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I study the elliptic and triangular flow of charmonium states, or J/¥, ¥ (2S), and x.(1P) mesons in heavy
ion collisions. Starting from the evaluation of charmonia transverse momentum distributions and yields, I
calculate elliptic and triangular flow of charmonium states based on the coalescence model. I show that the
internal structure, or the wave function distribution of charmonium states plays a significant role, especially

when charmonium states are produced by charm quark recombination, leading to the transverse momentum
distribution of the ¥ (2S) meson as half large as that of the J/¢¥ meson. I also consider the dependence of
the elliptic and triangular flow of charmonium states on internal structures of charmonium states, and find that
the wave function effects as well as feed-down contributions are averaged out for elliptic and triangular flow,

resulting in similar elliptic and triangular flow for all charmonium states. I investigate further the elliptic and
triangular flow of charmonium states at low transverse momentum region, and also discuss the quark number
scaling of elliptic and triangular flow for charmonium states.
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I. INTRODUCTION

It has been expected that a new form of the matter com-
posed of deconfined partonic states, the so-called quark-gluon
plasma (QGP), is created in the environments of high tem-
peratures enough to set quarks and gluons free from hadrons
[1]. Since the QGP disappears very quickly and is converted
into hadrons in a time scale of strong interactions, various
ways of recognizing the existence of the QGP or the phase
transition to the QGP in heavy ion collisions have been sought
out. As one of the plausible tools for the probe of the QGP,
a heavy quarkonium, i.e., the J/¢ meson has been proposed
from the expectation that the production of the J/v is sup-
pressed in the QGP medium due to the dissociation of the J/yr
by the Debye color screening between charm and anticharm
quarks [2].

With much larger achievable energy than ever before pos-
sible in experiments carried out at the Large Hadron Collider
(LHC), other charmonium states, as well as the J/v¢ meson,
are estimated to be more abundantly produced, thereby be-
coming convenient probes and presenting us with important
information on many properties of the QGP [3-5]. These
charmonium states are expected to play significant roles as
probes to the temperature variation of the QGP during the time
evolution in heavy ion collisions since they dissociate in the
QGP at different temperatures depending on the strength of
their binding energies [6-8].

The effects of the quark-gluon plasma on the J/¢¥ me-
son are mostly observed with the ratio between the yield of
the J/v¢ in heavy ion collisions and that in p + p collisions
rescaled by the number of binary collisions, i.e., the so-called
nuclear modification factor, R44. In the early measurement at
the Relativistic Heavy Ion Collider (RHIC), the R44 of the
J/¢ decreases with the number of participating nucleons or
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with increasing centralities, implying that the J/v production
is actually suppressed due to the presence of the QGP and is
more suppressed with increasing size of the QGP [9].

On the other hand, the same measurement on the R4y of
the J/¢ in collision energies ten times larger at LHC by
ALICE Collaboration shows that the R44 of J/i¢ mesons
is not dependent on centralities anymore, meaning the less
suppression of the J/v production at the QGP and supporting
possibilities of the J/iy regeneration from charm quarks in
the QGP [10,11]. Especially, the enhancement of the R44 of
the J/¢ observed at low transverse momentum region [11]
strongly favors the scenario that the significant amount of the
J/y¥ meson is produced from a charm and an anticharm quarks
by recombination in the QGP.

Recent measurements by ALICE Collaboration show that
the Ra4 of the ¥(25) meson is also independent of centralities
as that of the J/v, indicating that the significant amount of
¥ (2S5) mesons are regenerated as well from charm quarks in
the QGP [12]. Compared to the Ry4 of the J/, however, the
Ry of the ¥(2S) meson is half as large as that of the J/v,
raising the possibility of the different production mechanism
between the J/y and ¥ (25) when they are produced by charm
quark recombination from the QGP.

Moreover, the measurement by CMS Collaboration on the
nuclear modification factor ratio between the ¥ (2S) and J/ ¢
in the transverse momentum pr and rapidity y ranges, 3
< pr <30 GeV and 1.6 < |y| < 2.4 at \/syy = 2.76 TeV
shows that the ratio increases with an increasing number of
participants or with increasing centralities [13]. The similar
measurement in different transverse momentum and rapidity
regions, 9 < pr < 40 GeV and |y| < 2 by ATLAS Col-
laboration at /sy = 5.02 TeV also shows that the prompt
¥ (2S) to J/¢ double ratio increases with increasing number
of participants [14], implying that different amounts of the
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J/¢ and ¥ (2S) are produced when they are affected by the
QGP in heavy ion collisions.

It has been known that the yield in the coalescence pro-
duction is dependent on the overlap between the Wigner
distribution or the coalescence probability function, which is
made up of the wave function of the produced hadron, and the
phase space density functions or the transverse momentum
distributions of constituents [15-18]. Reminding that both
the J/v and v (2S) share the charm and anticharm quarks
as their constituents, one may confirm different coalescence
probabilities for the cause of different amounts of the J/y
and ¥ (25) yields when the J/¢ and v (2S) are formed from
the same source in the QGP by recombination.

The investigation on the production of not only the J/v
meson but also ¥ (2S) and x.;(1P) mesons from the QGP
by recombination has already been made [19]. The study has
shown that when these charmonia are produced by charm
quark coalescence, the ¥ (25) meson can be produced half as
much as the J/¢¥ meson, which is a substantial enhancement
in the production of the ¥ (2S5) compared to that of the J/,
especially considering the mass difference of about 600 MeV
between these two charmonium states. The enhanced pro-
duction of the ¥ (2S), or the different amount of yields for
different charmonium states has been found to originate from
the different amounts of overlap between the different Wigner
functions for each charmonium state and the same distribution
of constituents in phase space, in other words, the different
amounts of overlap between different wave function distri-
butions from different internal structures, 1S, 2S, and 1P of
charmonia and the same transverse momentum distribution of
charm quarks in momentum space [19].

In addition to the transverse momentum distribution of
charmonium states, the elliptic flow of charmonium states is
also dependent on their wave function distributions through
the coalescence probability function; the elliptic flow of
hadrons is known to bear the elliptic flow of constituents
caused by their anisotropic configurations at the moment of
heavy ion collisions when hadrons are produced by quark
coalescence [20]. Since the elliptic flow of hadrons is depen-
dent on transverse momentum distributions of constituents, to
be exact, the transverse momentum distribution anisotropy of
quarks via the transverse momentum distribution of hadrons,
the elliptic flow of charmonium states are also expected to be
dependent on their internal structures, thereby giving rise to
different elliptic flows for different charmonium states when
charmonium states of different internal structures are pro-
duced from charm quarks by recombination.

The study on the elliptic flow of charmonium states has
already been carried out experimentally, e.g., Ref. [21], but
the consideration of different coalescence probability func-
tions for different charmonium states has been overlooked.
Moreover, it has not been investigated whether or not the
so-called quark number scaling of hadrons, which states that
the elliptic flow of hadrons is similar in size to the elliptic
flow of a quark times the number of quarks inside hadrons
[20], is also applicable to the elliptic flow of charmonium
states when charmonium states with different internal struc-
tures are produced from the same number of charm quarks by
coalescence.

Therefore, it is necessary to reevaluate the elliptic flow
of each charmonium state produced from charm quarks by
coalescence in heavy ion collisions in order to investigate
the dependence of the elliptic flow of charmonium states on
their wave function distribution in momentum space as well
as the applicability of the quark number scaling of elliptic
flow to the case of charmonium states. This study may help us
to understand the recent observation by CMS Collaboration
on the transverse momentum distribution of the elliptic flow
of not only the J/v but also the ¥ (25) [22], showing dif-
ferent transverse momentum distributions of the elliptic flow
between the J/¢ and ¥ (25).

In addition, the CMS Collaboration also reported the obser-
vation of the triangular flow of the J/ in heavy ion collisions
[22]. In line with this observation, I find it is also necessary
to study the triangular flow of charmonium states when char-
monium states of different internal structures are produced
from the same charm quark triangular flow by coalescence,
and therefore, I extend the discussion on the elliptic flow of
charmonium states to the study on the higher flow harmonics
of charmonium states as well.

As is well known, the flow harmonics, such as the ellip-
tic and triangular flow, originate from the initial geometry
of nucleus at the moment of heavy ion collisions; the pres-
sure gradient generated in the particular shape caused by the
anisotropic initial collisions creates various kinds of flows or
flow harmonics. In addition to the anisotropy of nucleon dis-
tributions in heavy ion collisions, event-by-event fluctuations
in heavy ion collisions are also found to be important origins,
especially giving rise to higher flow harmonics, e.g., the tri-
angular flow [23-27]. I discuss here mainly the contribution
of the triangular flow of charmonium states built from the
triangular flow of charm quarks due to the initial anisotropic
heavy ion collisions in the same way that the elliptic flow of
charmonium states are formed from that of charm quarks by
recombination.

The paper is organized as follows. In Sec. II, I discuss
transverse momentum distributions and yields of charmonium
states, the J/vr, ¥ (25), and x.; (1P). I investigate the different
internal structures of charmonium states, and calculate their
yields and transverse momentum distributions, which are de-
pendent on their internal structures or their wave function dis-
tributions in momentum space. In Sec. III, I evaluate elliptic
and triangular flow of charmonium states when they are pro-
duced from charm quark elliptic and triangular flow by recom-
bination at the quark-hadron phase boundary. I further show
the quark number scaling of elliptic and triangular flow for
charmonium states, and also present comparison between the
present evaluation and various experimental measurements
in Sec. III. I discuss the dependence of transverse momen-
tum distributions, yields, and flow harmonics of charmonium
states on their internal structure, or the wave function distribu-
tion of each charmonium state in momentum space in Sec. [V.
Finally, I present a summary and conclusion in Sec. V.

