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We investigate the ground-state structures of 12−14C isotopes, which exhibit the coexistence of the cluster and
shell-like states, using the cluster breaking Tohsaki-Horiuchi-Schuck-Röpke (CB-THSR) wave function. This
approach incorporates cluster breaking nucleon-nucleon pairs, making it particularly suitable for describing the
cluster states that feature mixed configurations and dynamic cluster motion. Through variational optimization
of THSR bases, we find the coupling between the motions of clusters and valence neutrons in different
configurations of 12−14C isotopes, e.g., dumbbell-like molecular orbits of valence neutrons coupled with an
oblate 3-α core, and a prolate 3-α core surrounded by ringlike valence neutron distributions. For describing the
coexistence of shell-like structures and cluster formation in the compact cores of 12−14C isotopes, we introduce
CB pairs into the THSR approach to formulate the CB-THSR wave function, which allows a further optimization
of the variational wave function and the binding energy. The results suggest oblate and shell-like structures for
the ground states of 12C and 13−14C, respectively. As compared to the original THSR calculation, our new model
yields relatively more accurate spectra for 12−14C isotopes, as well as their matter rms radii. The improved results
show that α clusters are broken by the CB pairs, and the CB-THSR wave functions describe a more compact
spatial extension of cluster motion, while such strong overlaps between α clusters are not energetically favored
in pure cluster models. Finally, we discuss the breaking of α clusters in 12−14C isotopes via the calculations of
momentum distributions and form factors, and it is found that both the particle exchange and the paired excitation
should be included for describing the compact cluster states.
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I. INTRODUCTION

In atomic nuclei, nucleons are combined by the in-
ternucleon interactions, and various nuclear structures are
constructed under the detailed balance between middle-range
nuclear attraction, antisymmetrization, and short-range repul-
sion [1]. In nuclear structures, correlations between nucleons
arise due to the saturation or short-range properties of the
nucleon-nucleon force. Nuclear clusters, which are spatial
aggregations of nucleons, are formed as subsystems in nu-
clei. Specifically, the α clusters are formed with very strong
bindings due to the spin-isospin saturation in the internu-
cleon interaction. Hence, multiple approaches considering
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nuclear cluster formation, known as “cluster models,” are
developed for the study of nuclear cluster states, as reviewed
in Refs. [1–10]. On the other hand, many cluster states of light
nuclei are of interest in astrophysics, such as the Hoyle state
[11–13] and the CNO bicycle, which are important topics in
both nuclear physics and astronomy. For example, the CNO
bicycle provides a possible way for the synthesis of nuclides
and explains the abundance of elements in the universe [14],
where the 12C and 13C are both cornerstones in this process.

Theoretically, research has been conducted on the cluster
states of 12−14C isotopes, including the calculations based
on the algebraic cluster model [15], semimicroscopic clus-
ter models [16,17], and microscopic cluster models [18–22].
Phenomenologically, the rotational bands of cluster nuclei
are well reproduced by the algebraic cluster model (ACM),
focusing on the description of nuclear symmetry, such as the
Z2 symmetry for 2-α systems, the D3h symmetry for 3-α
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systems, and the Td symmetry for 4-α systems [15,23,24].
Microscopic calculations of cluster states involve studies via
the generator coordinate method (GCM) with Bloch-Brink
wave functions [25], antisymmetrized molecular dynamics
(AMD), and the Tohsaki-Horiuchi-Schuck-Röpke (THSR)
wave functions, sometimes in conjunction with the molec-
ular orbit (MO) model assumptions. In the GCM + Brink
approach, the molecular orbits in the ground states of Be
isotopes are studied in Refs. [20,26–28], where the intrinsic
structure involves positioning α clusters and valence nucle-
ons at generated coordinates, and the configuration mixing is
calculated by solving the Hill-Wheeler equations. In AMD
research, the nuclear cluster states for carbon, oxygen. and
neon isotopes are described without the presumption of cluster
formation [29–33], and some interesting structures, like the
linear-chain and Hoyle-analog states for carbon isotopes, are
discussed in Refs. [21,34–37].

The α condensate [1,2,5,7,10], proposed in Ref. [38], is a
gaslike cluster structure that exists near the N-α threshold of
nuclei where the center-of-mass motions of all α clusters are
on the same s-wave orbit. Specifically, the Hoyle state of 12C
[11,12] is treated as an α condensate by the THSR wave func-
tion [38], where the exchange of nucleons between α clusters
is microscopically described through full antisymmetrization.
In subsequent works, THSR wave functions are extended to
describe the compact α-cluster states in 8Be, 12C, 16O, and
20Ne as well [39–42]. Furthermore, THSR wave functions
are also formulated for the non-Nα nuclei such as 8−10B,
9−10Be, and 12Be by introducing valence neutron(s) into the
cluster structures [43–48]. It is shown that the square overlaps
between the single THSR wave function and the GCM +
Brink wave function exceed 90% in the well-developed α-
cluster states of 12C, 16O, and 20Ne, which provides a clear
illustration for the α-cluster dynamics in these states through
its extraordinarily simple analytical formulation [7,40,42,49–
53]. Additionally, the π or σ molecular orbits in Be isotopes
are described by the selection of THSR bases with proper
symmetry [43–45]. In the THSR approach, intrinsic bases
with the axial symmetry, commonly used in calculations of
other cluster models, can be built straightforwardly using the
concept of a “container” that we will introduce in Sec. II.
Additionally, the intercluster correlation and the coupling be-
tween motions of clusters and valence neutrons are described
by containers, which can lead the system to a certain rotational
symmetry through the adjustment of them as well. These
properties of the THSR wave function bring convenience and
efficiency to the calculation and discussion of nuclear struc-
ture. For example, the THSR basis mixing can describe well
the proton halo structure of 8B in Ref. [48]. Furthermore, this
approach explains the formation of NN-pairs in 10B, 10Be and
10C in Ref. [47], and this work will discuss the 3-α structure
and its dissolution in 12−14C isotopes.

