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Extensive elastic scattering data measured at energies around 10 to 20 MeV /nucleon for some light identical
systems, like '2C+'2C and 0+ '°Q, were shown to exhibit the nuclear rainbow pattern of broad Airy
oscillations of the elastic scattering cross section at medium and large angles. Because of the identity of the
scattered projectile and recoiled target, the smooth rainbow pattern at angles around and beyond 6., & 90°
is strongly deteriorated by the boson exchange in the '2C + '2C and 0+ '°0O systems at low energies. The
exchange symmetry of two identical nuclei implies the Mott interference of the direct and exchange scattering
amplitudes, which destroys the nuclear rainbow pattern. The nuclear rainbow features in the elastic scattering of
two identical nuclei have been discussed so far based on the nearside-farside (NF) decomposition of the scattering
amplitude given by an optical model calculation neglecting the projectile-target exchange symmetry. Moreover,
the NF decomposition method was developed in the 1970s by Fuller for nonidentical dinuclear systems only, and
the details of how the exchange symmetry of an identical system affects the evolution of nuclear rainbow remain
unexplored. For this purpose, the Fuller method is generalized in the present work for the elastic scattering of
two identical (spin-zero) nuclei, with the projectile-target exchange symmetry taken explicitly into account.
The results obtained for elastic '>C + >C and 0 + %0 scattering at low energies show that the exchange
symmetry results in a symmetric interchange of the nearside and farside scattering patterns at angles passing
through 6., = 90°, which requires a more subtle interpretation of nuclear rainbow. We found further that a
similar NF interchange also occurs in a nonidentical nucleus-nucleus system with the core-core symmetry at
low energies, where the elastic cross section at backward angles is due mainly to the elastic transfer of cluster
or nucleon between two identical cores. This interesting effect is illustrated in the elastic '°0 + '?C scattering
at low energies where the elastic « transfer between two 2C cores has been proven to enhance the elastic cross

section at backward angles.
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I. INTRODUCTION

Elastic heavy-ion (HI) scattering is usually associated with
strong absorption with the scattering cross section displaying
a typical diffraction pattern at forward angles and falling down
rapidly at larger angles [1]. Such a diffraction pattern results
mainly from the surface scattering of the incident wave, and it
can be described by different choices of the optical potential
(OP), illustrating the well-known ambiguity of the HI optical
potential [1,2]. However, many «-nucleus and several light HI
systems were found to be quite weakly absorbing, enabling
the (refractive) nuclear rainbow pattern to appear at medium
and large scattering angles [2,3]. Such a rainbow pattern
originates from the refraction of incident wave at smaller
(subsurface) impact parameters that shows up in the scattering
cross section at larger angles if the absorption is weak (see
Fig. 1). As a consequence, the observation of nuclear rainbow

“phuc.nguyenhoang @phenikaa-uni.edu.vn

2469-9985/2024/109(6)/064606(10)

064606-1

allows us to probe the nucleus-nucleus interaction at both the
surface and subsurface distances, and to determine the real
nucleus-nucleus OP with much less ambiguity (see, e.g., the
topical review [3] for more details).

To motivate the present study, we briefly recall the main
features of the nuclear rainbow phenomenon. When the ab-
sorption is weak, the interference pattern of scattering waves
attractively refracted by the target (serving as a nuclear liquid
drop) turns out to be analogous to the interference of light
rays refracted by a water droplet that causes the atmospheric
rainbow. As schematically illustrated in Fig. 1, the trajectories
incident at the subsurface impact parameters are attractively
refracted to the far side of the scattering center [4,5], and the
interference of the two subamplitudes of the farside scattering
(fr> and frp.) gives rise to a broad oscillation pattern of
elastic scattering cross section, which is a microscopic replica
of the Airy oscillation pattern of the refracted light rays of
atmospheric rainbow [3,6]. Thus, the key to identify a nuclear
rainbow is the Airy oscillation of the farside cross section in
elastic nucleus-nucleus scattering, especially, the first Airy
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FIG. 1. Schematical view of trajectories of the incident wave
scattered by nuclear OP at the surface and sub-surface impact param-
eters, to the nearside and farside of the scattering center, respectively.
fr> and frp_ are the farside subamplitudes with £ > €r and € < fg,
respectively, where (g is the angular momentum at the rainbow point
(see discussion in text).

minimum Al followed by a shoulder-like bump in elastic
scattering cross section at medium and large angles [3,6,7].