II. TRANSVERSE MOMENTUM DISTRIBUTIONS
AND YIELDS OF CHARMONIUM STATES

I first consider the meson produced from the quark-gluon
plasma by quark coalescence. When a meson is formed from
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a quark, ¢ and an antiquark, g, the yield of the meson in the
coalescence model is described by [16],

d3 a3 Dg
N =g [ pu-donps dog

X fa(rgs P g (rg s W (g, 135 Pg» PG)s (D

where do is a hypersurface element, and f,(r, p) and f5(r, p)
are, respectively, covariant distribution functions of a quark
and an antiquark satisfying the following normalization con-
dition,

d313¢1(ci)
p-do qu(q)(r p)= q(q)* @
qq

the number of all (anti)quarks available in the system. The fac-
tor g takes into account the chance of generating a meson from
quarks, e.g., g7y = 3/(2 x 3)*.InEq. (1), W (ry, r3; pg, P7) is
the coalescence probability function, or the so-called Wigner
function made up of wave functions of the hadron produced
by coalescence.

Under the assumption of boost-invariant longitudinal mo-
mentum distributions of (anti)quarks satisfying n =y, or the
Bjorken correlation between spatial and momentum rapidities,
the transverse momentum distribution of the yield for the
meson can be derived in the nonrelativistic limit from Eq. (1)
into [15,16,28,29],

d’N - ﬂ s> o =
W = é/d3rd2qud2qu8(2)(pT = Pgr — Par)
T
d2N dqu—
dp P 2 —W(7, k) 3)

where d*N,5)/d*Pyr is the number of (anti-) quarks as a

function of transverse momentum, and W (7, E) is the Wigner
function,

. d3_. ~ - 7l T q
W@, K = (an)3 w*(k + %)e""w(k - g) @)

with 7 and k being, respectively, the distance and relative
momentum between a quark and an antiquark in a meson
rest frame. The Wigner function has been normalized on the
condition, [ W (7, k)d*?d*k = (27r)*, and the ¥ (k) in Eq. (4)
is the wave function of the meson produced by quark coales-
cence in momentum representation.

In the same manner, the transverse momentum distribu-
tion of charmonium states can be derived as represented in
Eq. 3),

d*Ny g . _ S _
dpzM = ‘I/VI d*7d*perd* per 8P (Pr — Per — Der)
T
Ny Ve 7y )
— Wulr, b
d gT dp%T

where subscript M in Eq. (5) stands for the kind of char-
monium states, e.g., s for J/y, p for x.(1P), and 10
for ¥ (25).

As shown in Eq. (5), yields or transverse momen-
tum distributions of charmonium states produced by quark

coalescence are mainly dependent on two factors, the trans-
verse momentum distribution of charm quarks and the Wigner
function. Reminding that all different charmonium states, the
J/¥, x.(1P), and ¥ (2S) have the same charm quark compo-
nents, one can expect that the Wigner function plays a major
role in Eq. (5) in characterizing the production of different
charmonium states from the same charm quark constituents
by charm quark coalescence, as already pointed out in
Ref. [19].

As the Wigner function is constructed from the wave
function of hadron produced by coalescence, Eq. (4), the
transverse momentum distribution, and also the yield of char-
monium states should be dependent on the wave function
of charmonium states through the Wigner function, e.g., the
Wigner function of the J/¢ must be different from that of the
¥ (2S); the J/+4 meson is an s-wave state whereas the ¥ (2S5) is
a radially excited state of the J/v . It should be noted that the
internal structure of the x.(1P) meson is also different from
those of the J/¢ and ¥ (25) meson; the x.(1P) meson is in a
p-wave state.

One can investigate the explicit dependence of the trans-
verse momentum distribution of charmonium states on the
wave function by considering various types of wave functions.
In general, Gaussian-type wave functions are chosen for the
description of the wave function of hadrons. On the other
hand, one can also consider Coulomb-type wave functions,
especially for charmonium states. Since charmonium states
can be considered as the charm and anticharm quark bound
state formed by a color Coulomb interaction between charm
and anticharm quarks [2], as an analogue of the electromag-
netic Coulomb interaction between an electron and a proton
inside a hydrogen atom, the Coulomb wave function can also
be adopted in describing the wave function of charmonium
states.

The explicit representation of the Wigner function con-
structed from Coulomb wave functions for charmonium states
as well as the dependence of the transverse momentum distri-
bution of charmonium states on both Coulomb and Gaussian
wave functions have already been discussed [19]. It has
been shown that transverse momentum distributions of the
J/¢¥ and ¥(2S) meson are clearly dependent on their wave
functions, and also the detailed comparison between trans-
verse momentum distribution of the J/v¢ and 1 (2S) based
on both Coulomb and Gaussian wave functions has been
made [19].

With this in mind, I apply in this work different wave func-
tions, or different Wigner functions for different charmonium
states in evaluating both yield distributions as functions of
transverse momenta and flow harmonics such as v, and v
as an attempt to investigate differences in the production of
different charmonium states. However, I do not adopt here
both types of wave functions, the Coulomb and Gaussian,
and confine the discussion on the results only obtained with
Gaussian-type wave functions so as to focus, without loss of
generality, on differences between charmonium states in their
production by charm quark coalescence at the quark-hadron
phase boundary.

The Wigner functions based on Gaussian wave functions
have already been obtained for s-, p- [30,31] and d-wave [32]
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states,

- 2
+ 1672k — 8(F - k)z)eozkzc’z, (6)

where an oscillator frequency w is related to the reduced mass
w with 0> = 1/(uw). The 28 state Wigner function based on
a Gaussian wave function is also available [19],

16 ) r? N
3 04 o2

C0PR + 4GB e R
: e o ) (7)

3
Wio(F, k) = o 202k + otk*

constructed from three-dimensional harmonic oscillator wave
functions. The subscript 10 represents the first excited state,
Yo from its ground state, ¥y with the lowest angular mo-
mentum, describable for the wave function of the ¥ (25)
meson. The more Wigner function for higher excited states
also constructed from three-dimensional harmonic oscillator
wave functions together with phase space distributions have
been systematically investigated recently [33].

The Wigner function in Egs. (6) and (7), can be simplified
to the absolute value square of the wave function in momen-
tum representation when it is integrated over coordinate space,
7 with the help of one of important properties of the Wigner
function [34],

= |§ (k). (8)

The 1&(1_5) is the wave function in momentum representation,
corresponding to the coordinate space wave function adopted
in the Wigner function v (7).

Applying Eq. (8) to Eq. (3), one can obtain the simpler
yield distribution as a function of transverse momentum,

d?N, -
dpzM = g‘y d*perd® per 8P (Pr — Per — Per)
T
d N, d’N; )
d 2 dp 2 [ (). ©

dZNCR {aORe(1422(1%1'/1707')1'57)

o(—0.35(per /por )

d°NE {aé

ale=3:04wer [por)*™) L gR(1.0 + (per [ por ) 02) 348

a%e(—3.49(m/por>3-5°) + a5 (1.0 + (per /por %)~ 143!

The absolute value square of the wave function in momentum
representation for each charmonium state is given by,

QJymo)e ¥’ Vs /¥
%(2ﬁ0)3e_k2"262k2 Yps X1 (1P)

2yT0) e 7 (02 = 3) Yo v (2S).
(10)

[ (B)? =

When evaluating the transverse momentum distribution
of the charmonium yield, Eq. (9), I only consider the
contribution from transverse momenta by neglecting the lon-
gitudinal momentum in the wave function at midrapidities
y = 0 [19,32]; the relative momentum between charm quarks
becomes k = (B,; — poy)/2 with p., and pr, being the trans-
verse momenta in the charmonium frame, converted from the
transverse momenta of charm and anticharm quarks, p.r and
Per in a fireball frame by the Lorentz transformation [29,35].

In order to evaluate Eq. (9), it is necessary to determine
an oscillator frequency, w, which is related to the size of
charmonium states produced by charm quark coalescence
[29,36,37]. Here, I adopt oscillator frequencies w = 0.078
GeV at RHIC and w = 0.076 GeV at LHC [37] obtained
on the condition that all charm quarks at zero transverse
momentum are hadronized exclusively by quark coalescence
[29,37]. In determining above oscillator frequencies, a total
of 14 single charmed hadrons, i.e., ten charm baryons, A,
3.(2455), £.(2520), A(2595), A.(2625), E,, E., E.(2645),
Q,, and 2.(2770), and four open charm mesons, D, D*, Dy,
and D} have been taken into account. Since the yields of char-
monium states, made up of charm and anticharm quarks, are
much smaller compared to those of single charmed hadrons
mentioned above, the oscillator frequencies are found to be
almost unchanged as w = 0.078 GeV at RHIC and w = 0.076
GeV at LHC even though charmonium states are included in
the above calculation of oscillator frequencies on the same
condition.

