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We investigate α-decay half-lives for 74 � Z � 92 even-even nuclei within the semiclassical WKB approxi-
mation in deformed relativistic Hartree-Bogoliubov theory in continuum (DRHBc). The α-particle preformation
factors are estimated from cluster-formation model using both empirical AME2020 binding energies and
numerical ones obtained by a deep neural network (DNN) study in which the available DRHBc binding energies
are used as training set. We find that our estimated α-decay half-lives are qualitatively in agreement with
experimental results. We also compare our results with the empirical formulas, ZZCW and UNIV. Based on
these observation, we extend our predictions of α-decay half-lives for the isotopes whose experimental data are
not available.
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I. INTRODUCTION

Worldwide, many radioactive ion beam (RIB) facilities
have been built or are under construction, and new opportu-
nities for the deep understanding of the nuclear structure are
emerging. New RIB facilities include the RIB Factory (RIBF)
at RIKEN in Japan [1], the Facility for Rare Isotope Beams
(FRIB) in the USA [2], the High Intensity heavy-ion Acceler-
ator Facility (HIAF) in China [3], the Facility for Antiproton
and Ion Research (FAIR) in Germany [4], and the Rare iso-
tope Accelerator complex for ON-line experiments (RAON)
in Korea [5]. With the help of these new RIB facilities, more
exotic nuclei and their structures can be investigated, and the
limits of the existence of exotic nuclei can be explored.

Alpha (α) decay has been used as one of the important
tools to understand the nuclear structure information. The
α decay can be relatively easily studied by calculating the
half-lives of nuclei. A method of calculating the α-decay
half-lives using the nuclear density distribution constructed is
to adopt the semiclassical WKB approximation. In the WKB
approximation, the potentials between nucleons are used in
the calculation of the half-lives. As an example, cosh nu-
clear potential [6] and nuclear Wood-Saxon potential [7] are
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employed to calculate the α-decay half-lives [7–9]. The ap-
proaches that directly solve the quasi-bound-state Schrödinger
equation such as generalized density-dependent cluster model
[10] and the improved density-dependent cluster model [11],
provide a better and more microscopic description of α decay.
To consider the neutron and proton density distributions, the
density-dependent cluster model with two-parameter Fermi
distribution has been adopted in various studies [10–17].

In this work, deformed relativistic Hartree-Bogoliubov
theory in continuum (DRHBc) is used to calculate the den-
sity distributions. The DRHBc was developed to predict the
properties of exotic and stable nuclei by self-consistently
incorporating the pairing correlation and continuum effects
[18–23]. The pairing interaction is essential to describe open-
shell model. Thus, Hartree-Fock with the pairing interaction,
such as BCS, had been employed to understand α decay
near shell closures as well as away from shell closure. How-
ever, since Hartree-Fock with BCS is not enough to properly
handle exotic nuclei near or away from shell closure [24],
the relativistic Hartree-Bogoliubov framework has been de-
veloped to provide a better description of the exotic nuclei
far from β stability [25]. In exotic nuclei, neutron or proton
Fermi energy is close to continuum threshold. Continuum
effects are also treated in the DRHBc. In order to expand the
applicability of the DRHBc, angular momentum projection
[26,27], finite amplitude method [28], and two-dimensional
collective Hamiltonian [29] have been implemented recently.
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The DRHBc with PK1 [30] or PC-PK1 density functional [31]
is widely used to explore various attractive exotic phenomena,
such as deformed halo structure [32,33], neutron drip line shift
by incorporating axial deformation degrees of freedom [34],
bound nuclei beyond two-neutron drip line [35–37], bubble
structure [38], and shape coexistence [38,39]. In this study,
we employ the DRHBc with PC-PK1 density functional to
predict neutron or proton densities.

To calculate the α-decay half-lives, the preformation factor
Pα , the probability of the α-particle formation in the parent
nucleus, should be also considered. Since it is still difficult
to calculate microscopically the preformation factor in rela-
tivistic density functional theory, the cluster-formation model
was suggested to estimate Pα [40,41]. In the cluster-formation
model, Pα is relatively easy to estimate because only the bind-
ing energies of parent nucleus and its neighboring nuclei are
required. In this model, α-particle formation inside the parent
nucleus is considered to be the quantum mechanical cluster
formation. The Pα of 212Po in the cluster-formation model is
estimated to be 0.221 [41]. Considering that the Pα of 212Po
in the microscopic calculation is 0.3 [42], the preformation
factor estimated by this model is acceptable. In the systematic
studies using cluster-formation model, the unpaired nucleons
in odd-A or odd-odd nuclei are expected to be the origin of
the reduction in Pα due to the Pauli blocking [43–45]. It is
also found that Pα in magic number nuclei decreases. We
estimate Pα using the cluster-formation model [40]. Since the
investigation of mass table for the odd-Z nuclei in the DRHBc
is still in progress, Pα of even-even nuclei cannot be estimated
systematically at the moment. To obtain Pα of even-even nu-
clei, we use the binding energies obtained through the results
of deep neural network (DNN) study [46].

We calculate the α-decay half-lives for even-even iso-
topes of W to U using the predicted densities in the DRHBc
within the WKB approximation framework. In this study only
α-decay half-lives of even-even nuclei are considered, and
therefore, the hindrance by the Pauli blocking will not be
studied [43–45]. This paper is organized as follows. In Sec. II,
the neutron and proton density distributions by the DRHBc
are briefly introduced, and the framework of the WKB ap-
proximation for calculating α-decay half-lives is discussed. In
Sec. III, we compare the preformation factors obtained using
the AME2020 data and deep-learning results, and show the
estimated α-decay half-lives. We discuss the relation between
including axial deformation degrees of freedom and the differ-
ence between neutron Fermi energy and proton Fermi energy.
We finally summarize and discuss this work in Sec. IV.