For the 12−14C isotopes, cluster structures are generally
assumed for the excited states of 12C above the 3-α thresh-
old [1], such as the Hoyle state, and are also suggested for
those of 13C and 14C [13,54–57]. In many calculations the
cluster structures are assumed for the ground state of 12C
as well [40,58]. However, the electromagnetic properties of
12C [29,59–61] and also the strong binding of the ground

state, which lies 7.65 MeV below the Hoyle state, suggest a
compact structure which is shell-like. In addition, the theo-
retical studies, using the Monte Carlo shell model (MCSM)
[62] and antisymmetrized quasicluster model (AQCM) [29],
suggest that the traditional clustering picture cannot fully de-
scribe the ground state of 12C. Instead, both models propose a
structure close to the quantum liquid in nuclear matter as the
result of the cluster breaking effect [62]. Therefore, the cluster
models [63–65] which rely on cluster assumptions should be
expanded for a more accurate description of the properties of
12−14C isotopes.

In cluster models the breaking of α clusters is treated partly
by antisymmetrization between clusters but is not fully cov-
ered in the model space. Specifically, the paired excitation of
nucleons within α clusters, which is favored by the spin-orbit
terms in the nucleon-nucleon interaction, is not included in
the cluster models. In principle, this issue can be addressed by
using microscopic models with a full treatment of the nucleon
degree of freedom, such as the AMD model. However, in
such models it is difficult to trace the motions of correlated
quasiparticles in the many-body system, such as α particles,
while in cluster models the center-of-mass motions of α clus-
ters are explicitly described by generator coordinates in the
wave function. Thus, it is both challenging and interesting to
develop a microscopic cluster model where both the formation
and breaking effects of α clusters are fully treated in the wave
function. In AQCM, the breaking or melting effect of α clus-
ters is treated by exciting the nucleon-nucleon pairs with finite
relative momentum inside the α clusters [19,29,61,66–68],
including works for the ground states of 13C and 14C based
on the GCM-Brink approach [18,69]. The nucleon-nucleon
pairs with high relative momenta are also used to treat the
two-particle–two-hole excitations induced by the tensor terms
in the bare nucleon-nucleon interaction [70–72]. In works
based on the GCM-Brink approach, the model space for clus-
ter configurations is fully covered by the superposition of a
large number of different basis states, and in some bases,
the cluster-breaking (CB) effect is included. However, the
motions of the broken clusters are still not fully revealed by
the GCM wave function, as the structural information has to
be extracted from the thousands of superposed basis states
and only the terms with large weight in the state mixing are
discussed. For instance, a regular triangular arrangement of
the three α clusters is extracted from the Bloch-Brink basis
states of 13C [22] and 14C [18]. For 12C this is solved in
Ref. [61], where the motions of broken α clusters are de-
scribed explicitly by Gaussian weight functions (containers)
in a THSR wave function incorporating CB pairs. In this
work we introduce CB pairs into our extended THSR wave
functions [43,44] to investigate the compact cluster states in
the 12−14C isotopes, especially focusing on the motions of
broken α clusters.

This paper is organized as follows. In Sec. II we briefly
formulate the THSR wave functions and the CB pairs for
12−14C isotopes. We then explain the intrinsic configurations,
where we consider two breaking modes for α clusters in CB-
THSR wave functions and two coupling modes for valence
neutrons in the ground states of 13C and 14C. In Sec. III the
variational results which demonstrate the improvement of the
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THSR approach after introducing the CB pairs in binding
energy and matter rms radius are presented. The cluster struc-
tures described by different configurations are discussed, and
the dominant components of their ground states are confirmed
after the diagonalization of bases. Additionally, we optimize
the interaction to reproduce the experimental spectra within
both the THSR and CB-THSR frameworks. We also discuss
the cluster breaking in a 3-α system via the calculations of
momentum distributions and form factors. Finally, Sec. IV
presents the conclusions.

II. MICROSCOPIC APPROACH

A. Hamiltonian

The Hamiltonians of carbon isotopes used in this work are
given as

Ĥ =
n∑

i=1

ki − kc.m. +
n∑

i< j

V N (ri j )

+
n∑

i< j

V C (ri j ) +
n∑

i< j

V ls(ri j ), (1)

where
∑n

i=1 ki and kc.m. are the kinetic energy term of nucle-
ons and the center-of-mass term of the nucleus consisting of
n nucleons, respectively. V N (ri j ) denotes the Volkov No. 2
interaction, which is an effective nucleon-nucleon interaction
with the form

V N (ri j ) = {
V1e−α1r2

i j − V2eα2r2
i j
}

× {W − MP̂σ P̂τ + BP̂σ − HP̂τ }. (2)

Here, V1 = −60.650 MeV, V2 = 61.140 MeV, α1 =
0.980 fm−2, α2 = 0.309 fm−2, and the exchange parameters
are W = 0.4, M = 0.6, and B = H = 0.125. All of these
parameters are determined from the α + n and α + α

scattering phase shifts and the binding energy of the deuteron
[73]. V C (ri j ) is the Coulomb interaction. The G3RS force is
used for the spin-orbit interaction V ls(ri j ) with the form of

V ls(ri j ) = uls
{
e−α1r2

i j − e−α2r2
i j
}
L · SP̂31, (3)

where uls = 2000 MeV, α1 = 5.00 fm−2, and α1 =
2.778 fm−2 [27].

