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Improved description of nuclear charge radii: Global trends beyond N = 28 shell closure
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Charge radii measured with high accuracy provide a stringent benchmark for characterizing nuclear structure
phenomena. In this work, the systematic evolution of charge radii for nuclei with Z = 19–29 is investigated
through relativistic mean-field theory with effective forces NL3, PK1, and NL3∗. The neutron-proton (np)
correlation around Fermi surface originated from the unpaired neutron and proton has been taken into account
tentatively in order to reduce the overestimated odd-even staggering of charge radii. This improved method can
give an available description of charge radii across N = 28 shell closure. A remarkable observation is that the
charge radii beyond N = 28 shell closure follow the similarly steep increasing trend, namely irrespective of the
number of protons in the nucleus. Especially, the latest results of charge radii for nickel and copper isotopes can
be reproduced remarkably well. Along N = 28 isotonic chain, the sudden increase of charge radii is weakened
across Z = 20, but presented evidently across Z = 28 closed shell. The abrupt changes of charge radii across
Z = 22 are also shown along N = 32 and 34 isotones, but the latter with a less slope. This seems to provide a
sensitive indicator to identify the new magicity of a nucleus with universal trend of charge radii.
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I. INTRODUCTION

Nuclear charge radius encodes the information about the
charge density distribution in a self-bound many-nucleon sys-
tem. Reliable description of nuclear charge radius can provide
access to recognize various pronounced structure phenomena,
such as halo structures [1,2], shape staggering [3–6], the onset
of shape deformation [7–9], and the emergence of nuclear
magicity [10–14], etc. Meanwhile, charge radii difference of
mirror-pair nuclei can provide a probe to constrain the isovec-
tor components of equation of state (EoS) in asymmetric
nuclear matter [15–25]. With the improved measurements,
much more data of charge radii of exotic nuclei far away from
the β-stability line have been compiled [26–29]. The distin-
guished aspects of nuclear charge radii, involving the shell
closures and odd-even staggering (OES) effects, are generally
observed throughout the entire nuclide chart [30,31].

The discontinuity changes in charge radii are naturally
observed across the traditional neutron magic numbers N =
28, 50, 82, and 126 [11,32–36]. Many methods pertain-
ing to the effect of shell closure on nuclear charge radii
are discussed [15,37,38]. As demonstrated in Ref. [39], this
shell closure effect results from the rather small isospin
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dependence of the spin-orbit term. Especially striking among
these fully filled shells has been found is the intermedi-
ate mass region nuclei featuring the N = 28 neutron-closure
shell. The inverted paraboliclike shape between N = 20 and
N = 28 and odd-even staggering (OES) in charge radii are
observed remarkably along Ca isotopes. The same scenario
can also be found in K isotopes, but with weakened ampli-
tudes [26]. Across the N = 28 shell closure, the experimen-
tally observed strong increases in charge radii are naturally
manifested for K [40,41] and Ca [42] isotopes, and the
odd-even oscillation behaviors have been weakened as well.
Recently, charge radii of 55,56,58−68,70Ni isotopes have been
measured by collinear laser spectroscopy method [43,44]. It
suggests that the trend of charge radii across the N = 28 shell
closure is similar to Ca isotopes. Between neutron numbers
N = 28 and N = 40, the nuclear charge radii exhibit a univer-
sal pattern that is independent of atomic number [45]. These
local variations pose great challenges to our knowledge of
understanding nuclear force.

The undertaken efforts have been devoted to describing
the global trend of charge radii in nuclear chart. The so-
phisticated algebraic expression involving the Casten factor
P can also reproduce the shell effects [46,47]. Subsequently,
a five-parameter formula has been proposed by introducing
the OES effects [48], in which neutron-proton (np) interaction
originating from the valence proton and neutron contributes
to the local variation of nuclear size. This indicates that the
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np correlation plays an essential role in accessing the fine
structure of nuclear size. Miller et al. point out that short-range
neutron-proton tensor interactions cause the protons to move
closer to the outside neutrons of a nucleus, thereby increasing
the charge radius [49]. This emphasizes that np correlation re-
sults in the changes of the calculated root-mean-square (rms)
charge radius. This short-range correlations (SRCs) imply a
decrease in the occupation of the states below the Fermi level
and a partial occupation in the states above it [50]. Recent
study further verifies that the nuclear SRCs induce the high-
momentum fluctuations in the nuclear medium, and the role
of np correlation has a non-negligible influence on nuclear
size [51].