The farside scattering pattern can be revealed by de-
composing the elastic scattering amplitude into the internal
component that penetrates the Coulomb + centrifugal barrier
into the interior of the real OP, and the barrier component that
is reflected from the barrier [8,9].

A more popular, alternative interpretation of the farside
scattering is based on the decomposition of the elastic scat-
tering amplitude into the nearside and farside components,
using the method originally developed by Fuller [10] which
is referred to hereafter as the nearside-farside (NF) decom-
position. The Airy oscillation pattern of the nuclear rainbow
is formed by an interference of the outer (fr-) and inner
(fr<) subamplitudes of the farside scattering. The fr. and
fr~ subamplitudes represent the contributions to the same
scattering angle 6 of the (farside) partial waves with angu-
lar momenta £ > ¢g and ¢ < {R, respectively, where €y is
the angular momentum at the minimum of the deflection
function, the rainbow point [11] that determines the corre-
sponding rainbow angle ® in the observable angular range
(0° < ®g < 180°) [12]. The scattering to angles 6 > O, i.e.,
to the dark side of the rainbow, is classically forbidden. The
location of ®g is shifting from large scattering angles at low
energies to medium angles of ®r ~ 40°-60° at energies ap-
proaching Fermi domain of around 20 MeV /nucleon, where
pronounced nuclear rainbow patterns have been observed [3].
It is complementary to note that ®r ~ 138° for the refracted
light rays of atmospheric rainbow [4]. In elastic HI scattering,
the fr. subamplitude of the farside scattering is often sup-
pressed by the absorption, and the Airy oscillation pattern of
nuclear rainbow disappears. Therefore, a weak absorption is a
prerequisite for the formation and observation of nuclear rain-
bow. As mentioned above, the observation of the (refractive)
nuclear rainbow pattern provides an important database for
studies of the nucleus-nucleus interaction at low and medium
energies [2,3]. Because a nuclear rainbow is formed mainly
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FIG. 2. Kinematical illustration of the direct and exchange scat-
tering of two identical nuclei.

by the farside trajectories refracted by a strongly attractive
nucleus-nucleus OP, the nuclear rainbow pattern is absent in
elastic electron-nucleus or nucleon-nucleusscattering where
the scattering potential is not attractive enough to give rise
to the farside scattering [6]. Thus, the nuclear rainbow can
appear only in the refractive «-nucleus or nucleus-nucleus
scattering which is governed by the deep attractive real OP [3].

The nuclear rainbow pattern has been shown mainly so
far by using the Fuller decomposition method [10]. However,
this method was formulated for a nonidentical dinuclear sys-
tem only, and how the projectile-target exchange symmetry
of an identical system affects the nuclear rainbow pattern
remains unexplored. For this purpose, we have generalized,
in the present work, the Fuller method for the elastic scatter-
ing of two identical (even-even) nuclei, taking into account
exactly the projectile-target exchange symmetry. The gen-
eralized method is then used to study the nuclear rainbow
pattern in elastic '>C + '2C and '°0 + '°Q scattering, which
was proven to be strongly refractive [3,13-18]. Because of
the identity of two nuclei, the detector cannot distinguish
between the scattered projectile (in the direct scattering) and
recoiled target (in the exchange scattering) as illustrated in
Fig. 2, and the total scattering wave function of an identi-
cal nucleus-nucleus system must be composed of both the
direct and exchange components. Then, the total wave func-
tion becomes symmetric or antisymmetric with respect to the
projectile-target exchange [19] for the integer or half-integer
nuclear spin, respectively,

Vil (r) ~ [W(r) £ W(=r)], r =1 — 1. ey

As a result, the total elastic scattering (ES) amplitude is also
symmetric or antisymmetric in the same manner with respect
to the projectile-target exchange [12]

Jes(@) = fmou (@) + f(O) £ f(r —60), 0 =0cm. (2

where fyon(6) is the Coulomb scattering amplitude of two
identical ions, known as the Mott scattering amplitude [19],
f(@) and f(wr — 0) are the direct and exchange nuclear scat-
tering amplitudes. The symmetrization or antisymmetrization
procedure (2) is commonly available in different OM or
coupled-channel codes [20-22]. A typical example is the
elastic '2C + 2C scattering data measured at Ej, = 112 MeV
shown in Fig. 3, which can be properly described only when
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FIG. 3. (a) Elastic '2C + '2C scattering data measured at Ey, =
112 MeV [23] in comparison with the OM results, taking explicitly
into account the boson symmetrization (1), (2) of two identical >C
nuclei (solid line). The nearside (dotted line) and farside (dashed
line) cross sections were obtained from the NF decomposition (3)—
(6) of the elastic scattering amplitude, neglecting the projectile-target
symmetry. (b) The full farside cross section (dashed line) and cross
sections given by fr. (dashed-dotted-dotted line) and fr_. (dashed-
dotted line) farside subamplitudes. Ak is the k-order Airy minimum,
and ®g is the rainbow angle determined from the minimum of the
deflection function [12].