II. THEORETICAL FRAMEWORK

A. Deformed relativistic Hartree-Bogoliubov theory
in continuum

In this section, we briefly introduce how the DRHBc in-
cludes deformations and pairing correlation. The α-decay
half-lives in the WKB approximation require density distribu-
tions for a daughter nucleus and the α particle. We introduce
how the density distributions are described in the DRHBc.

The relativistic mean-field theory is built from the La-
grangian density [47]. The Lagrangian density for point
coupling is described in detail in Ref. [48]. The relativistic
Hartree-Bogoliubov equation, which incorporates the mean
field and pairing field simultaneously is obtained with the
variational method and the Bogoliubov transformation [49],(

hD − λτ �

−�∗ −h∗
D + λτ

)(
Uk

Vk

)
= Ek

(
Uk

Vk

)
, (1)

where hD is Dirac Hamiltonian for the nucleons, λτ represents
the Fermi energy of a nucleon, � is the pairing field, Uk and Vk

correspond to the quasiparticle wave functions, and Ek means
the energy of a quasiparticle state k. The pairing potential for
particle-particle channel is used

�kk′ (r, r′) = −
∑
k̃k̃′

V pp
kk′,k̃k̃′ (r, r′)κk̃k̃′ (r, r′), (2)

where, k, k′, k̃, and k̃′ denote the quasiparticle states and
the pairing tensor is defined by κ = V ∗U T [50]. For pairing
interaction in the particle-particle channel V pp, in the DRHBc,
the density-dependent zero-range pairing interaction is used

V pp(r, r′) = V0

2
(1 − Pσ )δ(r − r′)

(
1 − ρ(r)

ρsat

)
, (3)

where ρsat is the nuclear saturation density. The Dirac Hamil-
tonian hD for the nucleons is given as [48]

hD = α · p + β[M + S(r)] + V (r), (4)

where S(r) and V (r) are scalar and vector potentials, which
are expressed as

S(r) = αSρS + βSρ
2
S + γSρ

3
S + δS�ρS,

V (r) = αV ρV + γV ρ3
V + δV �ρV + eA0 + αTVτ3ρTV

+ δTVτ3�ρTV. (5)

The local densities ρS(r), ρV(r), and ρTV(r) are represented as

ρS(r) =
∑
k>0

V̄k (r)Vk (r),

ρV(r) =
∑
k>0

V †
k (r)Vk (r),

ρTV(r) =
∑
k>0

V †
k (r)τ3Vk (r), (6)

where the summation for k is performed only in posi-
tive energy in Fermi sea with the no-sea approximation. In
the DRHBc, spatial reflection symmetry is preserved. Thus,
the densities [ρS(r), ρV(r), ρTV(r)] are expanded using Leg-
endre polynomials as [51]

ρ(r) =
∑
λL

ρλL (r)PλL (cos θ ), λL = 0, 2, 4, · · · . (7)

For the DRHBc, as described in Ref. [38], the pairing
strength V0 = −325 MeV fm3 and the angular momentum
cutoff for the Dirac Woods-Saxon basis Jmax = 23/2 h̄ are
taken. Others are described in Ref. [22].
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FIG. 1. The potentials between 208Pb and α particle as a function
of r. The angular momentum l = 0 is adopted. The double-folding
potential VN is effective in the range of r � 10 fm. If a daughter nu-
cleus is axially deformed, the potential between the daughter nucleus
and α particle is considered as a function of r and the angle from the
symmetry axis β.

B. α-decay in WKB approximation

The α-decay process is understood as the formation of α

particle inside the parent nucleus and penetrating the potential
barrier of the daughter nucleus with a given Q value Qα as
in Fig. 1. Therefore, the α-decay half-life can be calculated
within the WKB approximation as [52,53]

T1/2 = h̄ ln 2


, (8)

 = PαNf
h̄2

4μ
Ptotal, (9)

where , Pα , Nf , and Ptotal are decay width, preformation
factor of α particle, normalization factor for bound-state wave
function, and the total penetration probability, respectively.
To calculate the decay width , the preformation factor Pα

must be first calculated. However, the preformation factor Pα

in Eq. (9) cannot yet be calculated microscopically in the
DRHBc framework. Instead we calculate Pα as in the cluster-
formation model [40]. The preformation factor of α particle
Pα for even-even nuclei is calculated in the cluster-formation
model [41,43] as

Pα = 2Sp + 2Sn − Sα

Sα

, (10)

where Sp, Sn, Sα are one-proton, one-neutron, and α-particle
separation energies, respectively. Separation energies can be
obtained as

Sp(Z, N ) = Eb(Z, N ) − Eb(Z − 1, N ), (11)

Sn(Z, N ) = Eb(Z, N ) − Eb(Z, N − 1), (12)

Sα (Z, N ) = Eb(Z, N ) − Eb(Z − 2, N − 2), (13)

where Eb(Z, N ) is the binding energy of given proton num-
ber Z and neutron number N . We take Eb(Z, N ) from both
AME2020 and the results of the DNN study [46] since, at
the moment, the binding energies for odd-A nuclei are not

FIG. 2. Schematic picture to describe the coordinates used in the
double-folding model. The letter β is for the orientation angle be-
tween the α particle and the symmetry axis of the daughter nucleus,
and s = r − rd + rα .

available in the DRHBc framework. The normalization fac-
tor and the total penetration probability for axially deformed
nuclei in Eq. (9) are given as

Nf = 1

2

∫ π

0
Nf (β ) sin βdβ, (14)

Ptotal = 1

2

∫ π

0
exp

[
− 2

∫ r3(β )

r2(β )
k(r′, β )dr′

]
sin βdβ,

(15)

where the normalization factor Nf (β ) for the orientation angle
between the α particle and the symmetry axis of the daughter
nucleus β and k(r, β ) are expressed as