As demonstrated in Ref. [52], there is an attractive in-
teraction between proton and neutron pairs, the origin of
OES behaviors in nuclear charge radii is due to the four-
particle correlations (or being α cluster). The relativistic
density functionals cannot describe the fine structure of charge
radii along calcium isotopic chain well [53–56]. To repro-
duce the OES and shell effect of charge radii along calcium
isotopes, a modified relativistic mean-field plus Bardeen-
Cooper-Schrieff (BCS) equation ansatz, namely RMF(BCS)*,
has been proposed [57]. In which the semimicroscopic
correction originating from the neutron and proton pairs con-
densation is introduced by solving the state-dependent BCS
equations. The calculated results are in good agreement with
the data and compatible with the sophisticated Fayans energy
density functional (EDF) approach where the surface pairing
dominates a role in reproducing the local variation of charge
radii [58,59]. However, for odd-Z isotopic chain, the OES
effects in charge radii are overestimated by RMF(BCS)* ap-
proach [60]. This may result from the fact that the correlation
between the unpaired neutron and proton due to the violation
of time-reversal symmetry is ignored. The same scenarios can
also be encountered in Fayans EDF model where the OES ef-
fects in charge radii are overestimated for K [41] and Cu [36]
isotopes as well. Obviously, the influence coming from the
unpaired nucleons is still excluded out the pairing spaces due
to the blocking approximation.

So far, the existing theoretical models can hardly give a
unified description of charge radii around N = 28 mass re-
gion. Hence the required model should be able to describe
simultaneously the shell effect and OES in nuclear charge
radii. In this work, the charge radii are calculated along Z =
19–29 isotopic chains that include the nuclei featuring the
N = 28 magic shell and the new magicity of N = 32 and
34. In order to reduce the overestimated OES behaviors of
charge radii along odd-Z isotopic chains, the np correlation
originating from the simultaneously unpaired neutron and
proton is taken into account in the improved charge radii
formula. Generally, the gradually shrunken trend of nuclear
charge radii is observed around the traditional neutron magic
numbers along a long isotopic chain [26,27]. One should also
mention the great interest for the properties of the neutron
number N = 32 and 34 isotopes that have been proposed as
new-magicity nuclei in certain isotopic chains. As demon-
strated in Ref. [61], the new magicity of N = 32 is vanished
beyond Z = 22. Meanwhile, the subshell closure effect of
N = 34 is weakened across Z = 20 proton number [62–64].

The sensitive indicators of new magicity associating with the
evolution of nuclear charge radii are also paid more attention
along N = 32 and 34 isotonic chains in our calculations.

The structure of the paper is the following. In Sec. II,
the theoretical framework is briefly presented. In Sec. III,
the numerical results and discussion are provided. Finally, a
summary is given in Sec. IV.

II. THEORETICAL FRAMEWORK

The relativistic mean-field (RMF) theory with different
parametric versions has made considerable success in de-
scribing various phenomena in nuclear physics [65–81]. In
this work, the standard nonlinear self-coupling Lagrangian
density is employed [82]. The Dirac equations with effective
fields S(r) and V (r) are derived through variational princi-
ple. To obtain the ground-state properties of finite nuclei, the
quadrupole deformation parameter β20 becomes constrained
in the self-consistent iterative process. Therefore, the Hamil-
tonian formalism can be recalled as follows:

H = −iα∇ + V (r) + β[M + S(r)] − λ〈Q〉, (1)

where M is the mass of nucleon, λ is the spring constant, and
Q is the intrinsic quadrupole moment. Those values of β20 are
changed from −0.50 to 0.50 with the interval range of 0.01.

Recent study shows that it is essential to include the stag-
gering behaviors of charge radii in validation protocol [83,84].
As mentioned above, a new ansatz has been proposed for
describing the OES and shell closure effects in the charge
radii of calcium isotopes [57]. This modified formula can
also reproduce the global trend of charge radii along various
even-Z isotopic chains [85]. Although the shell effects and
OES in nuclear charge radii are remarkably described well,
the validation protocol is just considered by the chosen nuclei
44Ca and 126Sn [57]. Besides, the np correlation originating
from the simultaneously unpaired proton and neutron is ex-
cluded; this leads to the overestimated OES of charge radii for
odd-Z isotopic chains [60,86]. Therefore, the improved ver-
sion should be proposed, especially the np correlation coming
from the unpaired nucleons must be considered. To account
for the implications of the observed odd-even oscillations of
charge radii along odd-Z isotopic chains, the further modified
mean-square charge radii formula is proposed as follows (in
units of fm2),

R2
ch = 〈

r2
p

〉 + 0.7056 + a0√
A

�D fm2 + δ√
A

fm2. (2)