the projectile-target exchange symmetry (2) is taken into ac-
count in the OM calculation. So far, the nuclear rainbow
pattern in elastic '>C + '>C scattering has been studied only
qualitatively with the projectile-target exchange symmetry (2)
turned off in the OM calculation, and the standard (unsym-
metrized) NF decomposition [10] of the elastic scattering
amplitude could be made to reveal the Airy oscillation of
the farside cross section. One can see in panel (b) of Fig. 3
that such an Airy oscillation is given by an interference of
the two subamplitudes of the farside scattering. The outer
fr>(0) and inner fr_(0) subamplitudes were determined in
this work based on the method suggested by McVoy etal. [11].
However, the broad Airy oscillation of the (unsymmetrized)
farside cross section from the rainbow angle ®r = 123°, over
Al and A2 to medium angles, is strongly distorted when the
projectile-target symmetrization is taken explicitly into ac-
count as shown in panel (a) of Fig. 3, and the elastic scattering
cross section becomes symmetric with respect to the angular
exchange 6 <> m — 6. It is also obvious from the exchange
symmetry that the quickly oscillating pattern at the most
backward angles is due to a NF interference similar to that
established at forward angles, but the original Fuller method

[10] is not appropriate for that kind of NF analysis. In fact,
a proper determination of the nearside and farside scattering
amplitudes for a symmetric nucleus-nucleus system remains
an unsolved problem.

II. NF DECOMPOSITION OF THE ELASTIC SCATTERING
AMPLITUDE OF TWO IDENTICAL SPIN-ZERO NUCLEIL

We briefly recall how the nuclear rainbow pattern is re-
vealed by decomposing the elastic scattering amplitude into
the nearside f™ and farside f components using Fuller
method [10]. By splitting the Legendre function P;(cos6)
into two waves scattered at 6 but running in the opposite
directions around the scattering center, the NF components of
the unsymmetrized (nuclear) elastic scattering amplitude are
obtained as

£0) = rN@O)+ fP0), (3a)

i <~
O 7 ;(26 + 1)B0 ) (cosb), (3b)
FBg) = 2’_k Ze:(zz + 1)B,0S" (cos 0). (3c)

The partial-wave amplitude By is determined as
By = exp(2iog)(1 — S¢), “)

where o, is the Coulomb phase shift, and S, is the scattering
S matrix element for the ¢th partial wave. The traveling wave
components are

~(F) 1 2i
0,7 (cost) = 3 P;(cosf) £+ ;Qg(cose) , (®)]

where Q,(cos 0) is the Legendre function of the second kind.
A nice feature of the quantal scattering theory is that the
wave associated with Q[)(cose) is deflected from the near
side of the scattering center to angle €, and that associated
with fo)(cose) is deflected from the opposite, far side of
the scattering center to the same angle 6. Thus, the near-
side amplitude f™ (@) accounts mainly for the repulsively
diffracted wave that scatters at the surface, and the farside
amplitude f®(6) accounts for the attractively refracted wave
that penetrates more into the subsurface of the target nucleus,
as schematically shown in Fig. 1.

Because of the short range of the strong interaction, the
NF decomposition of the nuclear scattering amplitude (3) can
be done numerically with the nuclear nearside and farside
amplitudes merging naturally at 8 = 0 and 6 = =. However,
the long-range Coulomb interaction poses a technical diffi-
culty for the NF decomposition of the Coulomb scattering
amplitude based on the partial wave expansion (3). Moreover,
the Coulomb scattering amplitude is singular at 8 = 0, where
the partial wave series diverges. By projecting argument of the
Legendre function into the complex plane, Fuller managed to
treat the singularity at & = 0 and obtained the NF components

}gN)(G) and fép)(e) of the Rutherford scattering amplitude
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Here, k and 7 are the wave number and Sommerfeld pa-
rameter, respectively, and oy = arg I'(1 4 in) [19].