Based on the relation between the mean-square radius,
(r*) and the oscillator frequency, o> = 1/(uw) for char-
monium states () = 3/207,,. () .ap) = 5/207 (1p)»
and (}’2>1/,(25) =17/ 20112/(23) [19] the size of charmonium states
can be evaluated when the above oscillator frequencies are
adopted. Using w = 0.078 or w = 0.076 GeV one obtains,
respectively, 1.0, 1.3, and 1.5 fm for the root-mean-square
radii v/ (r2) of J/vr, xc1(1P), and ¥ (2S) states.

In addition to oscillator frequencies, it is also necessary to
have the information on the transverse momentum distribution
of charm quarks in the system d*>N,/dp?, in Eq. (9). Here 1
introduce the following transverse momentum distributions of
charm quarks at midrapidity in 0—10 % centrality [38],

per < 1.85GeV

per > 1.85GeV
per < 1.85GeV
per > 1.85 GeV

)
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TABLE I. Coefficients in the unit of GeV~? in the transverse
momentum distributions of charm quarks in the system, d’N../dp?,,
Eq. (11) at RHIC and LHC, respectively.

RHIC (GeV~?) LHC (GeV™?)
al 0.69 ak 1.97
ak 1.08 at 7.95
a; 3.79 dk 87335

with superscripts R and L being represented by a charm quark
transverse momentum distribution at RHIC and LHC, respec-
tively. In Eq. (11), por = 1.0 GeV, and coefficients, af, af,
aX, ak, ab, and a are summarized in Table I. The transverse
momentum distribution of the charm quark at LHC in Eq. (11)
has been obtained for ,/syy = 2.76 TeV Pb+4-Pb collisions
[38]. The above transverse momentum distributions Eq. (11)
corresponds to dN,/dy = 2.00 at RHIC and dN,/dy = 14.9
at LHC for the total number of charm quark pairs, dN,/dy =
dN;/dy at a unit midrapidity interval |y| < 0.5 in the system
[37].

With the transverse momentum distribution of charm
quarks Eq. (11) and also the Wigner function Eq. (10) I
evaluate transverse momentum distributions of charmonium
states J/¥r, x.1(1P), and ¥ (25) mesons produced from charm
quarks by recombination at the quark-hadron phase transi-
tion dzNJ/w/dpgr, dz]\lxc1 (lp)/dp%, and dzNw(zg)/dpgr at both
RHIC ,/snn =200 GeV and LHC /sny = 2.76 TeV. I use
the coalescence volume 1790 and 3530 fm?® for RHIC and
LHC, respectively, and assume the constituent charm quark
mass as 1.5 GeV [37,39].

Shown in Fig. 1 are transverse momentum distributions
d’>N/dp% of charmonium states evaluated at midrapidity in
0-10 % centrality at RHIC /sy = 200 GeV and those mul-
tiplied by 27 pr, dN/dpr at LHC ,/syn = 2.76 TeV. Also
shown for comparison are experimental measurements of the
J/ transverse momentum distribution at RHIC /sy = 200
GeV, |y| < 0.5 in 0-80 % centrality [40] and the transverse
momentum distribution of the J/¢ multiplied by 2npr,
dN/dpr measured at LHC ,/syw =5.02 TeV, |y| < 0.9 in
20-40 % centrality [41]. In evaluating the transverse momen-
tum distributions of J/v and x.(1P) as shown in Fig. 1
contributions from the decay of heavier charmonium states are
also taken into account, i.e., the significant amount of the J/y
production comes from other heavier charmonium states, feed
downs from x.1(1P) and ¥ (2S) mesons [42];

dZNall dzN d2N 2Nall
v T 0614 — L2 4 03432
dpr dpr dpr dpr
dZNall dzN d2N
o T 40,0975 — 42 (12)
dpr dpr dpr

I have neglected in Eq. (12) the modification of the transverse
momentum distribution of daughter particles from that of a
mother particle since decays are mostly radiative, and the
mass difference between mother and daughter particles is
small compared to the mass of daughter particles.

112
- s =200 GeV (a
10-4_;;?;}\}_.1_‘\ NN ( ) ]
— E \6\6\;:.\. \}—I—t E
(\I] \ﬁ\ \_\ \
> \5\. —F—
©10° ?-\\ S ;
~ N \:\. \
N — E N\ \\. + E
% -8 \s\- H
107 —— Uiy AN E
o ] w@S) ey (1P) “\'§ ]
01— STAR 5,,?=200 GeV 0-80% .
10- T T T
0 2 4 6 8
pr (GeV)
12
10% Hj& S\ 2=2.76 TeV (b) |
P R
e S s ST
Sl
~ 3\5\;\.
410+ S i
k<] \\\.\
S B \ \;Q'\-\ ]
—y(28) o 6(1P) SO
] ALICE s,,,?=5.02 TeV 20-40%
10- T T T
0 2 4 6 8
pr (GeV)

FIG. 1. Transverse momentum distributions d’N/d p% of char-
monium states at midrapidity in 0-10 % centrality at RHIC ,/syy =
200 GeV (a) and those multiplied by 27 pr, dN/dpr at LHC
J/Snn = 2.76 TeV (b). Also shown for comparison are experimental
measurements of (a) the J/y transverse momentum distribution at
RHIC /snn = 200 GeV [40] at midrapidity in 0-80 % centrality
and (b) the transverse momentum distribution of the J/v multiplied
by 27 pr, dN/d pr measured at LHC /sy = 5.02 TeV, |y| < 0.9 in
20—40 % centrality [41].

Shown in Fig. 2 are transverse momentum distribu-
tions multiplied by 27w pr, dN/dpr of charmonium states,
J/¥, xa(1P), and 1 (2S) mesons at midrapidity in O-
10 % centrality when they are purely produced from charm
quarks by recombination at the quark-hadron phase transi-
tion d*N;y /dp5., d*N,,, /d p% and d*Nys)/d p%. In addition,
shown in the inset of Fig. 2 are the transverse momentum
distribution ratios between the ¥ (25) and J/v obtained after
considering the feed-down contributions following Eq. (12)
dzNw(gs)/dp%/dzN_?}lw/dp%, also at RHIC ,/syn = 200 GeV
and LHC ,/sny = 2.76 TeV.

As shown in Fig. 2 the transverse momentum distribution
of the ¥ (25) is found to be as large as that of the J/¢¥ when
they are initially produced from charm quarks by recombi-
nation. Accordingly, the transverse momentum distribution of
the ¥ (2S) is still comparable to that of the J/y though major
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FIG. 2. Transverse momentum distributions multiplied by 27 pr,
dN/dpr of charmonium states J/v, x.1(1P), and ¥ (2S) mesons at
midrapidity in 0-10 % centrality without feed-down contributions
at (a) RHIC ,/syy =200 GeV and (b) LHC ,/syy = 2.76 TeV.
In the inset of each figure the transverse momentum distribution
ratios between the ¥ (2S) and J/ obtained after including the feed-
down contributions following Eq. (12) d*Nyqs)/dp;/d*Nj}, /dpy,
are shown.

feed-down contributions to the J/v from heavier charmonium
states, the y.1(1P) and ¢ (2S) are included, as shown in the
inset of the Fig. 2. It is expected, however, that the actual
transverse momentum distributions of the J/¢¥ measured at
both RHIC and LHC would be slightly larger than those
shown in Fig. 2 due to feed-down contributions from much
heavier charmed and bottomed hadrons at higher transverse
momentum regions.

It should be reminded that the yield, or the transverse mo-
mentum distribution of the ¥ (25), is expected to be smaller
than that of the J/1 by about a factor of 107 in the statistical
hadronization model where the heavier mass of the i (25)
than that of the J/¢ by about 600 MeV makes the yield of the
¥ (2S) much smaller compared to that of the J/yr. However,
as seen in Fig. 2, the transverse momentum distribution of
the ¥ (2S) based on the charm quark coalescence is not so

TABLE II. Total yields of the J/v, ¥(2S), and x.(1P) meson
at a unit midrapidity interval |y| < 0.5 in 0-10 % centrality obtained
by integrating the transverse momentum distributions shown in Fig. 1
over all transverse momenta at RHIC in ,/syy = 200 GeV Au+Au
collisions and at LHC in ,/sxy = 2.76 TeV Pb+-Pb collisions.

RHIC LHC
I/ 7.6 x 107 1.3 x 1072
V(2S) 3.5 % 107 5.8 x 1073
Xe1(1P) 3.0 x 107 5.1x 1073

small compared to that of the J/¢¥ meson, and therefore the
transverse momentum distribution ratios between the ¥ (25)
and J/¢ meson becomes about 0.5 in the transverse momen-
tum range between 0 and 6 GeV at both RHIC /sxy = 200
GeV and LHC ,/snn = 2.76 TeV. This becomes more evident
if the yield of the ¥ (2S) is directly compared to that of the
J/¢. Here I take the integration of the transverse momen-
tum distribution of charmonium states shown in Fig. 1 over
all transverse momenta, and evaluate yields of charmonium
states. I take into account all the feed-down contribution as
well for the yield based on Eq. (12), and summarize the result
in Table II.

One can note in Table II that the yield of the ¥ (25) is
smaller than that of the J/y but is not so small as expected. It
has been found that the reason for the enhanced production of
the ¥ (25) meson compared to the expectation in the statistical
hadronization model is attributable to the large contribution at
low transverse momenta from the wave function distribution
of the ¥(2S5) in a momentum space [19]. I discuss in detail
in Sec. IV what makes it possible for the yield and transverse
momentum distribution of the ¥ (2S) to be half as large as
those of the J/y meson.