The first term represents the charge distribution of pointlike
protons and the second term is due to the finite size of
protons [87]. Here, the quantity of the proton radius takes
the values about 0.84 fm [88,89]. As shown in Eq. (2), the
quantity of D is associated with the Cooper pairs condensa-
tion [90]. Furthermore, this quantity can be used to measure
the Fermi surface diffuseness encoded by various eigenfunc-
tions [91]. Its value is calculated self-consistently by solving
the state-dependent BCS equations [53,92]. The difference of
D coming from neutrons and protons has been attributed to
the np correlation around Fermi surface [57,85].
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It is mentioned that the amplitude of the OES of charge
radii in potassium isotopes is obviously lower than the case
of calcium isotopes due to the last unpaired proton [26,27].
For the theoretical studies, the developed RMF(BCS)* ap-
proach and Fayans EDF model can describe the OES of charge
radii along even-Z isotopic chains well [57,58]. However,
along odd-Z isotopic chains, the overestimated OES in charge
radii is obtained by both of the RMF(BCS)* approach and
Fayans EDF model [36,41,60]. The correlation between the
simultaneously unpaired proton and neutron may melt this
tension. The last term in this expression just represents the np
correlation deriving from the simultaneously unpaired neutron
and proton. This means the quantity of δ equals to zero for
even-even, odd-even, and even-odd nuclei. The values of a0 =
0.561 and δ = 0.355 are calibrated by fitting the odd-even
oscillation and the inverted paraboliclike shape of charge radii
along potassium and calcium isotopes under effective force
NL3. And then the extrapolated calculations are performed for
Z = 21–29 isotopic chains. The PK1 set gives a more reason-
able baryonic saturation density and a reasonable description
of spin-orbit splittings and single-particle energies [93]. In
addition, NL3∗ parameter set improves the description of the
ground-state properties of many nuclei and simultaneously
provides an excellent description of the collective excited
states properties in finite nuclei [94]. Thus these two effective
forces are also employed to access the global evolution of
charge radii along Z = 19–29 isotopic chains. It should be
particularly interesting for quantitatively understanding the
reduced OES of charge radii along odd-Z isotopic chains and
the trend of changes of nuclear charge radii across the N = 28
shell closure.

III. RESULTS AND DISCUSSIONS

In this work, we focus on the systematic behaviors of
charge radii along Z = 19–29 isotopic chains. The bulk prop-
erties of finite nuclei are calculated by relativistic mean-field
theory with NL3 [95], PK1 [93], and NL3∗ [94] effective
forces. The pairing correlations are treated by the state-
dependent Bardeen-Cooper-Schrieffer method, which can
capture the ground-state properties of finite nuclei well [53].
The pairing strength is determined through the empirical odd-
even mass staggering of calcium isotopes [96]. To reflect the
universality of our results, the pairing strength is chosen to
V0 = 350 MeV fm3 for NL3 set, but V0 = 380 MeV fm3 for
both PK1 and NL3∗ interaction forces, respectively. Based
on the fact that the nuclei with featuring new magicity have
been observed at the neutron numbers N = 32 and 34. It is
instructive to investigate the universal behaviors of charge
radii along N = 28, 32 and 34 isotones.

A. Shell quenching of nuclear charge radii at N = 28

The inverted paraboliclike behavior describing the charge
radii of the calcium isotopes between N = 20 and 28 as well
as the amplitude of OES are much more pronounced for
the neighboring odd-Z element potassium [97]. The inverted
paraboliclike curves are symmetric to the 1 f7/2 midshell
neutron number N = 24 for potassium and calcium isotopic

FIG. 1. Evolution in rms charge radii versus neutron number for
(a) potassium and (b) calcium isotopes. The effective forces NL3
(open circle), PK1 (open square), and NL3∗ (open triangle) are
employed in relativistic mean-field framework. The corresponding
odd-even staggerings are also depicted in (c) and (d). Experimental
data are taken from Refs. [26,27,41], which are represented by solid
diamond with systematic error bands (light blue).

chains [26]. In Fig. 1, the rms charge radii of potassium and
calcium isotopes as a function of neutron number are plotted
by the relativistic mean-field (RMF) model with effective
forces NL3, PK1, and NL3∗. One can find that the inverted
paraboliclike shapes of potassium and calcium isotopes are
compared against well by NL3 and NL3∗ parametrization
sets, while the quantitative level of charge radii is system-
atically underestimated by PK1 force. Beyond N = 28 shell
closure, the sharp increases are identified by these three
forces. In Ref. [98], the universal increase of the charge radii
after crossing the neutron shell at N = 28 is attributed to
the quasiparticle-phonon coupling. The characteristic aspects
in charge radii are the odd-even oscillation behaviors along
calcium isotopic. Reference [99] demonstrates that the main
contribution to the odd-even effect is ascribed to quadrupole
and higher even-order core polarization, in which the strong
and attractive interaction between the valence neutrons and
core protons has been considered. These peculiarities have
been ascribed to the changes of dynamic deformation for
different orders [100]. Qualitatively the OES of radii as a
function of N is associated with the reduction of core polar-
ization due to unpaired nucleons [101]. This mechanism also
provides a straightforward explanation for the odd-even effect
as a function of Z . Besides, high-order radial moment offers
key information on the nuclear charge radius [102].