As discussed above, the elastic scattering cross section of
two identical (spin-zero) nuclei is symmetric about 6 = 7 /2.
In particular, the Coulomb scattering amplitude of two identi-
cal ions is known as the Mott scattering amplitude [19], which
is determined in this case from the Rutherford scattering am-
plitude (6b) as

Svou(0) = fr(0) + fr(m —0). (N

After some trigonometric transformation, we obtain

T—x\77" (1T
) ]

where x = cos 8. Applying the Fuller technique, we have pro-
jected the Mott scattering amplitude (7)—(8) into the complex
plane, also in terms of the two components (in the forward
and backward scattering angles [10]). After a lengthy analyt-
ical transformation, the nearside and farside components of
the Mott scattering amplitude can be rigorously expressed in
terms of those of the Rutherford amplitude (6a)—(6b) as

Svon(6) = fR(ﬂ)[(

&N @) = N6+ [P —6), )
o (0) = f0) + £ - 0). (10)

Thus, the nearside component (9) of the Mott amplitude is
a superposition of the nearside and farside components of
the Rutherford amplitude determined at the angles 6 and
m — 6, respectively. Similarly, the farside component (10) is
a superposition of the farside and nearside components of the
Rutherford amplitude determined at the angles 8 and = — 6,
respectively. fl\(,}iit(e) and flff(jn(e) become equal at 6 = 7 /2.
The symmetrization of the nuclear scattering amplitude is
straightforwardly based on the partial wave series (3), and the
symmetrized amplitude can be decomposed into the nearside

and farside components as

fam(®) = fS0©O) + f52.(6)

1 3
=5 235[1 + (=D[0{(cos 6)
14

+ 0P (cos9)], an

where the summation is done over the even partial waves ¢
only. Given (—1)/Q{"(cos 8) = 0¥ (cos(m — 0)), the near-
side and farside components of the symmetrized nuclear
amplitude (11) are readily obtained as

) = OO + fO —0), (12)

SSa®) = fOO0) + fN(x —0), (13)

where f™NF) are the nearside and farside components of the
unsymmetrized nuclear scattering amplitude (3b)—(3c). Thus,
exactly in the same way as for the Mott scattering amplitude,
the nearside component of the symmetrized nuclear scattering
amplitude (11) is also a superposition of the nearside and
farside components of the unsymmetrized nuclear amplitude
(3a) summed over the even partial waves £ at the angles 0 and
7w — 6, respectively, and vice versa for the farside component
an.

It is helpful to express explicitly the total ES amplitude of
two identical (spin zero) nuclei in terms of the direct (D) and
exchange (EX) scattering amplitudes, as illustrated in Fig. 2,

Jes(0) = o) + fex(w —0), (14)

where
o) = fr(@) + f(0), (15a)
Jex(r —0) = fr(m —0) + f(r —0). (15b)

It is easy to deduce from Egs. (14)—(15) the symmetric in-
terchange of the direct and exchange scattering amplitudes
/b 2 fex with the scattering angle passing through 6 = 90°.
Combining the nearside and farside components of the Mott
(9)—(10) and nuclear (12)—(13) scattering amplitudes, we can
express the nearside and farside components of the ES ampli-
tude as

£R0) = f0) + X x - 0), (16)
£56) = 1500) + X (- 0). a7

In the same way, one can deduce from Eqs. (16)—(17) the sym-
metric interchange of the nearside and farside components
of the total ES amplitude ég) = él;) as the scattering angle
passes through 90°. Because the direct cross sections become
negligible at angles 8 > 90° (see Fig. 3), we obtain from

Egs. (16)-(17)
félgl)(g) ~ ]g()(yt —0)at6 > 90°, (18)

00) ~ [ —0)atd > 90°. (19)

Thus, the symmetric interchange of the nearside and farside
scattering patterns in the elastic scattering of two identical
nuclei is caused naturally by the projectile-target exchange
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symmetry. As shown in the next section, such a NF in-
terchange implies a more subtle interpretation of nuclear
rainbow over the whole angular range for the considered sym-
metric systems.