B. THSR wave function

In THSR approach, the wave function for 12C can be writ-
ten as ∣∣�THSR

12C

〉 = (C†
α )3 |vac〉 , (4)

where C†
α is the creation operator of an α cluster:

C†
α =

∫
dR Gα (R)

∫
d3r1 · · · d3r4

× φ(r1 − R)a†
σ1,τ1

(r1) · · · φ(r4 − R)a†
σ4,τ4

(r4). (5)

In the equation the spatial part of a single particle is defined
as

φ(r − R) ∝ exp
{
− (r − R)2

2b2

}
, (6)

where “b” is fixed to be 1.46 fm for all nucleons [44], and a†
σ,τ

is the creation operator for a nucleon with spin σ and isospin
τ . The “Gaussian container” [42], proposed to describe α-
condensate states [38], is adopted to confine the motions of
α clusters and defined by the function

Gα (R) = exp

{
−R2

x + R2
y

β2
α,xy

− R2
z

β2
α,z

}
, (7)

where βα,xy and βα,z are the parameters to be optimized by
variational calculations.

For 13C and 14C isotopes, THSR wave functions are for-
mulated with the additional creation operators for valence
nucleons, such as∣∣�THSR

13C

〉 = (C†
α )3(c†

n) |vac〉 (8)

and ∣∣�THSR
14C

〉 = (C†
α )3(c†

n )2 |vac〉 , (9)

respectively. The creation operator c†
n is formulated as

c†
n =

∫
dR Gn(R)

∫
d3r φ(r − R)a†

σ,τ (r). (10)

The term Gn(R) is the “container” for valence neutrons, which
is modulated by a phase factor [43] or a spherical harmonic
function [48] to reproduce the negative parity of π orbit. Here,
we take the one formulated in Ref. [48] for the efficiency in
numerical calculation, which is given as

Gn(R) = exp

{
−R2

x + R2
y

β2
n,xy

− R2
z

β2
n,z

}
Ylm(R	), (11)

where R	 is the angular part of the generator coordinate R,
and the parameter m is the magnetic quantum number for the
valence neutron. We noted that the Gn(R) will reduce to a
Gaussian packet when l and m are both zero. For more details
please refer to Ref. [43].

C. Angular momentum coupling and projection

Using Eqs. (4), (8), and (9), we can formulate the THSR
basis wave functions for 12−14C isotopes. For 12C the THSR
wave function is formulated with good magnetic quantum
number m = 0. For 13C and 14C, treated as “3-α + (2)n”
systems, the angular momenta of α clusters are coupled with
those of valence nucleons. As shown in Table I, we consider
two THSR basis functions for both 13C and 14C, with different
angular momentum couplings between α clusters and valence
neutrons, denoted as “Coupling Mode 1” (CM. 1) and “Cou-
pling Mode 2” (CM. 2), respectively.

To restore the total rotational symmetry, THSR basis
wave functions are projected by the corresponding angular
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TABLE I. Two angular momentum coupling modes for 13C and 14C. Sn denotes the spin of each valence neutron. m represents the quantum
number of z component on orbital angular momentum for each valence neutron. The spherical harmonic in the container of each valence
neutron is set to be Y1m(R	).

Coupling mode (CM.) 13C(1/2−) 14C(0+)

1 Sn = | ↑〉z m = 0 Sn,1 = | ↑〉z mn,1 = 0 Sn,2 = | ↓〉z mn,2 = 0
2 Sn = | ↑〉z m = −1 Sn,1 = | ↑〉z mn,1 = −1 Sn,2 = | ↓〉z mn,2 = 1

momentum projection operators [74], given as

P̂J
M,K =2J + 1

8π2

∫ 2π

0
dφ

∫ π

0
dθ sin(θ )

∫ 2π

0
dγ

× DJ∗
M,K (φ, θ, γ )R̂(φ, θ, γ ),

(12)

where DJ
M,K (φ, θ, γ ) is the Wigner’s D function of the three

Euler angles φ, θ , and γ . The projected basis wave function is
thus

�J
M = P̂J

M,K�THSR. (13)

D. CB-THSR wave function

In pure cluster models, four nucleons share the same gener-
ator coordinate R in an α cluster, with zero relative momenta.
To describe the cluster breaking, we introduce the nucleon-
nucleon pairs into the THSR approach. In each pair two
nucleons are selected from the same α cluster with opposite
spin orientations, and they are excited relative to each other in
momentum space. In this work we refer to these pairs as “CB
pairs.” A CB pair is mathematically represented by adding
opposite imaginary components to the generator coordinates
of the nucleons [75]:

Ri → Ri + i 
 e

R j → R j − i 
 e. (14)

Here, Ri and R j are the generator coordinates of two nucleons
in the CB pair, 
 is the amplitude of cluster breaking excita-
tion, and the unit vector e denotes the direction of s × Re[R],
where s is the spin of the nucleon. In these CB pairs, nucleons
are excited with a mean momentum as

〈φ|p|φ〉
〈φ|φ〉 = h̄

b2
Im(R) = h̄

b2

 e. (15)