As shown in Ref. [41], the amplitudes of OES in charge
radii for potassium isotopes are overestimated by Fayans EDF.
Fayans EDF model points out that surface pairing interactions
cause the origin of OES in nuclear charge radii [58]. However,
the time-reversal states are excluded in tackling pairing cor-
relations, especially for simultaneously unpaired neutron and
proton in potassium isotopes. The same scenario is encoun-
tered in Ref. [60], where the states that violate time-reversal
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symmetry are tackled by the blocking approximation. This
leads to the most overestimated amplitudes of OES of charge
radii in potassium isotopes as well. In Ref. [57], np correlation
originating from the difference of Cooper pair condensation is
introduced by solving the state-dependent BCS equations. The
modified root-mean-square charge radii formula can describe
well the OES and shell effects in charge radii along even-Z
isotopic chains. But for odd-Z cases, the OES is overesti-
mated due to the absence of np correlation coming from the
simultaneously unpaired neutron and proton [60]. As shown in
Fig 1, the modified formula can reproduce the OES of charge
radii between N = 20 and 28 along potassium and calcium
isotopes.

In Fig. 1(a), charge radii of 36–38K isotopes are slightly
overestimated by the NL3 and NL3∗ forces. By contrast,
the calculated results for 50K are slightly underestimated by
these two forces. The experimental mass measurement sug-
gests that 51K has a relative large shell gap with respect to
the neighboring counterparts [103]. Of high interest is also
the experimental determination of the charge radii across the
neutron number N = 32 with emerging the new magicity. A
signature of the magic character can be reflected from the
sudden increase in charge radii. Charge radii of exotic isotope
52K has been performed by the collinear resonance ionization
spectroscopy method [41]. This latest measurement suggests
that no rapid increase in charge radii can be found across 51K.
Beyond 50K, these three effective forces give almost similar
trends and show a smooth increase from 51K to 52K.

In Fig. 1(b), charge radii of 37–39Ca isotopes obtained by
PK1 force are compared well against NL3 and NL3∗ forces.
NL3∗ parameter set gives almost comparable results with
respect to NL3 force. With the increasing neutron number
occupation at the p3/2 orbital, the unexpected linear increase
of the charge radius occurs [104]. This can also be used to
understand the emergency of the abrupt increase of charge
radii across N = 28 shell closure as shown in Fig. 1. The
neutron number N = 32 is identified as a new magic number
in calcium region [92,105,106]. Therefore, the implication of
this experimental value for the charge radius of 53Ca will be
urgently expected. As encountered in potassium isotopes, the
charge radii beyond N = 34 show same steep increasing trend
with these effective forces.

In order to inspect these local variations of charge radii
along potassium and calcium isotopes, the three-point formula
is recalled as follows [57,58],

�r (N, Z ) = 1
2 [2R(N, Z ) − R(N − 1, Z ) − R(N + 1, Z )],

(3)

where R(N, Z ) is rms charge radius for a nucleus with neutron
number N and proton number Z . In Figs. 1(c) and 1(d), the
OES of charge radii in potassium and calcium isotopes is
depicted. For potassium isotopes, the OES in charge radii can
be reproduced well across N = 20 shell closure. Extending
to neutron-deficient regions, the obtained OES amplitudes for
these three effective forces cannot reproduce the experimental
data well. This can be due to the fact that the charge radii
in neutron-deficient region are overestimated by NL3 and
NL3∗ sets and underestimated by PK1 force. For neutron-rich

region, the PK1 force gives the enlarged OES of charge radii
with respect to NL3 and NL3∗ sets. Along calcium isotopes,
the OES behaviors of charge radii for 37–47Ca isotopes can
be reproduced well by these forces. Across the N = 28 filled
shell, PK1 set gives the inverse OES amplitudes in charge
radii with respect to NL3 and NL3∗ sets. Besides, it can
be found that the OES behavior is weakened at the neutron
number N = 28. This is in accord with Ref. [85] where the
weakened OES in charge radii can be regarded as signature of
the emergence of neutron magic numbers.