III. RESULTS FOR THE ELASTIC 2C + 2C
AND 90 + 10 SCATTERING

We present here the results of the NF decomposition
of elastic 2C+'2C and 'O+ '°Q scattering at low en-
ergies, where the data were measured accurately up to
angles around and beyond 6 = 90°. The real OP is given
by the double-folding calculation [18] using the CDM3Y3
density-dependent interaction [16], and the imaginary OP is
parametrized in the Woods-Saxon (WS) form to tailor the
weak absorption of these systems. A slight renormalization of
the real folded potential Ng and WS parameters are obtained
from the best OM fit to the measured data using the code
ECIS97 [20]. Very prominent are the '2C + '2C scattering data
measured by Stokstad et al. [23] at low energies, which cover
a wide angular range. Based on these data, a realistic OM
description of the nuclear rainbow pattern and 90° excitation
function was obtained by McVoy and Brandan [14] with the
angular location of Airy minima at different energies (the
famous Airy elephant discussed in Ref. [14]). The OM re-
sults for elastic '>C + '2C scattering at Ej;, = 112 and 121.6
MeV are shown in Figs. 3—4. The NF decomposition of the
unsymmetrized ES amplitude gives the first Airy minimum
Al located at & < 100° (see Fig. 3), which is destroyed by
the projectile-target symmetrization (2). The impact of the
projectile-target exchange symmetry is shown in Fig. 4, where
the NF decomposition of the symmetrized ES amplitude was
done using Eqs. (16)—(17). While the ES cross section is
symmetric about the angle 6 = 90°, the nearside and farside
scattering cross sections at angles 6 < 90° are symmetrically
interchanged to the farside and nearside scattering cross sec-
tions at angles 8 > 90°, respectively. We note two interesting
effects that can be deduced from Fig. 4:

(i) The Airy pattern not destroyed by the symmetrization
of the direct and exchange scattering amplitudes is reflected
symmetrically about 8 = 90°, and each Airy minimum lo-
cated in the (direct) farside cross section at angle 8 < 90° has
its symmetric partner located in the (exchange) farside cross
section at angle m — 6. For strong refractive systems such as
those considered here, the NF cross sections exhibit a distinct
symmetric Airy minima pattern resembling “butterfly wings”.

(ii) The interference pattern at angles around 90° can be
interpreted as the interference of the nearside and farside
components of the total ES amplitude. However, such a NF
interference of the total ES amplitude is in fact the inter-
ference of two farside amplitudes (the direct and exchange
ones). The OM results for the elastic '°0 + '°Q scattering
at Ejp, = 124 and 145 MeV are shown in Fig. 5, and one
observes the same “butterfly-wings” Airy pattern that is sym-
metric about 6 = 90° due to the projectile-target exchange
symmetry. We note that the refractive, nuclear rainbow pat-
tern was well established in elastic '>C 4+ '2C and 0+ '°0
scattering at higher energies, like the prominent primary rain-
bow observed for the '°0 + '°0 system at Ej,, = 350 MeV
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FIG. 4. (a) Elastic '2C + '2C scattering data measured at Ej,, =
112 MeV [23] in comparison with results of the OM calculation, tak-
ing exactly into account the projectile-target symmetrization (solid
line). The nearside (dotted line) and farside (dashed line) cross
sections were given by the NF decomposition (16)—(17) of the ES
amplitude. Ak and A’k are the k-order Airy minimum of the direct
farside cross section at € and its symmetric partner of the exchange
farside cross section at w — 6, respectively. (b) The same as (a) but
for the elastic '>C + '>C scattering data measured at Ej, = 121.6
MeV [23].

[24,25]. However, as energy increases, the broad Airy pattern
of the farside cross section is shifted to smaller angles, and
the ES cross section at angles around 90° merges deeply into
the dark side of nuclear rainbow and is, therefore, too small
to be measurable. Therefore, the low-energy elastic '2C + '2C
and '°0 + 190 data [23,26,27] are very valuable for the study
of the projectile-target exchange symmetry of these identical
systems.

As pointed out in (ii), the oscillation pattern of the elastic
cross section around 6 = 90° is resulted from an interfer-
ence of two farside amplitudes, the direct and exchange ones,
which are generated by the same OP. Therefore, the ES cross
section at € around 90° is expected to be particularly sensitive
to the real OP at subsurface distances, which would help to
determine the real OP with less ambiguity [3].

