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Nonrelativistic trace anomaly and equation of state in dense fermionic matter
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We investigate theoretically a nonrelativistic trace anomaly and its impact on the low-temperature equation of
state in spatially one-dimensional three-component fermionic systems with a three-body interaction, which
exhibit a nontrivial three-body crossover from a bound trimer gas to dense fermionic matter with increasing
density. By applying the G-matrix approach to the three-body interaction, we obtain the analytical expression
for the ground-state equation of state relevant to the high-density degenerate regime and thereby address how
the three-body contact or, equivalently, the trace anomaly emerges. The analytical results are compared with
the recent quantum Monte Carlo data. Our study of the trace anomaly and the sound speed could have some
relevance to the physics of hadron-quark crossover in compact stars.
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I. INTRODUCTION

The recent development of astrophysical observations en-
ables us to address the fundamental question of how matter
behaves at extremely high density. Indeed, masses and radii
of neutron stars have been simultaneously deduced from grav-
itational waves observed from a binary neutron-star merger
[1]. By incorporating such information and the presence of a
heavy neutron star [2] into a Bayesian analysis, the equation of
state of neutron-star matter has been determined, such that the
speed of sound is marginally peaked at several times of the
normal nuclear density ρ0 = 0.16 fm−3 [3]. In a manner that
is consistent with this equation of state, nowadays we are in
a position to theoretically construct the equation of state of
matter at densities significantly higher than ρ0.

In such an extremely dense environment, hadrons, which
consist basically of three quarks, overlap with each other and
can no longer be regarded as point-like particles. Eventually,
neutron-star matter is expected to be governed by the quark
degrees of freedom in the form of color superconducting
quark matter [4]. It is nevertheless difficult to figure out how
nuclear matter, which is relatively well known, changes into
such quark matter as density increases. The above-mentioned
empirical equation of state of neutron-star matter invokes the
so-called hadron-quark crossover scenario [5–7], where nu-
clear matter, if compressed, would undergo a crossover toward
quark matter rather than a phase transition [8,9]. While its mi-
croscopic mechanism is still elusive in the presence of the sign
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problem inherent in lattice simulations of finite-density quan-
tum chromodynamics (QCD), a recent lattice simulation of
finite-density two-color QCD [10,11], which is free of the sign
problem, indicates a peak in the speed of sound in the density
region, where the diquark condensate gradually changes in
a similar way to the Bose-Einstein condensation (BEC)-to-
Bardeen-Cooper-Schrieffer (BCS) crossover [12–19] realized
in ultracold Fermi atomic gases [20–22].

In this sense, an alternative promising route to address
the microscopic mechanism of the hadron-quark crossover
could be via an analog quantum simulation based on ultracold
atomic physics [23–25]. Thanks to the tunable interactions,
adjustable internal degrees of freedom, and reachable quan-
tum degeneracy through Feshbach resonances, hyperfine
states, and state-of-the-art cooling techniques, respectively,
ultracold atoms offer an ideal platform to investigate quan-
tum many-body physics [26]. Indeed, for a nonrelativistic
one-dimensional (1D) three-component Fermi atom mixture
with a three-body interaction between different components,
a crossover from a gas of tightly bound trimers to a gas of sin-
gle atoms with increasing density has been pointed out [27];
the thermal equation of state and the minimum of the com-
pressibility (corresponding to the sound velocity peak) in the
crossover regime have been reported from a quantum Monte
Carlo (QMC) simulation based on the worldline formulation,
which is free of the sign problem [28]. Such a system can
be regarded as a good testing ground for many-body theories
involving three-body forces, which play a crucial role in low-
energy nuclear physics [29,30]. The topological aspects of the
three-body interaction have also been investigated theoreti-
cally [31–33].

Furthermore, this 1D system exhibits a trace anomaly
[34] due to the broken scale invariance [27,35]. The same
kind of trace anomaly is known to appear in spatially three-
dimensional (3D) dense QCD, which has been recently
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discussed in connection with the sound velocity peak [36].
Note that, in both systems, the trace anomaly corresponds to
the deviation of the equation of state from the scale-invariant
behavior in the high-density limit. In the nonrelativistic sys-
tem, which will be studied here, the trace anomaly can be
expressed in terms of the three-body contact [27,35], which
is a three-body generalization of Tan’s two-body contact
[37–39] and characterizes the probability of finding three
particles close to each other [40,41]. The numerical values of
the three-body contact in the crossover regime have also been
obtained from the above-mentioned QMC simulation [28].