To facilitate the instructive understanding of charge radii
on the isotopic chains of neighboring elements, the systematic
evolution of charge radii along Z = 21–29 isotopic chains
is plotted in Fig. 2. From this figure, one can find that the
shell effect at N = 28 is evidently observed. Across N = 28,
the abrupt changes are universally observed in this region,
while the slope of change is lower for scandium (Z = 21) and
titanium (Z = 22). In Fig. 2(a), these three forces give the in-
verted paraboliclike behaviors in charge radii between N = 20
and N = 28, while PK1 parameter set slightly underestimates
the results. The latest study suggests that the charge radii
of 41Sc isotope is surprisingly shrunk [107], then the abrupt
increase is occurred beyond the neutron number N = 20. In
our calculations, the PK1 force can reproduce the charge radii
of 40,41Sc isotopes, but the values of 42–46Sc isotopes are exag-
geratedly underestimated. By contrast, these phenomena are
mostly met by the NL3 and NL3∗ forces. The NL3 and NL3∗
forces can cover the experimental uncertainties of 40,41Sc,
but the values of 42,43Sc are underestimated. It is notably
mentioned that our calculations can give the trend of kink, but
the amplitude is heavily reduced. Besides, the last unpaired
nucleon is just tackled by the blocking approximation, namely
occupies the last single-particle level. This may also result
in the underestimated results. The same scenarios are also
encountered for titanium isotopes. As shown in Ref. [108],
the data of the charge radii on the titanium isotopes show a
continuous decrease from N = 22–28. The calculated results
for 44–46Ti are slightly deviated from experimental data. But
the trend of changes of charge radii are not changed, espe-
cially for 44–46Ti where the odd-even oscillation behaviors can
be reproduced well.

For V, Cr, and Co isotopic chains, the experimental data
can be reproduced well. However, more experimental data are
urgently encouraged to support our results. In these regions
the overall slope increases gradually with the increasing neu-
tron numbers. Also the shell closure effect in charge radii is
clearly pronounced at N = 28 due to the rather small isospin
dependence of spin-orbit interactions [39]. Along manganese
isotopes, results obtained by NL3, PK1, and NL3∗ forces can
reproduce the experimental data across N = 28 shell closure.
However, there exists a slight deviation between experimental
data and results obtained by PK1 force. For 50,51Mn and 52Fe,
the calculated results are all reduced. Meanwhile, the data of
56–58Fe isotopes are also slightly underestimated.

Recent studies on nuclear size are performed along nickel
isotopic chain [20,43]. In Fig. 2(h), one can find that NL3,
PK1, and NL3∗ forces can describe the general trend of
changes of charge radii along nickel isotopic chain. Especially
the slight odd-even oscillation behavior can be reproduced
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FIG. 2. Same as Fig. 1, but for (a) scandium, (b) titanium,
(c) vanadium, (d) chromium, (e) manganese, (f) iron, (g) cobalt,
(h) nickel, and (i) copper isotopes. Experimental data are taken
from Refs. [26,27], while the data of Sc isotopes are taken from
Ref. [107], the value of 54Ni is extracted from Ref. [20] and 58–68,70Ni
are extracted from Ref. [43].

well against experimental data. In Ref. [43], it is mentioned
that the trend of changes of charge radii for 62–70Ni isotopes
are overestimated by Fayans EDF model. The sophisticated
Fayans energy density functional (EDF) can reproduce the
staggering effects of charge radii for Ca isotopes [58]. Fur-
thermore, the inverted paraboliclike behavior between N = 20
and N = 28 can also be reproduced well. As demonstrated
in Ref. [43], the isovector component is excluded in pairing

interactions. This may lead to the lack of an isovector com-
ponent in its pairing part. In Ref. [45], the charge radii of
even-even Ca-Zn nuclei are obtained by the ab initio coupled
cluster theory and nuclear density functional theory, in which
a universal pattern from neutron numbers N = 28 to N = 40
is exhibited, namely the change in charge radii shows weak
dependence on the atomic number. Actually, our results are in
accord with those.

The pioneering work shows that the charge radii formula
without considering the unpaired nucleons correlation gives
the overestimated OES of charge radii in copper isotopes [86].
As shown in Fig. 2(i), the improved formula can reduce
the overestimated odd-even oscillations of charge radii. In
Ref. [36], it is found that the charge radii along copper iso-
topic chain are also slightly overestimated by Fayans DFT
model. Especially close to neutron-rich region, these overes-
timated OES behaviors are evidently represented. Therefore,
the further performance of optimization-based machine learn-
ing method is addressed through Fayans EDF model [109].