III. ELLIPTIC AND TRIANGULAR FLOW
OF CHARMONIUM STATES

I now discuss harmonic flows of charmonium states, i.e.,
the elliptic and triangular flow of the J/v, ¥ (25), and x. (1P)
meson in heavy ion collisions. The flow harmonics are rep-
resented in general as v,, the nth coefficient in the Fourier
expansion of flows defined as [18,20]

v(pr) = {cosln(y — W,)))
Jdw cosln(y — w1 EY
= fdlﬁdz—N , (13)
dp}

where pr and Y are, respectively, the transverse momentum
and azimuthal angle of the charmonium state in the transverse
plane perpendicular to the collision axis. The ¥, in Eq. (13)
is the event-plane angle, [25,26],

v, — ltan” <(pr sin(ny)) ) (14)
n (pr cos(nyr))

defined in the region, —n/n < ¥, < m/n. (- --
represents the average over particles.

) in Eq. (14)
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In order to evaluate the elliptic and triangular flow of char-
monium states, Eq. (13) I adopt the transverse momentum
distributions of charmonium states, d>N/dp?., evaluated in
Eq. (9). Then, the flow harmonics of charmonium states in
Eq. (13) are dependent on flow harmonics of charm quarks via
transverse momentum spectrum of charm quarks in Eq. (9),

d?N. _ 1 dN,
dp%T 2w per dper

(1 + Z zvnc(pCT) COS[n(¢C - \I’”)]> s
n=1

s)

where ¢, is an azimuthal angle of a charm quark in the trans-
verse plane satisfying the momentum conservation condition
in the process of charmonium production, p.r + per = pr,
in Eq. (9). vue(per) in Eq. (15) is the nth flow harmonic of a
charm quark.

Therefore, it is also necessary to know the information on
the elliptic and triangular flow of a charm quark in order
to evaluate the elliptic and triangular flow of charmonium
states. I adopt here two kinds of flow harmonics of a charm
quark obtained by the POWLANG transport analysis [43],
which describes time evolutions of heavy quarks in heavy ion
collisions through the relativistic Langevin equation.

It would be more consistent if the transverse momentum
spectrum and flow harmonics of charm quarks have the same
origin; I combine here the charm quark transverse momen-
tum distribution, which were parametrized from the solution
based on the relativistic Boltzmann equation [38], and the flow
harmonics of a charm quark, which were obtained separately
from the transport analysis [43]. I leave the study on this issue
and the evaluation of more consistent elliptic and triangular
flow of charmonium states for future research.

In the POWLANG transport study [43] the time evolution
of charm-quark flow harmonics has been investigated, and
transverse momentum distributions of charm-quark elliptic
and triangular flow have been obtained for two occasions
depending on the transport coefficient, k, governing the mo-
mentum broadening during the propagation of heavy quarks
in the medium; one is the weak coupling transport coefficient
based on hard thermal loop (HTL) resummation analysis, and
the other is the transport coefficient based on nonperturbative
lattice quantum chromodynamics (QCD) calculation.

In this work I apply charm quark flow harmonics obtained
by both transport coefficients in order to investigate flow har-
monics of charmonium states. I show in Fig. 3 elliptic and
triangular flow of charm quarks at RHIC ,/syy = 200 GeV
and LHC ,/sxy = 5.02 TeV from the POWLANG analysis
based on HTL and lattice QCD (1QCD) transport coefficients
[43] together with the fit for those flow harmonics in the Padé
approximation,

a3P3T + a2P3T + aiper
baply + baply + baply +biper + 17

with ¢;(i =1,2,3) and b;(j =1, 2, 3, 4) being fit parame-
ters. In Eq. (16), flow harmonics are parameterized to be zero
at both p.r = 0 and p.r — oo limits.

One can observe in Fig. 3 that flow harmonics based on the
lattice QCD have peaks at low transverse momenta whereas

Unc(ch) = (16)
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-9 12_
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ﬁ‘f
A
0.00 4% : : :
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/E —
2008 / P
o~ za
>

4 /
0.04 )
/ / \X\;s(\:

0.00 +== T . :
0 2 4 6 8
ch (GeV)
0.05 ' IaCcD ' IQCD
(c) ——c¢ powL c
. ~HTL _ . AHTL |
12—

/+/t/\A/A 4

FIG. 3. (a) Elliptic flow of charm quarks at RHIC /sy =
200 GeV and (b) elliptic and (c) triangular flow of charm quarks at
LHC /sxy = 5.02 TeV from the POWLANG transport setup based
on HTL and lattice QCD (1QCD) transport coefficients [43], together
with curve fits for those flow harmonics in the Padé approximation.

those based on the HTL have peaks at higher transverse
momenta. It has been found that the HTL transport coeffi-
cient gives rise to larger flow harmonics at high transverse
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momentum region due to the parton energy loss, which is
different in longitudinal and transverse directions, while the
lattice QCD transport coefficient leads to the larger flow har-
monics at low transverse momentum region due to the larger
momentum diffusion constant [43]. Since the coalescence
production of charmonium states are dominant at low and
intermediate transverse momentum regions, it is expected that
flow harmonics of charm quarks based on the lattice QCD play
more important roles in understanding the flow harmonics of
charmonium states.

It should be noted that the elliptic flow of charm quarks
shown in Fig. 3(a) has been evaluated in centrality 0-80 %
at RHIC ,/sxy =200 GeV, and the elliptic and triangular
flow of charm quarks displayed in Fig. 3(b) and 3(c) have
been evaluated in 30-50 % centrality class at LHC, ,/sxy =
5.02TeV in the POWLANG analysis [43]. On the other
hand, the transverse momentum distribution of charm quarks
adopted here, d>N%/dp?, in Eq. (11) have been obtained at
midrapidity in 0-10 % centrality at RHIC ,/syn = 200 GeV,
and also at midrapidity in 0-10 % centrality at LHC ,/sny =
2.76 TeV, desirable for the evaluation of both the transverse
momentum distribution, Eq. (9) and flow harmonics of char-
monium states, Eq. (13) at midrapidity in 0-10 % centrality.

Therefore, I adjust oscillator frequencies in order to
make the transverse momentum distribution of charm quarks,
Eq. (11) applicable for describing the transverse momentum
distribution of charmonium states at both RHIC ,/syy =
200 GeV at midrapidity in 0-80 % centrality and LHC
/Snn = 5.02 TeV also at midrapidity in 20—40 % centrality.

Comparing the transverse momentum distribution of the
J/¥ evaluated with Egs. (9)—(11) to the experimental
measurement of the J/ transverse transverse momentum dis-
tribution at low transverse momentum region in Fig. 1 I obtain
new oscillator frequencies, 0.024 GeV in centrality 0-80 % at
RHIC and 0.020 GeV in 20-40 % centrality at LHC.

Shown in Fig. 4 are transverse momentum distributions,
d?>N/d p3 of charmonium states, the J/v, ¥ (25), and x.(1P)
meson at midrapidity in 0-80 % centrality at RHIC ,/sxy =
200 GeV and those multiplied by 2r pr, dN/d pr at midrapid-
ity in 2040 % centrality at LHC /sy = 5.02 TeV evaluated
with new oscillator frequencies, v = 0.024 and 0.020 GeV for
RHIC and LHC, respectively. I have considered also the feed-
down contribution from heavier charmonium states 1 (2S)
and x.(1P) mesons in adjusting oscillator frequencies for the
transverse momentum distribution of the J/vy. Also shown
in Fig. 4 are experimental measurements of the J/v trans-
verse momentum distribution at RHIC /sy = 200GeV at
midrapidity in 0-80 % centrality [40] and the transverse mo-
mentum distribution of the J/y multiplied by 27 pr, dN/d pr
measured at LHC /sy = 5.02 TeV, |y| < 0.9 in 2040 %
centrality [41].

As shown in Fig. 4 the reasonable agreement has been
made between the experimental measurements and the evalua-
tion of the J/v transverse momentum distribution up to about
pr = 2 GeV. One can note that at high transverse momentum
region the transverse momentum distribution of the J/¢ does
not agree well with the experimental measurements, owing
to the non-negligible contributions to the J/v production at
higher transverse momenta from the decay of heavier bot-

10 s syn2=200 GeV (a) ]
NN
(\IT\ 3 h \.b\.»—l—m E
D10 6 | \&\Q'\\ L
9) b \'\_\ \
NQ'? E N \.\\ —F
210°] R
S 1 w(2S) ——%4(1P) \’\;\
10 — STAR 0-80%
0 2 4 6 8

pr (GeV)

Syn2=5.02 TeV (b) ]

N
N
*so\;\.\
RN
5 | \Jr |
T y@8) (1P
— ALICE 20-40%
10 T T .
0 2 4 6 8
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FIG. 4. (a) Transverse momentum distributions, d>N/d pzT of
charmonium states at midrapidity in 0-80 % centrality at RHIC
A/Snn =200GeV and (b) those multiplied by 27 py, dN/dpy at
midrapidity in 2040 % centrality at LHC ,/sxy = 5.02 TeV evalu-
ated with new oscillator frequencies, w = 0.024 and 0.020 for RHIC
and LHC, respectively. I also show experimental measurements
of the J/y transverse momentum distribution at RHIC ,/syy =
200GeV [40] at midrapidity in 0-80 % centrality (a) and the
transverse momentum distribution of the J/y multiplied by 27 pr,
dN/dpr measured at LHC /sy = 5.02 TeV, |y| < 0.9 in centrality
20-40 % [41] (b).

tomed hadrons, which are not taken into account in the present
analysis.