Nf (β ) =
[ ∫ r2(β )

r1(β )

dr′

k(r′, β )
cos2

( ∫ r′

r1(β )
dr′′k(r′′, β ) − π

4

)]−1

�
[ ∫ r2(β )

r1(β )

dr′

2k(r′, β )

]−1

, (16)

k(r, β ) =
√

2μ

h̄2 Qα − V (r, β ), (17)

and μ is the reduced mass of the α particle and daughter
nucleus, r1,2,3(β ) are the classical turning points, which are
marked in Fig. 1, and β is the azimuthal angle between the
symmetry axis of daughter nucleus and the direction of the
produced α particle as in Fig. 2. Note that the outer turning
point r3 is determined mostly by the Coulomb potential. We
take empirical Qexp

α from AME2020 [54].
In the density-dependent cluster model, the potential

V (r, β ) consists of centrifugal potential Vl (r), nucleus-nucleus
double-folding potential VN(r, β ), and Coulomb potential
VC(r, β ) [45], as plotted in Fig. 1,

V (r, β ) = Vl (r) + VN(r, β ) + VC(r, β ). (18)

The centrifugal potential is expressed using the Langer modi-
fied form [55–57]

Vl (r) = h̄2

2μ

(l + 1/2)2

r2
, (19)
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where l is the quantum number corresponding to the orbital
angular momentum transferred by α particle. As we only
consider the α decay of even-even nuclei, we apply l = 0 [58].
The nuclear and Coulomb potentials are built from double-
folding model [59–62]:

VN(r, β ) = λ

∫
drddrαρd(rd )ρα (rα )v(s), (20)

VC(r, β ) =
∫

drddrαρ
proton
d (rd )ρproton

α (rα )
e2

s
, (21)

where we take e2 = 1.4399764 MeV fm and plot s = r +
rα − rd in Fig. 2. We set the density distribution of α particle
as standard Gaussian form ρα (r) = 0.4229 exp(−0.7024r2)
[60]. From Eq. (15), it can be seen that α-decay half-lives
depend largely on the wave number k(r, β ) in the range of
r = r2 − r3. We use the M3Y effective nucleon-nucleon inter-
action v(s) in MeV unit,

v(s) = 7999e−4s/(4s) − 2134e−2.5s/(2.5s)

−276(1 − 0.005Qα/Aα )δ(s), (22)

for considering the double-folding potential [59,61]. In the
above equation, Aα is the mass number of α particle and δ

is the delta function.
To calculate VC and VN, we use ρd and ρ

proton
d calculated

from the DRHBc;

VN or C(r, β ) =
∑

λL=0,2,4,...

VN or C,λL (r, β ). (23)

By using the Fourier transformation, one can derive VN,λL and
VC,λL as

VN,λL (r, β ) = 2

π

∫ ∞

0
dkk2 jλL (kr)ρ̃α (k)

×
[ ∫ ∞

0
drdr2

dρd,λL (rd ) jλL (krd )

]
ṽ(k)PλL (cos β ),

(24)

VC,λL (r, β ) = 8e2
∫ ∞

0
dk jλL (kr)ρ̃proton

α (k)

×
[ ∫ ∞

0
drdr2

dρ
proton
d,λL

(rd ) jλL (krd )

]
PλL (cos β ),

(25)

where jλL (kr) is the spherical Bessel function. The terms
ρ̃α (k), ρ̃d,λL (k), and ṽ(k) are Fourier transformation of
ρα (r), ρd,λL (r), and v(r), respectively. The forms of
ρ̃α (k) and ṽ(k) are written in Appendix A of Ref. [63].
The generalized equation is written in Ref. [64]. The
property exp(ik · r) = ∑

λL
iλL (2λL + 1) jλL (kr)PλL (cos θ )

is used for applying Fourier transformation. We take
λL,max = 8 to be consistent with the current DRHBc
results.

In Eq. (20), λ is the normalization factor and related to
the strength of nuclear potential. It is determined by the

Bohr-Sommerfeld quantization condition [58]
∫ π

0

∫ r2(β )

r1(β )

√
2μ

h̄2 [Qα − V (r, β )] sin βdrdβ

= (2n + 1)
π

2
= (G − l + 1)

π

2
, (26)

where r1(β ), r2(β ) are the set of classical turning points
[Qα = V (r, β )], and Qα and G are the α-decay energy and
global quantum number, respectively. Note that there is no
additional constraint to fix the global quantum number G. We
take G as follows [6,65]:

G = 22 (Npar > 126), G = 20 (82 < Npar � 126),

where Npar is the neutron number of parent nucleus.

III. RESULTS

A. Preformation factor

In order to obtain the decay width, in Eq. (9), the preforma-
tion factor Pα has to be provided. As discussed in the previous
section, we calculate Pα using binding energies by follow-
ing the cluster-formation model [40] as defined in Eq. (10).
Since, at the moment, the binding energies for odd-even and
odd-odd nuclei are not available in the DRHBc framework,
Sn and Sp cannot be obtained in the DRHBc. Therefore, we
use the binding energies obtained from a DNN study [46] in
which available results from the DRHBc calculations and the
AME2020 data are used as a training set.

When the binding energies are available both in the
DRHBc and AME2020, those of AME2020 were used in
the training set. To obtain the odd-even and odd-odd binding
energies using a deep neural network, the binding energies of
even-even and even-odd isotopes from the DRHBc calcula-
tions are used as a training set. In addition, to include some
information about odd-odd and odd-even isotopes to the deep
neural network the authors of Ref. [46] also use the binding
energies in AME2020 [54] as a training set. The inputs of
the neutral network are the proton number (Z), neutron num-
ber (N), nuclear pairing (δ), and shell effect (P), which are
defined by

δ = (−1)Z + (−1)N

2
, (27)

P = νPνn

νP + νn
, (28)

where νP (νN ) is the difference between the proton (neu-
tron) number of an isotope of interest and the nearest magic
numbers.