B. Charge radii of N = 28, 32, and 34 isotones

The emergence of rapidly increasing charge radii is com-
monly observed across the traditional neutron magic numbers
N = 28, 50, 82, and 126 in the nuclear chart [10,11,32,34].
These phenomena arise from the relative stable binding prop-
erties with respect to the adjacent nuclei. Meanwhile, the
new magicity of N = 32 and 34 has also been identified
by multi-aspects. Recent studies show that the isotopes with
neutron number N = 32 are proposed to exhibit localized
magic behavior due to an observed sudden decrease in bind-
ing energy beyond N = 32, such as in 51K (Z = 19) [103],
52Ca (Z = 20) [92,105,106], 53Sc (Z = 21) [110], and 54Ti
(Z = 22) [111,112]. This new magicity is also identified from
the high excitation energy of the first excited state [113–116]
and the reduced B(E2) transition probabilities [117,118]. Es-
pecially for 52Ca, the doubly magic nature is also confirmed
by two-proton knockout reaction [119]. As demonstrated in
Ref. [61], the signature of N = 32 subshell closure is not
identified across the vanadium isotopic chain (Z = 23) and
higher proton numbers. The closed shell phenomenon has
been observed for isotopes with neutron number N = 34 as
well. The evidence of a N = 34 subshell closure has been
suggested in mass of 54Ca [121] and the 2+ excitation energy
of 54Ca [122,123]. The same scenario can also be found in
52Ar isotope [124]. In Ref. [125], it does not support the
existence of a closed neutron shell in 55Sc at N = 34. How-
ever, as suggested in Refs. [62–64] that the N = 34 subshell
is weakened at the scandium isotopic chain. Therefore, fur-
ther experimental data are urgently required to identify these
features. Close to titanium isotopic chain, the signature of
N = 34 shell closure cannot be observed [115,126]. This is
consistent with Ref. [64] where the shell closure effect of
N = 34 vanishes at titanium. In the Ti and Cr isotopes, the
systematics of E (2+

1 ) [127,128] and B(E2) [126,129] show
no local maximum or minimum at N = 34. Latest measure-
ment with the high-precision multireflection time-of-flight
technique suggests that the existence of the N = 34 empiri-
cal two-neutron shell gaps for Ti and V cannot be found as
well [130].
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FIG. 3. Charge radii of N = 28 (open circle), 32 (open triangle), and 34 (open square) isotones as a function of proton number are plotted
within (a) NL3, (b) PK1, and (c) NL3∗ forces. The results obtained by the (d) BNN+D4 [83], (e) HFB-21 [120], and (f) WS [15] models are
also shown for comparison. The corresponding experimental data are taken from Refs. [26,27] (solid marks).

In Fig. 3, the charge radii of nuclei along N = 28, 32,
and 34 isotonic chains are plotted. It clearly shows that the
charge radii monotonically increase with the increasing proton
numbers. As the slope of these curves involving different
proton numbers is much changed, i.e., the local variations can
be found obviously. The charge radii almost changes linearly
from K (Z = 19) to Fe (Z = 26) along N = 28 isotonic chain.
The shrinking trend occurs until nickel (Z = 28), and then the
abrupt change occurs across Z = 28. This result suggests that
the shell closure effect of charge radii can also be found along
N = 28 isotones. These calculations for the rms charge radii
reveal the characteristic kink at the Z = 28 shell closure in
accordance with the corresponding experimental radii.

Along N = 32 isotonic chain, the abrupt changes of charge
radii across nuclei with Z = 22 are observed within NL3
[Fig. 3(a)], PK1 [Fig. 3(b)], and NL3∗ [Fig. 3(c)] effective
forces. From V to Ga isotopes, the charge radii are changed
linearly with the increasing proton numbers, but the results of
58Fe are slightly deviated. This can be seen from the Fig. 2 that
charge radii of Fe isotopes are systematically underestimated
by these three forces. From K to Ti isotopes, the increasing
trend of charge radii are almost linear. Same scenario can
also be found along N = 34 isotonic chain, but the slope of
changes of charge radii from Z = 22 to Z = 23 is smaller. As
discussed above, magicity means the nuclei process relatively
stable properties. This pronounced feature can also be remark-
ably reflected by nuclear size. As suggested in Ref. [61], the
signature of N = 32 subshell closure is not identified across
Z = 23 and higher proton numbers. This is consistent with

our results where the charge radii keep linear increase after
the abrupt increase at Z = 22. This may provide a signature
to verify the new magicity of nuclei with N = 32. The same
scenario can also be observed along N = 34 isotonic chain,
but the slope of changes of charge radii is smaller. Conse-
quently, more accurate experimental data are urgently needed
in proceeding future.