The new oscillator frequencies, @ = 0.024 and 0.020 GeV
are smaller than those obtained previously, v = 0.078 and
0.076 GeV at RHIC and LHC, respectively, thereby giving
rise to more production of charmonium states; charmonium
states are expected to be more abundant as the centrality range
is increased from 0-10 to 0-80 % at RHIC, and also as the
collision energy is increased from /sy = 2.76-5.02 TeV at
LHC.

In addition to flow harmonics of charm quarks, it is
also necessary to know the information on the event plane,
Eq. (14), in order to evaluate the flow harmonics of char-
monium states. One can clearly see that flow harmonics of
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charmonium states, Eq. (13), are actually sensitive to the
change of the event plane, Eq. (14). Experimentally, the event
plane is determined from all hadrons observed in the same
event based on the relation between the impact parameter and
transverse plane. On the other hand, it has been argued that
the event plane method may give rise to discrepancies from
the true values, and thus the way of using the flow vector O
instead of evaluating the event plane has been suggested [44].

Therefore, I consider here event plane blind flow harmon-
ics, or event-averaged flow harmonics of charmonium states;
since the flow harmonics of charm quarks shown in Fig. 3
evaluated in the POWLANG transport study have also been
averaged over events [43], it is also natural to consider here
elliptic and triangular flow of charmonium states formed from
those of charm quarks on the same condition that events are
averaged,

3 [ [ cosln(y — w)12NdW,
nofw 2 ’
Ef*% fdwjpé:dllln

vn(pr) = a7

Though the event-averaged triangular flow of charm quarks
is adopted in evaluating that of charmonium states, the effects
of event-by-event fluctuation on the triangular flow of char-
monium states are taken into account here; triangular flow of
charm quarks was obtained from collisions between nucleons
in numerous different initial positions reflecting event-by-
event fluctuation in the POWLANG transport study [43]. In
that sense I adopt the event-by-event fluctuation effects on the
triangular flow of charmonium states entirely from the charm
quark triangular flow bearing the effects caused by different
initial configurations of colliding nucleons.

With these in mind I calculate the elliptic and triangular
flow of charmonium states at RHIC and LHC using both the
transverse momentum distribution of charm quarks shown in
Fig. 4 and flow harmonics of charm quarks shown in Fig. 3.
As the transverse momentum distribution and flow harmonics
of charm quarks at RHIC /syny = 200 GeV are all prepared in
the same centrality 0-80 %, I calculate consistently the elliptic
flow of charmonium states in centrality 0-80 %. However, for
the flow harmonics of charmonium states at LHC ,/sxy =
5.02 TeV, I assume that flow harmonics of charm quarks in
centrality 30-50 % are similar to those in centrality 20-40 %
at LHC ,/syn = 5.02 TeV, and calculate the elliptic and trian-
gular flow of charmonium states in 20—40 % centrality at LHC
A/SNN = 5.02 TeV by combining the transverse momentum
distribution of charm quarks in 20-40 % centrality shown
in Fig. 4 with flow harmonics of charm quarks in centrality
30-50 % shown in Fig. 3.

Shown in Fig. 5(a) and 5(b) are the elliptic flows of char-
monium states calculated from those of charm quarks based
on, respectively, the 1QCD and HTL transport coefficients
in the POWLANG transport setup [43] at RHIC ,/syy =
200 GeV, together with the measurement of the J/y elliptic
flow at the same RHIC top energy in rapidity |y| < 1 in
0-80 % centrality [45]. Also the elliptic flows of charmonium
states calculated from those of charm quarks based on, re-
spectively, the 1QCD and HTL transport coefficients in the
POWLANG transport at LHC /sy = 5.02 TeV, are shown

in Fig. 5(c) and 5(d), together with the measurement of the
J/ elliptic flow at the same LHC energy in rapidity |y| < 0.9
in 2040 % centrality [46]. Finally, shown in Fig. 5(e) and
5(f) are the triangular flows of charmonium states calculated
from those of charm quarks based on, respectively, the 1QCD
and HTL transport coefficients in the POWLANG transport at
LHC /snn = 5.02 TeV, together with the measurement of the
J/ triangular flow in the rapidity range of 2.5 <y < 4.0 in
30-50 % centrality at the same LHC energy [47]. Also shown
are corresponding flow harmonics of bare charm quarks in
each figure for comparison.

As shown in Fig. 5, the elliptic flow at RHIC is smaller
than that at LHC for the POWLANG analysis with the 1QCD
transport coefficients, while the elliptic flow at RHIC is simi-
lar to that at LHC for the POWLANG analysis with the HTL
transport coefficients. When the medium is strongly coupled,
the larger collision energy at LHC than at RHIC seems more
effective in inducing charmonium states to flow within the
medium. On the other hand, the collision energy does not
matter too much for the flow of charmonium states in a weakly
coupled medium.

One can see in Fig. 5 that the flow harmonics of charmo-
nium states are dominant at low and intermediate transverse
momentum regions when charm quarks interacts strongly with
the medium at low transverse momenta or when the flow
harmonics of charm quarks are adopted from the POWLANG
transport analysis with the nonperturbative 1QCD transport
coefficient, Figs. 5(a), 5(c) and 5(e). On the other hand, the
flow harmonics of charmonium states obtained with those of
charm quarks prevalent at higher transverse momentum region
due to the weak coupling transport coefficient based on HTL,
continue to be generated at low and intermediate transverse
momentum regions, as seen in Figs. 5(b), 5(d) and 5(f).

One can also notice in Fig. 5 that flow harmonics of char-
monium states, the J/v, ¥ (2S5), and x.(1P) meson are almost
the same at both RHIC and LHC, irrespective of the two
occasions, i.e., flow harmonics of constituent charm quarks
situated in two different interactions with the medium, gov-
erned by the 1QCD and HTL transport coefficients in the
POWLANG transport analysis.

It is reasonable to expect that the elliptic and triangular
flow of different charmonium states are different owing to
the different transverse momentum distribution, Eq. (13) orig-
inated from the different internal structures of charmonium
states, or the different wave function distribution in momen-
tum space, Eq. (10). However, even though the transverse
momentum distributions are different for each charmonium
state as shown in Fig. 2, the elliptic and triangular flow of
different charmonium states are found to be almost the same
in the entire transverse momentum range.

I find that the reason why I obtain almost the same flow har-
monics for charmonium states, the J/vr, ¥ (2S), and x.(1P)
meson, is due to the characteristics of the v, itself. Since the
v, in Eq. (13) is the average of cosine functions in different
orders n over transverse momentum with the weight of the
transverse momentum distribution of charmonium states, the
contribution of transverse momentum distributions originated
from the different internal structures of charmonium states are
averaged out for all charmonium states.
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FIG. 5. Elliptic flows of charmonium states calculated from those of charm quarks based on the (a) IQCD and (b) HTL transport coefficients
in the POWLANG transport setup [43] at RHIC /sy = 200 GeV, together with the measurement of the J/ elliptic flow at the same RHIC
top energy in rapidity |y| < 1in 0-80 % centrality [45]. Also, elliptic flows of charmonium states calculated from those of charm quarks based
on the (¢) IQCD and (d) HTL transport coefficients in the POWLANG transport at LHC /sy = 5.02 TeV, together with the measurement
of the J/y elliptic flow at the same LHC energy in rapidity |y| < 0.9 in 20-40 % centrality [46]. Finally, triangular flows of charmonium
states calculated from those of charm quarks based on the (e) IQCD and (f) HTL transport coefficients in the POWLANG transport at LHC
J/Snn = 5.02 TeV, together with the measurement of the J/v triangular flow in rapidity range of 2.5 < y < 4.0 in 30-50 % centrality at the
same LHC energy [47]. I also show the corresponding flow harmonics of bare charm quarks in each figure for comparison.

One can see the explicit dependence of both the numerator
and denominator part of v, in Eq. (13) on the internal structure
or the wave function distribution in the momentum space of
each charmonium state. Nevertheless, the flow harmonics of

all charmonium states become almost identical when those
are evaluated by the definition of v, in Eq. (13). The similar
amounts of contribution to both the numerator and denomina-
tor of the v,, from different transverse momentum distributions
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TABLE III. Fitting functions of the J/v¢ meson v, at low trans-
verse momentum region, o p shown in Fig. 5 at RHIC ,/syny = 200
GeV and LHC /sy = 5.02 TeV.

RHIC LHC
n=2 n=2 n=3
ap;  1QCD HTL 1QCD HTL 1QCD HTL
o 0.038  0.0061 0.028 0.0058 0.0032  0.00082

of charmonium states are canceled out of each other, resulting
in almost the same flow harmonics for all charmonium states.
I discuss this issue in detail in Sec. IV.

Since it has been found that the elliptic flow at low trans-
verse momentum region is close to the square function of the
transverse momentum, pzT, and similarly, the triangular flow
also at low transverse momentum region is close to the cube
function of pr, p% [48] T also show in Fig. 5 the square and
cube function fits as functions of the pr, pZT, and o p3T with
parameters o summarized in Table III, in order to investigate
the behavior of the elliptic and triangular flow at low trans-
verse momentum region.