To validate the performance of the DNN in the present
study, the authors in Ref. [46] initially employ the RCHB [66]
combined with AME2020 as a training data set. Our expec-
tation is that the machine can acquire knowledge of odd-even
and odd-odd information from the AME2020. The training
set consists of the nuclear binding energies in AME2020
and RCHB, and to validate the expectation odd-even and
odd-odd data in the RCHB mass table are excluded. Af-
ter training, the predicted data are compared with both
AME2020 and AME2020+RCHB data sets, resulting in the
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TABLE I. RMS deviations for the case (iii) with different number of inputs. δp and δn are the modulus of Z/2 and N/2, respectively.

Number of inputs Hidden layers - Nodes per each layer RMS deviation from AME2020 (MeV)

4 (Z , N , δ, P) 2 - 64 0.9454
5 (Z , N , δ, νp, νn) 2 - 64 0.5649
6 (Z , N , δp, δn, νp, νn) 2 - 64 2.2158

root-mean-square (RMS) deviations of 1.579 MeV and 1.3915
MeV, respectively. Compared with the original RCHB mass
table result of 7.980 MeV deviation, it is a substantial im-
provement. This successful application is then extended to the
DRHBc case.

For DRHBc, three neural network structures are explored:
(i) Two-layer, 32 nodes per layer; (ii) three-layer, 48 nodes per
layer; and (iii) two-layer, 64 nodes per layer. Also, variations
in input data are considered. Basic nuclear information, such
as the number of neutrons and protons, is supplemented with
nuclear pairing (δ) and shell effect (P). It was observed in
Ref. [46] that the case (iii) with the five inputs gives the
smallest RMS deviation; Table I shows the DNN results of
the case (iii) with different number of inputs.

For more details of the neutral network to predict the
odd-odd and odd-even masses based on the DRHBc and
AME2020, we refer to Ref. [46]. For the comparison, we also
use the experimental binding energy and Qexp

α from AME2020
[54]. Binding energies used in this work are summarized in
Table II.

Figure 3(a) summarizes the binding energy per nucleon for
the selected even-even nuclei obtained by the DNN study. For
the comparison, experimental binding energies [54] are plot-
ted with black color. In Fig. 3(b), differences in the binding
energies between the DNN study and experimental results are
given as a function of the parent neutron number. For nuclei
with small neutron number (Npar < 126), the differences be-
tween the DNN study and experiment are small compared
to nuclei with large neutron number (Npar � 126). This may
indicate that DNN study results are more consistent with
experiment values for the nuclei with Npar < 126. In Fig. 3(c),
the differences in the binding energies between the DNN
study and experimental results are summarized as a function
of quadrupole deformation β2,par. This figure shows no strong
correlation between the binding energy of the DNN study and
the deformation. In Fig. 3(d), the differences for even-odd
and odd-even nuclei are summarized. Overall, it shows similar
behavior as even-even nuclei in Fig. 3(b), but the deviations of
the DNN study results from experimental values for even-odd
nuclei are relatively larger than those for odd-even nuclei. It
may indicate that the DNN study is more sensitive to neutron
distributions than proton distributions.

Figure 4 shows the Fermi energy differences and deforma-
tion parameters in the DRHBc. The Fermi energy differences
are larger than 6 MeV for most of nuclei with Npar < 126
except for 180W, 186Os, 190Pt, and 208Po as in Fig. 4. The
experimental α-decay half-lives of 180W, 186Os, and 190Pt are
important because the half-lives of nearby nuclei are domi-
nated by other decay modes, such as β decay. The α-decay
half-lives of 180W, 186Os, and 190Pt are longest in this study

(1025.7, 1022.8, and 1019.183 s, respectively). These nuclei can
be used for verifying whether the half-life calculation provides
consistent results for long experimental α-decay half-lives.
Also, these nuclei can be used to verify whether the half-life
for deformed nuclei is accurate since quadrupole deforma-
tions of these nuclei are β2,par = 0.243 for 180W, β2,par =
0.209 for 186Os, and β2,par = 0.163 for 190Pt, respectively
[67]. The relation, β2,par for 180W > β2,par for 186Os > β2,par

for 190Pt, can also be confirmed in Fig. 5. In this figure, one
can confirm β2,par = 0.0 for the nuclei with neutron magic
number Npar = 126.

In Figs. 6(a) and 6(b), preformation factors obtained with
the DNN study [46] and experimental data (AME2020) are
summarized. In Fig. 6(a), nuclei with empty marks (170Hg,
178Pb, 186Po, 208Th) correspond to the nuclei for which exper-
imental results are not enough to obtain Pα . Note that binding
energies for 169Hg, 177Pb, 185Po, and 207Th are missing in
AME2020. In Fig. 6(b), Pα are relatively small at the magic
number Npar = 126 and increase as neutron number increases
to Npar = 128, independently of nuclei; i.e., Pα,exp(Np =
128) > Pα,exp(Np = 126). Results with AME2012 also show
the similar behavior [43]. Except Rn, such a trend exists
for the result of the DNN study as in Fig. 6(a). The differ-
ences between the DNN study and experimental results are
summarized in Fig. 6(c). In this figure, below the neutron
magic number of parent nuclei Npar = 126, 202,210Ra isotopes
show the largest Pα difference in the isotopes. For the magic
number Npar = 126, 210Po shows smallest preformation factor
in the DNN study and experiment. Above the magic number,
214,216,218Po give largest differences in Pα . If one compare
Fig. 6 with Figs. 4 and 5, there are no direct correlations
between Pα and the properties of nuclei, such as the Fermi
energy difference and the deformation parameter β2,par.