The latest experimental data show that there has been no
sharp change in charge radii across N = 32 [41]. Although
the magicity of nuclei with N = 32 has been performed, the
shrinking phenomena are not observed along potassium [40]
and calcium [42] isotopes. A more complete picture may
shed light on the unexplained phenomena and reveal details
of the proton-neutron interaction under the influence of the
N = 32 and 34 subshell closure. The N = 34 subshell closure
has been so far performed in Ca [121–123] and Ar [124]
isotopes. However, the slightly sharp transition in charge radii
is also observed across Z = 22. A quantitative theoretical
interpretation of the well-known subshell effect in N has been
hampered by the fact that detailed calculations use somewhat
inconsistent models in treating even-N and odd-N nuclei. The
present case of a pronounced Z dependence of the charge
radii along N = 28, 32, and 34 isotonic chains may provide
the clue for a clear-cut phenomenological interpretation. Such
a comparison should be helpful in providing an accessible
understanding of nuclear charge radii and in making reliable
predictions for those nuclei lacking an experimental value.
Although the systematic evolution of the charge radii over a
large range of proton numbers seems to be consistent with
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the presence of a noticeable subshell effects at N = 32 and
34, it misses the pronounced experimental data to identify
these results. In order to further examine the universal trend
of nuclear charge radii, it will be also instructive to gather
similar data on the isotonic chains at neutron number N = 28,
32, and 34. In Figs. 3(d), 3(e) and 3(f), the results obtained
by Bayesian neural network (BNN+D4) [83], HFB-21 [120],
and WS [15] are also shown for comparison.

In Fig. 3(d), the change of charge radii obtained by
BNN+D4 is almost linear along N = 28 isotonic chain. The
abrupt increases are predicted along N = 32 and 34 isotonic
chains at the proton numbers Z = 20 and 28, respectively.
This can be understood clearly where the pronounced shell
effects are emphasized in the calibrated protocol [83]. For
HFB-21 model [120], the charge radii of N = 28, 32, and
34 isotonic chains change linearly with the increasing pro-
ton numbers. While the slight shrinking occurs at Z = 27,
this may be a result from the unpaired proton. This means
the strong shell effect is weakened in Skyrme function-
als. As demonstrated in Refs. [11,131], the calculations in
nonrelativistic density functional theories (DFT) based on
conventional functionals are unable to reproduce the kink well
at magic numbers. Such as Skyrme functionals utilizing SV-
min force generally cannot reproduce the characteristic kink
typically found at shell closure along Ni isotopic chain [43].
As demonstrated in Ref. [39], shell closure effect results from
the rather small isospin dependence of spin-orbit interactions.
Meanwhile, the great deviations are also observed in charge
radii at the proton numbers Z = 26 and 28. For WS model,
the shell effect and isospin effect in nuclear charge radii are
systematically investigated [15]. Along N = 32 and 34 iso-
tonic chains, the Z = 20 and 28 shell closure are observed
apparently. Furthermore, the rapid increase of charge radii
can also be found across Z = 20, but weakened in our cal-
culations. And the charge radii of 51K and 52Ca isotopes are
underestimated in the WS model. From Z = 29–31 isotopic
chains, charge radii of N = 32 isotones can be reproduced
well by NL3, PK1, NL3∗, BNN+D4, and WS models. But the
results obtained by HFB-21 are slightly overestimated against
the experimental data.

Considering the neutron-proton correlation in describing
the evolution of nuclear charge radii, the increasing trends of
charge radii along N = 32 and 34 isotonic chains seem to sug-
gest the limitation of new magicity at the proton number Z =
22. Meanwhile, it leads to the vanished magicity of Z = 28
along the neutron numbers N = 32 and N = 34 isotones. It is
also mentioned that the magicity at Z = 28 is weakened along
N = 32 and 34 isotonic chains for the HFB-21 model, but the
BNN+D4 and WS models show the magicity at Z = 28 as
well as at Z = 20.

In general, the odd-even staggering in charge radii de-
scribes the fact that the nuclear charge radii of odd-N isotopes
are smaller than the averages of their even-N neighbors. In
order to emphasize these local variations, a three-point for-
mula has been employed to extract the odd-even oscillation
behaviors of nuclear charge radii along a specific isotopic
chain [57,58]. As shown in Fig. 3, the abrupt changes of
charge radii across Z = 22 obtained by NL3, PK1, and NL3∗
effective forces are also shown along N = 32 and 34 isotones,

but the latter with a less slope. For further inspecting this
sudden change in nuclear charge radii, the OES of charge radii
along N = 28, 32, and 34 isotones are also calculated by this
three-point formula. The definition is rewritten as �r (Z, N ) =
1
2 [2R(Z, N ) − R(Z − 1, N ) − R(Z + 1, N )], where R(Z, N ) is
rms charge radius along isotonic chain.

As shown in Fig. 4, the OES of charge radii of N = 28,
32, and 34 isotones as a function of proton number are plotted
within NL3, PK1, and NL3∗ effective forces. For the N = 28
isotones, the results obtained by NL3 and NL3∗ forces agree
well against the experimental data along Z = 23–25 isotopes,
while PK1 force gives the opposite sign until Z = 26. At Z =
20 and 28, these three methods give the similar trend, in which
the OES of charge radii presents the anomalous behavior. As
demonstrated in Ref. [85], this results from the strong shell
closure effect.