It is useful to consider various spatial dimensions and
multibody interactions in the nonrelativistic Fermi system
of interest here. The trace anomaly has been experimentally
measured in spatially two-dimensional (2D) two-component
Fermi atomic gases with two-body interaction [42,43], while
it has been theoretically shown that in the high-temperature
limit, there is an exact mapping of the two-body anomalous
interaction in the 2D model onto the three-body anomalous
interaction in the 1D model [44]. Incidentally, both models
are asymptotically free: The interactions become asymptot-
ically weaker with increasing density. Intuitively, this can be
understood from the comparison of two energy scales, namely,
the Fermi energy EF and the multibody binding energy Eb;
the weak-coupling limit is realized when EF/Eb → ∞. This
property is in contrast with the conventional 3D model where
the energy ratio is characterized by the Fermi momentum kF

and the two-body scattering length a in such a way that the
high-density limit corresponds to the unitarity (i.e., kF|a| →
∞) [19].

In considering the crossover mechanism of nonrelativistic
three-component Fermi mixtures, it is interesting to focus on
the analogy with the BEC-BCS crossover in two-component
Fermi atomic gases, where tightly bound diatomic molecules
are changed into overlapped bound Cooper pairs. Indeed, in
three-component Fermi atomic gases, one can expect a sim-
ilar crossover where tightly bound triatomic molecules are
changed into overlapped bound trimers called Cooper triples
[45,46]. Such a triple state that persists even in the presence of
a Fermi sea is a natural extension of the Cooper pairing state
and partially consistent with a phenomenological picture of
quarkyonic matter that is favorable for explaining the sound
velocity peak in neutron-star matter [47]. The crossover from
baryons to color-singlet Cooper triples has also been dis-
cussed theoretically in a semirelativistic quark model with a
phenomenological three-body attraction that is responsible for
color confinement [48]. However, it remains to be investigated
how the ground-state equation of state is associated with the
three-body correlations and the trace anomaly even in the
high-density regime of neutron-star matter.

In this work, we theoretically investigate the ground-
state equation of state for nonrelativistic 1D three-component
fermionic matter, which is connected to the trace anomaly just
like dense QCD, by using the Brueckner G-matrix approach,
which is known to successfully describe the ground-state
equation of state for asymptotically free 2D Fermi atomic
gases [49–51]. Remarkably, this approach gives an analytical
expression for the equation of state, which in turn well re-
produces the equation of state obtained by a QMC simulation

[52] and experiments [53,54] throughout the 2D BCS-BEC
crossover. Moreover, the G-matrix result for the ground-state
energy of a Fermi polaron, namely, an impurity quasiparticle
immersed in a Fermi sea, shows an excellent agreement with
the exact result in 1D [55] and experimental results in 2D [56].
We focus on the low-temperature and high-density regime
where the QMC simulation is numerically demanding even
in this nonrelativistic 1D system regardless of the fact that
the high-density regime corresponds to the weakly coupled
regime due to the asymptotic freedom. In particular, we derive
an analytical expression for the equation of state and the
three-body contact in this system and elucidate the impact of
the trace anomaly on the ground-state equation of state in the
presence of strong three-body correlations.

This paper is organized as follows: In Sec. II, we
present a formalism for describing nonrelativistic 1D three-
component fermions involving three-body attractive interac-
tion. In Sec. III, we discuss the three-body contact and the
ground-state equation of state in the high-density regime
(μ > 0). We summarize this paper in Sec. IV. Throughout the
paper, we take h̄ = kB = 1. and the system size is set to be
unity.