With the definition of unit vector e, the relative momentum
is oriented perpendicular to the spins of two nucleons within
a CB pair. Here we introduce the CB pairs with opposite
spins in two different cases: one with spins confined on the
xy plane and the other one along the z axis, which correspond
to two different modes for the relative momenta along the z
direction and on the xy plane, respectively, as listed in Table II.
Both breaking modes contribute to the cluster breaking effect
within the 3-α core, and we denote them as “breaking mode
I (BM. I)” and “breaking mode II (BM. II).” Moreover, we
note that BM. I is highly possible to have equilateral triangular
symmetry when the THSR wave function becomes oblate and
compact. It is because the three α clusters tend to form an
equilateral triangle located on the xy plane in such a configu-
ration, with the spins in each CB pair being perpendicular to
the generator coordinates of α clusters.

III. RESULTS AND DISCUSSION

A. Results of the original THSR wave function

We first investigate 12−14C isotopes by using the original
THSR basis wave functions. The optimal β parameters and
corresponding minimum energies are obtained via variational
calculations, as listed in Table III. Here the optimal energy of
12C is located at βxy = βz = 1.4 fm, which is consistent with
Ref. [40] and indicates the spherical symmetry for the 3-α
cluster state.

For 13C and 14C, with CM. 1 we obtain βxy = 1.6 fm and
βz = 0.2 fm for both nuclei, which show the oblate defor-
mation of the 3-α cores. With CM. 2 we find βxy = 1.0 fm,
βz = 1.4 fm for 13C, and βxy = 1.4 fm, βz = 1.6 fm for 14C,
which indicate the prolate structures for the 3-α cores. On
the other hand, the two THSR basis functions respectively
describe the motions of valence neutrons as dumbbell-like
π orbits in CM. 1 and ringlike π orbits in CM. 2. Here we
observe two distinct core-valence couplings between the 3-α
core and the valence neutrons. We conclude that the motions
of α clusters are constrained by those of the valence neutrons
due to these couplings, which is the reason for the strong
deformation of the 3-α cores in 13−14C isotopes.

In real nuclei there is configuration mixing between these
two different THSR basis functions in the ground states of
13C and 14C. In Table III it is found that the configuration
with CM. 1 shows lower energy in both 13C and 14C, which
indicates a larger contribution in the mixing. This is also
shown in Fig. 3. Indeed, after superposing two THSR basis
functions, the ground-state energies are obtained for 13−14C
isotopes, and the values are almost equal to those produced by
configuration 1 only.

Using the original THSR wave functions, we find the defor-
mation of the α clusters and their couplings with the valence
neutrons. However, as shown in Table III, the binding energies
of carbon isotopes are significantly underestimated. This is
expected because the significant cluster breaking effect is not
optimized in the original THSR, which is essential for the
compact structures of 12−14C isotopes.

TABLE II. Two breaking modes for CB pairs within α clusters.
The different spin orientations of paired nucleons and their corre-
sponding orientations of relative momentum are shown.

Breaking mode
(BM.)

Orientations of nucleon
spins within α clusters

Orientation of relative
momentum

I xy plane z axis
II z axis xy plane
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TABLE III. The energies of 12−14C isotopes obtained by the original THSR basis wave functions. Two intrinsic configurations with distinct
angular momentum coupling modes are adopted for 13C and 14C. The β parameters and energies are obtained after the angular momentum
projection and variational optimization.

THSR

Configurations βxy(fm) βz(fm) βn,xy(fm) βn,z(fm) Energy (MeV) Exp (MeV)

12C − 1.4 1.4 − − −85.9 −92.16

13C CM. 1 1.6 0.2 3.8 1.6 −91.6 −97.11
CM. 2 0.6 1.0 1.0 4.6 −89.1

14C CM. 1 1.2 0.2 3.2 2.0 −99.6 −105.3
CM. 2 0.6 0.8 1.0 3.6 −98.5

B. Results of the CB-THSR wave function

For compact cluster states, we introduce the CB pairs into
the THSR wave functions to allow a further α-cluster breaking
as compared to antisymmetrization. This will also produce a
mixing state between the well-developed cluster state and the
shell-like state. Using this approach, we calculate again the
ground states of 12−14C isotopes with two breaking modes of α

clusters, and the results are listed in Table IV. Compared to the
original THSR results shown in Table III, improved binding
energies, which are closer to the experimental data, are ob-
tained for 12−14C isotopes. For 12C we obtain βxy = 0.4, βz =
0.2 fm and βxy = 0.4, βz = 0.8 fm in the wave functions with
BM. I and BM. II, respectively, which are now deformed in
the CB-THSR calculations. For 13C and 14C, the core-valence
couplings between the 3-α cores and the valence neutrons, as
shown in the density plots in Fig. 1, are similar to those of the
original THSR description with “BM. I + CM. 1” and “BM. II
+ CM. 2”, except that the 3-α cores are much more compact
in the CB-THSR, as shown by the small parameters βxy and
βz. However, the other two configurations “BM. I + CM. 2”
and “BM. II + CM. 2” provide new descriptions, where “BM.
I + CM. 2” results in the most compact structure, which is
shell-like, and “BM. II + CM. 1” yields an oblate clustering

structure. For 13C the configurations “BM. I + CM. 1” and
“BM. I + CM. 2” produce identical energy values of −100.2
MeV, showing that these two configurations are very similar
to each other. This is further confirmed by a large overlap of
0.97 between these two configurations after angular momen-
tum projection. For 14C the overlap reduces to 0.90, which
indicates discrepancy between the two configurations. The
relatively lower energy value of −108.6 produced by “BM.
I + CM. 2” suggests its dominance in the ground state, as
shown in Fig. 2. We note that valence neutrons have relatively
larger β parameters compared to those of α clusters, as shown
in Table IV, indicating their extended motion around the 3-
α cores. The root-mean-squared radii calculated for valence
neutrons are 2.82 and 2.63 fm for the configurations “BM. I
+ CM. 2” and “BM. II + CM. 2” in 13C, respectively. For 14C
both configurations yield an rms radius of 2.83 fm for valence
neutrons.