We have explored such a sensitivity to the real OP of
the elastic '>C 4+ '>C data measured at Ej;, = 112 MeV by
slightly rescaling the strength of the best-fit real folded OP
up and down by ~7%, with the depth of the WS imaginary
OP being adjusted in each case by x? fit to the measured data.
The radial shapes of the complex '2C 4 '2C OP are shown in
Fig. 6, and the corresponding OM results are compared with
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FIG. 5. The same as Fig. 4 but for the elastic 10 + 190 scattering
data measured at E,, = 124 MeV [26] (a) and 145 MeV [27] (b).

the data in Fig. 7. It can be seen in panel (b) of Fig. 7 that the
Airy pattern of the (direct) farside scattering cross section is
very sensitive to the strength of the real OP. The rescaling of
the real OP shown in Fig. 6 results in different locations of
the Airy minima of the direct farside cross section, which
strongly affect the interference of the direct and exchange
farside amplitudes at angles around 90°, as shown in panel (a)
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FIG. 6. Radial shapes of the real double-folded potential V
rescaled up and down by around 7% from that given by the best-fit
Nr =~ 1.177, and the corresponding WS imaginary potential of the
total OP for the '2C + '2C system at Ey, = 112 MeV.

0O 20 40 60 80 100 120 140 160 180
0, »(deg)

FIG. 7. (a) Elastic >C + '2C data measured at Ej, = 112 MeV
[23] in comparison with the OM results given by the real folded OP
rescaled up and down by around 7% from that given by the best-fit
Nr ~ 1.177 as shown in Fig. 6. (b) Results of the unsymmetrized OM
calculation using three choices of the real OP, which result in three
different locations of the second Airy minimum A2 of the (direct)
farside cross section.

of Fig. 7. Similar sensitivity of the elastic '>C + '?C scattering
data at Ej;, = 78 MeV [23] to the real OP was used in a
recent study of the '2C 4 '2C fusion [28] to probe different
treatments of the nuclear overlap density in the double-folding
calculation of the real OP of the 'C + '?C system at astro-
physical energies.

In summary, we have applied the newly developed NF
decomposition method for the ES amplitude of two identi-
cal nuclei to show the effects caused by the projectile-target
exchange symmetry to the nuclear rainbow pattern in elastic
12C 4+ 12C and '*Q + 90 scattering at low energies.

IV. ELASTIC °Q + >C SCATTERING AND THE
CORE-CORE EXCHANGE EFFECT

A similar interchange of the NF scattering as that found
above for the identical '>C 4+ '2C and 0+ '°Q systems
might also be seen in a nonidentical system that has the
core-core symmetry. We focus here on the '°Q + !2C system
that was considered as a good candidate for the observation
of nuclear rainbow [29,30]. Several experiments were carried
out to measure elastic '°0 + '2C scattering with high precision
at low and medium energies, covering a wide angular range.
We mention here elastic '°0 + '2C data measured by the
Kurchatov group [31-34] and Strasbourg group [35].
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160 + 12C

Elastic a Transfer
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FIG. 8. Kinematical illustration of the elastic scattering and elas-
tic a transfer processes in the '°0 + '2C system.

Different OM studies of elastic '°0Q + '2C scattering (see,
e.g., [18,31,32]) have shown unambiguously the nuclear rain-
bow pattern of a broad Airy oscillation of the farside cross
section. However, at low energies (E}y, < 132 MeV) the broad
pattern of Airy oscillation is destroyed by a quick oscillation
of elastic '°0 + '2C cross section at backward angles. Such
a distortion of nuclear rainbow is due mainly to the elastic o
transfer (ET) between two '2C cores as illustrated in Fig. 8
(see, e.g., Refs. [36—40]). Recent coupled reaction channel
(CRC) studies of elastic '°0 + '2C scattering, taking into ac-
count the coupling between the ES and ET channels [38,39]
have shown that the ET process significantly enhances the
nearside cross section at backward angles, indicating that an
interchange of the NF scattering seems to take place in elastic
160 + 12C scattering.

Because of two identical '2C cores, the ES channel
2c(%0, '°0) 12C and ET channel >C('0, 2C) '°0O have the
same final state which is indistinguishable for the detector
(see Fig. 8). As a result, the total (nonlocal) wave function
of the '°0 + '?C system is composed of both the ES and ET
components, with prime indicating the relative coordinate in
the ET channel [22]

Wit (r, 1) ~ [Wes(r) + Wer(—r)],

where r =ry —ry, ¥ =r| —rj. Like the total ES amplitude
of two identical nuclei (14), the total elastic amplitude of the
160 + 12C system can be expressed as a coherent sum of the
ES amplitude at 8 and ET amplitude at # — 6 [41-44],

Jiow (0) = fR(O) + f(0) + fer(r —0)

= fes(0) + fer(w —0), (20)
where fgs and fgr are given by the CRC solutions obtained
for the ES and ET channels, respectively [21,41]. One can
see from Eqgs. (14) and (21) that fgr(r — @) is analogous to

Jex(m — 0) of the identical system. The ET amplitude can be
expanded over a partial wave series as