II. FORMALISM

We consider nonrelativistic 1D three-component fermions
by starting from the following Hamiltonian [27,44],

H =
∑

a=r,g,b

Na∑
ja

1

2m

(
− ∂2

∂x2
ja

)

+
∑

jr, jg, jb

g3δ
(
x jr − x jg

)
δ
(
x jg − x jb

)
, (1)

where the first term describes the kinetic energy of a fermion
with mass m and color index a = r, g, b, and g3 is the cou-
pling constant of contact-type three-body interaction among
different colors. Na is the number of fermions of color a.
One can see that even in the presence of nonzero g3, the
Schrödinger equation (i ∂

∂t − H )� = 0 is invariant under the
scale transformation of x j → λx j and t → λ2t , where � is
the many-fermion wave function [57]. The second quantized
form of H reads

H =
∫

d p

2π

∑
a=r,g,b

εpψ
†
p,aψp,a

+ g3

∫
dKdkdqdk′dq′

(2π )5 F †(k, q, K )F (k′, q′, K ), (2)

where εp = p2/(2m) is the kinetic energy of a fermion, and
ψp,a is the fermion operator. The three-body interaction can
be expressed in terms of the three-fermion operator,

F (k, q, K ) = 1

6

∑
a1,a2,a3

εa1a2a3

× ψ K
3 −q,a1

ψ K
3 −k+ q

2 ,a2
ψ K

3 +k+ q
2 ,a3

, (3)

where εa1a2a3 is the completely antisymmetric tensor.
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G3 =     +             + ...
g3

Ξ

3EF

εk,q,K

Q(k,q,K) = 0 (Pauli blocked)

incoming outgoing

0

(a)

(b)

FIG. 1. (a) Feynman diagrams for the three-body G matrix
G3(K, ω). The circle represents the three-body coupling g3. Three
solid lines correspond to the three-body propagator �(K, ω).
(b) Schematics of the Tamm-Dancoff approximation for virtual
three-particle states in �. The Pauli-blocking factor Q(k, q, K ) be-
comes zero when the three-particle kinetic energy Ek,q,K is less than
3EF, where EF is the Fermi energy.

The three-body coupling constant g3 induces a three-body
bound state even for infinitesimally small g3 in 1D, which
breaks the classical scale invariance at quantum level. Because
of nonperturbative properties of the three-body coupling, we
need to sum up an infinite series of the three-body ladder
diagrams shown in Fig. 1(a) even in the weak-coupling (or
high-density) regime. The three-body G matrix is given by

G3(K, ω) =
[

1

g3
− �(K, ω)

]−1

, (4)

where

�(K, ω) =
∫

dkdq

(2π )2

Q(k, q, K )

ω − Ek,q,K
(5)

is the three-body propagator with the Pauli-blocking factor
Q(k, q, K ), and Ek,q,K is the kinetic energy of three particles
given by

Ek,q,K =
( q

2 + K
3 + k

)2

2m
+

(
K
3 − q

)2

2m
+

( q
2 + K

3 − k
)2

2m
. (6)

The three-body coupling can be characterized by the three-
body binding energy Eb in vacuum obtained from the pole of
the three-body T matrix [46]. Namely, we take Q(k, q, K ) = 1
in Eq. (5) and obtain

1

g3
= −

∫
dkdq

(2π )2

1

Eb + Ek,q,0

= − m

2
√

3π
ln

(
mEb + 
2

mEb

)
, (7)

where 
 is the momentum cutoff. In this regard, one can
find that a usual Hartree-like lowest-order interaction energy
g3ρrρbρg, where ρa is the number density of color a, van-
ishes in the limit of 
 → ∞, indicating that an appropriate
regularization of 
 is needed even in the high-density limit.
We note that the appearance of Eb, which is a dimensional
quantity, from the scale-invariant coupling g3 ∼ m−1 is the

consequence of the trace anomaly [27]. Its impact on the
ground-state equation of state will be addressed below.

Hereafter, we focus on the color-symmetric case with ρr =
ρb = ρg ≡ ρ/3, where ρ is the total number density. Fol-
lowing the idea of the Brueckner Hartree-Fock theory in the
presence of a bound state [49–51], we evaluate the internal en-
ergy E as the Hartree-Fock-like expectation value E = 〈H〉 by
replacing g3 with the in-medium effective interaction G3(K =
0, ω = −Eb), that is,

E = 1
3ρEF + 1

27G3(0,−Eb)ρ3. (8)

This approximation leads to an analytical expression for
the equation of state, which works unexpectedly well in
two-dimensional two-component Fermi atomic gases with
attractive interaction throughout the BCS-BEC crossover
[50,51] (see also the Appendix).