Finally, we superpose all the THSR basis functions for
12−14C isotopes, and also compare them with the results of
other theoretical works and the experimental data as well. The
results are shown in Fig. 3. It is clearly seen that the binding
energies are significantly improved with the cluster breaking
effect introduced for 12−14C isotopes, as compared to the orig-
inal THSR results. However, they are now overbound when

TABLE IV. The energies of 12−14C isotopes calculated by the CB-THSR basis wave functions. Two configurations with distinct breaking
modes of α-clusters are adopted for 12C, and four configurations in which two breaking modes of α-clusters combine with two angular
momentum coupling modes are adopted for 13C and 14C. The β parameters and energies are obtained after the angular momentum projection
and variational optimization.

CB-THSR

Configurations βxy (fm) βz (fm) βn,xy (fm) βn,z (fm) 
 (fm) Energy (MeV) Exp (MeV)

12C BM. I 0.4 0.2 − − 0.2 –93.7 –92.16
BM. II 0.4 0.8 − − 0.2 –91.0

13C BM. I + CM. 1 0.6 0.2 1.6 2.0 0.3 –100.2 –97.11
BM. I + CM. 2 0.2 0.2 1.2 6.4 0.5 –100.2
BM. II + CM. 1 1.6 0.2 3.8 1.6 0.0 –91.6
BM. II + CM. 2 0.2 0.6 0.6 5.8 0.2 –98.3

14C BM. I + CM. 1 0.6 0.2 3.0 2.4 0.3 –107.6 –105.3
BM. I + CM. 2 0.2 0.2 1.2 5.6 0.5 –108.6
BM. II + CM. 1 1.2 0.2 3.2 2.0 0.0 –99.6
BM. II + CM. 2 0.4 0.6 1.2 5.6 0.3 –108.1
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FIG. 1. The intrinsic density distributions of nucleons in 12−14C
isotopes in the y = 0 cross section. Panels (a) and (b) are the density
plots for nucleons in 12C with BM. I and BM. II, respectively, given
by the CB-THSR basis functions. Panels (c) and (d) are the density
plots for the valence neutron in 13C valence neutrons in 13C described
by CB-THSR with CM. 1 and CM. 2, respectively. Panels (e) and (f)
are the density plots for valence neutrons in 14C described by CB-
THSR with CM. 1 and CM. 2, respectively.

comparing to the experimental values. We thus further adopt
a weakened M = 0.62 nucleon-nucleon attraction in Volkov
force and uls = 2250 MeV strength of spin-orbit interaction
in the CB-THSR calculation for better consistency with the
experimental data. Additionally, the theoretical results pre-
sented in other works using the same interaction M = 0.6
and uls = 2000 MeV are also shown in Fig. 3. Here we note
that the result adopted from Ref. [19] is for the microscopic
calculation of 12C with the breaking effect included. It is thus
reasonable that the result is consistent with ours. The other
two values adopted from Refs. [22] and [18] are calculated
without including the cluster breaking effect for 13C and 14C,
respectively. It is thus reasonable that the binding energies are
much smaller in magnitude compared to the CB-THSR ones.
These comparisons show the indispensable role of the cluster
breaking effect in understanding the ground states of 12−14C
isotopes.

C. Optimization

To obtain more accurate ground-state spectra for 12−14C
isotopes, we further optimize the effective nucleon-nucleon

FIG. 2. Energies of 12−14C isotopes obtained by using the
original THSR and CB-THSR basis functions with different con-
figurations. “CM.” denotes the angular momentum coupling mode.
“+BM.” represents the configuration considering the breaking mode
based on the corresponding coupling mode.

interaction through adjusting M and uls, where M is the pa-
rameter in Volkov force, and uls is the strength of spin-orbit
interaction. Figure 4 exhibits the results of THSR and CB-
THSR in panels (a)–(c) and (d)–(f), respectively, with the
energy error defined as �E = Etheory − Eexp. It is found
that the CB-THSR framework achieves better consistency in

FIG. 3. The energies after superposition, relative to the 3-α
threshold. “CM.” and “BM.” denote the angular momentum coupling
mode and the breaking mode of α clusters, respectively. M is the
parameter in nucleon-nucleon interaction, and uls is the coupling
strength in spin-orbit interaction. The energies of 12−14C isotopes in
the “Refs.” column are the results calculated with the same Hamil-
tonian and M = 0.6, uls = 2000 MeV, adopted from corresponding
references.
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FIG. 4. The ground-state energies and rms radii calculated by using THSR and CB-THSR wave functions with different M in nucleon-
nucleon interaction and uls in spin-orbit interaction. “�E” denotes the energy error, defined as Etheory - Eexp. “� rr.m.s.” denotes the rms
radius error, defined as rr.m.s.(theory) - rr.m.s.(exp).

binding energies compared to the original THSR. On the
other hand, a smaller value is obtained for the parameter M
after energy optimization in THSR as compared to the ini-
tial one, which corresponds to an enhanced nucleon-nucleon
attraction. In contrast, a larger M is obtained in CB-THSR,
suggesting a reduction of nucleon-nucleon attraction. Addi-
tionally, it is found that the spin-orbit (LS) coupling plays a
significant role in the optimization for CB-THSR, but is not
sensitive in THSR calculations.