As shown in Fig. 5 the elliptic (triangular) flow obtained
from that of charm quarks in the strongly coupled medium,
or in the 1QCD transport coefficients from the POWLANG
analysis behaves like the pZ. (p3) up to about pr =2 GeV,
while the elliptic (triangular) flow obtained from that of
charm quarks in the weakly coupled medium, or in the HTL
transport coefficients from the POWLANG shows the sim-
ilar behavior of the p2 (p3) up to about pr =3 (pr = 1)
GeV at low transverse momentum region. Considering that
the v, usually increases with p%. up to about pr = M for a
hadron with its mass M [48], one finds that this tendency
applies more suitably to charmonium states in a weakly cou-
pled medium with the HTL transport coefficients from the
POWLANG.

When recalling the relation between the flow coefficients
and the interaction of constituent quarks with other quarks
in QGP, one can expect that the elliptic flow of charmonium
states increases steeply at pr smaller than their corresponding
masses M when charm quarks are in the medium with the
nonperturbative 1QCD transport coefficient in the POWLANG
transport analysis. For the same reason, one can observe that
the elliptic flow of charmonium states based on those of charm
quarks prevailing at higher transverse momentum regions due
to the weak coupling transport coefficients increases gradually
with p2. up to about their corresponding masses M. This ten-
dency still holds for the triangular flow as shown in Fig. 5(e)
and 5(f). I discuss further on this issue in Sec. IV.

Also presented in Fig. 6 are rescaled elliptic flows of
charmonium states v2(pr /NQ)/NQ = v, .z(pr/2)/2 with the
number of constituent quarks NQ = 2 calculated from those
of charm quarks based on the 1QCD [Fig. 6(a)] and HTL
[Fig. 6(b)] transport coefficients in POWLANG transport
setup [43] at RHIC ,/snn = 200 GeV. Also, rescaled ellip-
tic flows of charmonium states v,(pr/2)/2 calculated from
those of charm quarks based on the 1QCD [Fig. 6(c)] and
HTL [Fig. 6(d)] transport coefficients in POWLANG trans-

port setup [43] at LHC ,/snny = 5.02 TeV are shown. Finally,
rescaled triangular flows of charmonium states vs(pr/2)/2
calculated from those of charm quarks based on the 1QCD
[Fig. 6(e)] and HTL [Fig. 6(f)] transport coefficients in
POWLANG transport setup [43] at LHC /snny = 5.02 TeV
are presented. Also shown are the corresponding flow har-
monics of bare charm quarks v, .(pr) or v3.(pr) in each
figure for comparison.

Reminding the well-known relation between the elliptic
flow of mesons and that of constituent quarks vy y(pr) =
2vy 4(pr/2) [18,20], I notice that the elliptic flow of char-
monium states satisfy the similar relation to that of charm
quarks vy .z(pr) & 2va,(pr/2); the transverse momentum at
the peak in the elliptic flow of charmonium states is almost
twice that at the peak position of the elliptic flow of charm
quarks as shown in Figs. 5(a)-5(d). Similarly, I find that the
above relation also holds for the triangular flow of charmo-
nium states, v3,z(pr) = 2vs3.(pr/2), as shown in Fig. 5(e)
and 5(f).

IV. DISCUSSION

A. Dependence of charmonia production
on their structures; J/¢ vs. ¥(2S)

Here, I discuss in more detail the cause of the larger
production of the 1/ (25), contrary to the statistical hadroniza-
tion model expectation, and confirm that the yield of the
¥ (2S) must be large, as comparable as that of the J/v when
charmonium states are produced from charm quarks by re-
combination at the quark-hadron phase transition.

Reminding that the hadron production by recombination
is dominant at low transverse momentum region, one can
expect that the larger contributions at lower transverse mo-
mentum from the squared wave function in momentum space
|1/7(p)|2 in Eq. (9) leads to a larger yield or a larger transverse
momentum distribution. Therefore, the bigger peak, or the
larger contribution in the charmonia wave function square in a
momentum space, especially in the low transverse momentum
region, is very crucial to the yield or transverse momentum
distribution of charmonium states when they are produced
from charm quarks by recombination.

Figure 7 displays the wave function distribution of J/y
and 1 (2S) mesons in both coordinate and momentum spaces.
The squared wave functions in a coordinate space |/ (r)|?
for the J/¢ and ¥(2S5), and those in a momentum space
|1Z(p)|2/(271)3 for the J/v and ¢ (2S) are also shown in the
inset of Fig. 7(a), and in the inset of Fig. 7(b), respectively.
The superscript G implies a Gaussian or a harmonic oscillator
wave function adopted in constructing the Wigner function,
Eq. (10).

Since the ¥ (2S5) is a radially excited state of the J/v,
the wave function of the ¥ (2S) has one node as shown in
Fig. 7(a). Therefore, the squared wave function in a coordinate
space |y (r)|? of the ¥ (2S) has two peaks; the bigger one is
located near the center, and the smaller one is on the right-
hand side of the node, as shown in the inset of Fig. 7(a). On
the other hand, the wave function of the J/1 is localized near
the center without a node in a coordinate space, resulting in
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FIG. 6. I present rescaled elliptic flows of charmonium states, v2(pr/2)/2 = vy..z(pr/NQ)/NQ with the number of constituent quarks,
NQ = 2 calculated from those of charm quarks based on the (a) IQCD and (b) HTL transport coefficients in POWLANG transport setup [43]
at RHIC ,/sny = 200 GeV. Also, rescaled elliptic flows of charmonium states, v,(pr/2)/2 calculated from those of charm quarks based on
the (c) 1QCD and (d) HTL transport coefficients in POWLANG transport setup [43] at LHC /syy = 5.02 TeV are shown. Finally, rescaled
triangular flows of charmonium states, v3(pr/2)/2 calculated from those of charm quarks based on the (e) 1QCD and (f) HTL transport
coefficients in POWLANG transport setup [43] at LHC ,/sxy = 5.02 TeV are presented. I also show the corresponding flow harmonics of bare

charm quarks v, .(pr) or vs .(pr) in each figure for comparison.

one peak in the | (r)|? for the J/ in a coordinate space, as their production different through the wave function distribu-

also shown in the inset of Fig. 7(a).

tion in a momentum space; the wave function distributions in

These differences in the wave function of the J/¢¥ and a coordinate space can be Fourier transformed into those in a
¥ (2S) in a coordinate space play significant roles in making momentum space as shown in Fig. 7(b), and it is the squared
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FIG. 7. (a) Gaussian wave function distributions of the J/¢ and
¥(2S) in a coordinate space, and (b) those of the J/v and ¥ (25)
divided by (27)*? in a momentum space. In the inset of the fig-
ure (a) the wave function squares in a coordinate space, | (r)|* for
the J/v¢ and ¥ (2S) are shown. Also in the inset of figure (b) the
wave function squares in a momentum space |/ (p)|?/(27)? for the
J/¥ and ¥ (2S) are shown.

wave function in a momentum space, | (k)|? that contributes
differently to the production yield, or the transverse mo-
mentum distribution for the J/¢¥ and ¥ (2S) as shown in
Eq. (9).

Looking into the wave function of the ¥ (2S) in a momen-
tum space in more detail, one still finds in Fig. 7(b) one node
as in that of the {(2S) in a coordinate space. One can also
notice that the squared wave function of the ¥ (2S) is even
bigger than that of the J/v near the zero transverse momen-
tum, causing a bigger peak in the squared wave function of the
¥ (2S) compared to the peak in the J/v squared wave function
in the lower transverse momentum region as shown in the inset
of Fig. 7(b).

The transverse momentum of charm quarks in a fireball
frame, hidden in the squared wave function |/ (k)|?, Eq. (9),
via the relative momentum between charm quarks k = (Por —
ﬁér)/ 2 in the charmonium frame, is integrated out together

with the transverse momentum distribution of charm and
anticharm quarks, resulting in the transverse momentum dis-
tribution of charmonium states. In this respect, the larger peak
in the squared wave function of the ¥ (2S) in a momentum
space at low transverse momentum region is attributable to the
larger production of the 1/ (2S), thereby the yield or transverse
momentum distribution of the ¥ (25) are half as large as those
of the J/yr.

B. Dependence of elliptic and triangular flows
of charmonium states on their structures

I discuss in this section the dependence of elliptic and trian-
gular flows of charmonium states on their internal structures.
Since the flow harmonics of charmonium states are dependent
on their internal structures via their transverse momentum
distributions, it seems natural to observe different elliptic and
triangular flows originated from different transverse momen-
tum distributions for different charmonium states. However,
as shown in Fig. 5 almost same flow harmonics for all
charmonium states, the J/v, ¥ (2S), and x.(1P) have been
obtained at both RHIC and LHC, regardless of two differ-
ent charm quark interactions with the medium, the 1QCD
and HTL transport coefficients in the POWLANG transport
analysis.

