the extracted values of
the parameters k and rs as a function of compound nucleus
mass number. It is clear from Fig. 14 that the parameter k
decreases and the parameter rs increases with increasing mass
number of the compound nucleus.

IV. CONCLUSIONS

In the framework of the MSM have been simulated
the fission process of the excited compound nuclei 197Tl,
217Fr, 224Th, and 254Fm produced in 16O + 181Ta, 19F +
198Pt , 16O + 208Pb, and 16O + 238U reactions, respectively.
The effects of the projection of the total spin of the com-
pound nucleus onto the symmetry axis, the temperature
dependence of the location and height of fission transition
points, and the classical collective motion of the excited
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FIG. 9. The results of (a) the fission cross section and (b) the
cross section for the formation of evaporation residues in the 4n
and 5n channels in the 16O + 238U reaction calculated considering
k = 0.0025 ± 0.0015 MeV−2 and rs = 1.0100 ± 0.0014. The solid
symbols are experimental data [52,53].

compound nuclei about the ground state have been con-
sidered in the statistical calculations. Furthermore, in the
present research particle binding energies as a function of
deformation of nuclei and subbarrier fission have been con-
sidered for more accurate reproduction of the experimental
data. In the statistical calculations, the temperature coeffi-
cient of the effective potential and the scaling factor of the
fission barrier height were considered as a free parameter
and their magnitudes were adjusted to reproduce a sin-
gle fission cross section and a single evaporation residue
cross section. It was shown that appropriate values for the
temperature coefficient of the effective potential and the
scaling factor of the fission barrier height for the excited
compound nuclei 197Tl, 217Fr, 224Th, and 254Fm are equal
to k = 0.0182 ± 0.0050 MeV−2 and rs = 1.0005 ± 0.0020
for 197Tl; k = 0.0063 ± 0.0040 MeV−2 and rs = 1.0042 ±
0.0015 for 217Fr; k = 0.0060 ± 0.0040 MeV−2 and rs =
1.0050 ± 0.0020 for 224Th; k = 0.0025 ± 0.0015 MeV−2 and
rs = 1.0100 ± 0.0014 for 254Fm. In the present research,
the average prescission neutron multiplicity, the anisotropy
of fission fragments angular, and the fission probability
have been calculated for the excited compound nuclei
197Tl, 217Fr, 224Th, and 254Fm to evaluate the estimated val-
ues for the parameters of k and rs. Comparison of the
calculations data with the experimental data has shown that

FIG. 10. The results of the prefission neutron multiplicities as a
function of projectile energy for the excited compound nuclei 197Tl,
217Fr, 224Th, and 254Fm calculated considering appropriate values for
the parameters k and rs (dashed lines) and considering k = 0 and
rs = 1 (dotted lines). The solid circles are experimental data [54–56]
and the solid squares are the results of calculations based on the
systematics [57].

064624-8



STATISTICAL MODELING OF THE FISSION PROCESS … PHYSICAL REVIEW C 109, 064624 (2024)

FIG. 11. The results of anisotropy of the fission fragment angular
distribution as a function of projectile energy for the compound
nuclei (a) 224Th and (b) 254Fm. The solid circles are experimental
data [50,52,58–60].

FIG. 12. The results of fission fragment angular distributions as
a function of scattering angle at bombarding energy Elab = 90 MeV
for the excited compound nucleus 254Fm. The filled circles are exper-
imental data [52].

FIG. 13. The results of fission probability as a function of exci-
tation energy for the compound nucleus 224Th. The solid circles are
experimental data [52,61].

the MSM is well able to reproduce the experimental data
for the excited compound nuclei 197Tl, 217Fr, 224Th, and
254Fm by using appropriate values for the parameters k and
rs, although at high excitation energies the results of cal-
culations for the neutron multiplicity and the anisotropy of
fission fragments angular distribution are slightly lower than
the experimental data. Furthermore, at low excitation energies

FIG. 14. The extracted values of the parameters k and rs for the
compound nuclei 197Tl, 217Fr, 224Th, and 254Fm (solid circles). The
shaded areas represent the variation of the parameters k and rs with
the compound nucleus mass number.
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the results of calculations for fission probability were also
slightly lower than the experimental data. Finally, from the
comparison of the extracted results of parameters k and rs

for the compound nuclei 197Tl, 217Fr, 224Th, and 254Fm, it
was shown that the parameter k decreases and the parameter
rs increases with increasing mass number of the compound
nucleus.
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