To summarize, with the optimized weaker nucleon-nucleon
attraction and the adjusted spin-orbit interaction, CB-THSR
can produce a more accurate ground-state spectra for 12−14C
isotopes compared to THSR.

D. Matter rms radius

To further illustrate the α-cluster structures in 12−14C
isotopes, we calculate their matter root-mean-square radii,
as shown in Table V, with M = 0.6 in nucleon-nucleon
interaction and uls = 2000 MeV in spin-orbit interaction. Ad-
ditionally, the rms radii with adjusted M and uls are also
calculated, and the errors, defined as �R = Rtheory − Rexp,
are exhibited in Fig. 4 as well. As compared to the ex-
perimental data, the original THSR wave functions produce

much larger rms radii, corresponding to well-developed α-
cluster states for 12−14C isotopes. After the introduction of CB
pairs and variational calculations, the structures shrink into
compact ones with smaller rms radii, which are now more
consistent with the experimental data. Moreover, the rms radii
are not sensitive to the variation of uls in CB-THSR calcu-
lations, which shows the structural saturation for the ground
states of 12−14C isotopes.

E. Momentum distribution and form factor

In the CB-THSR wave function, cluster breaking can be in-
duced by both antisymmetrization and CB pairs. It is of inter-
est to find which one makes a major contribution to the cluster
breaking in the compact α-cluster states of 12−14C isotopes. In
Ref. [77], the nucleon momentum distribution, which could
be measured with high precision using e, e′ scattering [78],
is discussed for beryllium isotopes, and it is found that the
real distribution of the nuclei deviates from the Gaussian form
when the α clusters are broken due to antisymmetrization.
In this work we use a similar strategy to discuss the cluster
breaking effects in the 3-α system of 12C with the calculations
of momentum distributions. As we noted in previous sections,
original THSR wave functions involve cluster breaking only

TABLE V. The matter rms radii of 12−14C isotopes calculated by using original THSR and CB-THSR wave functions. Two sets of
parameters where M = 0.6, uls = 2000 MeV and M = 0.62, uls = 2250 MeV for nucleon-nucleon interaction and spin-orbit interaction are
adopted. The experimental data are taken from Ref. [76].

Original THSR (M = 0.6,
uls = 2000 MeV)

CB-THSR (M = 0.6,
uls = 2000 MeV)

CB-THSR (M = 0.62,
uls = 2250 MeV) Exp

12C 2.58 2.24 2.24 2.35(2)
13C 2.52 2.25 2.25 2.28(4)
14C 2.57 2.29 2.29 2.33(7)
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FIG. 5. Momentum distributions of 12C calculated with four
configurations simulating different 3-α cores in 12−14C isotopes.
“Original THSR” denotes the result of original THSR wave func-
tion with βxy = βz = 1.4 fm, which corresponds to a well-developed
cluster state in 12C. “Compact THSR” denotes the result of THSR
wave functions with βxy = 0.8 fm and βz = 0.2 fm, to simulate the
compact 3-α-cluster cores in 13C and 14C. “CB-THSR with BM.
I” and “CB-THSR with BM. II” show the results from CB-THSR
wave functions, with the corresponding optimal parameters when
M = 0.62 in nucleon-nucleon interaction and uls = 2000 MeV in
spin-orbit interaction to simulate the 3-α cores when CB pairs are
introduced.

through antisymmetrization, and CB-THSR wave functions
allow cluster breaking induced by both antisymmetrization
and CB pairs. In Fig. 5 the red curve with circles (labeled
“Original THSR”) denotes the result of the original THSR
wave function with spherical set βxy = βz = 1.4 fm, which
corresponds to a well-developed cluster state in 12C. The gray
curve with hexagons (labeled “Compact THSR”) denotes the
result of the original THSR wave function with βxy = 0.8 fm
and βz = 0.2 fm, simulating the compact 3-α cores in 13−14C
isotopes. The blue curve with squares (labeled “CB-THSR
with BM. I”) shows the result from CB-THSR wave func-
tion with BM. I and also βxy = 0.8 fm and βz = 0.2 fm, to
investigate the further broken 3-α cores when CB pairs are
introduced. This configuration corresponds to the structure
with the most accurate rms radii, obtained from the variational
calculation using M = 0.62 in the nucleon-nucleon potential.
As for CB-THSR with BM. II, the result is represented by
the purple curve with triangles (labeled “CB-THSR with BM.
II”) with βxy = 1.2 fm and βz = 1.6 fm, also obtained from
the variational calculation.