Noting that the v, in Eq. (17) is the average of cosine
functions in different orders n over the transverse momentum
with the weight of the transverse momentum distribution of
charmonium states, I investigate separately the dependence of
numerator and denominator parts of the elliptic flow v, on
their internal structures or their wave function distributions. I
denote the numerator and denominator part of v, as voy and
vap, respectively, from Eq. (17),

T
2

2
vn(pr) = g/

2
vp(pr) = E/

Shown in Fig. 8 are numerator parts of the elliptic flow
von(pr), Eq. (18), for charmonium states, i.e., the J/,
Y (2S), and x.1(1P) at LHC /syy = 5.02TeV in the 1QCD
[Fig. 8(a)] and HTL [Fig. 8(c)] transport coefficients in
POWLANG transport setup [43]. Also shown in Fig. 8 are
denominator parts of the elliptic flow vop(pr), Eq. (18) of the
J/ ¥, ¥(2S), and . (1P) meson at LHC /sy = 5.02TeV
in the 1QCD [Fig. 8(b)] and HTL [Fig. 8(d)] transport coef-
ficients in POWLANG transport setup. Here, the feed-down
contributions, Eq. (12) from heavier charmonium states are
not taken into account in both voy(pr) and vop(pr) of the
J/¥, ¥ (2S), and x.1(1P). One can clearly see different v,p
as well as vyy for different charmonium states, showing
the explicit dependence of both v,y and vyp of the J/v,
¥ (2S), and x.(1P) meson on their transverse momentum
distributions.

The numerator part of v, is similar to the transverse mo-
mentum distribution multiplied by 2w pr as shown in Fig. 2;
the v,y is larger in the order of the J/vr, ¥ (2S), and x.(1P)
due to their transverse momentum distributions as expected.

d*N
/dlﬂ cos[2(yr — ‘Pz)]d—zd‘yz
Pr
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FIG. 8. Numerator parts of the elliptic flow in Eq. (17) denoted by v,y (pr) for charmonium states, i.e., the J/v, ¥ (25), and ., (1P) at
LHC ,/syy = 5.02 TeV in the (a) IQCD and (c) HTL transport coefficients in POWLANG transport setup [43] are shown. Also shown are
denominator parts of the elliptic flow in Eq. (17) denoted by vop(pr) of the J/r, ¥(2S), and x.1(1P) meson at LHC /syy = 5.02 TeV in the
(b) IQCD and (d) HTL transport coefficients in POWLANG transport setup.

The shape of both figures is also similar, though the unit
in each figure is different. The behavior of vy as a func-
tion of pr is entirely affected by the sum of a charm and
an anticharm quark v,. in the coalescence, ~(va. + vi;z),
Eq. (15).

The same characteristics observed in the numerator part of
vy are also found in the denominator part of v,; the vyp is
larger in the order of the J/v, ¥ (25), and x.(1P) originated
from their transverse momentum distributions. In addition,
one can note that the v,p of charmonium states is almost sim-
ilar to the transverse momentum distribution itself as shown
in Fig. 1. One can understand this as the v,p is reflected by
the factor ~(1 + 2v,.v5z) in the coalescence of a charm and
an anticharm quarks, Eq. (15), and both the v,, and v,; are as
small as a few percent, as shown in Fig. 3.

As discussed so far, the denominator as well as numer-
ator parts of v, is explicitly dependent on the transverse
momentum distribution. However, each dependence of both
the numerator and denominator on the transverse momentum
distribution is canceled out when v, is obtained. For this
reason, one finds no differences in the v, of the J/¥, ¥ (25),
and x.(1P) meson in spite of their different wave function
distributions, as shown in Fig. 5.

C. Elliptic and triangular flows of charmonium states
at low transverse momentum regions

I discuss here the elliptic and triangular flows of char-
monium states at low transverse momentum region. It has
been found that the elliptic flow at low transverse momentum
regions behaves like the square function of transverse momen-
tum, p%, and similarly the triangular flow at low transverse
momentum regions behaves as the cube function of pr, p3.
[48].

If the elliptic flow behaves as p3 at low transverse mo-

. 12 .
mentum region v,’”/pr is expected to be a constant as a
function of transverse momentum at low pr. Therefore, in
order to investigate the elliptic and triangular flows at low
transverse momentum regions v!/"/pr have been measured
for the J/v [47] as well as light particles [49] as functions
of pr.

Shown in Fig. 9 are plots of v!/"/pr together with v}/
for the J/¢ meson at LHC /sy =5.02 TeV evaluated
with the charm quark elliptic and triangular flow from the
POWLANG transport setup in the IQCD [Figs. 9(a), 9(c)] and
HTL [Figs. 9(b), 9(d)] transport coefficients. Also shown are
plot v}/ as well as v}/"/pr of bare charm quark elliptic and
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FIG. 9. Plots of v!/"/py together with v!/* for the J/¥ meson at LHC, ,/sny = 5.02 TeV evaluated with the charm quark elliptic and
triangular flow from the POWLANG transport setup in the (a), (¢) IQCD and (b), (d) HTL transport coefficients. Plots of v,i/ " as well as
v!/" / pr of bare charm quark elliptic and triangular flow obtained from two cases in the POWLANG transport setup as a function of transverse

momenta are also shown in each figure for comparison.

triangular flow obtained from two cases in the POWLANG
transport setup shown in Fig. 3 as functions of transverse
momenta for comparison.

As shown in the previous section, the relation between
the flow harmonics of mesons and that of constituent quarks,
i.e., Uy gy (Pr) =~ 20, (pr/2), holds for charmonium states.
One can see in Fig. 9 that the v!/"/pr and v!/" of the J/vr
also reflects that of bare charm quarks via the above relation
V7w (P1) = 20, (pr/2). Nevertheless, one can observe that
the above relation holds differently at low and intermediate
transverse momentum regions for the elliptic and triangular
flow depending on interaction strength between charm quarks
and the medium.

Focusing on the v)/"/pr, one finds that it is not a constant
at low transverse momentum region in a strongly coupled
medium with the IQCD transport coefficient in POWLANG,
as shown in Fig. 9(c). The triangular flow of the J/, vi/ 3 /pr
in a weakly coupled medium with the HTL transport coeffi-
cient is not also a constant, whereas the elliptic flow of the
J/y, v;/ 2 /pr is found to be a constant up to about 3 GeV as
shown in Fig. 9(d).

Even though I obtain at low transverse momentum region
the best fit functions of pj. or p3. for the elliptic and triangular

flow, Fig. 5 and Table II1, I find that the v,i/ "/ pr might not be
a constant, which is possible as the fit function usually passes
through between the data points. For example, the elliptic flow
lies below the ap? fit function «'/? = 0.028!/? ~ 0.167 up
to about 1 GeV with the o from Table III, while that lies
above the fit function between about 1 and 2 GeV, resulting
in the increasing v21/ 2 /pr up to about 2 GeV as shown in
Fig. 9(c). In the case of vzl/ 2 /pr in the HTL transport coef-
ficient shown in Fig. 9(d) the p> fit function describes almost
exactly the elliptic flow of the J/y, leading to the constant
a'/? = 0.0058!/2 2~ 0.076 up to about 3 GeV. It should be
noted that the relation between the flow harmonics of the J/y
and those of charm quarks, i.e., v,y (pr) = 2v, (pr/2),
holds here; when the v!/"/pr of charm quarks is not a con-
stant at low transverse momenta, that of the J/v cannot be a
constant at two times the low transverse momenta, as shown
in Fig. 9.

When the above relation holds for the elliptic and tri-
angular flow vy j/y (pr) =~ 2v2(pr/2) and vy (pr) =~
23.0(pr/2), the ratio v,/},, (pr)/vy;,, (pr) is estimated to

be about 2'/2/2'3v)2(pr/2)/vy/} (pr/2). As one sees in
Fig. 9(a) that vé’/cz(pT/2) is very similar to v;/: (pr/2), one can
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FIG. 10. The plot of the ratio between the elliptic and triangu-
lar flow of the J/v meson, v3/v§/2 at LHC, /syy = 5.02 TeV as
a function of transverse momenta, together with the experimental
measurement of vs/ vg/ 2 by ALICE Collaboration [47] are shown.
I also show the plot of the ratio, v3/ v;/ % between bare charm quark
elliptic and triangular flow obtained from the POWLANG transport
setup, Fig. 3 in the HTL and 1QCD transport coefficients [43] as a
function of transverse momenta for comparison.

find v;,/JzN, (pT)/v;{;/w (pr) varying a little around 2'/2/21/3 ~
1.12 in the range between 1.10 and 1.19 inside the medium
with the 1QCD transport coefficient in the POWLANG. On
the other hand, the same ratio increases from 0.9—1.25 and
approaches 1.12 as pr increases due to different behaviors
of vzlfcz(pr/Z) and v;f(pr/Z) in the medium with the HTL
transport coefficient as shown in Fig. 9(b).

The variation of the ratio vzl/ Z/w(pT )/ v;{;/w(pT) as a func-
tion of transverse momentum presented in Fig. 9(a) and 9(b)
implies that the elliptic and triangular flow of charmonium
states in the strongly coupled medium, i.e., in the 1QCD
transport coefficient develops in the same way as functions
of transverse momentum, whereas elliptic and triangular flow
of charmonium states develops easily in a different way in a
weakly coupled medium, i.e., in the HTL transport coefficient
in the POWLANG. Therefore, if the medium, the quark-gluon
plasma is strongly coupled, the elliptic and the triangular flow
of the J/y behaves in a similar way, leading to the constant

. 1/2 1/3
ratio for V2 1y (PT)/ 03 (PT).