As schematically shown in Fig. 1(b), we evaluate
�(0,−Eb) in G3(0,−Eb) within the Tamm-Dancoff approx-
imation where hole-like excitations are suppressed at T =
0 [58]. This treatment is similar to the generalized Cooper
problem for three-body states without any hole excitations
[45,59–62]. As in the case of 2D two-component Fermi gases
in which the states with zero center-of-mass momentum can
be regarded as the relevant contribution, the states with K = 0,
which correspond to squeezed Cooper triples, can be rele-
vant in 1D three-component Fermi gases [45,46]. Because of
the internal degrees of freedom associated with constituent
fermions in three-body cluster states, the three-body correla-
tions at K = 0 involve an ultraviolet divergence with respect
to the integration of relative momenta. Although we do not
consider the condensation in the present 1D system, the low-
momentum correlations play a crucial role at low temperature
and high density; indeed, such an approximation shows a good
agreement with experiments [53,54,56] as well as QMC simu-
lations [40,63] as shown in Refs. [49–51]. On the other hand,
our approach cannot reproduce the low-density limit where
a gas of tightly bound trimers is realized because we do not
consider three-body correlations with K 
= 0. In this regard,
we focus on the high-density regime where the contribution
with K = 0 can be expected to be dominant. By introducing
q̄ =

√
3

2 q and r = (k2 + q̄2)1/2, we obtain

�(0,−Eb) = − m

2
√

3π2

∫ 


0
2πrdr

Q
(
k, 2√

3
q̄, 0

)
mEb + r2

. (9)

Note here that r2 = mEk,q,0 � 3mEF. Then, we find
Q(k, 2√

3
q̄, 0) ≡ Q(r) = θ (r − √

3/2kF) with the Fermi
momentum kF = πρ/3, leading to

�(0,−Eb) = − m

2
√

3π
ln

(
mEb + 
2

mEb + 3
2 k2

F

)
. (10)

Accordingly, we obtain

G3(0,−Eb) = −2
√

3π

m

[
ln

(
mEb + 3

2 k2
F

mEb

)]−1

. (11)

One can see that G3(0,−Eb) in Eq. (11) does not depend on

 in contrast with g3 in Eq. (7).
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Eventually, the internal energy within the present approach
reads

E = 1

3
ρEF − 4

√
3

3π
ρEF

1

ln
(
1 + 3EF

Eb

) . (12)

In particular, it is worth mentioning that in the high-density
limit (EF � Eb) one can obtain

E � 1

3
ρEF − 4

√
3

3π
ρEF/ ln

(
3EF

Eb

)
. (13)

While the G-matrix approach can be justified in the high-
density regime due to the asymptotic freedom, the logarithmic
correction in Eq. (13) is the consequence of nonperturbative
nature of the three-body coupling captured by the infinite
ladder resummation in Fig. 1(a).

Incidentally, while Q(r) ≡ θ (Ek,q,0 − 3EF) certainly sup-
presses virtual states that satisfy Ek,q,0 < 3EF, our approach
may underestimate the Pauli-blocking effect since virtual
states involving one or two particles far above the Fermi sea
and the rest inside the Fermi sea cannot be suppressed. Even
so, it is still useful to find such an analytical formula for the
equation of state by analogy with the 2D BEC-BCS crossover
discussed in the Appendix and further improvements will be
left as future work.

Some other thermodynamic quantities can be obtained via
the thermodynamic identities. The chemical potential μ =
∂E/∂ρ is given by

μ

EF
= 1 − 4

√
3

π

1

ln
(
1 + 3EF

Eb

)
+ 8

√
3

3π

3EF/Eb(
1 + 3EF

Eb

)[
ln

(
1 + 3EF

Eb

)]2 . (14)

The pressure P = μρ − E reads

P = 2

3
ρEF − 8

√
3

3π
ρEF

1

ln
(
1 + 3EF

Eb

)
+ 8

√
3

3π
ρEF

3EF/Eb(
1 + 3EF

Eb

)[
ln

(
1 + 3EF

Eb

)]2 . (15)

In the high-density limit where Eb is negligible compared with
EF, one can find the scale-invariant result P = 2E [27].