In Fig. 5 it is clearly shown that the “Compact THSR,”
“CB-THSR with BM. I,” and “CB-THSR with BM. II” exhibit
smaller low-momentum components and a larger tail in the
high-momentum region compared to the “Original THSR.”
This indicates that the α clusters are significantly broken due
to the strong antisymmetrization in their compact 3-α cores.
Although both antisymmetrization and CB pairs can induce
cluster breaking effects, this comparison demonstrates that an-
tisymmetrization dominates the cluster breaking effect within
a compact 3-α system. For a more detailed discussion of the
effects from antisymmetrization, please refer to Ref. [77]. In

FIG. 6. Form factors of 12C calculated with four configurations
on a logarithmic scale. “Original THSR” denotes the result of origi-
nal THSR wave function with βxy = βz = 1.4 fm. “Compact THSR”
denotes the result of THSR wave function, with βxy = 0.8 fm and
βz = 0.2 fm. “CB-THSR with BM. I” and “CB-THSR with BM.
II” show the results from corresponding CB-THSR wave functions,
with βxy = 0.8 fm, βz = 0.2 fm and βxy = 1.2 fm and βz = 1.6 fm,
respectively.

addition, we notice that the momentum distributions produced
by “Compact THSR” and “CB-THSR with BM. I” are very
similar to each other, which indicates a comparable level of
cluster breaking excitations for nucleons. However, the former
one is energetically unfavorable while the latter significantly
enhances the binding energy of the ground state. This drastic
difference indicates that the CB-THSR provides a better de-
scription for the physical breaking of α clusters in the ground
state of 12C with combining antisymmetrization and CB pairs.
Theoretically speaking, the antisymmetrization between over-
lapping clusters describes their exchange of particles, while
the CB pairs focus on the paired excitation. This comparison
suggests that we should consider both particle exchange and
paired excitations when discussing compact cluster states.

We also compare the CB-THSR with the original THSR
wave functions via the calculations of form factors, which
are defined as the Fourier transform of charge density dis-
tributions. The results are shown on a logarithmic scale in
Fig. 6 and on a linear scale in Fig. 7. We note that the β

values in wave functions are adopted as the optimized val-
ues corresponding to the interaction parameters M = 0.62
and uls = 1750 MeV, which provides the best description
for 12C as shown in Fig. 4. In Fig. 6 the black solid curve
denotes the form factor of “CB-THSR with BM. I,” which is
the dominant component in the ground-state wave function.
The red-dashed curve represents the form factor of “Compact
THSR,” which is similar to that of “CB-THSR with BM.
I.” This indicates that the two configurations have similar
radii and cluster breaking. For comparison, the form factor
of “Original THSR” is shown as the green dash-dotted curve,
while the “CB-THSR with BM. II” is presented as the purple
dotted curve. These two curves are also similar but deviate
from the solid curve, indicating a lesser degree of cluster
breaking.
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FIG. 7. Form factors of 12C calculated with four configurations
on a linear scale. “Original THSR” denotes the result of original
THSR wave functions with βxy = βz = 1.4 fm. “Compact THSR”
denotes the result of THSR wave function, with βxy = 0.8 fm and
βz = 0.2 fm. “CB-THSR with BM. I” and “CB-THSR with BM.
II” show the results from corresponding CB-THSR wave functions,
with βxy = 0.8 fm, βz = 0.2 fm and βxy = 1.2 fm and βz = 1.6 fm,
respectively.

IV. CONCLUSION

We investigated the ground states of 12−14C isotopes using
both THSR and CB-THSR wave functions. For describing
the intrinsic cluster structures of compact carbon isotopes,
the THSR wave functions were formulated for the different
modes of cluster and valence neutron motions, which we
named “Coupling Modes (CM.).” For 12C a spherical structure
was produced, consistent with those in previous works. 13C
and 14C were each described by a superposition of two config-
urations, including one with dumbbell-like molecular orbits of
valence neutrons coupled with an oblate 3-α core, and another
with a prolate 3-α core surrounded by ring-like distributions
of valence neutrons. It was found that the couplings of mo-
tions between clusters and valence neutrons determine the
cluster structure in each configuration, as revealed by varia-
tional calculations. However, the calculated binding energies
appear to be underestimated, and the matter rms radii are sig-
nificantly larger than the experimental values. CB pairs were
further introduced into THSR wave functions to formulate
“CB-THSR” wave functions. Different orientations of spin
within CB pairs led to different modes of paired excitation,
which we named “Breaking Modes (BM.).” After introducing
the CB pairs, the CB-THSR wave functions produced more
compact structures for 12−14C isotopes, and energy results
showed better consistency with the experimental values. In
addition, the effects of CB pairs were found to be depen-
dent on the different configurations. The nucleon-nucleon and
spin-orbit interaction dependencies have also been discussed
by comparing the results calculated using various parameters.
Compared to THSR, CB-THSR suggests a weaker attraction
in the nucleon-nucleon interaction.

The spatial extension of cluster structures has been further
discussed by the calculations of rms radii, where CB-
THSR provides systematically better results as compared to
the original THSR wave functions. Finally, we investigated
the cluster breaking effects in 12−14C isotopes by comparing
the nucleon momentum distributions and the charge form
factors of strongly antisymmetrized cluster states, with and
without the introduction of CB pairs. It was found that both
the compact THSR and the CB-THSR with BM. I produce
a comparable level of α-cluster breaking, but only the lat-
ter significantly enhances the binding energy of the ground
state, showing that the CB-THSR describes better the phys-
ical breaking of α clusters in the ground state of 12C. This
comparison suggests that we should consider both particle ex-
change and paired excitation when discussing compact cluster
states, thereby offering a more complete description of cluster
breaking effects in theoretical models.
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APPENDIX