B. α-decay half-lives

In this section, we present our calculated α-decay half-lives
with given preformation factors as discussed in the previous
section. In order to assess the quality of our results, we use
experimental binding energy and Qexp

α from AME2020 [54].
For the comparison with experiment, we take the experimental
α-decay half-lives from NUASE2020 [68]. Because several
decay modes can exist for each nucleus, we consider only 67
experimental data for which the branching ratio of α decay is
greater than 99%. The calculated α-decay half-lives are also
summarized in Table II.

In Fig. 7, our calculated α-decay half-lives are compared
with experimental values. In order to compare our calculated
α-decay half-lives with experimental data, we evaluate the
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FIG. 3. Binding energies for selected nuclei. (a) Comparison of binding energies per nucleon between AME2020 and deep neural network
(DNN) study in which the DRHBc results are used as training set as a function of parent neutron number Npar for even-even isotopes.
(b) Difference in the binding energies between DNN study and AME2020 for even-even nuclei. (c) Difference in the binding energies as a
function of the quadrupole deformation β2,par of the parent nucleus. (d) Same as (b) for even-odd and odd-even isotopes. Nuclei corresponding
to each color in (a)–(c) are summarized in (b). The empty marks in (b) and (c) represent nuclei with Fermi energy difference larger than 6 MeV
as shown in Fig. 4. Deformation parameters β2,par in the DRHBc are summarized in Fig. 5.

standard deviation σ ,

σ =
√√√√ 1

N

N∑
i=1

(
log10 T cal

1/2,i − log10 T exp
1/2,i

)2
, (29)
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FIG. 4. Fermi energy difference between protons and neutrons
in the DRHBc. Vertical dashed line corresponds to the neutron
magic number Npar = 126. Horizontal dashed line corresponds to
λp − λn = 6 MeV. Empty marks are used for nuclei above the hori-
zontal dashed line.

which are plotted as horizontal shaded regions in Fig. 7.
Overall, considering the uncertainties in the binding energy
estimations by the DNN study, our calculated α-decay half-
lives are consistent with the experimental values within ±σ .
If we compare Fig. 7 with Fig. 5, the calculated α-decay half-
lives are consistent with experimental values independently of
deformation parameter β2,par. Below the neutron magic num-
ber Npar = 126, 170Hg, 186Po, 202Ra, and 208Th lie out of the
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FIG. 5. Quadrupole deformation of parent nuclei β2,par in the
DRHBc.
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FIG. 6. Preformation factors as a function of parent neutron number Npar. (a) Estimated Pα from DNN study. (b) Estimated Pα with
experimental binding energies (AME2020). In (a) nuclei with empty mark in (170Hg, 178Pb, 186Po, 208Th) correspond to the nuclei for which
some of the experimental results are not available to obtain Pα . (c) The difference between Pα of (a) and (b).

shaded region. The reason for this stems partly from limitation
in Pα calculations. Note that Pα,exp for 170Hg, 186Po, and 208Th
are not available because binding energies for 169Hg, 185Po,
and 207Th are not available in AME2020. In the DRHBc,
λp > 0 for 170Hg, 186Po, and 208Th, it may be more difficult
to measure the binding energies of 169Hg, 185Po, and 208Th.
The predictions from theoretical models such as the DRHBc
will be important to study such nuclei. The discrepancy in the

α-decay half-life of 202Ra is partly because Pα < Pα,exp. Incor-
rectly estimated Pα is not the only cause of discrepancies in the
half-lives. For example, the difference in preformation factor
of 210Ra is large, but the half-life comparison result is very
accurate. Beyond the neutron magic number of 130 < Npar for
Ra and Th isotopes, the predicted α-decay half-lives exceed
experimental values, as shown in Fig. 7(a). This mismatch
can be hardly explained by overestimated Pα and further study
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FIG. 7. Our calculated α-decay half-lives as a function of parent neutron number Npar. For the easy comparison, Po and Rn are shown
in (b) separately. Note that proton-rich nuclei (empty marks) correspond to λp − λn > 6 MeV as in Fig. 4 and stable nuclei (filled marks)
correspond to λp − λn < 6 MeV as in Fig. 4. Vertical dashed lines correspond to the neutron magic number Npar = 126. The width of the
horizontal shaded region represents 2σ where σ = 0.437 is the standard deviation defined in Eq. (29).
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FIG. 8. Comparison of our calculated α-decay half-lives and those with empirical formulas (ZZCW and UNIV) with experimental results.
(a) Comparison between the results of the DRHBc combined with preformation factors estimated by the DNN study results and experimental
values. (b) Comparison between the results of empirical formulas and experimental results. Horizontal shaded regions are the same as in Fig. 7
with standard deviation σ = 0.437. As shown in Fig. 7, empty and filled symbols indicate proton-rich and stable nuclei, respectively. The
calculated half-lives for 232Th show the biggest discrepancies with the experimental data even in calculations using empirical formulas.

needs to be conducted. For 130 < Npar < 136 of Po and Rn
isotopes [see Fig. 7(b)], our calculated α-decay half-lives are
larger than experimental values. This is partly because our
estimated Pα is smaller than the experimental value as in
Fig. 6.

In Fig. 8, the comparison of our calculated α-decay half-
lives with the experimental α-decay results (AME2020) is
shown as function of the experimental α-decay results. In
addition, the comparison of the results with empirical for-
mulas, ZZCW [69] and UNIV [70] with the experimental
α-decay results is also presented as function of the experi-
mental α-decay results. The details of the empirical formulas
are summarized in the Appendix and results from our study
with DNN and empirical formulas are summarized in Ta-
ble III. In Fig. 8(b) σZZCW = 0.671 and σUNIV = 0.403, which
are comparable to σ = 0.437 for our DRHBc+DNN study
calculation. If we consider only proton-rich nuclei (empty
marks in Fig. 8), σDRHBc+DNNstudy = 0.405 and σUNIV = 0.467.
This may indicate that DRHBc+DNN study is reasonably
consistent with experimental data, except for the stable Ra and
Th isotopes (Npar > 126). The discrepancies of the stable Ra
and Th isotopes tend to increase with longer half-lives of the
isotopes, except for 214Ra and 216Th (Npar = 126). Especially,
the half-life of 232Th, the most stable isotope of Th, shows the
largest discrepancy. It cannot be explained by the Fermi en-
ergy difference between proton and neutron (shown in Fig. 4),
the quadrupole deformation of parent nuclei (shown in Fig. 5),
and the preformation factor (shown in Fig. 6). Understanding
these discrepancies may require further research beyond the
WKB approximation, such as generalized density-dependent
cluster model [10] and improved density-dependent cluster
model [11]. Based on these observations, we extend our study
to the nuclei whose α-decay half-lives are not measured ex-
perimentally.