1 )
fer(m =) = 22 3 (2L + D (~1)' S Py(cos ),
4

@

S BT RPRPE SRR B N IR ¥ AP | LA B
0 20 40 60 80 100 120 140 160 180

®_ (deg)

c.m.(

FIG. 9. Two-channel CRC description of elastic '°0 + '>C data
measured at E, = 100 MeV (a), 132 MeV (b), and 300 MeV
(c) [30-32,35], using the real double-folded and WS imaginary OP.
The ES, ET, and total (ES + ET) elastic cross sections are shown as
dotted, dashed, and solid lines, respectively.

where S,(EET) is the elastic transfer Sgr-matrix element for the
£th partial wave. The total elastic amplitude (21) can then be
expressed as

1 .
frou (0) = f(0) + > XK:(% + 1)e%ot

x [SL4 + (=1 S Pe(cos 0). (22)

As variance with the total elastic scattering amplitude (9) of
two identical nuclei, summation of the partial wave series (23)
is done over both odd and even partial waves £, with the parity-
dependent elastic « transfer Sgr matrix added to the elastic
scattering Sgs matrix. The interference of Sgs and Sgr leads to
the oscillation of elastic '°0Q + '2C cross section observed at
large angles (see Fig. 9). Schematically, the elastic o transfer
shown in Fig. 8 can also be treated as the core-core exchange
that naturally leads to that interference.

In this work, the coupling between the ES and ET channels
is taken explicitly into account by solving the two-channel
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CRC equations using the code FRESCO [21,22], to obtain S](fs)

and Sgir) separately for each partial wave. Although the final
state of these two channels is the same, there is no way to link
explicitly both Sgg and Sgr to the same '°0 + '2C scattering
potential as might naively be expected from a comparison of
Figs. 2 and 8. While Sgs is associated with elastic (Coulomb
+ nuclear) scattering, Sgr represents the elastic « transfer be-
tween two '2C cores which is associated with the dissociation
160 — « + 2. Within the two-channel CRC formalism, SEs
and Sgr are determined separately using the '°Q + '2C optical
potential and the (nonlocal) a-transfer interaction potential,
respectively (we refer to Ref. [38] for further details). We note
that in the one-channel OM study, one can effectively mimic
the ET by adding an angular-momentum or parity dependent
term to the '°0 + '2C optical potential [41,44]. In a similar
manner, the ET can also be represented by a modified elas-
tic scattering S matrix [42,43] that contains an ¢-dependent
component like that in Eq. (23). The elastic 'O + '2C cross
sections given by the total elastic amplitude (23) obtained
from solutions of the two-channel CRC calculation are com-
pared with elastic 160 4+ 12¢ data measured at Ep;, = 100
MeV [35], 132 MeV [31,32], and 300 MeV [30] in Fig. 9,
and one can see that the enhanced oscillating elastic cross sec-
tions at backward angles are mainly caused by the ET or the
core-core exchange at these energies. Especially, the elastic
160 + 12C data measured at 300 MeV at the most backward
angles are totally due to the ET as can be seen in panel (c)
of Fig. 9. The good CRC description of elastic '°0 + '>C
data shown in Fig. 9 is obtained consistently at three ener-
gies with the o spectroscopic factor S, &~ 1.96, in agreement
with the earlier DWBA and two-channel CRC results [36,45].
Although this S, value is larger than those predicted by the
shell model (SM) [46] or a-cluster model [47], it can be
adopted as an effective S, factor for the description of the ET
process in the two-channel CRC calculation. In fact, a more
comprehensive CRC calculation of elastic '°0 + !C scatter-
ing, coupling up to 10 reaction channels of both direct and
indirect (multistep) « transfers [38], accounts well for elastic
160 + 12C data at backward angles using S, predicted by the
SM calculation [46]. We note here that the (extended) con-
tinuum discretized coupled channel (CDCC) approach [48],
including the core-core exchange into the nonlocal CDCC
calculation of low-energy elastic '°0Q 4 '?C scattering, shows
the same dominant contribution of the core-core exchange to
elastic '°0 + '2C cross section at large angles.