However, at lower densities, such a relation is gradu-
ally broken due to the trace anomaly, which is equivalent
to the three-body contact C3 = P − 2E [35]. To be self-
contained, we show how the trace anomaly appears as the
three-body contact in the equation of state of the present
system by following the argument in Ref. [27]. At T = 0,
E depends on ρ alone in the scale-invariant system; its form
can be specified by the dimensional analysis as E = ξρEF ≡
ξπ2ρ3/18m with some constant ξ . In such a case, one can
obtain P = 2E by using the thermodynamic identities as P =
μρ − E ≡ ρ(∂E/∂ρ) − E . If the scale invariance is broken
due to the trace anomaly accompanied by the emergence of
the quantum-mechanical scale Eb, it should be generalized as

E = ξ (eb)ρEF, (16)

where ξ (eb) becomes a function of the dimensionless param-
eter eb = Eb/EF. Then, one finds

P = 2E − 2ρEb
∂ξ (eb)

∂eb
. (17)

The second term of Eq. (17) is nothing more than the cor-
rection of the trace anomaly on the equation of state. Since
∂ξ (eb)/∂eb can be regarded as the change of E with respect to
Eb for fixed EF (or ρ), we obtain

∂ξ (eb)

∂eb
= 1

ρ

∂E

∂Eb
≡ 1

ρ

∂〈V 〉
∂g3

∂g3

∂Eb
, (18)

where 〈V 〉 ∝ g3 is the expectation value of the interaction
term in H . Taking the derivative of Eq. (10) with respect to
Eb, we obtain

Eb
∂g3

∂Eb
= − m

2
√

3π
g2

3. (19)

Combining Eqs. (17)–(19), we can find P = 2E + C3 with the
three-body contact [27]

C3 = m√
3π

g3〈V 〉, (20)

where we have used g3∂〈V 〉/∂g3 = 〈V 〉 at g3 → 0 (
 → ∞).
In the present approximation, we can obtain ξ (eb) from

Eq. (12) as

ξ (eb) = 1

3
− 4

√
3

3π

1

ln (1 + 3/eb)
. (21)

Note that C3 = −2ρEb∂ξ (eb)/∂eb. We thus obtain

C3 = 8
√

3

3π
ρEF

3EF/Eb(
1 + 3EF

Eb

)[
ln

(
1 + 3EF

Eb

)]2 . (22)

One can easily find that C3 is positive definite as in the case of
conventional Tan’s contact [37–39].

Moreover, one can obtain the squared sound velocity c2
s =

1
m (∂P/∂ρ) as

c2
s

v2
F

= 1 − 4
√

3

π

1

ln
(
1 + 3EF

Eb

)
+ 28

√
3

π

EF

Eb

1(
1 + 3EF

Eb

)[
ln

(
1 + 3EF

Eb

)]2

− 24
√

3

π

E2
F

E2
b

2 + ln
(
1 + 3EF

Eb

)
(
1 + 3EF

Eb

)2[
ln

(
1 + 3EF

Eb

)]3 , (23)

where vF = kF/m is the Fermi velocity and corresponds to the
high-density conformal limit in this system. We note that at
T = 0, c2

s is related to the compressibility κ = 1
ρ

(∂ρ/∂P). By

introducing the noninteracting compressibility κ0 = ρ/v2
F, we

find κ/κ0 = v2
F/c2

s .