In Fig. 9, we compare our predicted α-decay half-lives
with empirical formulas results for the nuclei whose α-decay
half-lives are not available in experiments. The differences
between our prediction and empirical formulas become

significant as Qα decreases. The difference is significant in
the range roughly 110 < Npar < 140 mainly due to small Qα .
Note that our calculations are consistent with empirical for-
mulas results within ±0.7 for Ra, Th, and U isotopes. For Pb
isotopes, the differences between our results and the empirical
formulas tends to be more apparent.

IV. SUMMARY

In this work, we calculated α-decay half-lives of 74 � Z �
92 even-even isotopes in the framework of the semiclassical
WKB approximation with the DRHBc. In order to calculate
the α-decay half-lives, it is first necessary to estimate Pα . By
adopting the cluster-formation model, we estimated Pα using
the binding energies of the parent nucleus and its neighboring
nuclei. Since the mass table for odd-Z nuclei in the DRHBc
is in progress, we used the binding energies obtained by DNN
study. In this study, the available DRHBc binding energies for
even-Z nuclei, and the AME2020 are used as training set for
the missing odd-Z nuclei binding energies. When the binding
energies are available both in the DRHBc and AME2020,
those of AME2020 were used in the training set. Comparing
the binding energies obtained by DNN study with AME2020
binding energies for both even-Z and odd-Z nuclei, we found
that the binding energies obtained by DNN study are consis-
tent with the AME2020 data within ≈0.1% uncertainty. Using
the binding energies from the DNN study, we calculated Pα .

We found that our estimated α-decay half-lives are qualita-
tively in agreement with experimental data (NUBASE2020).
In our calculation, since there exist several decay modes for
each nucleus, we took only 67 experimental data for which
the branching ratios of α-decay modes are greater than 99%.
The standard deviation σ between our results and experimen-
tal data is 0.437, and those between empirical formulas and
experimental data are 0.671 for ZZCW and 0.403 for UNIV.
Our calculations are comparable to the α-decay half-lives of
neutron-deficient nuclei. As an example, new experimental
result [71] suggests that Qα and α-decay half-life are 7080(26)
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TABLE III. The predicted half-lives with our method, ZZCW, and UNIV. The experimental data Qexp
α for the DRHBc, ZZCW, and UNIV

is taken from AME2020 [54]. The units of Qexp
α and T cal

1/2 are MeV and s, respectively.