Note that the ES and ET contributions to the total elastic
160 + 12C cross section are not symmetrically equal as the
direct and exchange scattering amplitudes found above for
two identical nuclei. To explore this effect in more details, the
NF decomposition of the elastic '°0Q + '2C amplitude, given
by the two-channel CRC calculation at Ej,, = 132 MeV, has
been done separately for the ES, ET, and total (ES + ET)
elastic amplitude using Fuller’s method [10]. One can see
in panel (b) of Fig. 10 that the ET cross section is not a
symmetrically reflected pattern of the ES cross section shown
in panel (a). While the ES cross section is dominated by the
farside scattering over a wide angular range, the ET cross
section is a typical NF interference pattern, which indicates

® Nearside
&% ...... Farside

do/do,

10° £

10% £

10"
10 P
10°
10+ f

10° k

10—8:.|||I||||I||||I|...II....I....I....I....I....I
0 20 40 60 80 100 120 140 160 180

deg)

o

FIG. 10. NF decomposition of the elastic '°0 + '2C amplitude at
E, = 132 MeV given by the two-channel CRC calculation using
the same OP as that used in (b) of Fig. 9, (a) for the purely elastic
scattering (ES) only, (b) for the elastic « transfer (ET) only, and
(c) for the total (ES + ET) elastic amplitude.

a surface character of the ET between two '2C cores. This is
natural because the contribution of fgr(w — ) to fio(0) at
the most backward angles represents in fact the ET process
occurring physically at the most forward angles.

As variance with the ES occurring at forward angles that
includes both the Coulomb and nuclear scattering, the re-
pulsive Coulomb interaction does not contribute to the ET
process which occurs at backward angles. As a result, we
found a significant nonrefractive farside component of the
ET cross section shown in panel (b) of Fig. 10. Although
generated by the attractive nuclear interaction, such a farside
cross section cannot be associated with nuclear rainbow due
to a quick modulation of the ET farside cross section caused
mainly by the diffraction of the «-transfer wave.

Despite the difference discussed above for the ES and
ET cross sections, the NF components of the total elastic
160 + 12C amplitude behave in a manner similar to that shown
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above for the identical '2C 4 '>C and '°0+ '°Q systems.
Namely,

Fo00) = ££0) + fir (r — 0), (23)
Fon®) = £0) + f3 (o — 0). (24)

Like the total ES amplitude of two identical nuclei (16)—(17),
the nearside component (24) of the total elastic '°0 + '2C
amplitude is a superposition of the nearside and farside com-
ponents of the ES and ET amplitudes determined at angles 6
and w — 0, respectively, and vice versa for the farside compo-
nent (24) of the total elastic amplitude. At the most backward
angles, the ET process become dominant and the nearside
component of the total elastic amplitude is determined entirely
by the farside component of the ET amplitude, and vice versa
for the farside component of the total scattering amplitude, as
shown in panels (b) and (c¢) of Fig. 10. Although the NF pat-
tern is not symmetric as found for the elastic scattering of two
identical nuclei, the NF interchange between the total elastic
and ET amplitudes is naturally caused by the ET between two
identical '>C cores, i.e., the core-core exchange symmetry of
the 190 + 2C system.

V. SUMMARY

The Fuller method of the NF decomposition of the nucleus-
nucleus elastic scattering amplitude [10] has been generalized
for two identical (spin-zero) nuclei, with the projectile-target
exchange symmetry taken exactly into account. It is shown
that the exchange symmetry of two identical nuclei results in

the symmetric interchange of the nearside and farside scat-
tering cross sections at angles passing through 6 = 90°. As
a result, the Airy pattern of the nuclear rainbow is reflected
symmetrically about 6 = 90°, and each Airy minimum lo-
cated in the (direct) farside cross section at angle 8 < 90° has
its symmetric partner located in the (exchange) farside cross
section at angle 7 — 6.

The Mott interference pattern observed for the identical
2C 4+ 2C and '°Q + 'O systems at medium angles was found
to be an interference of two farside (direct and exchange)
scattering amplitudes, which results in an increased sensitivity
of elastic scattering cross section around 6 =~ 90° to the real
OP at subsurface distances. Therefore, elastic '2C + '2C and
164160 scattering data measured at low energies [23,26,27]
can serve as helpful probes of different theoretical models of
the OP for these identical systems. Moreover, our extended
NF decomposition allows for more accurate NF analyses of
identical particle scattering at low energies [49], where near-
side and farside amplitudes are comparable.

A similar NF interchange of the total elastic and elastic o
transfer amplitudes was found in the nonidentical '°0 + '2C
system with the core-core symmetry, where the ET process
becomes dominant at backwards angles. At variance with
the pure elastic scattering, a significant nonrefractive farside
component of the ET cross section was found, which indicates
the surface character of the « transfer between two '2C cores.
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