III. RESULTS

First, we discuss the three-body contact C3, which arises
from the trace anomaly. In particular, we focus on the
regime with μ > 0 where the Fermi degeneracy of constituent
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FIG. 2. Three-body contact C3 as a function of μ/Eb at T = 0,
where λb = √

2π/mEb is the length scale associated with the three-
body binding energy Eb. For comparison, we also show the QMC
results at T = 0.4Eb in Ref. [28], where the circles and triangles are
evaluated by two different ways. These two results are different due
possibly to lattice artifacts.

fermions is important. Figure 2 shows C3 as a function of
μ/Eb at T = 0. One can see that C3 increases with μ, indicat-
ing the importance of the low-energy three-body correlations
which are reminiscent of squeezed Cooper triples [46]. We
note that this increment is also associated with the increase of
ρ as C3 is normalized by the density-independent scales λb =√

2π/mEb and Eb in Fig. 2. If we use the density-dependent
scale (e.g., C3/ρEF), such a quantity vanishes and hence the
scale-invariant result C3/ρEF = (P − 2E )/ρEF → 0 is recov-
ered in the high-density limit. Even within our simplified
approach, our result is close to the QMC results performed
at finite temperature (T = 0.4Eb) in Ref. [28]. In the present
G-matrix approach where C3 is a little bit underestimated, we
do not consider the three-body correlations with nonzero K
and the trimer-trimer interaction [64], which may be the origin
of such underestimation of C3.

0

0.2

0.4

0.6

0.8

1

-1 -0.5 0 0.5 1 1.5 2

QMC (E−Etrimer, T = 0.4Eb)

(E
/ρ
+
E b

/3
)/
E b G-matrix

μ/Eb

FIG. 3. Internal energy (E/ρ + Eb/3)/Eb as a function μ/Eb.
For comparison, the QMC result at T = 0.4Eb in Ref. [28] is shown,
where the plot has the trimer contribution Etrimer subtracted out.

FIG. 4. Squared sound velocity c2
s /v

2
F as a function of μ/Eb,

where vF is the Fermi velocity corresponding to the conformal
high-density limit. The solid and dashed curves represent the G-
matrix results with and without the degenerate trimer contribution
δc2

K 
=0, respectively. The circles show the QMC results obtained from
c2

s /v
2
F = κ0/κ at T = 0.4Eb. The horizontal dotted line corresponds

to the high-density limit (c2
s /v

2
F = 1).

Figure 3 shows the internal energy per particle
E/ρ + Eb/3. In Ref. [28], the QMC results for the
internal energy density E that has the trimer contribution
Etrimer = ETFG − ρEb/3 subtracted out were reported, where
ETFG is the internal energy density of a noninteracting
trimer Fermi gas. Since ETFG is not considered in our
calculation, we compare the G-matrix result for E/ρ + Eb/3
with (E − Etrimer )/ρ in the QMC simulation. At μ > 0, our
result is qualitatively consistent with the QMC result as both
results show linear increase with μ/Eb. This enhancement
is also related to the increase of ρ. The quantity shown in
Fig. 3 indicates the degree to which the system differs from
a noninteracting trimer Fermi gas. In this sense, the result
for C3 obtained by the G-matrix approach may be regarded
as the three-body correlations that cannot be described
by the point-like trimer formation. On the other hand, the
trimer-trimer repulsive interaction [64] is not considered in
our calculation. This repulsion would act to increase E and
thus lead to further discrepancy between the QMC simulation
and the G-matrix approach.

Finally, we examine the squared sound velocity c2
s /v

2
F as

shown in Fig. 4. For comparison, we also show the QMC
result obtained from the dimensionless compressibility κ/κ0

at T = 0.4Eb. Although the QMC result, which is above unity,
involves the finite-temperature effect, the G-matrix result for
c2

s /v
2
F is well below unity. To understand this discrepancy,

we phenomenologically introduce the three-body correlations
with nonzero center-of-mass momenta (K 
= 0) as E → E +
δEK 
=0 where

δEK 
=0 =
∫

dK

2π

K2

6m
θ (KT − K ) = K3

T

18πm
. (24)

In Eq. (24), KT = √
6m(3EF + Eb) is the effective trimer

Fermi momentum. Then, using the thermodynamic identities,
we find the associated correction to the squared sound velocity
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c2
s → c2

s + δc2
s,K 
=0, where

δc2
s,K 
=0 = kFKT

2m2
+ 9k3

F

2m2KT
. (25)