Our result ZZCW UNIV

Parent nucleus Qexp
α Pα T cal

1/2 T cal
1/2 T cal

1/2

160W 6.066 0.273 1.39 × 10−1 1.02 × 10−1 1.27 × 10−1

162W 5.678 0.259 4.33 × 100 3.19 × 100 4.36 × 100

164W 5.278 0.244 2.59 × 102 1.77 × 102 2.62 × 102

166W 4.856 0.255 3.51 × 104 2.27 × 104 3.54 × 104

168W 4.501 0.202 4.90 × 106 2.37 × 106 3.81 × 106

170W 4.143 0.184 1.09 × 109 4.86 × 108 7.89 × 108

172W 3.838 0.186 1.58 × 1011 8.48 × 1010 1.36 × 1011

174W 3.602 0.219 8.00 × 1012 7.49 × 1012 1.15 × 1013

176W 3.336 0.171 2.94 × 1015 2.13 × 1015 3.07 × 1015

178W 3.013 0.143 1.13 × 1019 5.71 × 1018 7.65 × 1018

182W 1.764 0.171 6.30 × 1040 1.37 × 1040 1.62 × 1040

184W 1.649 0.157 1.04 × 1044 2.04 × 1043 2.09 × 1043

186W 1.116 0.158 5.96 × 1064 6.08 × 1063 5.93 × 1063

164Os 6.479 0.266 2.39 × 10−2 2.08 × 10−2 2.40 × 10−2

166Os 6.143 0.263 3.79 × 10−1 3.18 × 10−1 3.96 × 10−1

168Os 5.816 0.240 8.18 × 100 5.93 × 100 7.76 × 100

170Os 5.537 0.238 1.29 × 102 9.02 × 101 1.21 × 102

172Os 5.224 0.241 3.66 × 103 2.61 × 103 3.53 × 103

174Os 4.871 0.210 1.45 × 105 1.85 × 105 2.47 × 105

176Os 4.541 0.197 1.37 × 107 1.59 × 107 2.04 × 107

178Os 4.258 0.209 9.37 × 108 1.14 × 109 1.38 × 109

180Os 3.860 0.194 1.05 × 1012 1.07 × 1012 1.19 × 1012

182Os 3.373 0.185 3.38 × 1016 2.49 × 1016 2.54 × 1016

184Os 2.959 0.165 1.80 × 1021 9.15 × 1020 8.35 × 1020

188Os 2.143 0.176 1.25 × 1034 4.45 × 1033 3.10 × 1033

190Os 1.376 0.190 3.74 × 1055 7.22 × 1054 4.69 × 1054

172Pt 6.463 0.235 1.62 × 10−1 1.31 × 10−1 1.44 × 10−1

174Pt 6.183 0.260 1.63 × 100 1.41 × 100 1.55 × 100

176Pt 5.885 0.245 1.16 × 101 2.24 × 101 2.42 × 101

178Pt 5.573 0.206 3.18 × 102 5.32 × 102 5.54 × 102

180Pt 5.276 0.222 8.09 × 103 1.46 × 104 1.43 × 104

182Pt 4.951 0.201 5.15 × 105 8.07 × 105 7.28 × 105

184Pt 4.599 0.193 7.96 × 107 1.04 × 108 8.46 × 107

186Pt 4.320 0.212 5.97 × 109 7.73 × 109 5.54 × 109

188Pt 4.007 0.195 1.56 × 1012 1.69 × 1012 1.05 × 1012

192Pt 2.424 0.178 4.96 × 1030 2.54 × 1030 1.19 × 1030

194Pt 1.523 0.160 5.56 × 1052 9.82 × 1051 4.21 × 1051

196Pt 0.813 0.168 7.85 × 1091 3.52 × 1090 1.53 × 1090

206Pt 0.865 0.127 2.07 × 1087 3.35 × 1086 4.22 × 1085

176Hg 6.897 0.234 3.25 × 10−2 2.81 × 10−2 2.49 × 10−2

178Hg 6.577 0.286 1.35 × 10−1 3.59 × 10−1 3.13 × 10−1

180Hg 6.258 0.262 2.19 × 100 5.76 × 100 4.84 × 100

182Hg 5.996 0.236 2.86 × 101 6.88 × 101 5.43 × 101

184Hg 5.660 0.234 9.62 × 102 2.19 × 103 1.59 × 103

186Hg 5.204 0.234 2.12 × 105 4.28 × 105 2.82 × 105

188Hg 4.709 0.222 1.98 × 108 3.28 × 108 1.92 × 108

190Hg 4.069 0.176 9.48 × 1012 1.07 × 1013 5.51 × 1012

192Hg 3.385 0.179 1.98 × 1019 1.80 × 1019 8.03 × 1018

194Hg 2.698 0.178 1.78 × 1028 6.50 × 1027 2.49 × 1027

196Hg 2.038 0.175 3.05 × 1040 7.84 × 1039 2.57 × 1039

198Hg 1.381 0.175 4.38 × 1060 6.15 × 1059 1.78 × 1059

208Hg 1.930 0.141 6.74 × 1042 6.90 × 1042 5.35 × 1041

210Hg 1.515 0.132 1.67 × 1055 1.02 × 1055 8.59 × 1053

212Hg 1.095 0.114 3.04 × 1074 7.97 × 1073 7.55 × 1072
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TABLE III. (Continued.)