1. Momentum distribution

In Brink-THSR framework, the momentum distribution of
the N-body system is defined as

n(a) = 〈�| ∑N
i=1 n̂i(a)|�〉
〈�|�〉 , (A1)

where n(a) denotes the amplitude at momentum a. The sub-
script i is for the number of nucleons, and the operator n̂i(a)
is defined as δ(ki − a), where ki is the momentum of the ith
nucleon. n(a) is now written as

n(a) = 〈�| ∑N
i=1 δ(ki − a)|�〉
〈�|�〉 . (A2)

In the Brink-THSR wave functions, the total wave function
incorporates the spurious center-of-mass motion, which can
be separated into intrinsic wave function and center-of-mass
wave function,

�Tot = �Int�c.m.,

where the superscript “Tot” denotes total wave function, “Int”
denotes intrinsic wave function, and “c.m.” denotes center-
of-mass motion. To find the momentum distribution without
center of mass, we introduce notation for momentum b in the
intrinsic frame, which is related to the momentum k in total
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wave function as

k = b + kG/N,

where kG denotes the momentum of center of mass. After
the Fourier transform, the intrinsic momentum distribution is
written as

nInt(a) =
(

1

2π

)3 N∑
i=1

∫
d3r e−ia·r 〈�Int|eibi·r|�Int〉

〈�Int|�Int〉 . (A3)

The momentum distribution with center-of-mass motion in-
cluded for total wave function is written as

nTot(a) =
(

1

2π

)3 N∑
i=1

∫
d3r e−ia·r 〈�Tot|eiki·r|�Tot〉

〈�Tot|�Tot〉

=
(

1

2π

)3 N∑
i=1

∫
d3r e−ia·r

× 〈�Int|eiki·r|�Int〉
〈�Int|�Int〉

〈�c.m.|eikG·r/N |�c.m.〉
〈�c.m.|�c.m.〉 .

(A4)
Hence, the intrinsic momentum can be represented in terms of
the total and center-of-mass wave function as

nInt(a) =
(

1

2π

)3 N∑
i=1

∫
d3r e−ia·r 〈�Tot|eiki·r|�Tot〉

〈�Tot|�Tot〉
· (̃nG)−1, (A5)

where

ñG = 〈�c.m.|eikG·r/N |�c.m.〉
〈�c.m.|�c.m.〉 = exp

[
− 1

4b2N
r2

]
. (A6)

The intrinsic momentum reads

nInt(a) =
(

b2

πε

)3/2 N∑
i, j=1

exp

[
−b2

ε

[
k − i

2b2
(R∗

i − R j )

]2
]

× Bi jB
−1
i j , (A7)

where ε = N
N−1 , Bi j = 〈φi|φ j〉. We note that the momentum

distribution satisfies the normalization condition in N-body
systems as ∫

da n(a) = N. (A8)

For 12C we replace the total wave function above with the
(CB-)THSR wave function:

|�Tot〉 →
∫

dR1 dR2 dR3 Gα (R1, R2, R3)

× |�(R1)�(R2)�(R3)〉. (A9)

2. Elastic form factor

For elastic collisions, the form factor is defined as

F (q2) =
∫

dr ρc(r) ei q·r, (A10)

where q is the momentum transfer. ρc(r) denotes the intrinsic
charge density distribution, where “intrinsic” refers to the
density distribution with the center-of-mass motion removed.
To extract the intrinsic charge density from the total wave
function, the proton charge distribution is assumed to Gaus-
sian, and the relationship between the intrinsic matter density
ρm(r′) and the intrinsic charge density can be given as [64]

ρc(r) = Z

A

(
πa2

p

)− 3
2

∫
dr′ρm(r′) exp

[
− (r − r′)2

a2
p

]
. (A11)

Here, a2
p = 0.43 fm−2 represents the finite proton size [64,79].

The form factor can be read as

F (q2) =
∫

dr ρc(r)eiq·r

= 1

A

(
πa2

p

)− 3
2

∫
dr

∫
dr′ρm(r′)eiq·r

× exp

[
− (r − r′)2

a2
p

]

= 1

A
e− 1

4 a2
pq2

∫
dr′ρm(r′) eiq·r′

. (A12)

Expanding the last exponential term into plane waves yields

F (q2) = 1

A
e− 1

4 a2
pq2

∫
dr′ρm(r′)4π

∞∑
l=0

l∑
m=−l

(i)l

× jl (qr′)Ylm(θr′ , φr′ )Y ∗
lm(θq, φq), (A13)

where jl (qr) is the spherical Bessel function of order l .
Switching from Cartesian to spherical coordinates, we take
l = 0, m = 0 for the ground state of 12C,

F (q2) = 4π

A
e− 1

4 a2
pq2

∫
r′2dr′ρm(r′)

∫
sin(θ ′)dθ ′

×
∫

dφ′ρm(θ ′, φ′)Y00(θ ′
r, φ

′
r ) j0(qr)Y ∗

00(θq, φq)

= 4π

A

1

2
√

π
e− 1

4 a2
pq2

∫
dr′ r′2ρm(r′) j0(qr′)Y ∗

00(θq, φq).

(A14)

To get the relationship between the form factor and radial q2,
we average over the angular directions:

F (q2) = 4π

A

1

2
√

π
e− 1

4 a2
pq2

∫
dr′ρm(r′) r′2 j0(qr′)

×
∫

sin(θq)dθq

∫
dφY ∗

00(θq, φq )

= 4π

A
e− 1

4 a2
pq2

∫
dr′ρm(r′) r′2 j0(qr′), (A15)

which is used in the calculation of form factors for the
(CB-)THSR wave functions in this work.
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