The dashed curve in Fig. 4 shows the result for c2
s /v

2
F in-

cluding the phenomenological three-body correlations with
K 
= 0. Indeed, it is close to the QMC result. This indicates
the importance of the Pauli pressure of in-medium trimers
in addition to the trace anomaly in the high-density regime.
On the other hand, δc2

s,K 
=0 does not vanish even in the high-
density limit (EF � Eb), whereas c2

s /v
2
F should approach unity

in the high-density limit. In this sense, the phenomenolog-
ical expression for δc2

s,K 
=0 based on point-like trimer states
overestimates the excess of c2

s , implying that the nonlocal
Cooper-triple-like correlations with K 
= 0 should be taken
into account [46]. The trimer-trimer interaction would also
play an important role in changing c2

s , in addition to C3 and
E . Although the G-matrix result is known to follow c2

s /v
2
F �

1 − 4
√

3/[π ln(3EF/Eb)], which is consistent with the equa-
tion of state in the BCS-BEC crossover [50,51], therefore,
a more detailed investigation of the high-density asymptotic
behavior of c2

s is left for an important future work.

IV. SUMMARY

To summarize, we have investigated the trace anomaly
and its impact on the ground-state equation of state for non-
relativistic 1D three-component fermions. By extending the
G-matrix approach developed for the system with two-body
interaction to the system with three-body interaction, we have
obtained the analytical expression for the ground-state equa-
tion of state in the presence of three-body correlations that
cannot be described by the formation of point-like trimers.
The three-body contact, which results from the nonrelativis-
tic trace anomaly, is found to increase with the chemical
potential. Our results are qualitatively consistent with the re-
cent QMC results at positive chemical potentials even within
the simplified approximations adopted here. We expect that
the Cooper-triple-like three-body correlations appear in the
present system.

As for future perspectives, it is important to consider
the three-body correlations with nonzero center-of-mass
momenta as well as trimer-trimer interactions for further un-
derstanding of the three-body crossover equation of state.
Finite-temperature effects should also be addressed for more
quantitative comparison with the QMC calculation. More-
over, it would be interesting to apply the present approach
to hadron-quark crossover by considering a system of con-
stituent quarks interacting via a three-body color-confining
force.
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APPENDIX: TRANSDIMENSIONAL SIMILARITY
THROUGH THE NONRELATIVISTIC TRACE ANOMALY

Equation (12) for a 1D three-component Fermi gas with
the zero-range three-body interaction shares a similarity with
the corresponding internal energy E2D of a 2D two-component
Fermi gas with zero-range two-body interaction as discussed
in terms of few-body analyses and the virial expansion
[27,44]. Indeed, the same approximation to the internal energy
is applicable, leading to [50,51]

E2D = 1

2
ρEF,2D − ρEF,2D

1

ln
(
1 + 2EF,2D

Eb,2D

) , (A1)

where EF,2D = πρ/m and Eb,2D are the Fermi energy and the
two-body binding energy in a 2D two-component Fermi gas.
An important advantage of Eq. (A1) is that it can reproduce
the exact expressions in both weak BCS and strong BEC lim-
its, which are given by ρEF,2D/2 − ρEF,2D/ ln(2EF,2D/Eb,2D)
at Eb,2D/EF,2D → 0 and −ρEb,2D/2 at Eb,2D/EF,2D → ∞,
respectively [50,51]. In this regard, Eq. (A1) qualitatively
captures the BCS-BEC-crossover physics by interpolating the
two opposite limits. In the present 1D case, Eq. (12) can also
give the weak-coupling (high-density) limit given by Eq. (13),
as in the case of 2D Fermi gases with two-body interaction
[50,65]. Note, however, that Eq. (12) leads to E → − 4

√
3

27π
ρEb

at Eb/EF → ∞. While it is similar to the sum of the binding
energy −ρEb/3 for bound states of density ρ/3, the fac-
tor is different by 4

√
3/9π . Since −ρEb/3 is at odds with

the Fermi degeneracy of a trimer gas, the smaller binding
does not immediately indicate the breakdown of the present
approach. Anyway, since Eq. (12) lacks the contribution of
excited trimers with K 
= 0 which should be important in the
low-density (strong-coupling) regime, we mainly discuss the
high-density (weak-coupling) regime in the main text.
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