In order to investigate in more detail the transverse momen-
tum dependence of the elliptic and triangular flow, I evaluate
the ratio v3/ v;/ 2 of the J /v, which are found to be more

sensitive than v;/ 3/1);/ % [49]. Shown in Fig. 10 is the plot
of the above ratio between the elliptic and triangular flow
of the J/¢ meson v3/v§/2 at LHC, /ssn =5.02 TeV as a
function of transverse momentum, together with the experi-
mental measurement of v/ v;/ 2 by ALICE Collaboration [47].

Also shown is the plot of the ratio vs/ v;/ % between bare
charm quark elliptic and triangular flow obtained from the
POWLANG transport setup, Fig. 3 in the HTL and 1QCD
transport coefficients [43] as a function of transverse momen-
tum for comparison.

As the measurement of the ratio v3/ vg/ ® at LHC is made at
forward rapidity region of 2.5 <y < 4 in 0-50 % centralities,
direct comparisons between the measurements at LHC and the
present results obtained at midrapidity in 20-40% centralities
cannot be made. Nevertheless, when the relation between the
flow harmonics of the J/v and those of charm quarks, i.e.,
Vn 79 (Pr) = 20, c(pr/2), holds, the ratio v3/U§/2 is expected
to be approximately 2,23/ v3,c(pr/2)/v;/c2(pr/2). As shown
in Fig. 9 the ratio does not exhibit a constant at low transverse
momentum region, but it approaches to 2/2%2 ~ 0.71 as both
the v3 .(pr/2) and vg/cz (pr/2) converges to equal value due to
the same path-length-dependent energy loss with increasing
transverse momentum [50].

V. SUMMARY AND CONCLUSION

I have discussed in this paper the elliptic and triangular
flow of J/¥r, ¥(2S), and x.(1P) mesons in heavy ion col-
lisions based on the coalescence model. Starting from the
evaluation of transverse momentum distributions and yields
of those charmonia, I have calculated elliptic and triangu-
lar flow of charmonium states when they are produced by
charm quark recombination. I have investigated the depen-
dence of not only transverse momentum distributions and
yields, but also elliptic and triangular flow of the J/v, ¥ (25),
and x.(1P) on their internal structures via their wave func-
tion distributions in momentum space. I have also discussed
further the quark number scaling of elliptic and triangu-
lar flow for charmonium states, and have studied in detail
the elliptic and triangular flow at low transverse momentum
region.

Following the argument that the internal structure, or the
wave function difference, is the main factor affecting yields
and transverse momentum distributions of different charmo-
nium states, i.e., the J/¢, ¥ (2S), and x.(1P) meson when
they are produced from the same number and kind of con-
stituents, a charm and anticharm quark by regeneration at
the phase boundary [19], I first investigate in detail the de-
pendence of transverse momentum distributions and yields of
the J/v, ¥ (2S), and yx.;(1P) meson on their wave function
distributions.

I consider three different Wigner functions constructed
from the wave function of the J/v, ¥ (2S), and x.(1P) me-
son, and calculate the transverse momentum distributions and
yields of those charmonium states. The explicit dependence of
transverse momentum distributions and yields of charmonium
states on their internal structures via their wave function distri-
butions is observed, and as a result, the origin for the possibly
large production of the ¥ (25) meson, half as large as that of
the J/y, is explained.

Using different transverse momentum distributions of the
J/¥, ¥ (2S), and x.;(1P) meson, I then explore charmonia
flow harmonics such as v, and v3 as an attempt to understand
possible dependence of the elliptic and triangular flow of
charmonium states also on their internal structures via their
different transverse momentum distributions.

I adopt here the elliptic and triangular flow of charm quarks
obtained by the POWLANG transport analysis, which de-
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scribes time evolutions of heavy quarks in heavy ion collisions
through the relativistic Langevin equation. I consider two
kinds of flow harmonics of charm quarks based on both weak
coupling transport coefficients from hard thermal loop (HTL)
resummation analysis, and transport coefficients from nonper-
turbative lattice quantum chromodynamics (QCD) calculation
in POWLANG transport setup [43].

The elliptic and triangular flow of J/vr, ¥ (25), and x.(1P)
mesons are found to be only slightly different at both RHIC
and LHC energies, irrespective of two cases, flow harmon-
ics of constituent charm quarks considered in two different
interactions in the medium, the 1QCD and HTL transport
coefficients in the POWLANG analysis.

Thereby, further examination on the v, itself is made, and
both the numerator and denominator part of v,, are shown to be
actually dependent on the internal structure or the wave func-
tion distribution in the momentum space of each charmonium
state, whereas the flow harmonics of all charmonium states
are evaluated to be almost the same or independent of the
internal structure of each charmonium when those are calcu-
lated with the wave function distribution dependent numerator
and denominator. It can be realized that the similar amounts
of contribution to both the numerator and denominator of
the v, from different transverse momentum distributions of
charmonium states are canceled out of each other, result-
ing in almost the same flow harmonics for all charmonium
states.

In addition to the v,,, flow harmonics of charmonium states
divided by the number of constituents, v, /2 are also studied.
The relation similar to the well-known relation between the
elliptic flow of mesons and that of constituent quarks can
be found for charmonium states, the quark number scaling
of flow harmonics; the flow harmonics of charmonium states
are approximately twice that of charm quarks v, .:(pr) =
2vn,c(pT/2)-

I then investigate whether the behavior of elliptic and tri-
angular flow at low transverse momentum region v, ~ p’r
also holds for charmonium states by focusing those of the
J/¥ at LHC energies. For that purpose, the behavior of the
J/yvl/"/pr is examined as a function of transverse momen-
tum, and is also compared to that of bare charm quarks. It
can be seen that the v}/"/pr behaves differently at low and
intermediate transverse momentum regions, depending on the
interaction strengths between charm quarks and the medium.
It has been found that the elliptic and triangular flow of char-
monium states, the v!/"/pr in the IQCD transport coefficient
vary in the similar ways as functions of transverse momentum,
whereas those of charmonium states vary easily in different
manners in a weakly coupled medium with the HTL transport
coefficients.

In relation to the v,ll/ "/pr, the transverse momentum de-
pendence of the ratio between the elliptic and triangular flow
v3l/ 3 vzl/ * as well as v3/ vg/ ? is also studied. It is found that the
ratio 1)3/1)3/2 is approximately 2/23/2 v3,c(pT/2)/v;/c2(pT/2),
again simply from the relation v, .:(pr) =~ 2vn,c(P} /2), and
approaches to 2/2%? ~0.71 as the transverse momentum
increases, and thereby both the v; .(pr/2) and vif(pT /2)
experiences the same path-length-dependent energy loss, re-
gardless of two different charm quark interactions with the

medium, the 1QCD and HTL transport coefficients in the
POWLANG transport analysis.

Given the relation between the flow harmonics of the J/y
and those of charm quarks, i.e., v, j/y (pr) = 20,(p7/2)
here, it is natural to observe that the v\/" / py of the J/r cannot
be a constant at two times the transverse momentum of the
charm quarks unless that of charm quarks is a constant at low
transverse momentum regions. By the same token, it seems
possible to infer various properties of bare charm quarks
inversely from the elliptic or triangular flow of charmonium
states as a function of transverse momentum.

Therefore, the question on why the v}/"/pr of charm
quarks is a constant, or why the v, of charm quarks is pro-
portional to p} at low transverse momentum region should be
answered before the investigation on v!/"/pr of the J/y as a
function of transverse momentum is made, which needs fur-
ther studies in the future. It should be of much worth to extract
as much information of charm quarks as possible from char-
monium states composed of a charm and an anticharm quarks
as properties of charm quarks at the moment of hadroniza-
tion is not well understood compared to those of light
quarks.

As shown previously, the elliptic and triangular flow
of charmonium states are all found to be almost identical
with very slight differences, and the relation v, .:(pr) =~
2v,.(pr/2) holds for all charmonium states. Thus, it does not
seem easy to understand recent measurements by CMS Col-
laboration on different elliptic flows for the J/v and ¥ (25)
[22] entirely from the consideration of different internal struc-
ture effects when different charmonium states are regenerated
from a charm and an anticharm quarks at the quark hadron
phase boundary.

Therefore, in order to explain the measurements by CMS
Collaboration, it would be necessary to find other ways to
accommodate the effects from different internal structures
as well as other different features of charmonium states on
not only their flow harmonics but also transverse momen-
tum distributions. Along with the development in theory, I
also hope the more precise measurement of the anisotropic
flow of the J/¢ and v (2S) meson at low transverse momen-
tum regions in the near future will help us to make a clear
understanding on the transverse momentum dependence of
different charmonia flow harmonics in heavy ion collision
experiments.

Considering that the elliptic or triangular flow of char-
monium states is one of the important observables directly
connected to that of charm quarks by the relation v, .z(pr) ~
2v,.(pr/2) at low and intermediate transverse momentum
regions, I insist that studying the charmonia anisotropic flow
provides good opportunities to probe not only flow harmonics
but also other properties of charm quarks in heavy ion colli-
sions.

Furthermore, as charmonia production is one of the valu-
able cases to observe the production of different hadrons with
different internal structures but produced from both the same
number and kind of constituents, investigating not only the
transverse momentum distributions, yields, and anisotropic
flow but also other closely relevant observables of the J/y,
¥(2S), and x.;(1P) meson when they are produced from a
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charm and an anticharm quarks by quark coalescence would
be helpful in understanding in more detail the hadron pro-
duction mechanism in heavy ion collisions, finally resulting
in the broadening of the understanding on the properties of
the QGP.
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