Our result ZZCW UNIV

Parent nucleus Qexp
α Pα T cal

1/2 T cal
1/2 T cal

1/2

184Pb 6.774 0.265 1.56 × 10−1 7.92 × 10−1 3.35 × 10−1

186Pb 6.471 0.238 2.53 × 100 9.16 × 100 4.23 × 100

188Pb 6.109 0.253 7.73 × 101 2.43 × 102 1.17 × 102

190Pb 5.698 0.236 6.79 × 103 1.61 × 104 7.75 × 103

192Pb 5.222 0.194 2.50 × 106 4.19 × 106 1.93 × 106

194Pb 4.738 0.201 4.41 × 109 3.05 × 109 1.28 × 109

196Pb 4.238 0.207 1.41 × 1013 9.51 × 1012 3.50 × 1012

198Pb 3.692 0.156 8.85 × 1017 4.25 × 1017 1.31 × 1017

200Pb 3.150 0.146 6.27 × 1023 2.65 × 1023 6.59 × 1022

202Pb 2.589 0.143 5.40 × 1031 1.98 × 1031 3.83 × 1030

204Pb 1.969 0.126 1.97 × 1044 4.92 × 1043 7.26 × 1042

206Pb 1.135 0.118 2.85 × 1075 2.59 × 1074 3.16 × 1073

210Pb 3.792 0.111 6.14 × 1016 1.30 × 1016 9.17 × 1015

212Pb 3.292 0.098 8.14 × 1021 8.04 × 1020 8.98 × 1020

214Pb 2.692 0.115 5.61 × 1029 3.30 × 1028 5.48 × 1028

216Pb 2.065 0.095 4.24 × 1041 9.76 × 1039 2.30 × 1040

218Pb 1.434 0.079 6.26 × 1060 4.89 × 1058 1.59 × 1059

196Po 6.658 0.249 6.15 × 100 6.05 × 100 3.91 × 100

198Po 6.310 0.180 2.17 × 102 1.58 × 102 8.87 × 101

200Po 5.982 0.200 5.40 × 103 4.71 × 103 2.18 × 103

202Po 5.701 0.164 1.41 × 105 1.16 × 105 4.21 × 104

204Po 5.485 0.184 2.23 × 106 1.75 × 106 4.76 × 105

206Po 5.327 0.164 1.68 × 107 1.56 × 107 3.03 × 106

220Po 5.329 0.178 3.98 × 106 7.82 × 105 1.63 × 106

222Po 4.432 0.103 3.60 × 1012 2.65 × 1011 6.50 × 1011

224Po 3.355 0.088 2.83 × 1022 1.04 × 1021 2.85 × 1021

198Rn 7.349 0.211 1.37 × 10−1 7.93 × 10−2 8.37 × 10−2

200Rn 7.043 0.242 1.43 × 100 9.71 × 10−1 8.86 × 10−1

202Rn 6.774 0.197 1.79 × 101 1.08 × 101 8.11 × 100

204Rn 6.547 0.191 1.44 × 102 9.85 × 101 5.80 × 101

206Rn 6.384 0.205 8.14 × 102 5.68 × 102 2.50 × 102

208Rn 6.261 0.209 2.65 × 103 2.45 × 103 7.66 × 102

210Rn 6.159 0.167 9.16 × 103 9.29 × 103 1.97 × 103

224Rn 4.757 0.190 7.89 × 1010 2.14 × 1010 4.65 × 1010

226Rn 3.836 0.159 1.80 × 1018 3.18 × 1017 7.61 × 1017

228Rn 2.908 0.135 7.96 × 1028 1.30 × 1028 3.23 × 1028

230Rn 2.196 0.094 3.66 × 1041 4.08 × 1040 9.91 × 1040

208Ra 7.273 0.210 1.72 × 100 9.22 × 10−1 6.54 × 10−1

212Ra 7.032 0.179 1.49 × 101 1.19 × 101 4.07 × 100

228Ra 4.070 0.156 2.32 × 1017 4.90 × 1016 1.04 × 1017

230Ra 3.344 0.130 5.84 × 1024 9.80 × 1023 2.13 × 1024

232Ra 2.829 0.096 4.79 × 1031 7.56 × 1030 1.55 × 1031

234Ra 2.336 0.088 2.03 × 1040 3.59 × 1039 6.50 × 1039

234Th 3.672 0.135 1.26 × 1022 6.00 × 1021 1.04 × 1022

236Th 3.333 0.099 9.51 × 1025 4.14 × 1025 6.15 × 1025

238Th 3.169 0.100 1.28 × 1028 5.70 × 1027 6.66 × 1027

220U 10.290 0.221 8.95 × 10−8 2.70 × 10−7 8.24 × 10−8

228U 6.800 0.219 1.15 × 103 6.87 × 102 8.81 × 102

240U 4.035 0.107 5.99 × 1019 4.46 × 1019 4.43 × 1019

242U 3.670 0.080 4.11 × 1023 2.41 × 1023 1.76 × 1023

keV and 201+58
−37, respectively, and our calculated α-decay

half-life of 160Os using Qα = 7.08 MeV is 306 µs (307 µs in
ZZCW and 288 µs in UNIV). The α-decay half-life prediction
for 232Th, the most stable isotope of Th, shows largest dis-

crepancy both in our approach and in the empirical formulas.
We noticed that the differences in α-decay half-lives estimated
in our approach and experimental data are not so sensitive to
quadrupole deformation of the parent nucleus β2,par.
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FIG. 9. Comparison of our calculated α-decay half-lives between our approach and the empirical formulas (ZZCW and UNIV) for the
nuclei whose α-decay half-lives are not measured experimentally. (a) as a function of Qα and (b) as a function of parent neutron number Npar.
Empty marks represent proton-rich nuclei. In this plot, all isotopes with Qα > 0 between W and U are included.

Based on these observations, we extended our predictions
of α-decay half-lives for the isotopes whose experimental data
are not available. For these isotopes, we compare our results
with those obtained using the empirical formulas ZZCW and
UNIV, and found that the standard deviations of half-lives for
the isotopes with small Qα increase roughly by a factor of two.

In this study, we focused on α-decay half-lives by using
the density distributions calculated from the DRHBc within
the WKB approximation. Extension to one-proton emission
within the same approximation is in progress.
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APPENDIX: EMPIRICAL FORMULAS FOR α-DECAY
HALF-LIVES

In the absence of experimental data to compare, our results
must be discussed using alternative calculations. We introduce
two recent empirical formulae as tools to simply calculate α-
decay half-lives and compare our results.

(1) ZZCW: Sahu et al. [72] introduced a semiempirical
relationship based on the resonance phenomenon by
considering the parent nucleus as a quantum two-body
system of the ejected particle and the daughter nucleus.
However, their calculated α-decay half-lives are unsat-
isfactory compared to the experimental results. Based
on the Sahu formula [72], by considering a precise
radius formula and an analytic expression for prefor-
mation factor, Zhang et al. [69] proposed an improved
semiempirical relationship for α-decay half-lives (de-
noted as ZZCW). ZZCW is given as

log10

(
T ZZCW

1/2 [s]
) = aZαZd

√
μA/Qα + b

√
μAZαZd

+ c + d, (A1)

where Tcal[s] is the half-life measured in seconds
and Zα and Zd denote the proton number of α par-
ticle and daughter nucleus, respectively. The reduced
mass number μA is defined by μA = AαAd/Apar, where
Aα, Ad, and Apar are the mass number of the α parti-
cle, daughter nucleus, and parent nucleus, respectively.
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For the detailed description of the parameters a, b,
c, and d we refer to Zhang et al. [69]. They found
that ZZCW significantly improved the accuracy of the
α-decay half-lives in comparison with experimental
results. Based on the success, they predicted α-decay
half-lives of the Z = 118–121 isotopes and a magic
number effect at Npar = 184.

(2) UNIV: Single universal curve for cluster radioactivi-
ties and α decay was proposed by Poenaru et al. [70]
for even-even, even-odd, and odd-even parent nuclei.
Due to the lack of successful experiment on cluster
radioactivities of odd-odd parent nuclei, parameters
for odd-odd parent nuclei were not provided. The
proposed formula for even-even isotopes (denoted as

UNIV) is given as

log10

(
T UNIV

1/2 [s]
) = − log10 P − log10 S + cee, (A2)

where − log10 P = 0.22873
√

μAZdZαRb[arccos
√

r −√
r(1 − r)], log10 S = −0.598(Aα − 1), and cee =

−22.16917. r = Rt/Rb, Rt = 1.2249(A1/3
d + A1/3

α ),
and Rb = 1.43998ZdZα/Qα . This formula was
obtained by plotting the sum of the decimal logarithm
of the half-life and cluster preformation factor versus
the decimal logarithm of the penetrability of external
barrier [70]. Akrawy and Poenaru [73] found that
UNIV gives quite good results for the α decays of
even-even nuclei and suggest that UNIV may be good
for the α-decay half-lives of superheavy nuclei.
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