Along N = 32 and 34 isotones, NL3, PK1, and NL3∗
effective forces can reproduce the experimental data from
Z = 29–30. Both the NL3 and NL3∗ forces give the almost
identical results, while PK1 gives the opposite sign at Z = 27
along N = 32 isotone. The same scenarios can also be found
at Z = 24 along N = 34 isotone. Here, we greatly pay more
attention to the local variations of charge radii across the
proton number Z = 22. For N = 32 and 34 isotones, one can
find that the amplitudes of OES in charge radii are increased at
Z = 22. This is consistent with the trend of changes of charge
radii as shown in Fig. 3. In addition, one can find that the
amplitudes of OES in charge radii are comparative for Z = 20
and Z = 22 isotones.

IV. CONCLUSIONS

The neutron-proton (np) correlation originating from the
unpaired neutron and proton are taken into account in de-
scribing nuclear charge radii. The systematic study of charge
radii for nuclei with proton number Z = 19–29 isotopes are
performed. The odd-even staggering (OES) and the inverted
paraboliclike behaviors in charge radii are reproduced well
along potassium and calcium isotopes. Although the NL3,
PK1, and NL3∗ effective forces give the similar trend, the
PK1 parameter set systematically underestimates the results.
Beyond N = 28 shell closure, the sharp increases are repro-
duced remarkably well. Especially the charge radii of nickel
and copper isotopes can be reproduced against the latest ex-
perimental data well. It can be found that the increasing trend
of charge radii beyond N = 28 shell closure is almost inde-
pendent of proton number, which is in accord with Ref. [45].
Our calculations can give the shrunk phenomenon of charge
radii of Sc isotopes at N = 20, but the trend is underestimated.

In general, sudden drop in nucleon separation energies, a
larger 2+

1 excitation energy, and a smaller transition proba-
bility as compared to the neighbor isotones (or isotopes) are
commonly considered as manifestations of the magic charac-
ter of a nucleus. Along isotopic chains, unexpected increases
of charge radii are not observed across neutron number N =
32 [40,41]. The shell effect leads to the kink in the isotopic
chains, where charge radii vary smoothly closing to neutron
magic numbers, and then the sudden increase occurs after
crossing filled shells. In our calculations, the calculated results
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FIG. 4. Odd-even staggering of charge radii versus (a) N = 28,
(b) 32, and (c) 34 isotones as a function of proton number are plotted
within NL3 (open diamond), PK1 (open square), and NL3∗ (solid
triangle) forces. The corresponding experimental data are taken from
Refs. [26,27].

monotonically increase with the increasing neutron numbers
along Z = 19–29 isotopic chains. Therefore, it is difficult

to identify the new magicity of nuclei with neutron number
N = 32 and 34 along a long isotopic chain.

However, a high interest is the local variations of charge
radii along isotonic chains. In our calculations, the abrupt
change of nuclear charge radii across Z = 28 is evidently
shown along N = 28 isotonic chain, but this could be weak-
ened across Z = 20. Along N = 32 and 34 isotones, the
abrupt increases of charge radii are also predicted across the
proton number Z = 22, but the latter with a lower slope. In
potassium and calcium isotopes, N = 32 possesses the magic-
ity in the view of relative stable binding properties. However,
the shrinking phenomena cannot be observed in charge radii
of nuclei with featuring N = 32. Our results suggest that the
trend of changes in charge radii is almost linear from potas-
sium (Z = 19) to titanium (Z = 22). This is consistent with
the Ref. [61] where the signature of N = 32 subshell closure
is not identified across V (Z = 23) and nucleus with higher
proton numbers. The same scenario can also be observed
along N = 34 isotonic chain, but more available results are
needed. An indication of the robustness of a new shell closure
may be identified from these aspects.

An available description of the nuclear size can provide ac-
cess to understand new physics beyond standard model [132]
and serve as input quantities in astrophysical study [133].
As demonstrated in Ref. [134], proton-neutron interaction is
responsible for the fine structure of charge radii. In our calcu-
lations, the unpaired neutron-proton correlation is tentatively
incorporated into the root-mean-square charge radii formula.
The overestimated odd-even staggering in charge radii are
definitely improved by this modified formula. Although this
modified formula can reproduce the local variations of nu-
clear charge radii, the self-consistently microscopic form is
urgently required. It is known that the linear relationship be-
tween the difference of the charge radii of mirror nuclei and
nuclear symmetry energy can be used to inspect the isovector
forces [17,21]. Therefore, more available models are needed
in describing nuclear size and more data about the charge radii
of mirror partner nuclei are required in experiments.
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